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The collapse of a bubble of radius Ro at the surface of a liquid generating a liquid jet and a subsequent
first drop of radius R is universally scaled using the Ohnesorge number Oh ¼ μ=ðρσRoÞ1=2 and a critical
value Oh� below which no droplet is ejected; ρ, σ, and μ are the liquid density, surface tension, and
viscosity, respectively. First, a flow field analysis at ejection yields the scaling of Rwith the jet velocity V as
R=lμ ∼ ðV=VμÞ−5=3, where lμ ¼ μ2=ðρσÞ and Vμ ¼ σ=μ. This resolves the scaling problem of curvature
reversal, a prelude to jet formation. In addition, the energy necessary for the ejection of a jet with a volume
and averaged velocity proportional to RoR2 and V, respectively, comes from the energy excess from the
total available surface energy, proportional to σR2

o, minus the one dissipated by viscosity, proportional to
μðσR3

o=ρÞ1=2. Using the scaling variable φ ¼ ðOh� − OhÞOh−2, it yields V=Vμ ¼ kvφ−3=4 and

R=lμ ¼ kdφ5=4, which collapse published data since 1954 and resolve the scaling of R and V with
kv ¼ 16, kd ¼ 0.6, and Oh� ¼ 0.043 when gravity effects are negligible.
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Natural aerosols present in the atmosphere and cloud
condensation nuclei (CCN) arise in a significant proportion
from the breakup of bubbles bursting at the sea surface,
producing a plethora of droplet sizes from the nanometric to
the hundred-micrometer size range [1], depending on the
breakupmechanism and parent bubble size. The importance
of CCN in climate (Earth’s radiation balance and precipi-
tation) is paramount. Thus, changing properties of surface
seawater owing to climate change and human actions impact
on aerosol generation at the sea surface; this is a key
phenomenon that should be completely elucidated. Other
substantial sources of complex aerosols occur when an
organic liquid is heated (oil dip frying is a worldwide basic
food processing for humans), by burning biomass, or by
smoking: In these processes, cellulose and more complex
biochemicals melt into very low surface tension liquids,
releasing vapors from their bulk in the form ofmicrobubbles
that eventually burst and generate aerosols [2]. In most
cases, the visible smoke from fires and their toxicity come
from these aerosols and their burning. In addition, part of the
ashes from volcanoes has the same origin. Besides, gas
injection in bioreactors, which compulsorily involves bub-
bling, produces harmful effects on cultivated cells when
bubbles reach the surface due to the mechanical action of
bubble bursting [3,4]. In a more relaxing context, the
organoleptic properties of sparkling wines and the sensorial
experiences associated to their consumption depend to a
great extent on the aroma carried by droplets ejected from
the bursting bubbles [5,6]. Thus, this is one of the most
fundamental fluidic phenomena at the microscopic scale,
and its overwhelming transversal impact across disciplines
has fueled an active research once its practical importance
was perceived beyond initial curiosity.

The objectives of the analysis of this phenomenon are,
fundamentally, twofold: (i) to determine the size of the
emitted droplet and its velocity for a given set of liquid
properties (density ρ, viscosity μ, and surface tension σ) and
parent bubble size and (ii) to pinpoint the critical size of the
latter below which no droplet is ejected. When the parent
bubble size is sufficiently large, or the viscosity sufficiently
low for an energetic wave to collapse at the axis, a couple of
Worthington jets [7] are formed, i.e., one ejecting a capillary
jet out of the cavity, and the other injecting momentum into
the liquid below the cavity, sometimes engulfing a small
bubble [8]. Some recent works [5,6,10,11] have unveiled the
subtle balance between the advance of the capillary wave
front coming from the expansion of the initial rim formed
after the film cap bursting and its viscous damping when the
wave collapses at the axis (Fig. 1). The front progression,
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t =1.167 ms

t =1.667 ms

FIG. 1. A 3D rendering and composition of three fundamental
instants of a bubble collapse taken from Fig. 1 of MacIntyre [13]:
t ∼ 0 (just after film rupture), 1.17 (onset of jet ejection), and
1.67 ms (just before the first droplet detachment). (Courtesy of B.
Gañán-Riesco, Ingeniatrics Tec. S.L.)
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common to other related phenomena [12], has been
observed since early studies [13]. The overall speed of
the capillary wave front should be vc ∼ ðσk=ρÞ1=2, while the
dominant wave number k should be proportional to R−1

o .
Besides, the viscous damping rate of the capillary wave,
t−1D ∼ k2μ=ρ, should be smaller than the progression rate of
the wave, i.e., ðσ=ρR3

oÞ1=2 > μ=ðρR2
oÞ (discarding con-

stants). Thus, one has that the Ohnesorge number Oh ¼
μ=ðρσRoÞ1=2 should be smaller than a critical one Oh� for
jetting to occur. Walls, Henaux, and Bird [11] experimen-
tally calculated that critical Oh� as a function of the Bond
number Bo¼ ρgR2

o=σ.
Ghabache et al. [5,6] suggested an interesting explanation

on the kernel of the ejection phenomenon. They determined
the length scale as a function of the time to collapse, found a
geometrical self-similarity of the collapsing phenomenon
for a liquid viscosity above a certain range, and proposed a
general scaling lawof the ejected droplet size as a function of
the ejection velocity, liquid properties, and gravity [6]. Their
measurements deviated significantly from their model for
higher viscosities or smaller bubble sizes tested, but they
provide the best published source of experimental data on
the phenomenon so far.
Here, a definitive and accurate solution of the top droplet

size and its ejection velocity as a function of the bubble
radius and Newtonian liquid properties, valid for any value
of Oh < Oh�, is proposed. The focusing role of viscosity is
finally underpinned and quantified.
First, consider the widely recognized and numerically

described concentration of viscous stresses taking place at
the vicinity of the axis close to the surfacewhen the capillary
wave front collapses. Numerical simulations [2,4,14] show a
rather complex yet totally repeatable flow structure initially
comprising two evolving vortices near the axis: One is
projected backwards from the surface, and the other pushes
the surface outwards in the form of a capillary jet [14].When
the capillary wave front collapses onto the axis, the
interaction of the vortical structure with the interface and
the complexity of the nonlinear capillarywave front can give
rise to complex geometries in the local liquid surface,
leading in many cases to either single or multiple gas
engulfment in the form of tiny bubbles in addition to the
liquid ejection. However, when the ejection initiates, a basic
overarching picture emerges for the dynamically balanced
flow structure. It can be reduced to relatively simple terms;
one important realization here is that the maximum velocity
takes place at the very moment where the first dimple forms
at the bottom of the collapsing cavity [15] and that this
velocity should be sufficient to finally eject and detach a top
droplet. Figure 2 illustrates this instant with its characteristic
radial and axial length and velocity scales R and L and V 0
and V, respectively (R is the radius of the first emitted
droplet, and V is the initial velocity of the jet).
Neglecting the effects of gravity for the bubble sizes of

interest here (Bo ≪ 1), one can analyze the momentum

equation for the liquid particles at the liquid surface close to
the axis at the onset of jet ejection [16]:

ρðvt þ v · ∇vÞ þ σ∇ð∇s · nÞ − μ∇2v≃ 0; ð1Þ
where v and n are the liquid velocity and the normal unit
vector at the surface, respectively. Subscripts t and s
indicate the partial derivative with time and the surface
derivative, respectively. The flow configuration (Fig. 2)
leads to the following scales: (i) local and convective
acceleration forces (both are comparable in this pheno-
menon), ρvt ∼ ρv ·∇v ∼OðρV2=LÞ; (ii) surface tension
force, σ∇ð∇s · nÞ ∼OðσR−2Þ; and (iii) viscous force,
μ∇2v ∼OðμV 0L−2Þ. On the other hand, considering the
fixed cylindrical control volume indicated by dashed lines
in Fig. 2, integral liquid mass continuity demands
OðVR2Þ ∼OðV0LRÞ. Since all terms of the momentum
equation become of the same order at the onset of ejection,
a fact providing two additional conditions, one obtains the
following three relationships with the initial jet velocity V:

R=lμ ∼ ðV=VμÞ−5=3; ð2Þ
L=lμ ∼ ðV=VμÞ−4=3; ð3Þ
V 0=Vμ ∼ ðV=VμÞ2=3; ð4Þ

where Vμ ¼ σμ−1. These are universal relationships that
should hold for a variety of phenomena involving capillary
surface collapse and jet ejection [12,17], a study that is
given elsewhere [18]. Focusing on bubble bursting, a
number of publications disclose both the jet speed close
to the incept of ejection and the final top droplet size,
providing all liquid properties [6,13,14,19,20]. The data

FIG. 2. Onset of ejection. The complex vortical structure was
already described [14]. V and V 0 stand for the scales of the jet
speed and the radial surface velocity, respectively. R is the radial
scale (final droplet radius). Thin continuous lines represent
vorticity isolines. A cylindrical surface with characteristic axial
and radial scales L and R, respectively, is indicated with
dashed lines.
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collected for Bo < 0.1 are plotted in Fig. 3, showing an
excellent agreement with the proposed scaling law.
The initial jet speedV provides ameasure of the surplus of

mechanical energy ΔE forming the jet after the collapse
singularity. That surplus comes from the available energy
after bubble bursting, i.e., the surface energy proportional to
σR2

o, minus the total viscous dissipation associated to
the motion induced by the capillary wave after bursting,
proportional to ðμv2c=R2

oÞR3
otc ∼ μðσR3

o=ρÞ1=2; here, the total
time of the process is assumed proportional to the capillary
time tc ∼ ðRo=vcÞ ¼ ðρR3

o=σÞ1=2. Using a single physically
meaningful proportionality constant in the balance (here,
Oh�) and neglecting other overall prefactors, one can write

ΔE ∼ ½Oh�σR2
o − μðσR3

o=ρÞ1=2� ¼ σR2
oðOh� − OhÞ; ð5Þ

whereOh� provides the right constant to fulfilΔE ¼ 0when
the critical condition for droplet ejection is met. Next, this
energy excess is invested in the generation of a jet with
sufficient kinetic energy to overcome the recoil effect of the
final stages of bursting (see, e.g., [6,13,14,21]). A funda-
mental observation here is that this recoil takes place when
the uprising liquid column reaches a length proportional to
Ro (see the excellent illustration on this fact provided by
Fig. 1 in Ghabache and Séon [6]): The top droplet must
detach before the liquid front reaches this length. Thus, the
total amount of kinetic energy required for drop ejection
should be proportional to ρV2 times the total jet volume,
proportional to R2Ro. Using scaling (2) for R, that yields

ρV2R2Ro ∼ ΔE ⇒ ðV=VμÞ−4=3 ∼
σRoρ

μ2
ðOh� − OhÞ; ð6Þ

that can be reduced to

V
Vμ

∼ φ−3=4 ð7Þ

defining φ ¼ ½ðOh�=OhÞ − 1�Oh−1.

Two hundred measurements have been directly taken
[22] from the available literature on the phenomenon since
1954 that disclose both bubble and droplet size values
[6,11,13,14,19,20,23–27]. With the exception of data from
Duchemin et al. [14], all data are experimental, and the
properties of liquids used are given in Table I. First, we
compare the proposed scaling of V with the axial jet
velocities taken from experiments [5,6,19,20] and numeri-
cal simulations by Duchemin et al. (see Fig. 12 in Ref. [14])
at the axial point where these authors measure the jet
velocity (when the jet tip reaches the mean water level).
Figure 4 shows the collapse of V=Vμ values for Bo < 0.1
around the model. The fitting yields V=Vμ ¼ kvφ−3=4 with
kv ≃ 16 and Oh� ¼ 0.043 (the latter about 14% larger than
the value found by Walls, Henaux, and Bird [11]). The
excellent agreement grants a full support to the proposed
model. Even stronger evidence is afforded by Fig. 5, where
the nondimensional droplet radius R=lμ is plotted as a
function of the scaling variable φ. The master curve

R=lμ ¼ kdφ5=4 ð8Þ

FIG. 3. Nondimensional droplet radius R=lμ as a function of the
nondimensional axial jet velocity at ejection V=Vμ reported in the
literature [6,13,14,19,20] for Bo < 0.1. The more realistic thin
rim simulations of Duchemin et al. [14] are used.

FIG. 4. Axial jet velocities reported in the literature
[5,6,14,19,20] for Bo < 0.1.

TABLE I. Liquid properties from published experiments. SW,
seawater. Wþ G, water-glycerol mixtures. Properties of mixtures
used by Ghabache et al. [27] can be directly seen in their Table I.

Liquid Ref. ρ (kgm−3) σ (Nm−1) μ (Pa s)

SW 4 °C [23] 1028 0.0755 0.001 67
SW 16 °C [24] 1025 0.0736 0.001 12
SW 20 °C [23,25] 1025 0.0734 0.001 08
SW 30 °C [19,24] 1024 0.071 0.000 98
Water [6,13,20,26] 1000 0.072 0.001
Wþ 30% G 25 °C [6] 1078 0.067 0.0021
Wþ 50% G 25 °C [6] 1130 0.065 0.0044
Wþ 60% G 30 °C [6] 1156 0.064 0.0062
Wþ 60% G 25 °C [6] 1156 0.064 0.0074
Wþ 60% G 20 °C [6] 1156 0.064 0.0097
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as required by the scaling law (2) is also shown. The
extraordinary collapse of all data around the proposed
model for kd ¼ 0.6, with a standard deviation below 15%,
was a surprise for the author himself. Finally, the character-
istic axial length L can be defined without limitation
as L ¼ φlμ ¼ ðOh� − OhÞRo in consistency with
scalings (2) and (3) and the values of kv and kd.
Naturally, for Oh ≪ Oh�, the universal scaling laws reduce
to V ¼ 16Oh�−3=4Oh3=2Vμ and R ¼ 0.6Oh�5=4Oh−5=2lμ.
Interestingly, in this limit one obtains L ¼ Oh�Ro, which
consistently indicates that when Oh ≪ Oh� the amplitude
of the capillary wave collapsing onto the axis should be
asymptotically proportional to Ro with a small prefactor, as
expected from the physics and the geometry of the
phenomenon (see numerical simulations, e.g., [2,14,15]).
The potential importance and the impact of these

findings in areas like geophysics, chemical engineering,
the food industry, or any form of massive liquid handling
can be easily understood. For example, the direct relation-
ship between the distributions of marine aerosols and of
bubble sizes that end up bursting at the sea surface can now
be better determined. And, more importantly, the effects of
human action on critical sea regions (i.e., coastal zones) for
the generation of CCN and inland precipitation can be
rightfully attributed to induced changes in seawater proper-
ties and temperature, by the direct monitoring of the
temperature and surface concentration of chemical species
with surfactant effects. CCN, cloud statistics, and all their
fundamental impact on radiation balance and precipitation

come in great extent from the structure of the smaller size
tail of marine aerosol distributions [1].
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