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Heat transfer scaling in natural convection with shear due to rotation
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Heat transport in natural convection commonly encountered in natural and engineering
flows is affected by buoyancy forces and shear. The effect of rotational shear on heat
transport is examined here. Direct numerical simulation of Rayleigh-Bénard convection
(RBC) with a rotating lid is performed at various rotation Reynolds numbers (Re) and
Rayleigh numbers (Ra). The simulations are done for a range Ra ∈ [2 × 103, 2 × 107] and
Re ∈ [300, 3000]. The rotating lid induces a shear into the flow resulting in two prominent
flow regimes: a rotation-dominated (RD) regime and a convection-dominated (CD) regime.
The RD and CD regimes are identified based on the heat transport scaling exponent of
Ra. The flow topology in these two regimes is distinct, with the CD flow showing more
RBC-like flow structures while the RD regime shows a central axial vortex flow. The
variations of boundary layer thickness with Ra and Re also demonstrate the regimes. A
parameter χ (Ra,Re) is developed to demarcate the two regimes.

DOI: 10.1103/PhysRevFluids.5.113504

I. INTRODUCTION

Rotating Rayleigh-Bénard convection in the presence of a Coriolis force is a canonical model
to study astro- and geophysical flow phenomena such as convection in planetary atmospheres
and deep ocean convection [1–3]. However, in most engineering flows and some geophysical
scenarios, the Coriolis force is negligible compared to other forces such as buoyancy and shear.
Examples include flame stabilization mechanisms in swirl combustors and cyclostrophic balance in
tornadolike vortices where the pressure gradient balances the centrifugal force [1,4]. Photospheric
vortex flows, associated with solar convection, and chromospheric swirls resembling supertornadoes
are suggested to be mechanisms leading to corona heating in the sun [5–7]. Such a myriad of
astrophysical, geophysical, and engineering flows involving interaction between vortex flows and
buoyancy motivate us to characterize the dynamics due to a competing shear-buoyancy force pair.

In this paper, we investigate the unexplored scaling laws for heat transfer in Rayleigh-Bénard
convection (RBC) with shear due to rotation. We identify the existence of mainly two flow regimes,
and we also propose a criterion to demarcate these regimes. In our simulations, a swirl is generated
by providing rotation about the wall normal axis to a heated/cooled surface. An axial vortex flow
established by rotating the lid of a cylindrical container filled with fluid is the model system
used in this paper. Literature on this flow, namely the Vogel-Escudier flow [8,9], focuses on a
flow phenomenon referred to as a vortex breakdown [10–13], a paradigm for tornadoes [14–16].
The effect of buoyancy due to thermal gradients on a vortex breakdown [17,18] is relatively less
investigated. The variations in heat transport for a stable thermal stratification with top lid rotation
were examined for a limited range of parameters in Refs. [19,20], where suppression of a vortex
breakdown bubble with increasing stratification was reported. The heat transport scaling in an
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unstable thermal stratification, however, is not known, which is the focus of this study, and it is
different from RBC with background rotation [3,21–24].

There exists a vast literature on heat transport scaling laws in RBC [25–30] relating the Nusselt
number Nu, defined as the ratio of the total heat flux to the conductive heat flux, and the Rayleigh
number Ra, a measure of the buoyancy force. A power-law relation Nu ∼ Ran, where the exponent
n is between 2/7 and 1/3, is most commonly observed in computations and experiments of RBC.
In the presence of external forcing, the functional form of the Nu-Ra relation is modified as Nu =
f (Ra, Re), where the Reynolds number Re is the ratio of the external forcing to the viscous force.
In the present study, we examine top lid rotating Rayleigh-Bénard convection or thermally unstable
top lid rotating Vogel-Escuider flow.

II. GOVERNING EQUATIONS AND NUMERICAL SETUP

We numerically investigate heat transport in RBC in a cylindrical domain with radius R and
height H , with the cold top lid rotating with angular velocity �, keeping the sidewalls and bottom
lid stationary. The nondimensional Navier-Stokes and energy equations in the polar cylindrical form
under incompressible, Boussinesq approximations are

D �V
Dt

= −∇p + ∇2 �V(
� Re +

√
Ra
Pr

) + Ri(
1 + √

Ri
)2 T ẑ, (1)

DT

Dt
=

(
1

� Re Pr + √
Ra Pr

)
∇2T, (2)

where �V = {ur, uθ , uz} is the velocity field, p is the pressure, T is temperature, and D/Dt is the
total derivative. For nondimensionalization, the length scales as H and velocity scales as u0 =
R� + √

gβ��H to accommodate the effects of both lid rotation and heating. The pressure is scaled
by ρu2

0. The temperature is nondimensionalized as T = (� − �c)/��, �c is the dimensional
temperature of the cold (top) plate, and �� is the temperature difference between hot and cold
plates. Here β is the isobaric thermal expansion coefficient of the fluid, and g is the acceleration due
to gravity. The computational domain is shown in Fig. 1, along with the axis of rotation of the top
plate; the coordinate system is fixed with the origin at the center of the stationary bottom wall.

The relevant nondimensional parameters are the aspect ratio, � = H/R, the Reynolds number,
Re = �R2/ν, the Rayleigh number, Ra = gβ��H3/(να), and the Prandtl number, Pr = ν/α,
where ν is the kinematic viscosity and α is the thermal diffusivity of the fluid. In this paper, � = 2.5
and Pr = 0.7 are used for all the computations. The Richardson number, Ri, is defined as Ri =
gβ��H/(�2R2) = Ra/(Re2�2Pr). Rayleigh-Bénard convection as Re → 0 and Vogel-Escudier
flow as Ra → 0 can be retrieved from Eqs. (1) and (2). The boundary conditions are as follows: at
z = 1 (top lid), ur = uz = 0, uθ = r/R(1 + √

Ri), T = 0; at z = 0 (bottom lid), ur = uz = uθ = 0,
T = 1; and at r = R/H (side wall), ur = uz = uθ = 0, ∂T/∂r = 0. The governing equations are
solved using the fractional step finite-difference method on a staggered grid. Details of the numerical
scheme are discussed in [31,32], implemented for Rayleigh-Bénard convection by [33,34], and
extended for stratified/unstratified Vogel-Escudier flow by [35–37].

III. RESULTS AND DISCUSSION

A. Rotation influenced Nusselt number

The Nusselt number is defined as

Nu = 1 +
√

Ra Pr〈uzT 〉 + Re Pr�〈uzT 〉, (3)

accommodating the effect of convection heat transfer and rotation of the lid. The symbol 〈·〉 denotes
time and volume average. Table I shows a sample grid sensitivity study for Ra = 2 × 107; we take
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(a) (b)

FIG. 1. Instantaneous isosurfaces of uz and T with the streamlines (black) at the two regimes for Re =
2200. At (a) Ra = 2 × 104 (RD), streamlines swirl around the axis, a recirculation called a vortex breakdown
bubble is shown as isosurface uz = 0 (cyan); and (b) Ra = 2 × 107 (CD), the streamlines form RBC-like
convection rolls. Temperature isosurfaces at T = 0.9 (red) and 0.05 (blue) indicate hot plumes at the bottom
and cold plumes at the top for the two regimes. The direction of the top lid rotation is also indicated.

257 × 156 × 385 for our computations in this paper. The isocontour of uz = 0, as well as T = 0.9
and 0.05, are shown in cyan, red, and blue, respectively, in Fig. 1. Two topologically different cases
at Re = 2200—(a) at Ra = 2 × 104 and (b) at Ra = 2 × 107—are shown. Instantaneous streamlines
are also plotted. Figure 1(a) corresponds to a situation in which the effect of Re dominates. This flow
behavior is distinct from that at a higher Ra where the convection rolls form, as shown in Fig. 1(b).
The present paper explores this shift in the dynamics in detail.

The Nusselt number evaluated at each instant [Eq. (3) without time-averaging] is plotted against
time in Fig. 2. Figures 2(a) and 2(b) show Nu versus t for various Ra at Re = 800 and 3000,
respectively. At higher Re, the flow heat transport is assisted by the rotation, showing an increase in
Nu compared to lower Re. At large Ra, the Nu signal suggests turbulent flow similar to RBC. In the
subsequent plots, the time-averaged value of the Nusselt number is reported. The sample values for
statistical error in evaluating the mean are shown in the resolution check; see Table I.

At Ra = 0, Eq. (3) reduces to NuRa=0 = 1 + Re Pr�〈uzT 〉. It may be noted that Ra = 0 implies
that buoyancy force is neglected, and the boundary conditions suggest a passive thermal gradient.

TABLE I. Nusselt number Nu and the number of grid points inside the bottom thermal boundary layer,
shown for three different grid resolutions at Ra = 2 × 107, Re = 3000. The time averaging for Nu is done over
≈500 nondimensional times.

Nθ × Nr × Nz dt Nu Grid points

193 × 117 × 289 0.001 22.95 ± 0.09 12
257 × 156 × 385 0.001 22.97 ± 0.51 15
321 × 195 × 482 0.001 22.59 ± 0.31 19
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FIG. 2. Nu plotted against nondimensional time t for (a) Re = 800 and (b) Re = 3000. The corresponding
Ra are Ra = 0, Ra = 2 × 104, Ra = 2 × 105, Ra = 2 × 106, and Ra = 2 × 107. The
inset in (b) shows the zoomed signal with a window size of 40 time units.

The heat transport at Ra = 0, i.e., NuRa=0, is plotted against Re in Fig. 3. The dashed line in the plot
is the least-squares fit curve. It indicates a correlation NuRa=0 ∼ Re1.1, and it shows the contribution
of the rotation component in the heat transport.

B. Transition Rayleigh number

The dependence of Nu on Ra for various Re is plotted in Fig. 4 in log scale. For any given Re,
as Ra is increased, Nu remains almost constant but with a small slope until a transition Rayleigh
number, Rat . Upon further increase in Ra (> Rat ), the slope of the curve changes to a steeper one,
coinciding with the slope for RBC (Re = 0). The transition Rayleigh number Rat is identified in
three different ways, as discussed below. (i) Method-1 defines Rat as the Ra at which the slope for
various Re locks on to the steeper RBC slope.

Following this definition, we compute Rat as the lowest Ra when the Nu for a given Re attains
Nu for Re = 0 (RBC) case, which is shown as a dashed black line in Fig. 4. This change in slope
is observed for all Re, with an increase of Rat with Re. For lower Re, the transition is sharp, and

00030001300 500 1000
Re
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5

25

N
u Ra

=0

NuRa=0 = 0.0023Re1.1

FIG. 3. Variation of NuRa=0 for various Re. Note that Ra = 0 implies that buoyancy force is neglected, and
the boundary conditions T = 0 at the top and T = 1 at the bottom plates ensure a passive thermal gradient in
the domain. The heat transfer is due to swirling motion (Re), and the Nu follows a power law ∼Re1.1.
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FIG. 4. Variation of Nu with Ra for various Re. Transition from rotational- to convection-dominated
regimes is evident from the change in slopes for various Re.

for higher Re the transition is gradual. Hence this method is very appropriate for low Re cases. (ii)
In method-2, we first draw a straight line connecting Nu for RD cases (Nu ∼ Ra0) for a particular
Re. For this, the initial few Nu values in the RD regime are chosen. Then Rat is identified as the
Ra at the intersection of this line with Nu ∼ Ra0.33 (the final few Nu values in the CD regime are
chosen) for that Re. Since the transition from RD to CD is gradual for high Re cases, this method
is appropriate for large Re cases. For computing the slope (or exponent) of Rat -Re scaling, we used
only large Re cases. (iii) Method-3 is similar to method-2, and in method-3 we define the Rat as
the Ra at the intersection of the straight line connecting Nu for a particular Re in the RD regime
(Nu ∼ Ra0) with RBC scaling of Nu ∼ Ra0.33. All of the above definitions are used to find Rat ,
which is shown in Fig. 5. The red circles in Fig. 5 are Rat identified from method-1, blue squares

101 102 103 104 105 106 107

Ra

1

5

10

N
u

FIG. 5. Rat is identified using three different ways. The red circle is the Rat obtained from method-1, the
square from method-2, and the triangle from method-3. All horizontal lines are joining the Nu in the RD regime
for various Re as given Fig. 4. The dashed black line is RBC scaling Nu ∼ Ra0.33.
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FIG. 6. Variation of transitional Rayleigh number Rat with Re. Rat identified from method-1 (red circles)
is used to get the least-squares fit (dashed line) given as Rat = 5 × 10−5Re3.3. Blue squares and black triangles
are Rat from method-2 and method-3, respectively, and the deviation from least-squares fit is shown as the
error in evaluating the exponent.

are the Rat using method-2, and triangles are from method-3. The black straight line is Nu ∼ Ra0.33,
which is shown for comparison. The deviations of Rat computed from various methods are small,
as seen in Fig. 5. Without losing generality, we adopt Rat from method-1 for further analysis in
the paper. In Fig. 6, the Rat obtained from various methods are plotted. The deviation from the
least-squares fit of method-2 from method-1 is shown as the error in exponent while computing Rat ,
given as

Rat ∼ Rep, where 3.12 � p � 3.3. (4)

In Fig. 4, the Nu has two distinct slopes, suggesting two regimes of the flow. The smaller slope in-
dicates a rotation-dominated regime (RD), while the steeper slope indicates a convection-dominated
regime (CD). At low Ra, due to the rotation, the transport of heat is dominated by the swirl flow,
and beyond Rat , the mode of heat transport changes to thermal convection. It may be noted that for
classical RBC there is no transition from RD to CD since the flow is always CD. In such a case,
Rat = 0 as defined in Eq. (4).

A correlation between Nu and Ra is obtained by normalizing Nu by NuRa=0 and Ra by Rat . For
various combinations of Ra and Re values, the normalized Nusselt number is plotted against Ra/Rat

in Fig. 7. The existence of RD and CD regimes is clear from the occurrence of two distinct slopes
in the log-log plot. The circles are RD data points from the smaller slope of Fig. 4, while upper
triangles are from the steeper slope.

In the figure, the lower bound of the normalized Nusselt number for RD is unity by definition
[Eq. (3)]. The upper bound is obtained by the curve fitting of maximum values for all Ra/Rat , which
is also shown in the figure. At around Ra/Rat = 1, the cluster of points indicates a transition from
RD to CD. In the CD regime, the flow asymptotically goes to Rayleigh-Bénard convection, and heat
transport dependence on Ra attains the power law Ra0.33. We derive from the best-fit curves the
correlation Nu = f (Ra,Re) in the two regimes as follows:

Nu =
⎧⎨
⎩

0.074Re0.05Ra0.33 for CD,
0.0023Re1.1 + 35.28RaRe−2.2 upper limit of RD,
0.0023Re1.1 lower limit of RD.

(5)
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FIG. 7. Normalized Nusselt number plotted against the normalized Rayleigh number. The circles indicate
rotation dominated while the upper triangles indicate convection-dominated regimes, identified from Fig. 4.
The red dashed lines indicate upper- and lower-bound values for the RD regime. The black dashed line indicates
RBC correlation Nu ∼ Ra0.33, which is attained in the CD regime. The insets show plumes identified by the
temperature isosurface value of 0.9 for various Ra and Re, indicated by the top and bottom values in the insets,
respectively. Note the distinct plume shapes in the RD and CD regimes.

Shown in the insets of Fig. 7 are some sample temperature isosurfaces (T = 0.9) to indicate
the instantaneous plume structure near the bottom hot plate. The plume structures are distinctly
different in the two regimes. In the RD regime, there is a central axial plume carrying heat as
against line plumes in the CD regime. The single upwelling in the RD regime is caused by the
hot fluid converging at the axis due to the swirl at the bottom [9]. The CD regime features line
plumes along the sides or in the interior that are similar to those observed for Rayleigh-Bénard
convection [38–40]. The increased Nu in the CD regime is attributed to the large surface area of
these line-plumes associated with high Ra (similar to RBC) as compared to the single plume at
the axis observed in the RD regime. The plume structure in these regimes is corroborated with the
flow patterns, as shown in Fig. 8. The two regimes are shown using instantaneous two-dimensional
(2D) streamlines projected to the central r-z plane, drawn over slices of temperature contours for
Re = 300 and 3000. From the left subplot to the right, Ra increases, and there is a transformation
from a central vortex pattern (RD) to convection large-scale circulation (CD). The transition from
RD to CD is characterized by the topological change from axial vortex dominated to convection
roll dominated flow. It is observed that for Re = 300, at larger Ra, as in subplot (c), the flow is
dominated by a single large-scale circulation, similar to RBC [28,41,42].

C. Thermal boundary layers

We examine next the scaling between the thermal boundary-layer thickness and Nu in both
regimes, which for RBC is of the form δθ ∼ 1/Nu [30]. Figure 9 shows the temperature profiles
averaged over time, r, and θ direction at Re = 2200 for various Ra. The temperature at z = 0.5 for
pure RBC is Tc = 0.5, and from Fig. 9 the presence of top lid rotation brings down the cylinder
midtemperature. The thermal boundary-layer thickness, δθ , is an important quantity that can be
estimated from temperature profiles. The δθ is calculated as the height from the plate where the linear
extrapolation of the mean temperature profile at the bottom/top plate intersects the temperature at
the midheight, Tc [43]; a schematic is shown in the inset of Fig. 9. The δθ computed for the top and
bottom boundary layers (δθT and δθB ) for Re = 2200 is shown in Fig. 10. As Ra increases, the δθB

decreases as noted for RBC [44]. Also evident is the asymmetry in the boundary-layer thickness
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FIG. 8. The temperature contours with streamlines for various Ra and Re. The streamline patterns show
the transition from RD to CD (from left to right) with the increase in Ra. Large-scale circulation, which is
a signature of RBC observed in the convection-dominated regime. Also seen are the axial vortex and vortex
breakdown bubbles in the RD regimes [far left, (e) and (f)].

due to rotation on the top plate. In RBC, within the Boussinesq assumption, the top and bottom
boundary-layer thicknesses are equal [45,46]. Here, as the flow moves toward CD from RD, δθT /δθB

should approach unity. The low Ra cases shown in Fig. 9 are RD regimes and move toward CD as
the Ra increases. The center temperature progressively increases toward the RBC value of Tc = 0.5

0 0.2 0.4 0.6 0.8 1
 T 

0

0.2

0.4

0.6

0.8

1

 z
 

δθB

0.5 0.75 10

0.05

0.1
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FIG. 9. The temperature profiles for varying Ra at Re = 2200. The corresponding Ra are Ra = 2 ×
104, Ra = 2 × 105, Ra = 2 × 106, Ra = 4 × 106, Ra = 6 × 106, and Ra = 2 ×
107. The inset shows a schematic of the thermal boundary-layer thickness. The height at which the linear
extrapolation at the bottom plate intersects with Tc is defined as δθB .
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FIG. 10. The thermal boundary layer thickness δθ for the cases shown in Fig. 9. The δθT (square) and δθB

(circle) at Re = 2200 for various Ra.

as the flow shifts from the RD to the CD regime. Next, the cases of RD and CD are segregated,
and the δθ is plotted. The δθ computed from numerical simulations for the CD regime is shown in
Fig. 11(a). In the CD regime, at higher Ra, δθT and δθB are approaching equal values as in RBC.
In the figure, 1/Nu is also plotted for comparison in red filled circles. From RBC it is known that
δθ ∼ 1/Nu. The dashed line is shown for comparison, indicating that the correlation δθ ∼ Ra−0.33

[see Eq. (5)]. Similarly, the computed values of δθ and 1/Nu for the RD regime are plotted in
Fig. 11(b). The boundary-layer thickness is different here, as discussed earlier due to asymmetry
created by top lid rotation. The source of the heat is from the bottom plate, and we discuss the
bottom thermal boundary-layer scaling. For the RD regime, δθB ∼ Re−1.1, the scaling from Eq. (5)
is plotted for comparison.

104 105 106 107

Ra

0.01

0.1

1

δ
θ

T
,δ θ

B
, N

u-1

~ Ra-0.33

300 800 2000
Re

~ Re-1.1

)b()a(

FIG. 11. Variation of the bottom thermal boundary layer thickness, δθB (black open triangles), for varying
Ra and Re, compared with the inverse of the Nusselt number (red filled circles). The subplot (a) has all the data
points from the CD regime while (b) has all the data points from the RD regime. Open green squares are top
thermal boundary layer thickness, and the dashed lines indicate the slopes with power-law exponents as shown.
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FIG. 12. The contour plot of the nondimensional number, χ , plotted as ln(χ ). Data from the simulations
are plotted over the contour. The circles correspond to RD and triangles correspond to CD. The thick line
demarcates the two regimes at ln(χ ) = 10. The contour line of ln(χ1) = 9 is shown to include the effect of
error in evaluating Rat . For comparison, Ri = 1 is plotted to show that the demarcation between the regimes is
captured better by χ .

D. A parameter identifying rotation and convection regimes

Similar to rotating RBC [21], the global heat transfer is determined by the dynamics in the
boundary layer in both regimes. According to the definition of Rat , at the point of transition from
RD to CD, where Ra = Rat , scaling of both regimes overlaps. This also implies that the above
scaling matches for both RD and CD regimes in the overlap region, leading to (i.e., at Ra/Rat ∼ 1)

Ra−0.33 ∼ Re−1.1. (6)

From the above equation, upon substitution, we get Rat ∼ Re3.3.
Finally, we heuristically devise a parameter

χ = Rat

Ra
= Re3.3

Ra
(7)

to demarcate the RD and CD regimes. Noting that there is an error band in identifying Rat , we also
determine χ1 = Re3.12/Ra. The contour of ln(χ ) is plotted in the phase diagram of Ra versus Re
in Fig. 12. As in Fig. 7, the circles represent RD regimes and triangles represent CD regimes. The
region below the dashed line [ln(χ ) = 10] is seen to be populated by CD regimes, while the region
above is by RD regimes. The demarcation between the regimes is well captured by ln(χ ) = 10. The
contour of ln(χ1) = 9 is also shown in the plot, thus the error in the determination of Rat is shown as
a small region of transition [between ln(χ1) = 9 and ln(χ ) = 10], instead of a sharp transition jump.
In Fig. 12, Ri = 1 contour is also plotted for comparison, Ri � 1 suggests buoyancy-dominated
flow, while Ri � 1 suggests shear-dominant flow. However, in the present problem, we find that χ

represents better the transition between the regimes.
Interestingly, with the prefactor for Rat scaling, from Eq. (4), these demarcation values may

change; nevertheless, χ is a useful parameter to identify the regimes. The transition is not a sharp
jump from the RD to the CD regime. Figure 13 shows the χ values for a set of cases that includes the
near-transition region. In the figure, from top to bottom is increasing Re and left to right is increasing
Ra. It is evident that for cases close to ln(χ ) = 10, the flow has features of both RD and CD
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FIG. 13. Instantaneous isosurfaces of uz and T along with streamlines for various Ra and Re. For the RD
regime, ln(χ ) � 10, streamlines swirl around the axis and form a recirculation called a vortex breakdown
bubble [37], which is shown as isosurface uz = 0 (cyan). For the CD regime ln(χ ) � 10, the streamlines form
RBC-like convection rolls. The temperature isosurface at T = 0.9 (red) and 0.05 (blue) indicates hot plumes at
the bottom and cold plumes at the top for the two regimes. A single axial plume dominates for the RD regime
while line plumes dominate for the CD regime.
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regimes, namely an axial plume and large-scale circulation, respectively. From the simulation, with
the definition of Rat , we obtain ln(χ ) = 10 to demarcate the RD and CD regimes. The parameter χ

has the form of the shear parameter, S = 2 Re3/Ra, recently proposed for RBC [47], which indicates
the relative strength of linear shear and buoyancy effects. There is nevertheless a need to elucidate
the physical meaning of the exponent of Re.

IV. CONCLUSION

The paper discusses rotation-induced shear effects on Rayleigh-Bénard convection and heat
transport scaling. The top lid of the convection cell is rotated and based on the rotational speed
and buoyancy, there exist two flow regimes, namely rotation-dominated and convection-dominated.
The Nusselt number depends on the Reynolds number and the Rayleigh number of the flow, and
the newly identified parameter χ can be used as a criterion to identify RD [ln(χ ) > 10] and CD
[ln(χ ) < 10] regimes.
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