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Efficient parametrization of the atomic cluster expansion
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The atomic cluster expansion (ACE) provides a general, local, and complete representation of atomic
energies. Here we present an efficient framework for parametrization of ACE models for elements, alloys,
and molecules. To this end, we first introduce general requirements for a physically meaningful description
of the atomic interaction, in addition to the usual equivariance requirements. We then demonstrate that ACE
can be converged systematically with respect to two fundamental characteristics—the number and complexity
of basis functions and the choice of nonlinear representation. The construction of ACE parametrizations
is illustrated for several representative examples with different bond chemistries, including metallic copper,
covalent carbon, and several multicomponent molecular and alloy systems. We discuss the Pareto front of
optimal force to energy matching contributions in the loss function, the influence of regularization, the
importance of consistent and reliable reference data, and the necessity of unbiased validation. Our ACE
parametrization strategy is implemented in the freely available software package pacemaker that enables
largely automated and GPU accelerated training. The resulting ACE models are shown to be superior or
comparable to the best currently available ML potentials and can be readily used in large-scale atomistic
simulations.
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I. INTRODUCTION

Recent years have witnessed a rapid advancement of ma-
chine learning (ML) in atomistic modeling [1–18]. Various
ML interatomic potentials were developed for elemental as
well as multicomponent systems, usually as surrogate models
for electronic structure calculations based on the many-
electron Schrödinger equation [19–33]. The ML models seek
to provide an accurate representation of energies and forces
while being computationally efficient to enable computa-
tions of complex thermodynamic, kinetic, and mechanical
properties.

Some ML models were constructed with the specific aim to
describe particular atomic configurations, chemical composi-
tions, or ambient conditions. Such potentials were applied, for
instance, for the computation of thermodynamic properties of
high entropy alloys [34], hydrogen under extreme conditions
[35], or specific phase transformations [36,37]. A significantly
more challenging task is to build transferable models that
are able to address states not foreseen during model con-
struction, both in terms of structure and composition. Four
key factors are critical for obtaining accurate and transfer-
able ML interatomic potentials: (i) a general yet physically
consistent machine learning model, (ii) an extensive, diverse
and high-quality reference dataset, (iii) a robust and efficient
training procedure, and (iv) a thorough validation including
assessment of a model’s uncertainty.

*anton.bochkarev@rub.de
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The recently developed atomic cluster expansion (ACE)
provides a general and mathematically complete representa-
tion of the properties of interacting atoms [26,38,39]. The
ACE basis is invariant under fundamental symmetry opera-
tions, such as translation, rotation, inversion and permutation,
or more generally equivariant for the expansion of nonscalar
quantities. In addition, ACE is scale and basis invariant (see
below), which guarantees that the ACE models fulfill the
basic requirements of physically consistent models. Due to
its completeness, ACE was shown [26,38–40] to be able to
represent many classical, ML and neural network (NN) inter-
atomic potentials as well as important descriptors including
Behler’s and Parrinello’s symmetry functions [19], SOAP and
GAP [20,41], SNAP [21], and MTP [22].

ACE has been implemented within the LAMMPS molecular
dynamics simulation software package [42] and its numerical
efficiency is competitive or superior to other ML potentials.
Recent ACE parametrizations for metallic Cu and cova-
lently bonded Si provide more accurate potentials with better
transferability and faster evaluation times than any available
classical or ML models [40].

ML potentials are usually constructed by fitting to large
reference datasets that contain mostly energies and forces
for different atomic configurations. The quality and diver-
sity of the training dataset are decisive for the accuracy and
transferability of a ML potential. Still, the most common
way to construct the reference dataset is based on previous
knowledge of the system at hand, by empirically selecting the
most relevant configurations and supplying randomness via
molecular dynamics (MD) simulations. Active learning tech-
niques have been employed recently to reduce the amount of
required reference data and to generate it in an unbiased way
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[31,37,43–45]. This is especially relevant for non-equilibrium
configurations that are of crucial importance when training
transferable ML potentials.

The training of ML models is typically carried out by
varying model parameters to minimize a loss function that
measures the difference between the reference data and the
model predictions. A robust training procedure leads to a
smooth, monotonous decrease of the loss function with in-
creasing model complexity and results in a converged and
accurate representation of the potential energy. This task
necessitates robust and well-designed software for both the
efficient implementation of a ML interatomic potential and its
numerically stable optimization with respect to a multitude of
training parameters.

Finally, an unbiased validation is critical for assessing the
accuracy and transferability of a ML potential. A minimal
validation entails error analysis for a test dataset that was
not part of the training. However, such unspecific analysis
will often miss subtle but important deficiencies of the model,
for example, the inability to capture small energy differences
between allotropes or structurally similar phases. Reliable
detection of problematic atomic configurations requires more
elaborate validation procedures, such as high-temperature MD
simulations or Monte Carlo (MC) sampling. In addition, a
rapid “on-the-fly” validation during training is helpful to mon-
itor the progress of the optimization. The assessment of a
model’s uncertainty based on ensemble learning [46] helps to
ensure transferability and accurate predictions.

We present a general scheme for the construction of ef-
ficient and transferable ACE models for multicomponent
materials and provide a dedicated computer code, which we
call pacemaker. The pacemaker implementation contains
largely automated training procedures and utilizes advanced
optimization algorithms provided by the tensorpotential
library. The tensorpotential library implements auto-
mated differentiation for general interatomic models and
enables GPU acceleration via the TensorFlow software plat-
form [47]. The pacemaker code is tightly integrated with
the PACE/LAMMPS implementation [40] to streamline the
development and validation of ACE models with their im-
mediate application for complex atomistic studies, such as
large-scale MD simulations or automated computations of
phase diagrams [48]. A schematic chart summarizing the ACE
development workflow is shown in Fig. 1.

The paper is structured as follows. In Sec. II a brief in-
troduction to ACE theory is given, and the key symmetry
and invariance requirements of ACE models are discussed.
In Sec. III the parametrization setup is summarized, before
the crucial aspects of ACE fitting strategy and convergence
criteria are presented in Sec. IV. In Sec. V the construction
of ACE models is demonstrated for several multicomponent
systems. We conclude in Sec. VI. Detailed appendices pro-
vide additional information on all necessary functions and
parameters.

II. ATOMIC CLUSTER EXPANSION

The atomic cluster expansion provides a formally com-
plete description of atomic properties [26,38,39]. An atomic
property p that is a function of the local atomic environment

FIG. 1. Block scheme of the main pacemaker workflow.

of atom i is expanded as

ϕ
(p)
i =

∑
v

c(p)
v Biv, (1)

with expansion coefficients c(p)
v and basis functions Biv .

The basis functions Biv depend on the atomic positions and
species. Dependencies on other variables, such as magnetism
or charge, can be added, too. The basis functions fulfill the
fundamental translation, rotation, inversion, and permutation
(TRIP) invariance for the representation of scalar variables, or
equivariance for the expansion of vectorial or tensorial quan-
tities. The basis functions are formed as linear combinations
of products of single-bond basis functions and the number
of products determines the body order/correlation order of a
basis function.

A. Double convergence

Because of the completeness of the ACE representation, a
linear model with a single density formally suffices for the
expansion of the energy

Ei = ϕ
(1)
i . (2)

This representation was employed in the construction of a
recent Si ACE [40,49]. For faster convergence the energy is
partitioned into different contributions. For example, if the
energy can be separated into two contributions Ei = E1i + E2i,
where the first part is expanded linearly E1i = ϕ

(1)
i , while

the square of the second part is expanded as E2
2i = ϕ

(2)
i , one

obtains

Ei = ϕ
(1)
i +

√
ϕ

(2)
i , (3)

which provides an extension of the Finnis-Sinclair potential
[50] and second moment tight-binding methods [51–53] to
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general many-atom interactions. This representation was used
recently for the parametrization of Cu [40].

In the most general way, the atomic energy is represented
as a function of P different properties

Ei = F
(
ϕ

(1)
i , . . . , ϕ

(P)
i

)
, (4)

with a general nonlinear embedding function F . Hence, the
accuracy of the expansion depends fundamentally on the num-
ber and complexity of the basis functions Biv but also on the
number of atomic properties P and the nonlinear function F .
This opens up two independent mechanisms for optimization
of ACE models that we term “double convergence”, since
ACE may be converged for each property with respect to the
basis functions [cf. Eq. (1)] as well as the number of atomic
properties and the functional form of F [cf. Eq. (4)].

Equation (4) also provides a link to neural network po-
tentials. For example, the symmetry functions of Behler and
Parrinello [19] can be expressed in the form of ACE descrip-
tors ϕ

(p)
i that comprise only basis functions of body order two

and three, while the neural network architecture is described
by a nonlinear function F that transforms the input from
the P descriptors into the atomic energy. Therefore, neural
network potentials may be integrated into the ACE framework
as low-body-order ACE expansions combined with a complex
nonlinear function F .

In general, ML potentials that only employ low body order
descriptors are not complete [54]. Therefore, for the current
ACE development, we focus on simple nonlinear functions
F but expand the atomic properties to a high, in principle
arbitrary, body order. In this way, we exploit the completeness
of ACE to ensure that the expansion can be converged. The
selection of suitable nonlinear functions F is facilitated by
requiring ACE models to be scale-invariant, universal, and
invariant under basis transformations (SUB invariance), in
addition to the TRIP invariance discussed above.

B. Scale invariance

Scale invariance means that the atomic properties as well
as the embedding function F may not possess any inherent or
natural scale. There must exist scaling functions f (p)

λ , which
scale the parameters as c(p)

v → f (p)
λ c(p)

v and lead to a homoge-
neous linear scaling such that

λF
(
ϕ

(1)
i , . . . , ϕ

(P)
i

) = F
(

f (1)
λ ϕ

(1)
i , . . . , f (P)

λ ϕ
(P)
i

)
. (5)

For example, for the Finnis-Sinclair potential f (1)
λ = λ and

f (2)
λ = λ2. Other examples of scale-invariant functions are

polynomial expansions

F =
∑

p

(
ϕ

(p)
i

)mp
, (6)

or recursive expressions, such as

F =
√

ϕ
(1)
i

√
ϕ

(2)
i

√
ϕ

(3)
i

√
. . .. (7)

The scale invariance is not an abstract requirement. It
is necessary to ensure identical representations for arbitrary
energy units (eV, Hartree, or Ry) without implicitly resorting
to a particular internal energy scale of the reference data

(e.g., the cohesive energy of the ground state structure for
a particular chemistry). Note that, unlike the energy scale,
the length scale needs to be defined as dimensionless, for
example, based on the nearest neighbor distance in a particular
crystal structure. This means that the length scale and the
cutoff radius will depend on chemistry, which is physically
correct.

C. Universality

The universality of ACE models means that the nonlinear
function F does not depend on any particular chemistry or
atomic structure, but that both characteristics enter the model
through the ACE atomic properties ϕi only. This facilitates the
development of transferable multicomponent models that can
be naturally built up from their simpler constituents (binaries
from unaries, ternaries from unaries and binaries, etc.). In
practice, this limits the choice of possible functions F as they
may not contain species-dependent parameters or be adapted
to any particular chemistry or structure.

D. Basis invariance

The final condition imposed on ACE models is basis invari-
ance. It implies that a transformation of ACE basis functions
leaves the expansion unchanged provided that an equiva-
lent opposite transformation is carried out for the expansion
coefficients. While individual ACE basis functions are not in-
variant under basis transformations, the atomic properties are
basis-invariant as they are written as a sum over the product
of expansion coefficients and basis functions. Therefore the
atomic properties are the fundamental descriptors in the ACE
framework.

Overall, the SUB-TRIP invariance guarantees the ACE
models to be physically sound. In contrast, many popular ML
methods, such as neural network potentials, are not SUB-
TRIP invariant in their commonly used forms, which may lead
to poorer transferability and extendability.

III. ACE PARAMETRIZATION SETUP

A. Training parameters

The linear expansion in rotationally invariant or equivariant
basis functions in Eq. (1) can be transformed into another
basis as [26,40]

ϕ
(p)
i =

∑
v

c(p)
v Biv =

∑
v

c̃(p)
v Aiv, (8)

for faster evaluation (see Appendix B3 for details). The
permutation-invariant many-body basis functions Aiv of body
order ν + 1 are defined as a product [26,40]

Aiv =
ν∏

t=1

Aivt . (9)

These products are generally not invariant or equivariant
under rotation and inversion, but invariance/equivariance is
obtained by multiplication with generalized Glebsch-Gordan
coefficients as summarized in Appendix D. This results in the
basis functions Biv . The basis functions Biv are independent
and have the appropriate symmetries, therefore training is
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carried out in this basis, and the parameters c(p)
v are optimized.

After training, the expansion coefficients are transformed to
c̃(p)
v and the basis functions Aiv are used in the PACE imple-

mentation as they can be evaluated more efficiently [40].
The basis functions Aiv are formed as products of the

atomic base Aiv , which is obtained by projecting single-bond
basis functions on the atomic density,

Aiv = 〈φv|ρi〉. (10)

The atomic density is given by

ρi =
j �=i∑

j

δμμ j δ(r − r ji ), (11)

where μ indicates chemical species, μ j the species of atom
j and r ji the vector from atom i to j. The single-bond or
one-particle basis functions φv are taken as irreducible basis
functions of the rotation group, i.e., a radial function Rnl

multiplied with a spherical harmonics Ylm,

φμiμ j nlm = R
μiμ j

nl (r ji )Ylm(r̂ ji ). (12)

In the description of φ, we expanded the compressed index v

into an explicit list of indices that characterize the chemical
species μ, the type of radial functions and spherical harmon-
ics. The radial functions depend on the pairwise distance r ji

between atoms i and j.
In summary, the complexity of an ACE model is gov-

erned by the type of embedding function F , the number P
of densities ϕ

(p)
i , and the number and body-order of basis

functions and their corresponding expansion coefficients c(p)
v .

ACE training includes the optimization of the expansion co-
efficients c(p)

v and, optionally, the radial functions R
μiμ j

nl via
optimizing coefficients of the linear expansion of the radial
basis function gk (r ji ), see Appendix C. The basis functions
Bv can be ordered sequentially according to their complexity,
so that ACE models can be converged systematically and
automatically in a hierarchical manner (see Sec. IV D). In
addition to these fundamental attributes, ACE models contain
further parameters that need to be fixed before optimiza-
tion and are not modified during training. These include
pairwise inner and outer cutoff distances, which depend on
the particular chemistry at hand, the representation of the
radial functions, core repulsion parameters, etc. A detailed
overview of these parameters and settings is provided in the
appendices.

Finally, the linear expansion of atomic properties ϕ
(p)
i

enables to parametrize readily ACE models for multicompo-
nent systems based on available subsystems. For example,
when parametrizations for elements A and B are available,
an ACE model for the binary A-B system requires an addi-
tional parametrization of the expansion coefficients c(p)

v only
for basis functions in which both A and B atoms appear.
Similarly, for a ternary system only three- and higher-body
basis functions comprising three different elements need to be
added provided that elemental and binary ACE models exist.

B. Implementation

To facilitate ACE parametrizations we developed a ded-
icated open-source computer code pacemaker that is able
to optimize multicomponent ACE models of different com-
plexity using diverse training datasets. The training data is
imported from a tailored pandas [55,56] dataframe, which
needs to be generated beforehand. This enables data con-
trol and manipulation outside of the pacemaker workflow.
Moreover, pacemaker offers options to sample the train-
ing set according to various training criteria (e.g., specific
energy and force ranges, random sampling, etc.) and an au-
tomatic generation of a testing dataset for immediate model
analysis.

The pacemaker code can be used to explore the double
convergence of nonlinear ACE. The present implementation
contains several functional forms for F , including the ba-
sic linear energy scaling as well as a polynomial expansion.
Other scale-invariant nonlinear functions for more densities
can readily be implemented. The choice of F and the number
of densities is important for an efficient convergence of ACE
as demonstrated below. For a given F and the number of
atomic properties P, pacemaker determines the expansion
coefficients c(p)

v and optimizes the radial functions R
μiμ j

nl .
The pacemaker workflow and technical details of the im-

plementation are given in Appendix A. pacemaker makes
extensive use of the TensorFlow (TF) symbolic math library
[57]. TF enables to evaluate all derivatives with respect to
the training parameters analytically and is fully compatible
with the C++ PACE/LAMMPS implementation [40]. The
pacemaker implementation works on both CPU and GPU-
based architectures and provides a significant speed-up of up
to several orders of magnitude on modern GPU processing
units.

C. Training datasets

Datasets for ACE training need to contain a sufficiently
large number of different atomic configurations with their
corresponding energies and forces. Standard existing datasets
can be used as well as custom-made databases computed
using high-level electronic structure methods. The electronic
structure calculations must be carried out in a consistent
manner, for example, with respect to k-mesh density, pseu-
dopotentials and plane-wave energy cutoffs. Typically, we
use 104 to 105 structures with a million and more different
atomic environments to provide a comprehensive sampling of
possible configurations. ACE models can also be trained on
much smaller datasets. For these cases, pacemaker provides
regularization parameters to control possible fit irregularities.

In this paper, we employed several density functional the-
ory (DFT) computed datasets of different sizes and origins
to demonstrate the versatility of pacemaker. For two distinct
elements—the transition metal Cu and the covalent element
C—we constructed our own extensive DFT datasets using the
FHI-aims [58,59] and VASP codes [60,61], respectively. In
addition, we used publicly available datasets for the ethanol
molecule [62], ten binary alloys [5], and a high-entropy alloy
(HEA) [63]. The main characteristics of all datasets are listed
in Table I.

013804-4



EFFICIENT PARAMETRIZATION OF THE ATOMIC … PHYSICAL REVIEW MATERIALS 6, 013804 (2022)

TABLE I. A description of datasets used in this paper.

No. of structures No. of atoms

Designation Description Train Test Train Test

Datasets generated in this paper
Cu-I fcc, bcc, hcp; E-V curves (±10% from equilibrium),

elastic constant and phonons
105 105 368 667

Cu-II Cu-I + randomly selected structures within 1 eV/at
above the ground state

1000 1000 11309 10541

Cu-III Cu-II + long range E-V curves, 1000 fcc surface
structures (strained, shaken)

9422 9442 81352 78485

C-I diamond, graphene, graphite, dimer; E-V curves,
elastic constant and phonons

129 129 378 382

C-II C-I + randomly selected bulk structures within 3
eV/at above the ground state

883 883 7299 7975

C-III C-II + long range E-V curves, nanotubes, fullerenes,
bulk structures up to 4 eV/at above the ground state

4453 4453 51308 53031

Publicly available datasets
Ethanol revMD-17 (Ref. [62]) 1000 99000 9000 891000
10-B 10 metallic binary alloys (Ref. [5]) 10000 5952 73182 43263
HEA HEA rand.II (Ref. [63]) 200 20 36000 3600

To examine the influence of dataset characteristics and size
on the training procedure and the quality of the resulting
ACE models, the two elemental datasets were further split
into three nested subsets of increasing size and complexity.
The smallest datasets (marked as Cu-I and C-I) contained
only the fundamental bulk structures under small deforma-
tions relevant for the evaluation of elastic and vibrational
properties (100 structures in total). The intermediate datasets
(marked as Cu-II and C-II) comprised the smallest dataset and
additional, randomly distorted structures within 1 eV/atom
(Cu) or 3 eV/atom (C) energy above the ground state (∼1000
structures in total). Finally, the Cu-III and C-III datasets
were composed of the intermediate datasets plus structures
under large volume deformations, defect structures and, for
C, molecular fullerene and nanotube allotropes. For all these
datasets, complementary test datasets of the same size and
character were generated as well (cf. Table I).

IV. FITTING STRATEGY AND CONVERGENCE

A. Model convergence

The parametrization of ML models entails optimization
of trainable parameters to minimize the loss function that
measures the error as compared to reference data. Since ML
models are typically parameterized using large numbers of
reference data and comprise a large number of adjustable
parameters, it is possible to devise general rules for model
convergence.

We assume that the reference data is sufficiently rich to
sample different local atomic environments, the irreducible
error in the reference data is negligible, and regularization
contributions to the loss function are small. We further ex-
ploit the completeness of ACE (or any other complete ML
potential) that in principle enables to achieve arbitrarily small
errors.

We first consider the change of model error with the num-
ber of training data, often referred to as the learning curve. It
can be expected that more training data lead to more accurate
models. For a large number N of training data the learning
curve decays algebraically [64,65] and the test root mean
square error (RMSE) can be written as

RMSE(N ) = CN−Q, (13)

where C and Q are constants. This can be understood from the
central limit theorem [66], according to which σ ∝ 1/

√
N ,

and therefore we expect Q = 1/2. This is consistent with
numerical values obtained from literature [64,67].

A second measure of convergence is based on increasing
model complexity. We follow [65] and define the dependence
of RMSE on the number of model parameters as the feature
curve. As for the learning curve, for large N often algebraic
convergence of the feature curve may be assumed [22],

RMSE(n) = cn−q, (14)

where c and q are constants and n the number of parameters in
the model. The orthogonality of ACE basis functions means
that their contributions are independent for sufficiently rich
reference data. As the error is evaluated by sampling the
distribution of basis function contributions, the central limit
theorem again implies q = 1/2 for large n. This should hold
for other ML models provided that the model parameters are
independent. If one conceptually obtains forces from finite
displacements, then two energies need to be matched simulta-
neously for accurate force predictions. Hence, one may expect
a quadratically slower convergence of force errors with q =
1/4, as observed for example in Fig. 4 or in Ref. [22].

An efficient model is then characterized by small val-
ues of the prefactors c or C and large values of the
exponents q or Q, where the values of the exponents are
decisive. It should be noted that values of the exponent
q significantly larger than 1/2 can arise due to incom-
plete or limited reference data that do not cover atomic
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TABLE II. Summary of ACE configurations: cutoff radius (rc), type of radial basis functions, order ν, nmax, lmax and maximum number of
functions per element (# func./element) for each order ν for this configuration. For the hierarchical fits, the number of functions corresponds
to the final iteration.

System/elements rc (Å) Radial basis function ν order nmax lmax # func./element

Regularization, nonlinear, and force contribution fits
Cu (Sec. IV B, IV E) 7.0 ChebExpCos 4 15/3/2/1 0/2/2/1 15/18/26/3
C (Sec. IV C) 4.5 ChebExpCos 3 15/5/4 0/2/2 15/45/160
Ethanol (Sec. IV C) 4.0 ChebExpCos 4 15/3/2/1 0/2/2/1 45/135/182/15
Hierarchical fit
Cu (Sec. IV D) 7.0 ChebExpCos 4 15/5/4/3 0/4/3/2 15/75/304/31
Ethanol (Sec. V A) 4.5 ChebPow 5 20/6/3/1/1 0/5/3/2/1 60/483/765/141/57
10 binaries1 (Sec. V B) 7.0 ChebExpCos 4 15/3/2/1 0/3/2/1
Ag, Co, Mg, Nb, Ti, V 30/84/86/3
Al 75/264/266/3
Cu, Fe 60/204/206/3
HEA (Sec. V C) 7.0 ChebExpCos 5 15/3/2/1/1 0/2/2/1/1 75/300/300/10/35

1Only up to two species interactions were considered

configurations homogeneously and exhaustively. On the other
hand, small values of Q or q often hint at inefficient and
redundant model parameters or contributions to the reference
data that cannot be captured by the model. For example,
deep neural networks generally have an excess of parameters,
which leads to poor convergence with increasing n, i.e., a
small value of q. Numerical values that we extracted from
Refs. [68,69] are approximately q ≈ 0.2. Loss functions that
combine energy and force errors are also expected to converge
with q < 1/2.

Small values of the prefactors c or C can be achieved
by feature engineering. By starting from a physically moti-
vated model, such as the Finnis-Sinclair potential, Eq. (3),
and specifically designed basis functions, Eq. (C1), we aim
at models that are as accurate as possible with a minimum
number of parameters (i.e., in the pre-asymptotic regime).
Basis function optimization was also used by Willatt et al.
[67] to achieve efficient learning curves.

B. Loss function

The loss function L as implemented in pacemaker com-
prises a weighted mean square error of the difference between
energies and forces in the reference dataset and those pre-
dicted by ACE,

L = (1 − κ )
2
E + κ
2

F + 
coeff + 
rad. (15)

The relative contribution of the errors of energies 
2
E and

forces 
2
F is weighted with the parameter κ . Furthermore, the

regularization contribution 
coeff limits the absolute values
of the expansion coefficients to help ensure smoothness of
the energy hypersurface, while the regularization contribution

rad ensures smooth radial functions. A detailed description
of all terms in Eq. (15) is given in Appendix E. The influence
of regularization parameters is presented in Sec. IV E.

The parameter κ in Eq. (15) enables to balance energy
and force matching contributions to the loss function. This is
demonstrated on the Pareto front shown in Fig. 2. Different
ACE models were obtained by linearly varying κ from zero
(energy error only, no force matching) to one (force error only,
no energy matching). Training employed the Cu-III dataset

and ACE with only 62 basis functions to ensure that the
number of reference data is much larger than the number of
ACE parameters. Details of the ACE configuration are given
in Table II (see also Appendix G). The optimal value of κ for
this combination of dataset and ACE model is ≈0.2. This re-
sult is consistent with the recent study of Krishnapriyan et al.
[70] who suggested to choose the relative force and weight
contributions based on their respective variances. For the Cu-
III dataset, we estimated κ = σ (Epa)2/(σ (Epa)2 + σ (Fn,i )2) ≈
0.33, close to the Pareto optimum found numerically.

C. Nonlinear embedding and radial functions

The nonlinear embedding function F can improve con-
vergence of ACE significantly. We generated four different
parametrizations for each of the three systems Cu, C, and
ethanol. The parametrizations differed by their choice for F ,
where we partitioned the energy into one or two atomic prop-
erties, and by optimizing or not optimizing radial functions. A
comparison of relative energy and force RMSE for all models
is shown in Fig. 3.

FIG. 2. Energy and force RMSE for train and test errors as a
function of the relative energy and force contribution κ to the loss
function for the Cu-III dataset.
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FIG. 3. Relative energy and force RMSE for different ACE
parametrizations for Cu, C, and ethanol. See text for details.

A linear fit with only one atomic property, P = 1, repre-
sents the simplest reference models in which only the ACE
expansion coefficients c(1)

v were optimized while the radial
functions, chosen as the scaled Chebyshev polynomials (see
Appendix C), were kept fixed (R = fix). The second set of
models was constructed in the same way except of using two
atomic properties, P = 2, and the Finnis-Sinclair form for F
in Eq. (3). The results relative to the first fit are indicated
by the second column in Fig. 3. In all cases, the nonlinear
embedding that employs two atomic properties improves the
train and test errors for both energies and forces.

To study the influence of the optimization of radial
functions, the parametrizations were repeated including the
optimization of the radial functions, i.e., the radial functions
were represented as linear combinations of Chebyshev poly-
nomials. The relative errors for a single atomic property or two
atomic properties are shown as the third and fourth column in
Fig. 3.

The parametrization with the nonlinear embedding func-
tion F with P = 2 and the optimization of radial functions
leads to the lowest relative RMSE across all models. The
energy and force RMSE are reduced by 60% to 90% relative
to the reference linear models, demonstrating the efficiency
of the double convergence of ACE and motivating a further
systematic exploration of nonlinear functions F .

D. Hierarchical basis extension

Often the parametrization of ACE is made more robust by
adding parameters iteratively in small batches. To this end,

the ACE basis functions are ordered hierarchically according
to their expected relative contributions. This strategy not only
helps the optimization numerically, but it enables to system-
atically converge ACE with respect to a single parameter, the
number of basis functions, and to terminate the parametriza-
tion run when the desired accuracy has been reached.

The hierarchical ordering of the ACE basis functions is
built according to their body order ν and the orders nt and
l t of the involved radial and angular functions, respectively.

The ordering of the basis functions is then given as ν +∑
t nt + ∑

t l t . Two slightly different fitting schemes are de-
rived from this ordering and implemented in pacemaker. In
the so-called power-order scheme, pacemaker adds batches
of basis functions in sequential order, but within the limits
of maximum angular and radial basis functions specified for
each body order by the user. In the so-called body-order
scheme, pacemaker follows the same sequence, but first adds
all basis functions for a given body order before it proceeds to
the next higher body order. The expansion coefficients of all
previously added functions are still allowed to adjust when the
new functions are added. Many other variations of hierarchical
ordering schemes are possible and can be implemented easily
into pacemaker.

Figure 4 shows the performance of the two hierarchical
body-order and power-order schemes in comparison with a
single fit (indicated by the star symbol), in which all model
parameters were optimized at once. A value of κ = 0.5 was
used in the loss function, which for the Cu-III dataset meant
that the force error dominates over the energy error. Both
hierarchical schemes show similar convergence and clearly
outperform the single fit result in terms of both energy and
force RMSE values. Information on computational efficiency
of ACE potentials for different number of basis functions is
provided in Appendix H.

E. Regularization

Two regularization mechanisms, which restrict the absolute
values of the expansion coefficients and ensure smoothness of
the radial functions, were incorporated via the 
coeff and 
rad

terms, respectively, into the loss function in Eq. (15).
Figure 5 shows how different regularization settings affect

the smoothness of energy vs the nearest-neighbor distance
curves for different Cu and C parametrizations. The graphs
include models trained on the different nested subsets with-
out any regularization, with a weak L1-regularisation that
penalizes the sum of the absolute values of the expansion
coefficients, and with a w0 regularization limiting the absolute
magnitudes of the radial functions. The three different regular-
ization settings were applied to the three different datasets for
copper and carbon and the results for the different datasets are
displayed in the different panels.

The Cu-I and C-I datasets include only data that is close in
energy to the ground state. Such datasets tend to be used for
the parametrization of ML potentials aimed only at properties
of ground state structures, where structures with higher energy
are not considered. It is evident that without regularization the
description of structures with higher energies is poor. Regular-
ization helps to make the expansion smooth, but a significant
discrepancy to the DFT reference remains. Adding more data,
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FIG. 4. Energy and force RMSE for Cu-III test set trained using
hierarchical body-order and power-order schemes in comparison to
a single fit with the same basis functions. The values of q were
obtained from the force learning curve.

corresponding to the Cu-II and C-II datasets, helps to remove
unphysical predictions and regularization helps to dampen the
remaining artifacts. Finally, for the Cu-III and C-III datasets
that comprise data across a wide range of energies, the spu-
rious predictions disappear completely and the regularization
has hardly any effect.

Note that some models show completely unphysical be-
havior at short interatomic distances where there is a lack of
reference DFT data. As no regularization is able to cure this
problem in a reliable way, we implemented in pacemaker
a strictly positive core repulsion term, as described in Ap-
pendix C, that can be supplemented to any ACE model and
removes unphysical attraction at short distance. A detailed
discussion on the role of regularization and dealing with lim-
ited reference data can also be found in Ref. [71].

F. Validation and uncertainty assessment

Validation is critical for assessing the quality of a
parametrization in terms of accuracy, transferability and nu-

merical efficiency. pacemaker provides several options for
quick validation and assessment of ACE parametrizations:

(1) On-the-fly validation. Errors in energies and forces for
the train and test datasets are evaluated regularly during train-
ing. This enables to follow the progress of the parametrization
continuously. It is also possible to monitor desired structures
or properties. As an example, the variation of different stack-
ing fault energies in Cu during training is shown in Fig. 6.

(2) Basic statistical analysis. Upon completion of training,
pacemaker generates a series of graphs for assessing the
accuracy of the fitted model with respect to the reference data.
These graphs include error distributions resolved with respect
to energy, force and shortest bond length that enable an easy
detection of outliers. An example for the error distribution in
the Cu-III test dataset is shown in Fig. 7.

(3) Uncertainty assessment. By constructing an ensemble
of ACE parametrizations from different subsets of the ref-
erence data or from different parameter initializations, the
uncertainty of the parametrizations and their sensitivity to-
wards predicting particular properties may be estimated [46].

The analysis tools of pacemaker provide an overview of
the resulting ACE parametrizations. A more detailed valida-
tion may directly follow training by making use of a broad
range of packages compatible with the LAMMPS suite. For
instance, the recently developed CALPHY software package
[48] is directly compatible with PACE/LAMMPS and en-
ables the automated computation of phase diagrams from the
parametrizations at hand.

V. ACE PARAMETRIZATIONS FOR PUBLICLY
AVAILABLE DATASETS

In this section, we demonstrate on several publicly avail-
able datasets that the training strategy implemented in
pacemaker achieves parametrizations that rival the best pub-
lished ML potentials. To show that the general approach
implemented in pacemaker is suitable for constructing ac-
curate models for different bonding types, we chose three
multicomponent systems including ethanol, a set of binary
metallic alloys, and a high entropy alloy containing five
elements.

A. Ethanol

The ACE for ethanol was parameterized using the revMD-
17 dataset [62]. The corresponding learning curve for MAE
of the force components as a function of the number of ACE
basis functions is shown in Fig. 8. As the reference data was
obtained from MD snapshots, the data points are correlated.
Therefore, the training set comprised only 103 randomly se-
lected samples, while the test set contained 99 × 103 samples.
The learning curve was obtained by adding training parame-
ters hierarchically using the body order scheme. The slopes
of the learning curves for the training (q = 0.75) and test
(q = 0.50) datasets are different, which may indicate that the
small training set is not as diverse as the much larger test set.
Two results of single fit runs, where all training parameters
were optimized simultaneously, are also marked in Fig. 8 by
red symbols. The errors of the single fits are close to the hier-
archical basis extension, which implies that the training set is
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FIG. 5. Energy vs nearest-neighbor distance curves for nonregularized, L1-regularized, and w0-regularized potentials for fcc Cu (left
panels) and diamond C (right panels) structures, trained on the three nested datasets of different sizes. The grey shaded regions in the graphs
mark the energy ranges covered by each training dataset.

sufficiently simple so that the nonlinear optimization problem
with about 1400 parameters converges when all parameters
are initialized from zero.

Our ACE parametrization, employing only ∼1500 func-
tions per element, achieves a test MAE of 0.16 meV/atom for
the energy and 8.7 meV/Å per force component. These values
are very close to 0.13 meV/atom and 7.3 meV/Å reported
by Kovacs et al. [72], and 0.1 meV/atom and 6.2 meV/Å
obtained by Christensen et al. [64], which are the lowest MEA
values reported for the revMD-17 dataset.

FIG. 6. On-the-fly validation: variation of stacking fault energies
in Cu during training [40]. ESF, ISF, and TWIN denote extrinsic,
intrinsic, and twin stacking faults, respectively. Dashed lines mark
the reference DFT values; the order of the ACE predicted energies
matches that of DFT.

The ACE learning curve in Fig. 8 indicates that the accu-
racy of our model can be further improved by adding more
basis functions. However, here we do not aim at reaching the
smallest possible MAE, but to demonstrate that improvements
can be achieved systematically.

B. Binary alloys

Nyshadham et al. [5] recently fitted several state-of-the-art
surrogate ML models to ten binary alloy datasets and com-
pared the predicted enthalpies of formation. In Fig. 9, we
present how ACE parametrizations developed in this work (cf.
Table II) perform in comparison with these models.

FIG. 7. Error in the energy per atom as a function of the reference
energy for the Cu-III test dataset. The red line shows the average
error, the top panel the number of samples, and the right panel
the overall error distribution, including a normal distribution with
identical second moment.
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FIG. 8. Convergence of force components for ethanol train and
test datasets. Horizontal lines indicate test results of ML potentials
given in Ref. [72]. See text for details.

The upper panel of Fig. 9 shows the convergence of the
enthalpy of formation when the ten binaries were fitted simul-
taneously. The ACE training error decreases monotonously
with increasing number of basis functions, reaching a value
of less than 2 meV/atom, which lies below the error achieved
by the best performing model (MTP). The ACE test error
converges more slowly, possibly due to the relatively small

FIG. 9. MAE for the enthalpy of formation versus the number of
basis functions per element (only binary interactions were included
in ACE). Horizontal lines indicate results of other ML methods
investigated in Ref. [5] (upper pannel) and RMSE for the enthalpy
of formation for individual binary alloys (lower panel).

FIG. 10. ACE learning curve for the HEA dataset taken from
Ref. [63].

number of reference data. The two single-fit errors illustrate
that for complex models the hierarchical addition of training
parameters is beneficial.

The lower panel of Fig. 9 shows a comparison for indi-
vidual binaries. Also here, ACE and MTP consistently give
similar results and outperform all other methods. As MTP can
be cast in the form of ACE [38], it is not surprising that the
predictions of both methods nearly coincide for most alloys.
Small deviations between the two methods may be attributed
to details of the ACE basis set and pacemaker fitting strategy.
The hierarchical extension of the basis functions in ACE,
Sec. IV D, enables pacemaker to achieve these results with-
out user intervention.

C. High entropy alloy

The HEA dataset [63] is relatively small (cf. Table I) and
appears to be rather inconsistent, possibly due to the numeri-
cal noise or varying magnetic states. This is indicated by the
relatively large RMSE values and the low value of q = 0.07
for the training curve shown in Fig. 10. It is possible that
either the model does not have the required capacity to learn
the data, for example, when the reference data comprises
different magnetic states while the model is nonmagnetic, or
the data is inconsistent and/or insufficient. The low q value
reflects the fact that the improvement is marginal when the
number of basis functions is increased. Furthermore, a clear
overfitting is observed when the model exceeds about 400
functions/element. Nevertheless, the ACE parametrization is
able to reach a better accuracy than the reference DeepPot-SE
model [63]. However, both models have likely exhausted the
capacity of the reference data, as their test errors are similarly
large.

For this dataset, the single fits are of comparable accuracy
as the hierarchical fit. Therefore a larger and more diverse
dataset is necessary to fully benefit from the hierarchical
fitting strategy.

VI. SUMMARY AND CONCLUSIONS

We present a general strategy for obtaining accurate
parametrizations of the atomic cluster expansion for elements,
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alloys and molecules. We provide the open source soft-
ware package pacemaker that implements our strategy and
comprises advanced optimization features targeted at GPU
hardware. Based on general considerations, we limit ACE
to SUB-TRIP invariant representations and suggest that the
SUB-TRIP invariance should be fulfilled by any physically
meaningful, machine-learned representation of the energy. We
highlight the importance of the double convergence of ACE
and demonstrate that simple nonlinear embedding functions
can significantly improve the accuracy. By ordering the ACE
basis functions hierarchically, parametrizations are converged
systematically with respect to a single parameter, namely, the
number of basis functions.

We demonstrate the application of pacemaker on available
databases and show that the results are en par with the best ML
potentials in the reference publications. Given the efficiency
of ACE [40], we expect that ACE models parameterized with
pacemaker compete with or surpass the best ML potentials
with respect to both accuracy and execution time.

The pacemaker code and the tensorpotential fitting
backend are available on GitHub [73,74].
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APPENDIX A: pacemaker WORKFLOW

The pacemaker workflow is described in the following
and summarized in Fig. 11:

(i) pacemaker starts by constructing the potential accord-
ing to the user specified basis configuration (ν-order, nmax,
lmax, etc.) or loads it from an available potential file. Then
the B-basis functions are constructed, to this end generalized
Clebsch-Gordan coefficients are set up for generating product
basis functions that are invariant with respect to rotation and
inversion, see Appendices B and D.

(ii) Then pacemaker constructs the neighborlist for all
structures in the dataframe. The neighborlist can be added to
the reference dataframe for a fast restart of future parametriza-
tion runs.

(iii) Next the weights for each structure and atom as re-
quired by the loss function are set up. pacemaker provides
different weighting schemes, Appendix F. The weights are
then added to the reference dataframe. Weights may also be
added directly to the reference dataframe, so that the user has
full control over the weights for each structure and force.

(iv) pacemaker splits the dataset for training and for test-
ing.

(v) The further specification of L1, L2 and radial smooth-
ness w0,w1,w2 regularization contributions and the relative

FIG. 11. pacemaker workflow scheme. See text.

weight κ of energy and force errors enables pacemaker to set
up the loss function, Appendix E.

(vi) The hierarchical basis extension is setup as ladder
fitting scheme if requested by the user.

(vii) The optimization of the loss function can be carried
out with different optimizers and optimization strategies. For
each optimization step pacemaker stores the current potential
and computes error metrics for energies and forces. In addi-
tion, external Python code can be called to perform specific
calculations for advanced on-the-fly validation.

(viii) If requested, optimization is repeated with interme-
diate randomization of the training parameter.

(xi) During and at the end of loss function optimization
pacemaker provides outputs for assessing the quality and
convergence of a parametrization.

(x) pacemaker stores (and loads) the ACE potentials in a
transparent YAML [75] file format.

APPENDIX B: ATOMIC CLUSTER EXPANSION AS
IMPLEMENTED IN pacemaker

ACE has been introduced in detail in recent publications
[26,38–40]. Here we provide an overview of all terms relevant
for the parametrization of ACE with pacemaker.
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1. Atomic base

The one-particle basis function φμiμ j nlm are defined as a
product of radial function Rnl and spherical harmonics Ylm,

φμiμ j nlm = R
μiμ j

nl (r ji )Ylm(r̂ ji ), (B1)

where the chemical species are indexed as μi, μ j . Radial
functions depend on the pairwise distance ri j between atoms i
and j. They are zero outside the cutoff distance r

μiμ j
cut and for

shorter distances than the inner cutoff r
μiμ j

in − δ
μiμ j

in .
The sum of one-particle basis functions over the neigh-

bours j of the central atom i gives the atomic base

Aiμnlm =
∑

j

δμμ j φμiμ j nlm(r ji ). (B2)

2. ACE basis functions

The permutation-invariant many-body basis functions of
order ν are defined as a product of atomic bases with different
indices

Aiμnlm =
ν∏

t=1

Aiμt nt lt mt , (B3)

where μ = (μ1, μ2, . . . μν ), n = (n1, n2, . . . nν ), l =
(l1, l2, . . . lν ) and m = (m1, m2, . . . mν ) are tuples of length ν

of corresponding indices.
The products A are in general not invariant under rotation

and inversion. Basis functions that are invariant under rotation
and inversion are obtained by multiplication with generalized
Glebsch-Gordan coefficients

BiμnlL =
∑

m

(
lm
LM

LR = 0

)
Aiμnlm. (B4)

The symbol ( lm
LM

LR=0) indicates generalized Clebsch-Gordan

coefficients (GCG), L = (L1, L2, . . . , Lν−2) is a tuple of or-
bital moments that characterize the coupling of the GCG
and the sum is taken over possible combination m that gives
nonzero contributions. For an interatomic potential we expect
invariance under rotation so that the resulting moment of the
expansion is zero, LR = 0.

3. ACE expansion of an atomic property

An atomic property that is rotationally invariant, like, for
example, the energy of an atom, is expanded as a linear com-
bination of rotationally invariant basis functions

ϕ
(p)
i =

∑
μnlL

c(p)
μnlLBiμnlL (B5)

where p denotes the index of atomic property if several atomic
properties are required for an atom and c(p)

μnlL are independent
expansion coefficients.

Alternatively, using Eq. (B4), this representation can be
transformed to

ϕ
(p)
i =

∑
μnlm

c̃(p)
μnlmAiμnlm, (B6)

where rotational invariance is ensured by the expansion co-

efficients c̃(p)
μnlm = ∑

L( lm
LM

LR=0)c(p)
μnlL. As can be seen from

Eq. (B4), the same product of atomic bases Aiμnlm can ap-
pear in BiμnlL with different L. The representation Eq. (B6)
groups these together, thus providing a computationally more
efficient representation than Eq. (B5) [40].

4. Energy and forces

The atomic energy is represented as a general nonlinear
function F of atomic properties [Eq. (4)]

Ei = F
(
ϕ

(1)
i , . . . , ϕ

(P)
i

)
.

pacemaker provides different choices for F . For one atomic
property a linear relation is assumed,

Ei = ϕ
(1)
i , (B7)

for two properties a Finnis-Sinclair-type expansion is taken

Ei = ϕ
(1)
i +

√
ϕ

(2)
i , (B8)

where the square-root embedding function is slightly modified
close to zero argument, see supplementary information for
[40]. Other nonlinear functions for more densities can be
easily implemented.

The total energy of the atomic system is then obtained as

E =
∑

i

Ei, (B9)

and the forces acting on each atom are given by

F i = −∇iE . (B10)

The forces are evaluated analytically using expressions pre-
sented in Refs. [26,38–40], and implemented in C++ in
pacemaker. In tensorpotential analytical forces are com-
puted via automatic differentiation.

The expressions for forces and energies are slightly mod-
ified when atoms come closer than the inner cutoff, see
Appendix C.

APPENDIX C: RADIAL AND CUTOFF FUNCTIONS

For any practical implementation, specific choices for ra-
dial functions need to be made. Here we summarize the radial
and cutoff functions implemented in pacemaker.

1. Radial basis functions

pacemaker represents radial functions as a linear combi-
nation of radial basis functions

R
μiμ j

nl (r) =
k

μiμ j
max∑
k=1

c
μiμ j

nlk gk (r), (C1)

with the radial basis functions gk (r). The radial expansion
coefficients c

μiμ j

nlk are initialized as c
μiμ j

nlk = δnk and can be
kept fixed or optimized. The number of different radial basis
functions k

μiμ j
max is another parameter that needs to be set.

The radial basis functions are smoothly taken to zero out-
side the cutoff distance rcut and for smaller distances than the
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FIG. 12. Radial basis functions gk (r) available in pacemaker.
(a) Exponentially-scaled Chebyshev polynomials with λ = 5.25,
(b) Power-law scaled Chebyshev polynomials with λ = 2.0, (c) Sim-
plified spherical Bessel functions. For all radial basis functions cutoff
distance rcut = 5.

inner cutoff rin by multiplicative cutoff functions

gk (r) → gk (r) fcut(r, rcut,
cut )[1 − fcut(r, rin,
in )], (C2)

where fcut is discussed in Appendix C 2.
pacemaker offers several different types of radial basis

functions. The first few gk (r) of each type are plotted in
Fig. 12 and their detailed description is given below. The
selection of a particular type can be viewed as a model hy-
perparameter. Similar to Zeni et al. [76], we find that for
small k � 10 and small datasets the spherical Bessel radial
basis functions tend to perform best. In addition, Bessel radial
basis functions are convenient as they do not require setting
the intrinsic parameter λ.

a. Power-law scaled Chebyshev polynomials

The radial basis functions are given by shifted and scaled
Chebyshev polynomials of the first kind Tk

gk (r) = (1 − Tk (x))/2, (C3)

with the scaling length

x = 1 − 2(1 − r/rcut)
λ, (C4)

and the parameter λ. The radial basis functions gk and their
first derivative vanish at the cutoff rcut for λ > 1.

b. Exponentially-scaled Chebyshev polynomials

The radial basis functions are given by shifted and scaled
Chebyshev polynomials of the first kind Tk with a cosine
envelope

gk (r) = 1
4 ( 1 − Tk (x))(1 + cos(πr/rcut)), (C5)

with the scaling length

x = 1 − 2

(
e−λ(r/rcut−1) − 1

eλ − 1

)
(C6)

and the parameter λ. The radial basis functions gk and their
first derivative vanish at the cutoff.

c. Simplified spherical Bessel functions

The spherical Bessel radial basis functions were introduced
by Kocer et al. [77] and can be expressed by the following
recurrence relation,

gk (r) = 1√
dk

[
fk (r) +

√
ek

dk−1
gk−1(r)

]
, (C7)

with

fk (r) = (−1)k

√
2π

r3/2
c

(k + 1)(k + 2)√
(k + 1)2 + (k + 2)2

×
{

sinc

[
r

(k + 1)π

rc

]
+ sinc

[
r

(k + 2)π

rc

]}
,

ek = k2(k + 2)2

4(k + 1)4 + 1
,

dk = 1 − ek

dk−1
.

The recurrence is initialized with d0 = 1 and g0(r) =
f0(r).

2. Cutoff function

The cutoff function vary smoothly from 1 to 0 over the
interval [rc − 
, rc],

fcut(r, rc,
) =
⎧⎨
⎩

1 for r � rc − 
,
1
2 (1 + y) for rc − 
 < r < rc,

0 for r � rc.

(C8)

pacemaker implements a polynomial cutoff function

y = ax + bx3 + cx5, (C9)

with

x = 1 − 2

(
1 + r − rc




)
(C10)

and a = 1.875, b = −1.25, c = 0.375. The function y varies
between y(1) = 1 and y(−1) = −1 and ensures vanishing first
and second derivatives at the boundaries.
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3. Core repulsion

At very short bond length the interatomic energy is strictly
repulsive. Often no or little data is provided at short inter-
atomic distances as the correspondingly high energies are
not of interest for many simulations. For parametrizations
for which short interatomic distances are not of interest we
provide a core repulsion that smoothly replaces ACE with
a strictly repulsive function. This is done to ensure that no
unphysical energies are predicted in case short interatomic
distances occur during a simulation.

Cutting out ACE and replacing it with a hard core repulsion
is done in two steps. A pairwise, strictly positive hard core
repulsion is evaluated as

ρcore =
∑

j

φcore(ri j ), (C11)

with

φcore(r) = w0
exp(−w1r2)

r
fcut(r, rin,
in ) (C12)

with parameters w0 and w1 and φcore(r � rin) = 0. Note that
from Eq. (C2) gk (r < rin − 
in) = 0, so that short-range con-
tributions to ACE are set to zero.

Next, the energy predicted by ACE is smoothly replaced
by the hard core repulsion as

Ei = F
(
ϕ

(1)
i , . . . , ϕ

(P)
i

)
fcut(ρcore, ρc,
c) + ρcore, (C13)

where the cutoff function arguments are not distances but the
values of the core repulsion. Typically one chooses 
c = ρc,
so that the cutoff kicks in once ρcore is different from zero
and ρc is evaluated from the energy of a dimer at distance
rin − 
in.

APPENDIX D: GENERALIZED CLEBSCH-GORDAN
COEFFICIENTS

The generalized Clebsch-Gordan coefficients are com-
puted using an angular momenta coupling tree that depends
on the order ν of the coupled angular momenta l1, l2, . . . , lν ,
abbreviated here as LM-tree [38,39,78]. For example, for a
basis function B of order ν = 4, the angular momenta contri-
butions l = (l1, l2, l3, l4) are coupled to intermediate/internal
angular momenta L = (L1, L2). The possible values of L are
constrained by the angular momentum selection rules and
the projections m just couple as M1 = m1 + m2 and M2 =
m3 + m4. The intermediate L are then coupled to the resulting
angular momentum LR. For an interatomic potential that is
rotationally invariant only LR = 0 and MR = 0 is possible,
which also implies

∑
mi = 0. Figure 13 shows the corre-

sponding LM-tree with l-inputs and intermediate L nodes.
Coupling is facilitated by multiplication with a Clebsch-
Gordan coefficient at each node of the LM-tree, for ν = 4 the
generalized Clebsch-Gordan coefficient (GCG) is obtained as(

lm
LM

LR = 0

)
=

∑
m

CMRM1M2
LRL1L2

CM1l1l2
L1l1l2

CM2m3M4
L2l3l4

, (D1)

with M1 = m1 + m2 and M2 = m3 + m4 and LR = MR = 0.

FIG. 13. LM-tree for ν = 4.

APPENDIX E: LOSS FUNCTION

The parametrization of ACE is accomplished by mini-
mizing the loss function. An appropriate design of the loss
function is key to the quality of the resulting potential. The
following loss function is implemented in pacemaker,

L = (1 − κ )
Nstruct∑
n=1

w(E )
n

(
EACE

n − E ref
n

nat,n

)2

+κ

Nstruct∑
n=1

nat,n∑
i=1

w
(F )
ni

(
FACE

ni − F ref
ni

)2 + 
coeff + 
rad,

(E1)

where κ is the relative force weight in the loss function, Nstruct

is the number of structures employed in the parametrization,
nat,n the number of atoms in structure n, and w(E )

n and w(F )
n are

per-structure and per-atom weights for the energy and force
residuals. 
coeff is the regularization term that penalizes the
absolute values of the expansion coefficients c(p)

μnlL through the
elastic-net regularization [79]


coeff = L1

∑
pμnlL

∣∣c(p)
μnlL

∣∣ + L2

∑
pμnlL

∣∣c(p)
μnlL

∣∣2
, (E2)

where L1 and L2 are regularization parameters. Figure 14
shows the impact of L1 and L2 regularization on the energy
and force errors for three Cu datasets. The regularization helps
to improve the test error for the small Cu-I dataset, where
the train and test errors are very different. For the Cu-II and
Cu-III dataset, with train and test errors that nearly coincide,
the regularization has little impact. This is further illustrated
in Fig. 15, where the parametrization from the small Cu-I
dataset is used to predict the larger Cu-II and Cu-III datasets.
Here regularization helps to lower the test errors, but it cannot
make up for the fact that the configurations in the Cu-I dataset
are rather restricted and therefore extrapolation to Cu-II and
Cu-III is poor.
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FIG. 14. Dependencies of the energy per atom and force vectors
RMSE on the L1 (top) and L2 (bottom) regularization parameters for
train (solid lines) and test (dashed lines with crosses) sets of Cu-I,
Cu-II, and Cu-III.

The smoothness of the radial functions Rnl (r) is controlled
through


rad = w0

r2
cut

∫
r2

∑
nl

|Rnl (r)| dr + w1

r2
cut

∫
r2

∑
nl

∣∣∣∣dRnl (r)

dr

∣∣∣∣ dr

+ w2

r2
cut

∫
r2

∑
nl

∣∣∣∣d2Rnl (r)

dr2

∣∣∣∣ dr, (E3)

where w0, w1, and w2 are radial smoothness regularization
parameters. Figure 16 illustrates the impact of the radial
smoothness regularization on the loss function, respectively
the energy and force errors. 
rad puts restrictions on the shape
of the radial functions. It can be seen in Fig. 16 that it hardly
affects the accuracy of the model provided that its contribution
to the total loss does not exceed a few percent. However, even
small values of 
rad help preventing oscillations in regions
where training data is missing, as shown in Fig. 5.

FIG. 15. Extrapolation of ACE potential trained on Cu-I dataset
to the prediction of Cu-II and Cu-III datasets.

FIG. 16. Dependencies of the energy per atom and force vectors
RMSE on the relative contribution of smoothness regularizations w0,
w1 and w2 to the total loss function for train (solid lines) and test
(dashed lines) subsets of Cu-II and Cu-III.

APPENDIX F: REFERENCE DATA PREPARATION

In general structure selection and weighting can be done
by manipulating structures and adding weights directly in the
pandas reference dataframe. In addition, pacemaker imple-
ments a few standard schemes to facilitate data preparation
and for setting up parametrization runs quickly.

1. Structure selection

pacemaker provides useful rules for structure selection:
(i) Select only periodic or only nonperiodic structures or

both.
(ii) Select randomly a given number of structures in

the dataset below a certain energy difference to the lowest
energy/atom structure 
E (low).

(iii) Select randomly a given number of structures with
energy/atom above 
E (low) and below a certain energy dif-
ference to the lowest energy/atom structure 
E (up).

(iv) Select all structures in the dataset with forces below a
certain absolute value 
F (low).

Typical values are 
E (low) = 1 eV, 
E (up) = 10 eV, and

F (low) = 50 eV/Å.

2. Structure weighting

The structure and force weights in the loss function
Eq. (E1) can be read from the reference dataframe or
assigned by a weighting policy. The energy weights are as-
signed to each structure in the reference dataframe, whereas
force weights are assigned to each atom in each structure.
pacemaker implements two standard weighting policies: uni-
form and energy-based. In both policies the weights for
energies and forces are normalized to sum to one, respectively.
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The uniform weighting policy assigns equal weights to all
structures, independent of the number of atoms in a struc-
ture. The energy-based weighting scheme assigns weight to
a structure depending on its energy per atom and distance to
the ground state or to the convex hull. The weight of structure
n in the reference dataframe is given by

w(E )
n = ωE/

[
E ref

n − E ref
min + 
E

]2
, (F1)

where 
E is a shift to avoid overweighting of the ground state
(typically 
E ≈ 1 eV), ωE is chosen to ensure

∑
n w(E )

n = 1
and energies are per atom.

Weights are further assigned to every atom i in each struc-
ture n to ensure a suitable match of small forces,

w
(F )
ni = ωF w(E )

n

/[(
F ref

ni

)2 + 
F
]
, (F2)

where 
F is a shift to avoid overweighting of atoms with zero
force [typically 
F ≈ 1(eV/Å)2] and ωF is chosen to ensure∑

ni w
(F )
ni = 1.

Finally, the relative weight of the structures below 
E (low)

and between 
E (low) and 
E (up) is fixed to ensure the fit
is not changed too much when more structures are added.
To this end the weights for the structures below 
E (low) are
multiplied to fulfill

flow = wlow

E ref
n −E ref

min�
E (low)∑
n

w(E )
n , (F3)

fup = wup

E ref
n −E ref

min>
E (low)∑
n

w(E )
n , (F4)

with flow + fup = 1 and flow, fup input parameters that are
both positive. Each structure weight is then multiplied with

wlow/upw
(E )
n → w(E )

n , (F5)

depending on E ref
n .

APPENDIX G: ACE CONFIGURATION DETAILS

Table II summarizes the hyperparameters for the ACE po-
tentials that were used in this paper. The multi-index v in
Eq. (8) is expanded as

ϕ
(p)
i =

∑
ν

∑
μnlm

c̃(p)
μiμnlm

ν∏
t=1

Aiμt nt lt mt , (G1)

where μ, n, l, and m are all tuples of length ν with maxi-
mum values determined by the user-defined hyperparameters

FIG. 17. Dependency of the computational time for the HEA
ACE potential with respect to the number of basis functions per
element (upper panel) and with respect to the number of atoms and
number of cores (lower panel).

nmax, lmax for each order ν.

APPENDIX H: SCALABILITY AND COMPUTATIONAL
COST

Timing tests provided here were done on one or more
computational nodes equipped with dual Intel(R) Xeon(R)
Gold 6132 processors, using LAMMPS (version 27Oct2021)
compiled with the GCC 7.3.0 compiler. Figure 17 (upper
panel) shows the scaling of the wall time per atom per MD
step for the HEA ACE potential on a single core for different
numbers of basis functions. There are two main contributions:
setting up the atomic base and computing the product ba-
sis functions [40]. Figure 17 (lower panel) demonstrates the
linear scaling of the computational time per MD step with
respect to the number of atoms. The inset shows the linear
scaling with respect to the number of cores. A comparison of
the computational time and accuracy to other ML potentials
was presented in detail in Ref. [40].
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