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Awetting droplet trapped in the thin gap between two elastic bodies will deflect the bodies towards
one another. The deformation increases the total capillary adhesion force by increasing the contact
radius and narrowing the gap height. For flat droplets, with a large ratio of radius to gap height,
the Laplace pressure causes surface deformations that are orders of magnitude larger than those
induced by a sessile droplet of the same radius. We present experiments, scalings, and closed-form
solutions that describe the deformation. Using variational techniques, we also show that the problem
exhibits a bifurcation, where the gap spontaneously closes due to an incremental increase in drop
volume.
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Capillary adhesion is a classic example of the strength of
surface tension forces; when a drop of wetting liquid
bridges a gap separating two nearby surfaces, large normal
forces can develop if the gap is very thin [1]. These forces
may dominate a wide variety of physical systems, ranging
from the stability of granular structures [2] and the adhesion
of insects [3] to a glass of cold water stuck to a table. If the
adhering objects are soft, the trapped droplet can pull the
two surfaces of the gap together as shown in Fig. 1, which
increases the adhesion force by magnifying the Laplace
pressure and enlarging the contact radius. Previous efforts
to understand capillary bridges between elastic materials
have focused on interactions between spheres, extending
the Hertz theory of contact [4] to include effects of a
capillary meniscus [5–7]. We focus on the case of a droplet
trapped in a thin gap, and report experiments, scalings, and
closed-form solutions for the deformation.
A sessile droplet resting unconstrained on an elastic

substrate deforms the solid underneath it by an amount
Oðγ=EÞ, which is termed the elastocapillary length [8],
where γ is the surface tension of the fluid-fluid interface
and E is the Young’s modulus of the substrate [9–12]. Most
everyday liquids have a surface tension on the order of
10−100 mN=m. Therefore, in order for a sessile droplet to
deform a solid substrate by even a few microns, the material
must be very soft, with a Young’s modulus in the range of
10–100 kPa [13–15].
We consider a drop trapped between two elastic surfaces

(Fig. 1). A scaling analysis demonstrates that the vertical
deformations uz are orders of magnitude larger for this
configuration than for a similarly sized sessile drop. For the
case of a sessile drop, the Laplace pressure scales as γ=a,
where a is the droplet radius. The pressure is balanced by
elastic stresses within the solid OðEuz=aÞ, leading to
deformations Oðγ=EÞ as indicated above. However, for a
droplet between two surfaces separated by a distance h, as
in Fig. 1, the Laplace pressure scales instead as γ=h, while

the elastic stress scales as before. Balancing pressure and
surface stress leads to deformations Oðγa=EhÞ, which can
be substantial if the droplet is flat (h ≪ a).
Certain organisms with flexible appendages rely on mois-

ture to form an adhesive capillary bridge to an underlying
substrate [16]. The system we are studying is a simplified
version of this case, and could bring an understanding to the
different forces at play in these complex systems. In addition,
our results extend the elastocapillary instability of thin
MEMS structures [17] to include high aspect ratio micro-
fluidic or other devices fabricated from flexible (but nonthin)
polymeric materials. Microfluidic devices are known to
deform at high flow rates [18], but may also be susceptible
to deformation in a static configuration due to capillary forces
alone. Our study also provides insight into crack propagation
in the presence of moisture. Moisture at the tip of a crack can
arrest crack growth [19,20], but the effect of moisture at some
intermediary location is unknown.
We begin by describing in detail the geometry of our

study, as shown in Fig. 1. We specify a cylindrical
coordinate system whose origin lies at the center of a
circular droplet. The width of the gap approaches h as
r → ∞. The liquid-air interface has a surface tension γ

FIG. 1 (color online). Cross section of the axisymmetric
geometry, where a droplet bridges two elastic substrates.
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and is assumed to wet the solid with a contact angle
θc ≈ 0. We limit our study to small Bond numbers,
where gravitational effects are negligible compared to
capillary forces. The two solids are identical, with
Young’s modulus E and Poisson’s ratio ν. The vertical
deflection of the surface of each substrate in the out-
ward-normal direction is denoted uz, and for an axi-
symmetric geometry we have uz ¼ uzðrÞ. The radius
of the droplet contact line, after the substrates have
deformed and the droplet radius has equilibrated, is a.
We start with the case of an infinitely thick substrate,
and follow with an analysis of substrates with finite
thickness d.
Inside the contact radius, the droplet exerts a constant

Laplace pressure Δp on the substrate. At the contact line a
force per unit length equal to γ pulls on the substrate. In the
limit of a very flat droplet, however, the deformation
generated by the contact line force is negligible compared
to the deformation induced by the Laplace pressure. Thus,
the stress boundary condition at the surface of the elastic
substrate is

σzz ¼
�
Δp for r < a
0 for r > a;

(1)

where the stress is a function of the local strains by the
standard linear constitutive relations [21].
In the limit of d=a → ∞, the Navier equations with

boundary conditions (1) have a well-known analytical
solution [9]. The vertical deformation at the surface is

uzðrÞ ¼ − 2ð1 − ν2ÞaΔp
E
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(3)

and Kð·Þ and Eð·Þ are, respectively, the complete elliptic
integrals of the first and second kind. The function
Iðr=a; d=aÞ is dimensionless, and has been introduced
to simplify the presentation.
For a substrate with finite thickness, we follow the

method of Style and Dufresne [12]. Briefly, the stress and
displacement fields are converted to Fourier space using
Hankel transform methods. In Fourier space, the defor-
mation is linearly related to the stress by a second-order
matrix. We specify the surface stresses given in Eq. (1),
and perform the necessary manipulations to obtain a
displacement in the form of Eq. (2), but with
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;
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�

¼
Z

∞

0

1

s
½ð3 − 4νÞ sinhð2sdÞ − 2sd�J1ðsaÞJ0ðsrÞ

5 − 12νþ 8ν2 þ 2s2d2 þ ð3 − 4νÞ coshð2sdÞ ds;

(4)

whereJkð·Þ is thekth-orderBessel functionof the first kind. It
can be shown that Eq. (4) approaches Eq. (3) as d=a → ∞.
The next task is to self-consistently determine the Laplace

pressure Δp inside the droplet. We have already specified
that the droplet perimeter is circular; this is the equilibrium
shape for an ideal system devoid of surface imperfections,
gap irregularities, etc. As shown in Fig. 1, the liquid-air
interface has two principle radii of curvature, ρ and a [22].
Thus, the Laplace pressure is Δp¼ γða−1−ρ−1Þ,
where ρ¼½ðh=2Þ−uzðaÞ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðduz=drjr¼aÞ2

p
.

We substitute this expression into Eq. (2) to determine
the deformation for a given droplet size. The equations
reveal natural nondimensionalizations for the radial
coordinate and deformation, ½r� ¼ a and ½uz� ¼
4γð1 − ν2Þa=Eh, which agree with the scaling argument
given earlier. Thus, the nondimensional deformation
(denoted by a tilde) is

~uzð~rÞ ¼

0
B@− h

2a
þ 1

β
h
1 − 8lECa

h2
~uzð1Þ

i
1
CAI

�
~r; d=a

�
; (5)

where β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð4lECh

d ~uz
d~r jr¼1Þ2

q
; and lEC ¼ ð1 − ν2Þγ=E is

a modified version of the elastocapillary length introduced
earlier.
We have already assumed that h ≪ a, since this limit

produces the most dramatic deformations. Furthermore, we
assume that lEC ≪ h, because otherwise the gap would
close with only the slightest amount of moisture. In these
limits, Eq. (5) simplifies considerably and becomes

~uzð~rÞ ¼
1

1 − Λ ~uzð1Þ
I
�
~r;
d
a

�
; (6)

with Λ ¼ 8lECa=h2 as the ratio between the expected
deformation and the half-height of the gap [23].
We now solve for the deformation at the contact line

~uzð1Þ by evaluating Eq. (6) at ~r ¼ 1. This step produces a
quadratic equation for ~uzð1Þ, with the two solutions

~uzð1Þ ¼ ½1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ΛIð1; d=aÞp �=2Λ. The upper solution

is in fact unstable, as we show next, but first we substitute
the expression for the lower solution of ~uzð1Þ back into
Eq. (6) to arrive at

~uzð~rÞ ¼
2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4Λ Ið1; daÞ

q I
�
~r;
d
a

�
; (7)
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which gives the surface deformation in terms of only Λ

and d=a.
To examine the stability of the deformed system, we

reexpress the problem in terms of a minimization of
energies rather than a balance of forces. The dominant
contributions to the total energy of the system are (1) the
elastic energy of the deformed substrate and (2) the
reduction in energy that results from the droplet wetting
the two solids. We neglect the energy of the liquid-gas
interface since h ≪ a, which is equivalent to neglecting the
secondary curvature a−1 in the prior calculations.
For a given droplet volume V, we calculate the total

energy U in terms of the deformed droplet radius a as

U ¼ πEah2

16ð1 − ν2ÞVðdaÞ
�
1 −

�
as
a

�
2
	
− 2πγa2; (8)

with the first term resulting from elastic contributions and
the second resulting from wetting. Here, as ¼

ffiffiffiffiffiffiffiffiffiffiffi
V=πh

p
is

the radius of a droplet of volume V in an undeformed
geometry and Vðd=aÞ ¼ R

1
0 Ið~r; d=aÞ~rd~r.

The nondimensional energy ~U ¼ U=½E2h4π=128γð1 −
ν2Þ2� is plotted in Fig. 2 against the drop radius Λ for various
nondimensional drop volumes, Λs ¼ ð8lEC=h2Þ

ffiffiffiffiffiffiffiffiffiffiffi
V=πh

p
.

Note that Fig. 2 and the following analysis are for a substrate
of infinite thickness, i.e., d=a → ∞, but similar behavior
occurs when the substrate is finite. For the smallest drop
volume plotted, Λs ¼ 0.05, we see that only one equilibrium
state exists, corresponding to an energy minimum near the
undeformed state of Λ ¼ Λs. Then, as the drop volume
increases, i.e., Λ increases, a second unstable equilibrium
appears (see the curve for Λs ¼ 0.2). This unstable equi-
librium corresponds to the neglected negative root in Eq. (7).
Finally, when Λs ¼ ½ðπ − 2Þ=2π� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið8 − πÞ=3πp

≈ 0.261,
the minimum becomes a saddle point, and the gap collapses

into a lower energy state corresponding to solid-solid
contact.
Surprisingly, the maximum deformation at the critical

value of Λs is only uzð0Þ=h ¼ ðπ − 2Þ=4 ≈ 0.285, meaning
that collapse is triggered when the gap is barely halfway
closed. This abrupt collapse is not reversible; indeed, the
problem exhibits significant hysteresis that depends on the
interfacial energy for solid-solid contact. For the exper-
imental conditions described below, we have observed that
solid-solid contact, once initiated, is maintained after the
drop of liquid evaporates completely. A similar bifurcation
and pattern of hysteresis occurs in the elastocapillary
adhesion of thin structures [17], and has been suggested
for spheres [6].
We now present a series of experiments to test the

predicted deformations. Our model experiment mimics the
geometry of Fig. 1, with polydimethylsiloxane (PDMS) as
the elastic material and a droplet of deionized water in the
gap. The droplet is allowed to evaporate slowly so that a
variety of different radii may be tested in identical exper-
imental conditions. By varying the drop radius we change
both nondimensional parameters, Λ and d=a.
The PDMS (Sylgard 184) is mixed in a base-to-curing-

agent ratio of 10∶1, 20∶1, or 40∶1 and baked at 70 °C until
it is fully cured (time varies depending on the ratio).
These recipes result in measured Young’s moduli of
E ¼ 1250� 50, 620� 30, 87� 4 kPa, respectively. The
highest value is two orders of magnitude larger than that
used to observe elastocapillary deformations in previous
studies of sessile droplets [13–15]. The back side of the
PDMS is plasma bonded to a rigid glass slide (1 mm thick)
to achieve a zero-displacement boundary condition.
We use fluorescent beads (1.01 μm diameter, Bangs

Laboratories) adsorbed to each PDMS surface to indicate
the precise z location of the surfaces. To attach the beads,
the substrate is first treated with oxygen plasma for 20 s,
and then 1 mL of a 250∶1 dilution of the stock bead
solution is deposited before being aspirated off. PDMS is
by default slightly hydrophobic, so the surface must be
modified to alter its wetting characteristics. We follow the
method of [24] to graft polyvinylpyrrolidone (PVP) poly-
mer brushes to the surface of the PDMS, which results
in a contact angle of θc ≈ 4∘. A ring-shaped spacer
(i:d: ¼ 2 mm, Kapton film) is placed between the two
pieces of PDMS to set a constant gap height. We use
different thicknesses of Kapton film to adjust the gap
height.
A 25–250 nL droplet of deionized water is placed in the

gap between the two surfaces, and the assembly is viewed
from below with an inverted confocal microscope (Leica
TCS SP5). We measure the deformation as the droplet
slowly evaporates. The vacated gap is then used as the
reference state for the undeformed geometry. Using inter-
ferometry we obtain precise measurements of differences in
gap height over large r distances, which are combined with

FIG. 2 (color online). Energy landscape for a droplet sand-
wiched between substrates of infinite thickness, d=a → ∞. The
solid black lines correspond to constant drop volumes Λs. They
are bounded by the line of no deformation on the bottom (a ¼ as
for ~U ¼ −Λ2) and solid-solid contact on the top [uzð0Þ ¼ h=2 for
~U ¼ ð4=3πÞΛ − Λ2]. The overlaid blue line denotes the equilib-
rium position and ends at the point of catastrophic collapse.
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a high-magnification confocal z stack to give us the
absolute gap height at a known reference point.
We report interferometry fringe patterns (2.5×, NA 0.25)

in Fig. 3, which result from differences in gap height that
cause either constructive or destructive interference [25].
Adjacent light bands (or dark bands) correspond to a
difference in gap height of Δh ¼ λ=ð2nÞ, where λ ¼
488 nm is the wavelength of the light used and n is the
refractive index of the material in the gap; n ¼ 1.00 for
air and n ¼ 1.33 for water at our experimental
conditions.
A 40× objective (NA 0.6) is used for the confocal z

stack, with a stack taken before and after each interfero-
metric image [see Figs. 3(a) and 3(b) for an indication
of the location and relative size of this query region].
The fluorescent beads provide a precise indication of the
absolute location of the top and bottom surfaces of the gap.
The high magnification objective allows for a narrow depth
of field, and hence precise z measurements.
We analyze the gap profile with a droplet present

[Figs. 3(a) and 3(c)] and after the droplet has evaporated
[Fig. 3(b)]. Note that the height of the vacant undeformed
gap in Fig. 3(b) is not constant; if it were constant, we
would not see the alternating fringes. We determine the gap
profile along a line that intersects the center of the droplet
[Fig. 3(a)] and along an identical line in the undeformed
image [Fig. 3(b)]. We then subtract the profile of the
deformed case from the undeformed case to obtain 2uzðrÞ.
The results provided in Fig. 4 show characteristic

deformation profiles uzðrÞ for different droplet sizes in
a given gap geometry (h ¼ 58:3� 0.4 μm and d ¼
3.2� 0.1 mm). Given d and a, we have a prediction from
Eq. (4) for the shape of the deformation, Iðr=a; d=aÞ. The
shape can be expressed as

uz

�
r
a

�
¼ umz I

�
r
a
;
d
a

�
þ uoz ; (9)

with a magnitude umz and an offset uoz . We fit Eq. (9) to
intersect the two data points outside of the droplet that are
nearest and farthest from the contact line. As is evident in
Fig. 4, the intermediate points fit the theoretical shape for a
range of a (and hence d=a).
The data inside of the droplet require special treatment.

There is an unknown jump in the deformation between the
inside and the outside of the droplet, since the fringes
beneath the circular meniscus are obscured by refraction.
To estimate this jump, we specify that the deformation at
the inner fringe closest to the meniscus is equal to the
prediction from the fit to Eq. (9). The remaining inner
points are offset by the same amount and follow the theory,
as can be seen in Fig. 4.
Experimental umz , determined from fitting to Eq. (9), are

plotted against droplet radius a in the inset of Fig. 4. Included
with these data are theoretical predictions from Eq. (7),

umz ¼ 8lECa h−1
�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 32lECa

h2 Ið1; d=aÞ
q �−1

, which

are calculated from measured geometric and material
parameters (a, h, d, E, ν, γ). The theoretical predictions
for umz match the measurements quite well for a wide
range of experimental conditions, described in the caption
of Fig. 4. The deviations from theory that do occur are
likely due to variations in h or θc, difficulties in measuring
E, or secondary curvature effects as a → h=2. The offset
uoz in Eq. (9) is due to the limited z-stack resolution

(a)

(b)

(c)

FIG. 3 (color online). Interferometric images (drop artificially
colored blue). (a) The entire field of view. (b) The experiment
after evaporation (images are 6.2 mm square). Pink lines indicate
the profile queried for interferometry, and the small outlined
squares indicate the size and shape of the confocal z-stack region.
(c) A close-up of the droplet in (a) to emphasize the concentric
rings. Droplet radius is a ¼ 586 μm (image is 3.1 mm wide).

FIG. 4 (color online). Deformation for a ¼ 249, 391, 598 μm.
Experimental measurements are shown with symbols. The gap in
the data corresponds to the unresolvable region beneath the
meniscus. The solid lines denote the fit to Eq. (9) as described in
the text. Inset: Deformation magnitude umz plotted against droplet
size a. 40∶1 PDMS is used for the pink points, 20∶1 for the blue
and gray, and 10∶1 for the orange. From top to bottom, h ¼ 66:4,
43.8, 58.3, 89:5� 0.4 μm, and d ¼ 3.1, 3.8, 3.2, 3.0� 0.1 mm.
The colored lines denote the theoretical prediction, with their
spread denoting uncertainty in geometric and material parame-
ters. The noncircular gray points correspond to their counterparts
in the main plot.
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involved in determining the absolute deflection, and in all
cases juoz j < 0.4 μm.
As predicted by theory and proven with experiments, the

geometry of a capillary bridge acts to magnify the defor-
mation caused by capillary forces. This deformation, in
turn, is expected to enhance the adhesion force through the
mechanisms mentioned earlier: an increased drop radius
and a decreased gap height. By applying these ideas to a
variety of physical systems ranging from soft robotics [26]
to the construction of granular structures [27], substrate
softness may be used as a convenient tool to amplify the
force of capillary adhesion.
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