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We study the role of noise on the nature of the transition to collective motion in dry active matter. Starting
from field theories that predict a continuous transition at the deterministic level, we show that fluctuations
induce a density-dependent shift of the onset of order, which in turn changes the nature of the transition into
a phase-separation scenario. Our results apply to a range of systems, including models in which particles
interact with their “topological” neighbors that have been believed so far to exhibit a continuous onset of
order. Our analytical predictions are confirmed by numerical simulations of fluctuating hydrodynamics and
microscopic models.

DOI: 10.1103/PhysRevLett.126.148001

Within active matter studies, the transition to collective
motion is a problem of both historical and paradigmatic
value, which has led to a wealth of theoretical [1–5],
numerical [6–8], and experimental works [9–12]. Thanks to
their simplicity, dry polar flocks, in which self-propelled
particles stochastically and locally align their velocities,
fuel an extensive research field [5–7,13–22]. Beyond the
sole realm of active matter, the statistical physics modeling
of collective motion has disseminated to topics as diverse as
animal behavior [23–25], human crowd dynamics [26],
biology [11,27–30], and swarm robotics [31].
The transition to collective motion is best understood in

the context of metric models, in which particles align with
neighbors within a finite distance. At the microscopic level,
the nature of the transition is now well established [5,7,8].
It takes the form of a phase separation between a
disordered gas/paramagnetic phase and a polarly ordered
liquid/ferromagnetic phase, separated by a coexistence
region where traveling bands are observed [32]. On the
contrary, the transition is believed to be continuous
for “metric-free” systems [33–36], where interactions
between agents are not decided based on their relative
distance [24,37–41]. For these models, often referred to as
topological [39], traveling bands have indeed not been
reported so far. Topological models play an important role
thanks to their relevance to studies of groups of animals
[24,37,38,40] or pedestrians [42], where visual cues
dominate metric ones. They are also the natural choice
to model confluent tissues where topological neighbor-
hoods determine interactions [29,41,43–45]. Existing
numerical results on the transition are scarce and limited
to particles aligning with their Voronoi neighbors [33] or
their k-nearest neighbors [35,46].

These microscopic-level results have been rationalized
using deterministic hydrodynamic theories, which typically
couple a density field ρ and an order parameter field
[3,5,47–50]. For metric systems, the phase-separation
scenario can be understood by considering their dynamics
in one spatial dimension, a minimal model of which is
given by

∂tρ ¼ D∂xxρ − v∂xm; ð1Þ

∂tm ¼ D∂xxm − v∂xρ − F ðρ; mÞ: ð2Þ

Here,m is akin to a magnetization field in a spin system and
F ðρ; mÞ ¼ αmþ γðm3=ρ2Þ is a Landau term that controls
ferromagnetic alignment [5]. Historically, Eqs. (1) and (2)
were derived as a mean-field description of the active Ising
model [5]. Here, D stems from the random hopping of
particles and is the same for m and ρ, v stems from their
self-propulsions, while α and γ control the alignment.
Many similar hydrodynamic models have been proposed
or derived in one and two dimensions [2–5,12,47,50]. All
lead to the same conclusion: the first-order, phase-
separation nature of the transition stems from the density
dependence of the linear term: α ¼ αðρÞ. A density-
dependent threshold—or critical temperature, to continue
the ferromagnetic analogy—such that α0ðρÞ ≠ 0 leads to
the phase-separation scenario. The latter is characterized by
two main features: homogeneous ordered profiles are
linearly unstable close to the transition, when α≲ 0, and
this instability leads to the emergence of traveling bands
[7,48,51]. In the topological case, mean-field descriptions
of Voronoi-based [34] and k-nearest-neighbor models [35]
both lead to a density-independent critical temperature,
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hence predicting a continuous onset of order. This
result is compatible with the observation that doubling
the distance between all particles, and hence reducing the
particle density, does not impact the aligning dynamics.
Topological models are thus expected to be much less
sensitive to density variations, and the current understand-
ing is that they constitute a universality class distinct from
metric models.
In this Letter, we show that the continuous scenario does

not survive incorporating fluctuations. To do so, we
construct a hydrodynamic description of metric-free mod-
els in which particles align with their k-nearest neighbors
[24]. This requires preserving the topological nature of the
interactions at the coarse-grained level, which we achieve
by means of a nonlocal orientation field. We show that, at
the deterministic level, the transition is predicted to be
continuous. Dressing the model with noise, however, leads
to a renormalized density-dependent critical temperature
that signals a phase-separation scenario. This analytical
result is supported by microscopic simulations. Finally, we
show that measuring the density dependency of the onset of
order is a simple quantitative test that allows predicting the
nature of the transition, hence solving a long-standing
numerical difficulty [7,33,46]. All the calculations that
follow are based on one-dimensional hydrodynamic theory
(1) and (2) and its topological generalization. Our results
can be extended to two dimensions and to other hydro-
dynamic models, as well as to more general topological
constraints [52]. The generalization of the results presented
in this Letter will be fully detailed in a later publication
[53]. We complement our analytical approach by numerical
simulations, mostly in 2D, which are all detailed in [52].
Fluctuation-induced first-order transitions.—For clarity,

we first show that dressing the “metric” partial differential
equations (PDEs) (1) and (2) with noise generically yields a
renormalized density-dependent critical temperature, hence
leading to phase separation, before considering the topo-
logical case. This allows presenting our analytical approach
in a simpler framework. We consider α independent of ρ to
show that the corresponding hydrodynamic descriptions,
derived in some scaling limits [54,55], are unstable to
fluctuations. We complement Eq. (2) with a noise term,

∂tm ¼ D∂xxm − v∂xρ − F ðρ; mÞ þ
ffiffiffiffiffiffiffiffi
2σρ

p
η; ð3Þ

where ηðx; tÞ is a zero-mean delta-correlated Gaussian
white noise field. Note that hereafter ρðx; tÞ and mðx; tÞ
represent fluctuating fields. The order parameter mðx; tÞ
represents the sum of the orientations of particles located
around position x. The noise acting on mðx; tÞ will thus be
multiplicative; it describes the fluctuations of a sum over
∝ ρ particles and we take it proportional to

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρðx; tÞp

. We
now construct the hydrodynamics of the average fields
ρ0ðx; tÞ ¼ hρðx; tÞi and m0ðx; tÞ ¼ hmðx; tÞi to leading
order in the noise strength σ, where brackets represent

averages over noise realizations. In principle, we could also
complement Eq. (1) with a conserved noise. The latter is
expected to be subdominant at large scales and we ignore it
here, although our approach can be extended to this case.
Introducing δρ ¼ ρ − ρ0 and δm ¼ m −m0, the dynamics
of ρ0 and m0 can be approximated as

∂tρ0 ¼ D∂xxρ0 − v∂xm0; ð4Þ

∂tm0 ¼ D∂xxm0 − v∂xρ0 − F ðρ0; m0Þ;

−
∂2F
∂m2

hδm2i
2

−
∂2F
∂ρ2

hδρ2i
2

−
∂2F
∂m∂ρ hδmδρi: ð5Þ

To close Eqs. (4) and (5), we need to compute hδm2i, hδρ2i,
and hδmδρi as functions of ρ0 and m0. In the small noise
limit, the fluctuations δρ and δm are assumed to be small so
that we compute these correlators at the level of linear,
Gaussian fluctuations [56–59]. The dynamics of δρðx; tÞ,
δmðx; tÞ then read

∂tδρ ¼ D∂2
xδρ − v∂xδm; ð6Þ

∂tδm ¼ D∂2
xδm − v∂xδρ −

∂F
∂ρ δρ −

∂F
∂m δmþ

ffiffiffiffiffiffiffiffiffiffi
2σρ0

p
η:

ð7Þ

For α ≠ 0, this linear system of equations leads to bounded
fluctuations of δρ, δm around the homogeneous solutions
of Eqs. (1) and (2). It can be solved in Fourier space, and
the correlators appearing in (5) can be obtained explicitly as
integrals over k space, e.g., hδm2i ¼ R

dkhδmkδm−ki=ð2πÞ
[52]. The alignment terms in Eq. (5) can then, consistently
with the approximation leading to a Landau form, be
expanded as F̃ ðρ0; m0Þ ¼ α̃m0 þ γ̃m3

0=ρ
2
0. Fluctuations

have thus, to this order in σ, dressed α and γ into α̃ and
γ̃. For a given set of parameters, the integrals over k space
can be computed numerically. It is, however, more enlight-
ening to compute them explicitly in the high-temperature
phase, where α > 0. The precise expression of γ̃ is
irrelevant for our purpose and is presented in [52]. The
linear term is renormalized into

α̃¼αþ 3σγ

4ρ0v
f

�
αD
v2

�
; with fðuÞ¼

ffiffiffiffiffiffiffiffi
2=u

p þ ffiffiffiffiffiffiffiffiffiffi
1þu

p

2þu
: ð8Þ

Importantly, α̃ now depends explicitly on the density [60].
To first order in σ, fluctuations thus renormalize the
continuous transition predicted by Eqs. (1) and (2) into
the standard liquid-gas phase separation. Note that higher
orders in σ have no reason to cancel the dependence of α̃ on
density and we thus expect our conclusions to hold non-
perturbatively in σ.
To confirm our predictions, we carried out simulations

of the scalar 2D generalization of the stochastic
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PDEs (1) and (3) [52]. The continuous transition predicted
by Eqs. (1) and (2) is replaced by the standard liquid-gas
framework [5,61], as shown in Fig. 1 by the emergence of
traveling-band solutions.
Field theory for topological interactions.—The study of

the dynamics (1) and (3) thus shows that fluctuations
generically make the transition to collective motion first
order in metric models. This applies in particular to the
hydrodynamic theory proposed for Voronoi-based inter-
actions in [34]. We now propose an alternative hydro-
dynamic description that preserves the topological nature
of the interactions at the coarse-grained level. To do so, we
focus on models in which particles align with their k-nearest
neighbors, which are commonly used to model animal and
human behavior [24,37,38,40,42]. Numerically, the transi-
tion has been reported to be continuous in systems of linear
sizes of order L ∼ 102, for up to N ¼ 104 − 105 particles
[35,46]. To proceed, we introduce a coarse-grained field
yðxÞ that measures the interaction range of a particle at x:

Z
xþyðxÞ

x−yðxÞ
ρðzÞdz ¼ k: ð9Þ

Particles at position x then align with a “topological” field
m̄ðx; tÞ computed over their k-nearest neighbors through

m̄ðxÞ ¼ 1

k

Z
xþyðxÞ

x−yðxÞ
mðzÞdz: ð10Þ

Doubling the distance between particles does not alter the
values of m̄ðxÞ, consistent with microscopic topological
models [24,33]. To construct the topological counterpart of
the Landau termF ðρ; mÞ appearing in the metric dynamics,
let us recall how the latter is constructed from microscopic
models. In a ferromagnetic context, F can be seen as the
small-magnetization expansion of a more complex function
F ferro ¼ 2m coshðβpÞ − 2ρ sinhðβpÞ, where p ¼ m=ρ is
the local magnetization per particle and β the inverse
temperature. The fields ρ and m enter F ferro through
counting statistics, ðρ�mÞ=2 representing the local den-
sities of particleswith plus orminus spins. The fieldp, on the
other hand, enters via the aligning rate at which a spin s flips,
e.g., Wðs → −sÞ ¼ Γ expð−βspÞ. When particles align
stochastically with a topological field m̄, the Landau term
thus simply becomes F ferro ¼ 2m coshðβm̄Þ−2ρsinhðβm̄Þ.
Expanding to third order in the fields then yields

F topoðm;ρ;βÞ¼Γ
�
2m−2ρβm̄−

ρβ3

3
m̄3þβ2mm̄2

�
; ð11Þ

in which, for simplicity, we retain β as the sole control
parameter. At mean-field level, our topological field theory
is thus given by Eqs. (1) and (2), with F replaced by F topo.
Homogeneous solutions ρ0, m0 correspond to yðxÞ ¼

k=ð2ρ0Þ and m̄ ¼ m0=ρ0. The linear term in F topo then
reduces to 2Γð1 − βÞm0, leading to a density-independent
transition at βm ¼ 1. Linear stability analysis of the
homogeneous solutions then shows that disordered and
ordered solutions are linearly stable for β < βm and
β > βm, respectively [52]. Our topological field theory
thus predicts a continuous transition at the mean-field level.
Let us now assess the effect of dressing the dynamics

of the order parameter with noise: we consider the
stochastic dynamics (1) and (3), albeit with F replaced
by F topo. Here also, the noise is multiplicative and propor-

tional to
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρðx; tÞp

, since mðx; tÞ is the sum of the orienta-
tions of particles located around position x. To construct the
dynamics of the average fields ρ0 and m0 perturbatively in
σ, we first stress that Eq. (9) directly enslaves the field yðxÞ
to ρðxÞ. There are thus, again, only two independent fields,
ρðx; tÞ and mðx; tÞ, so that Eq. (7) is still valid, up to
F → F topo. Because the expression of F topo is, however,
more complicated than in the metric case, the algebra is
correspondingly more involved. We detail in [52] the
renormalization of the linear part of F topo, which controls
the nature of the transition. To first order in the noise
strength σ, we find

ðβ − 1Þm0 →

�
β − 1 −

σ

k
g

�
β;

Γk
vρ0

;
ΓD
v2

��
m0; ð12Þ

with g a positive function whose expression is provided as
an integral in [52].

FIG. 1. Simulations of the 2D generalization of Eqs. (1) and (3)
detailed in [52]. (Top left) Average magnetization as α is varied.
The transition occurs at αc < 0, shifted from the mean-field
prediction (green line). At the onset of order, inhomogeneous
profiles (black squares) separate homogeneous ordered and
disordered phases (blue dots). Parameters: D¼ v¼ γ¼ σ¼ 1,
dx ¼ 0.5, dt ¼ 0.01, Lx ¼ 400, Ly ¼ 40, ρ̄≡ N=ðLxLyÞ ¼ 1.1.
(Bottom) A snapshot close to the transition shows an ordered
traveling band in a disordered background. (Top right) The
corresponding density and magnetization fields averaged along
y. Parameters: same as before up to Ly ¼ 100, dx¼0.1, α¼−0.9.
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Importantly, the linear term in the aligning dynamics of
m0 has again become density dependent, hence predicting a
phase-separation scenario. This is confirmed by numerical
simulations of Eqs. (1) and (3) with F → F topo, which
again reveal the existence of inhomogeneous propagating
bands [52]. Our results thus also predict a fluctuation-
induced phase-separation scenario for topological models.
Microscopic models with k-nearest-neighbor inter-

actions.—To test the aforementioned predictions, we first
consider an off-lattice active Ising model [5,61] in which N
particles move in an Lx × Ly domain with periodic boun-
dary conditions. Each particle carries a spin si ¼ �1 and
evolves according to the following Langevin dynamics:

_ri ¼ siv0x̂þ
ffiffiffiffiffiffiffi
2D

p
ηi; ð13Þ

where v0 sets the self-propulsion speed and D sets the
strength of the unit-variance Gaussian white noise ηi. Spins
flip from si to −si at rate WðsiÞ given by

WðsiÞ ¼ Γe−βsim̄i ; where m̄i ¼
1

k

X
j∈N i

sj; ð14Þ

where N i is the set of the k-nearest neighbors of particle i
and m̄i their average magnetization. Note that a mean-field
treatment of the aligning dynamics (14) indeed leads to
Eq. (11). In agreement with our predictions, the model
exhibits a first-order transition to collective motion, akin
to a liquid-gas phase separation: the onset of order at
β ≳ βcðρ0Þ occurs through the emergence of an ordered
propagating band (Fig. 2). Unlike the mean-field critical

temperature, the boundaries of the coexistence region show
a clear dependence on the mean density ρ̄.
To probe the generality of our results, we then imple-

mented a topological version of the Vicsek model [6,7] in
which the particles align with their k-nearest neighbors. We
considered N point particles carrying unit propulsion
vectors ui and moving in an Lx × Ly domain with periodic
boundary conditions. At every time step, the particles align
with the average direction of their k-nearest neighbors:

arg½ui� → arg

�
1

k

X
j∈N i

uj

�
þ ση; ð15Þ

where η is uniformly drawn in ½−π; π�. The particles then
move a distance v0Δt along their propulsion vector.
Propagating bands are observed close to the onset of
collective motion (Fig. 3). Overall, despite being usually
considered resilient to density fluctuations, the topological
interactions studied in this Letter thus lead to a phase-
separation scenario.
A numerical test of the nature of the transition.—Since

the introduction of the Vicsek model, determining numeri-
cally the nature of the transition has proven a difficult task
[7]. The weakly first-order nature of the transition indeed
challenges standard methods: in finite systems, the varia-
tions of the order parameter as a function of control ones
(noise, density, etc.) often misleadlingly suggests a second-
order scenario. Our results suggest an efficient alternative:
measuring the dependency of the onset of order on the
average density. We illustrate this by contrasting our
topological model with simpler ones in which the aligning
dynamics is disconnected from spatial positions, hence
trivially ensuring that the transition remains continuous.
We consider N scalar spins moving in an Lx × Ly

domain with periodic boundary conditions according to
the Langevin equation (13) with two different aligning
dynamics [62]. In the random alignment model (RAM), the
aligning dynamics is given by Eq. (14), with m̄i computed
over k spins chosen at random at every time step. In the

FIG. 2. (Top left) Phase diagram of the microscopic topological
model defined in Eqs. (13) and (14). The homogeneous ordered
(blue) and disordered (green) regions are separated by a coex-
istence phase (red). The mean-field critical temperature is β ¼ 1
(dashed line). The red lines are visual guides that show how the
transitions shift as the mean density varies. (Bottom) Snapshot of
a propagating band corresponding to the black triangle in the
phase diagram. Blue and red particles correspond to positive and
negative spins, respectively. The corresponding density and
magnetization fields, averaged over y and time, are shown in
the upper right panel. Parameters: D ¼ 8, Ly ¼ 400, Lx ¼ 2000,
k ¼ 3, Γ ¼ 0.5, v ¼ 0.9.

FIG. 3. Simulations of the topological Vicsek model in 2D. At
small noise, the system is disordered at low enough densities.
Increasing the density then leads to an onset of order accom-
panied by propagating bands. Particles align with their k ¼ 3
nearest neighbors. Parameters: Lx ¼ 2000, Ly ¼ 400, σ ¼ 0.08,
k ¼ 3, v0 ¼ 0.2, Δt ¼ 1, ρ̄ ¼ 0.25 (top), and ρ̄ ¼ 0.4 (bottom).
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loyal alignment model (LAM), on the contrary, alignment
occurs with the same set of k neighbors throughout
the simulations, irrespective of the particle positions. In
our simulations, we chose k ¼ 4 and assigned to each
particle its nearest neighbors on an initial square lattice.
Simulations of both systems lead to continuous transitions,
without the emergence of inhomogeneous phases. Figure 4
shows that the behaviors of the global magnetization as the
temperature is varied are hard to distinguish between LAM,
RAM, and our topological microscopic model. Repeating
these measurements at different densities, however, reveals
a density dependence of the onset of order in the latter case,
but not in LAM and RAM. Measuring βc as ρ̄ varies thus
constitutes a simple and robust test of the nature of the
transition.
Conclusion.—In this Letter, we have set up a field-

theoretical approach that captures the impact of noise on
the hydrodynamic description of the transition to collective
motion. Introducing a continuous description of metric-free
models, we have shown that, contrary to common belief,
the transition in topological models is not critical and
involves a phase-separation scenario, hence falling into the
same universality class as metric models. This fluctuation-
induced phase separation relies on a noise-induced depend-
ency of the onset of order on the average density, which can
be exploited in numerical simulations to assess the nature
of the transition. This is a more stringent test than
measuring putative critical exponents, which are unlikely
to distinguish weakly first-order transitions from the liquid-
gas scenario. Note that our topological field theory
addressed the case of k-nearest neighbors interaction and
one may wonder whether our conclusion holds for more
generic topological fields, e.g., describing Voronoi neigh-
bors. As shown in [52], dimensional analysis suggests that
our results should hold for a broader class of topological
fields m̄ðxÞ ¼ Gðx; ½ρ; m�Þ, whose numerical studies are
deferred to a longer account of our work [53].
Furthermore, while we have here focused on theoretical

and numerical approaches, the coefficients of the linearized
Toner-Tu equations have been measured experimentally in
flocks of Quincke rollers [63]. Determining the functional
form of αðρÞ could thus also be a direct experimental probe

of the order of the transition in systems in which finite-size
effects would prevent the existence of polar bands.
We have here studied the framework of polar flocks, but

our methods can be exported to a broader class of problems,
from nematic alignment to models in which the coupling
between density and alignment is qualitatively altered, from
Malthusian [22] to incompressible [64] or Lévy flocks [65].
Finally, describing nonlocal interactions at the field-theo-
retical level had proven a difficult problem up to this time,
which our topological theory has overcome. The relevance
of such nonlocal interactions goes beyond active matter:
from cellular [29,41,43–45] to social interactions [42,66].
We hope that our methodology will help build coarse-
grained descriptions of metric-free problems in other fields.
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Rev. E 77, 046113 (2008).
[9] V. Narayan, S. Ramaswamy, and N. Menon, Science 317,

105 (2007).
[10] J. Deseigne, O. Dauchot, and H. Chaté, Phys. Rev. Lett. 105,
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