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Intrinsic Nonlinear Planar Hall Effect
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We propose an intrinsic nonlinear planar Hall effect, which is of band geometric origin, independent of
scattering, and scales with the second order of electric field and first order of magnetic field. We show that
this effect is less symmetry constrained compared with other nonlinear transport effects and is supported in
a large class of nonmagnetic polar and chiral crystals. Its characteristic angular dependence provides an
effective way to control the nonlinear output. Combined with first-principles calculations, we evaluate this
effect in the Janus monolayer MoSSe and report experimentally measurable results. Our work reveals an
intrinsic transport effect, which offers a new tool for material characterization and a new mechanism for

nonlinear device application.
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Intrinsic transport properties, which are independent of
scattering and solely manifest the band structure geometry,
have been a focus in condensed matter physics research.
As prominent examples, the intrinsic contributions to the
anomalous Hall effect [1-3], spin Hall effect [4-6], and
anomalous Nernst effect [7] are connected to the Berry
curvature of the bands [8] and found great success in
explaining experimental observations.

In this Letter, we reveal a new intrinsic transport in the
nonlinear planar Hall effect (NPHE). The planar Hall effect
(PHE) refers to the setup where the applied magnetic B
field is inside the transport plane formed by the transverse
response current ji and the driving E field. This setup
dictates that the response is distinct from the ordinary Hall
effect, as the Lorentz force is not in action here. The linear
PHE was initially studied in magnetic materials [9-11], as a
useful tool for probing the magnetization reversal. Later, it
received interest in nonmagnetic materials, especially
topological materials such as Weyl semimetals [12-15]
and topological insulators [16—18]. More recently, NPHE,
the nonlinear version of the effect with jy ~ E?B, was
reported in experiment [19,20]. Notably, He et al. [19]
observed the NPHE at the two-dimensional (2D) surface of
a topological insulator and connected it to the spin-
momentum locking of the topological surface states. A
few theories were put forward to explain the effect [19,21—
23]. However, it is important to note that all the NPHE
mechanisms proposed so far are of extrinsic nature, i.e.,
they depend on scattering, which can be readily seen as
their contributions to the Hall current scale as ~7° in the
electron relaxation time 7.

Here, we propose the intrinsic NPHE, which is com-
pletely determined by the band structure and therefore
represents an intrinsic material property. We show that the
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intrinsic NPHE tensor is expressed in terms of the band
geometric quantities including the Berry-connection polar-
izability (BCP) [24,25] and its spin susceptibility. We
clarify the symmetry property of the effect and find that
unlike the linear PHE or nonlinear anomalous Hall effect
which are strongly constrained by symmetry, the intrinsic
NPHE can exist in a wide range of noncentrosymmetric
crystals. Moreover, the response exhibits a characteristic
angular dependence in the applied fields, providing a
convenient switch for the nonlinear output signal in
applications. As a unique advantage, intrinsic effects allow
a quantitative evaluation. We combine our theory with first-
principles calculations and demonstrate a sizable intrinsic
NPHE in a famous polar 2D material, the monolayer
MoSSe. Our work discovers a new intrinsic transport
property, which offers a tool for characterizing fundamental
band geometry of materials and holds great potential for
nonlinear device applications.

Origin of intrinsic NPHE.—Consider a 2D nonmagnetic
system occupying the x-y plane. First, note that since the
current (E field) is odd (even) under time reversal oper-
ation, the intrinsic transport cannot occur without the
applied B field. Second, in the 2D planar Hall setup, the
B field couples only to the electron’s magnetic moment via
Zeeman-type coupling but not to its orbital motion (i.e.,
Lorentz force). Hence, the effect of B field here can be
captured as a perturbation to the band structure, which
causes a spin splitting and transforms the original non-
magnetic band structure to a kind of “magnetic” band
structure.

Starting from this perturbed band structure, the intrinsic
NPHE of the original system is equivalent to an intrinsic
nonlinear anomalous Hall effect of the new (perturbed)
system. It can be most readily derived in the framework of

© 2023 American Physical Society
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semiclassical theory [8,26]. Like the intrinsic anomalous
Hall effect, in this framework, it is connected to the so-
called anomalous velocity of electrons v* = E x Q (set
e = h = 1) [27,28], which is evidently transverse to the £
field. Here, Q is the Berry curvature, which points out of
plane for a 2D system. Note that to study the nonlinear
response at the E? order, one has to include in Q the field
correction of the Berry curvature QF that is linear in E.
Such a field correction has been captured in the recently
developed extended semiclassical theory [24,29]. The
result shows that QF = V, x AE, where AL = G ,E, is
the field corrected Berry connection, G,, is a gauge-
invariant quantity known as the BCP tensor, the indices
a, b label the Cartesian components, and repeated indices
are summed over.

The intrinsic nonlinear Hall current is then obtained as
= f fo(B)E x QF, with f, the equilibrium Fermi dis-
tr1but10n function. In this result, the material’s information
is encoded in the band energy & and the BCP G, but note
that here they are defined with respect to the B-perturbed
band structure (which is why we add a tilde in these
symbols). By straightforward calculations, we can expand
them to the O(B'") order and express all quantities using the
original unperturbed eigenstates |u, (k)) and band energies
€, (k). For instance, we have

Gab = Gab + Aachcv (1)

where G, is the BCP for the unperturbed system, and

Agpe = 0p, ab| p—o can be interpreted as the spin suscep-
tibility of BCP. Explicitly, for a band with index n,
nm mn
G, (k) = 2Rez Va (2)
m;én
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where v = (u,|?,|u,,) is the velocity matrix element,
M™M= —gups™ is the spin magnetic moment matrix
element, with g the g factor, u the Bohr magneton, and s™"
the spin matrix element; and M" = M"™ denotes the
diagonal element. Meanwhile, &,(k) =¢,— M"-B
Substituting these expansions into the nonlinear Hall
current and keeping terms up to O(E?B), one obtains
the intrinsic NPHE current j™ (details in the Supplemental
Material [30]).

(3)

£#m (gm

The result is cast into an intrinsic NPHE conductivity y™

defined by

]le _)(;nl:chhEch’ (4)

where all the indices € {x, y}. Then, we find

d’k
J(anscd Z/ 5 fo%apea k), (5)
with

athd = (UZAZL'LI - UZAch) + (allGZc - abGZC)MZ (6)
Evidently, ™ is antisymmetric in its first two indices,
which ensures j™E, = 0, so ji™ is truly a dissipationless
Hall current. The expressions in Egs. (5) and (6) confirm
that the effect is a Fermi surface property determined
completely by the material’s band structure, manifesting
its intrinsic nature. In Eq. (6), the first term of « is an
antisymmetrized product of the band velocity v} and the
spin susceptibility of BCP, whereas the second term
represents a product of the k-space dipole of BCP and
the spin magnetic moment.

As emphasized, the intrinsic NPHE ' is independent of
scattering. This is distinct from previously discussed
extrinsic contributions which explicitly involve scattering
and scale as 72 [19,22,23] (note that the contribution ~zE2B
is forbidden for nonmagnetic systems by the time reversal
symmetry). In practice, the different contributions can be
readily separated by their different 7 scaling.

Symmetry property and angular dependence.—Crystal
symmetries constrain the form of the ™ tensor. Clearly, y™
would take its simplest form in a coordinate system adapted
to the crystal axis [41,42]. For example, for a rectangular
lattice, one would prefer to choose x and y along the a and b
axis for the calculation of y™. In real experiments,
the applied E and B fields are in general not aligned with
the crystal axis, and one typically rotates these fields in the
plane. To analyze such general cases, we specify the E (B)
field by its polar angle 6 (¢) from the x direction (which is
already chosen as some crystal axis), i.e., (E,, Ey) =
E(cos@,sin@) and (B,,B,) = B(cos¢,sing); then the
intrinsic NPHE current is in the direction Z X E with a
magnitude

= 0.9 9

where the angle-dependent scalar coefficient xiit is a
combination of the ™ tensor elements:

110, 9) = (1 cos @ + 2y sin ) cos €

- ;nytyx Cos (p +X§(I;Jtyy Sln (,0) Sin 6 (8)
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TABLE 1. Constraint on the 4™ tensor from point group
symmetries pertaining to 2D materials. “v” (“X”’) means that
the element is symmetry allowed (forbidden). Because y™ is time
reversal (7°) even, symmetry operations R and R7 impose the
same constraint.

P, S¢. 0, (5 54 Cias GG owno,
P X ooV v v X
Pl X oo v X v
X ;cn\[) y X 4 X ivr}ctxx X ivt;([xx X 4
X I\I}c[ry X 4 X icn;yx X icn;yx 4 X

Note thatsince 1!, is enforced to be antisymmetric in @ and
b indices, there are at most four independent tensor
elements, which we choose here as yint it = it
and ¥, .

Next, we analyze the symmetry property of the y™
tensor. There are two quick observations. First, the inver-
sion symmetry must be broken, because the B field is even
under inversion whereas the current and the F field are odd.
Second, the system must not have a horizontal mirror o,
because it would flip the B field but keep other vectors in
Eq. (4) unchanged. Then, out of the 18 noncentrosym-
metric point groups pertaining to 2D systems, 16 allow the
intrinsic NPHE. These include S;, D,,, all polar point
groups, and chiral point groups, i.e.,C,, C,, (n = 1,2, 3,4,
6) and D, (n =2, 3, 4, 6) [43]. This indicates that the
intrinsic NPHE can be supported in broad crystal systems.
In comparison, the constraint on the linear PHE (with
Ju ~ EB) is much more stringent: among these groups, it is
only allowed in Cy, Cy,, and C, (in-plane polar axis).
Similarly, the nonlinear anomalous Hall effect [44] by
Berry curvature dipole is suppressed in 2D by any
symmetry other than a single mirror line [45]. As for the
intrinsic nonlinear Hall effect in Refs. [46,47], it is
forbidden by time reversal symmetry 7 and also not
allowed by any vertical axis (C%) nor the combined
symmetries (C5 47 ).

In Table I, we list the constraints on the '™ elements by
symmetries in the 16 allowed groups. It follows from these
results that the intrinsic NPHE response exhibits rich and
interesting angular dependence as one rotates the E or B
fields. For example, polar groups C,, with n > 2 support

int

only one independent tensor element yyy,, = —;(iy‘}ctxx, and
s reduced to
XH = Xyaxx cOs(@ — 0), ©)

which depends only on the relative angle between the E and
B fields through a simple cosine relation. The response is
maximized when the two fields are parallel or antiparallel,
but vanishes when they are perpendicular. In contrast,

(@)
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FIG. 1. (a) Schematic of the measurement setup for NPHE. (b),
(c) For a material with point group C,, or D, (n > 2), the
intrinsic NPHE response exhibits a simple cosine or sine
dependence on the angle (¢ — 0) between E and B fields, when
B field is rotated in the plane.

materials with dihedral chiral point groups D,, with n > 2
int int

host only ), = xykv; then

)(ilfllt :)(;r;ctx; Sin((p - 0)’ (10)
which is maximized when the two fields are perpendicular,
but vanishes when they become collinear. These cases are
illustrated in Fig. 1.

Our above analysis demonstrates the intrinsic NPHE as a
promising tool for characterizing a large class of materials
not accessible by other nonlinear transport measurements.
The clarified angular dependence offers a convenient knob
to control the nonlinear response and to switch it on and off
by simply rotating the B (or E) field [as in Figs. 1(b) and
1(c)]. This could be useful for the design of new devices for
nonlinear rectification or frequency doubling.

A model study.—To illustrate the features of the effect
and the underlying geometric quantities, we first apply our
theory to a tight-binding model on a honeycomb lattice
with C;, symmetry. The model reads as

A
H = —[Z Cjacja + E Zéicjacia
(ij).a i

4+ ltR Z (S Xd,-j)gﬁcjacj/;, (11)
(ij).ap

where the first term is the nearest neighbor hopping, the
second term is a staggered potential with & = 41 on the
two sublattices, the last term is a Rashba spin-orbit
coupling (SOC), a and f are the spin labels, and d;; is a
unit vector pointing from site j to i. This model is similar to
that for silicene or germanene on a substrate (some intrinsic
SOC terms inessential to our discussion are neglected)
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FIG. 2. (a) Low-energy bands for the honeycomb lattice model
[Eq. (11)], with two valleys at K and K’. The inset shows the
honeycomb lattice, which has two sublattices. (b) Calculated
response coefficient )('v‘}}xx versus Fermi energy u. (c)—(f) Dis-
tribution of (¢) Ay, (d) Ay, (€) Gy, and (f) ay,,, for the upper
valence band in k space. In the calculation, we take t =1 eV,
tg = 10 meV, and A = 100 meV.

[48,49]. The staggered potential violates the inversion
symmetry, and the Rashba SOC breaks the horizontal
mirror. They together lower the system symmetry from
Dy, to Cs,,, which supports the intrinsic NPHE.

Figure 2(a) shows the energy spectrum of the model,
which exhibits a binary valley structure at K and K’. The
splitting of the conduction (valence) band is due to the
SOC. For the coordinate setup in Fig. 2(a), only one tensor
element ;(i;ggxx is relevant. In Figs. 2(c)-2(f), we plot the
k-space distribution of relevant band geometric quantities,
including Ay, Ay, Gy, and a,,,,, for the upper valence
band. One observes that these quantities are concentrated
around the two valleys, where the energy difference
between the bands is small. This can be understood by
noting that similar to the Berry curvature, all these geo-
metric quantities encode the interband coherence, so they
are peaked mainly at small-gap regions. For the model here,
the intrinsic NPHE should become large when the Fermi
surface crosses the hot spots around the band edge, which is
confirmed by the result in Fig. 2(b).

This example shows that to have a sizable intrinsic
NPHE, the system should have its Fermi level near certain
band near-degeneracies, where the band geometric quan-
tities are pronounced. In addition, a sizable SOC is also a
necessary condition. Generally, without SOC, the band
structure perturbed by the B field would consist of two
decoupled spin channels. Each spin channel can be
regarded as a spinless system with an effective time reversal
symmetry [50,51], which then suppresses the intrinsic
NPHE. This point is also verified in our model calculation.

Application to 2D MoSSe.—As discussed, the advantage
of an intrinsic effect is that it can be evaluated from first
principles to yield quantitative predictions in concrete
materials. Here, guided by the symmetry constraint and
lessons from the model study, we investigate the 2D Janus
monolayer MoSSe, which is a polar material synthesized in
2017 [52,53] and under active research since then [54-56].

The structure of monolayer MoSSe is shown in Figs. 3(a)
and 3(b), which is similar to H-MoS, but with a whole layer
of S replaced by Se. The crystal has space group P3m1 and
polar point group Cs,. It follows that the intrinsic NPHE
obeys the angular dependence in Eq. (9), with a single
independent tensor element yint, . We evaluate yit, by
combining our theory with first-principles calculations
(details are presented in Ref. [30]). The calculated band
structure in Fig. 3(d) matches well with previous results [53].
The system is a semiconductor with a direct gap ~1.47 eV
at K and K’. The degeneracy of the top two valence bands is
lifted by a sizable SOC with a large splitting ~168 meV at
K. More important for our discussion here is a Rashba-type
SOC due to the broken horizontal mirror, a characteristic of
the Janus structure. This manifests as a Rashba-type splitting
at the I" point [57], as indicated by the arrow in Fig. 3(d) and
more clearly in the enlarged Fig. 3(e). We find that this band
degeneracy point at I" gives a sizable contribution to the
intrinsic NPHE.

The calculated ;(iy'}}xx as a function of chemical potential y
for the p-doped case is shown in Fig. 3(f). Indeed, a
pronounced response is found when g is located around the
Rashba-type band degeneracy point at I'. From the calcu-
lation, under an in-plane B field of 1 T the intrinsic
nonlinear Hall conductivity can reach ~3 x 107 (QV)~!
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FIG. 3. (a) Top and (b) side views of MoSSe monolayer.

(c) Brillouin zone of MoSSe. (d) Calculated band structure along
the high-symmetry paths. (e) Enlarged view around the valence
band degeneracy point at I', as indicated by the arrow in (d).
(f) Calculated intrinsic NPHE response ;(iyf‘;”, which shows a peak
for Fermi level around the point in (e).
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if converted to the conventional 3D unit (by dividing the
layer thickness of 0.32 nm), when the Fermi level is about
80 meV below the valence band maximum. This value is
comparable to those calculated in CuMnAs [46] and
Mn,Au [47], and is 2 orders of magnitude larger than
the experimental result measured in CuMnAs [58]. With a
sample size ~10 pm and E field ~10* V/m, the resulting
Hall voltage can reach ~2 pV [30], so the effect should be
readily detectable. In practice, the carrier doping can be
conveniently controlled for 2D materials by electric gating
[59,60]. Therefore, our predicted NPHE and its special
angular dependence [Eq. (9)] [see Fig. 1(b)] can be directly
tested in experiment.

Discussion.—We have proposed a new intrinsic transport
effect along with a new intrinsic material property, i.e., the
intrinsic NPHE conductivity y™. It offers a promising
characterization tool for a large class of materials, espe-
cially the polar and chiral crystals, most of which do not
support the linear PHE nor the nonlinear anomalous Hall
effect from Berry curvature dipole. Actually, the monolayer
MoSSe studied here represents such an example.

In our theory, the in-plane B field couples with spin for a
2D system. When the system has multiple atomic layers,
i.e., of quasi-2D like the MoSSe example, recent theories
proposed that there might also exist an in-plane orbital
magnetic moment [61-63]. Our formulas remain
unchanged for such a case, except for an additional orbital
term in matrix elements of M. In Ref. [30], we estimate
that for MoSSe in the same energy range of Fig. 3(f), the
orbital contribution is actually negligible compared with
the spin contribution. Nevertheless, we recall that the
expression for such an in-plane orbital moment, especially
its interband elements, has not been rigorously developed
in the semiclassical theory. Future studies are needed to
give an accurate evaluation of its contribution.

Our subject here is on the intrinsic NPHE. As mentioned,
there are also other extrinsic contributions. In experiment,
they can be separated according to their different scaling
with 7 (e.g., by plotting against the longitudinal conduc-
tivity) [41,42]. In addition, we point out that the extrinsic
contribution is in general not purely a Hall response,
namely, the response tensor y<' , is not guaranteed to be
antisymmetric in a and b. It follows that their angular
dependence will generally differ from intrinsic NPHE.
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