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An algorithm for an adaptive boundary condition for the simulation of fully developed, pressure driven flows
using the lattice-Boltzmann method is introduced. The method simulates the effect of the solid walls confining
a structure with dual periodicity, such as used in microfluidic devices. We combine a recently introduced
boundary condition by Kim and Pitsch �Phys. Fluids 19, 108101 �2007�� for the treatment of pressure driven
flows in periodic structures with a controller loop that adjusts a perpendicular pressure gradient to suppress any
net momentum perpendicular to the outer walls. The method’s accuracy in asymmetric geometries is tested
against a periodic array structure that uses regularized zero-velocity boundary conditions as outer walls.
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I. INTRODUCTION

The lattice Boltzmann method �LBM� has become an in-
creasingly popular tool for the simulation of hydrodynamic
flows �1–3�. Within the simulated system, the state of the
fluid at each lattice node is defined through distribution func-
tions of particle populations of certain discrete velocities.
The observables at each lattice node, namely, fluid velocity
and density, are functions of these populations. Typically, the
distribution function is not fully specified on the boundary
nodes.

Various options exist for deriving estimates of the distri-
bution function on the boundary nodes. Simple periodic
boundary conditions are often used if surface effects may be
neglected �2�. Solid walls may be simulated using a simple
bounce-back mechanism �4�. In addition, various methods
have been proposed to derive these populations if values for
either pressure or velocity on the boundary are known �5–8�.

If one wants to exploit spatial periodicity of a system,
additional difficulties arise because the state of the flow in
any unit cell depends on configurations, i.e., pressure or ve-
locity profiles that are defined at very distant points only. A
typical example is a flow through a duct with periodic ob-
stacles, where a steady periodic flow pattern develops within
a few unit cells �9�. In earlier works, the driving force—a
pressure gradient over the entire duct—was often replaced by
a body force akin to gravity �10�. Such a force alters the
equilibrium distribution, and, hence, simple periodic bound-
ary conditions �SPBC� may be used. This approach, how-
ever, requires a uniform cross-sectional area of the duct to
give correct results. Recently introduced generalized periodic
boundary conditions �GPBC� for periodic flow velocities
�11� and momentum densities �12� with pressure gradients
allow to simulate such geometries without having to resort to
a body force.

In various systems, e.g., microfluidic devices �13–17�,
a pressure gradient generates a liquid flow through a two-

dimensional repetitive array of identical unit cells that are
confined by solid walls �see Fig. 1�. Exploiting both period-
icities of this system and therefore achieving greater accu-
racy is not yet possible with the previously proposed bound-
ary conditions. For a system with two- or three-dimensional
periodicity confined by solid walls, SPBC can only be used if
the unit cell’s geometry is symmetric with respect to the
momentum transferred between fluid and obstacles. If SPBC
are used in asymmetric unit cells �e.g., cells with a solid
triangular obstacle�, the flow will adjust its direction. Hence,
a net flow component perpendicular to the pressure gradient
will emerge in the fully developed state. In a real device, this
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FIG. 1. Exemplary microfluidic device consisting of Mx�My

unit cells. The layout of a single unit cell is magnified in the lower
part. Symbols correspond to bounce-back dynamics �filled circles�,
BGK-dynamics �open circles�, and boundary nodes �crosses�. Over-
lined symbols �̄ refer to averaging over the indicated row or
column.
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perpendicular flow would be suppressed by the outer walls,
which may lie many unit cell lengths outside the simulated
cell. Any initial orthogonal flow will result in a pressure
gradient until the forces resulting from obstacle and pressure
gradient balance and the perpendicular component of the
flow vanishes. In the present work, we describe a lattice
Boltzmann method simulation setup that uses an adaptive
perpendicular pressure gradient to suppress the perpendicular
flow �see Sec. II�. This second pressure gradient is adjusted
through a standard proportional-differential �PD� controller
loop, using the cell’s vertical leakage and momentum as con-
trol variables. In Sec. III, simulation results for the proposed
method and a reference system are presented and accuracy is
discussed. A summary and outlook is given in Sec. IV.

II. METHODOLOGY

Within LBM, a set of Q lattice unit vectors ei ; i
=0, . . . ,Q−1 with lattice constant �x is defined—typically
nine such vectors for a two-dimensional problem �D2Q9�
and either 19 �D3Q19� or 27 �D3Q27� for a three dimen-
sional problem. The state of the system is then described by
a set of distribution functions f i�x , t� at every lattice node x.
These distributions correspond to the amount of molecules
with a discrete velocity ui=ei /�t, �t being the time between
two simulation steps �18�. The macroscopic parameters at a
lattice node, i.e., the density � and velocity u, can be calcu-
lated from these populations via

� = �
i=0

Q−1

f i ; u = �
i=0

Q−1
f iei

�
. �1�

The propagation or streaming of the system is given by

f i�x + ei,t + �t� − f i�x,t� = ��f� = −
�f i − f i

eq��x,t�
�

. �2�

The collision operator � is modeled according to the linear
Bhatnagar-Gross-Krook �LBGK� relaxation operator �19� as
a linear decay to the equilibrium. For a stable decay, the
relaxation time has to be set to ��0.5. In addition, confining
the relaxation time to ��1 has been found to minimize
simulation errors �20,21�. The equilibrium distribution is de-
fined as a quadratic expansion of the Maxwell-Boltzmann
equilibrium distribution

f i
eq��,u� = wi��1 +

ei · u

cs
2 +

1

2

�u · ei�2

cs
4 −

1

2

u2

cs
2� , �3�

where the wi are weight factors that depend on the chosen set
of unit vectors and cs is the speed of sound, which is set to
cs=1 /�3. The equation of state p=cs

2� relates density and
pressure. Our discussions will be based on a D2Q9-system of
unit vectors. Extension to other systems, however, is straight-
forward.

An exemplary layout of a microfluidic device is shown in
Fig. 1. A periodic grid of unit cells, each of size Lx=Nx�x,
Ly=Ny�x, is confined by solid, no-slip outer walls and con-
nected to reservoirs of different pressures �	 and ����	.
The pressure difference over the system results in a periodic
pressure gradient over each cell:

��x,y� − ��x + Lx,y� = 
�x, �4�

while the current flowing through the device is periodic:
j�x ,y�= j�x+Lx ,y�. In an asymmetric geometry, a pressure
gradient in y direction ��x ,y�−��x ,y+Ly�=
�y will arise
over time. In the fully developed state, it will suppress any
net flow through any horizontal cross section over the unit
cell interval:

j��y� = 	
x

x+Lx

jy�x,y�dx=! 0. �5�

The boundary conditions for such a system have to take
the periodicity of the momentum field in x and y direction
into account. Furthermore, a constant pressure gradient in x
direction driving the flow has to be maintained, while an-
other pressure gradient in y-direction has to be applied to
ensure j�=0 in the fully established state.

For the boundary conditions in x direction we use GPBC
that were suggested by Kim and Pitsch �12�. This approach
combines periodic momentum density with a pressure gra-
dient for one dimension. Fixed average densities are as-
sumed on the right and left boundaries outside the unit cell:
�̄�x=0�=�L and �̄�x=Lx+�x�=�R. It should be noticed that
the externally applied density difference 
�x=�L−�R is not
identical to the periodic density gradient 
�x, since it is
taken over a distance Lx+�x slightly larger than the unit cell.
Fluctuations in the pressure along the vertical boundaries are
carried onward:

��0,y� = �L + ��Lx,y� − �̄�Lx�

��Lx + �x,y� = �R + ���x,y� − �̄��x� . �6�

The average densities on the inner boundaries, �̄�x=�x� and
�̄�x=Lx�, are not predefined but taken from the simulation.
The velocity on the vertical boundaries, given these pres-
sures and the periodicity condition, is

u�0,y� =
��Lx,y�u�Lx,y�

��0,y�

u�Lx + �x,y� =
���x,y�u��x,y�

��Lx + �x,y�
. �7�

The distribution functions on the corresponding nodes are
given by the sum of the equilibrium distribution of the
known density and velocity, and the nonequilibrium distribu-
tion of the corresponding periodic node:

f i�0,y� = f i
eq���0,y�,u�0,y�� + f i�Lx,y� − f i

eq�Lx,y�

f i�Lx + �x,y� = f i
eq���Lx + �x,y�,u�Lx + �x,y�� + f i��x,y�

− f i
eq��x,y� . �8�

Additionally, we also use GPBC for the boundary condi-
tions in y direction. As opposed to the x direction, the pres-
sure gradient between the top and bottom boundary nodes

�y=�B−�T is not constant, but is adjusted to suppress j�.
Densities, velocities and distributions on those boundary
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nodes are defined analog to Eqs. �6�–�8�. The density on the
corner nodes is given through the periodicity conditions:

��0,0� = ��Lx,Ly� + 
�x + 
�y

��Lx + �x,0� = ���x,Ly� − 
�x + 
�y

��0,Ly + �x� = ��Lx,�x� + 
�x − 
�y

��Lx + �x,Ly + �x� = ���x,�x� − 
�x − 
�y. �9�

Since 
�x is not an a-priori known quantity, it has to be
measured within the simulation, and the result will only be
applicable in the fully developed state.

In the following, we introduce a controller algorithm to
adapt �B and �T. In general terms, the average density on
both boundaries needs to be adapted in order to suppress j�.
In a fully developed flow, Eq. �5� has to hold for any row y.
However, j� for a single row is here not a suitable control
variable. Especially during the initial phase, density fluctua-
tions traveling through the liquid strongly affect j� when
taken over a single row.

Alternatively, we can require the total perpendicular mo-
mentum of the fluid in the unit cell

jy
tot = 	

V
jydxdy = �

k=1

Nx

�
l=1

Ny

�
i=0

8

ey · eif i�k�x,l�x� �10�

to vanish. In this way, fluctuations even out when the integral
is taken over the entire unit cell. Yet, the condition jy

tot=0 is
not necessarily equivalent to Eq. �5�: liquid might be flowing
downward in the lower half of the cell and upward in the
upper half such that Eq. �5� is not fulfilled for any single row.
At the same time, the cell’s total perpendicular momentum
might vanish since the upward and downward momenta even
out. To avoid this problem, we require the net leakage
through the upper and lower boundary of the cell

�y = 

�V

jyeydo

= �
k=1

Nx � �
i=2,5,6

f i�k�x,Ly� − f i�k�x,0�

+ �
i=4,7,8

f i�k�x,�x� − f i�k�x,Ly + �x�� �11�

to vanish separately. We therefore use �y as a second control
variable.

To control jy
tot, we use the density difference 
�y as the

actuating variable. Similarly, the reference density at the
lower boundary �B is used as the actuating variable control-
ling the net leakage �y. Both actuating variables are adjusted
using a standard PD controller algorithm �22�, such that

−
d

dt

�y = Kd

d

dt
jy
tot + Kpjy

tot �12�

and accordingly for �B and �y. We refer to these boundary
conditions in the following as adaptive generalized periodic
boundary conditions �AGPBC�.

III. SIMULATION RESULTS

In order to be able to evaluate the precision of our pro-
posed boundary conditions, a control system needs to be de-
fined. We will take this control system from a reference sys-
tem that includes several unit cells in y-direction as well as
the confining walls. The effects of the walls on the flow are
hence fully captured, although finite size effects limiting the
periodicity may arise.

Consider an extended array of unit cells as shown in
Fig. 1. Using GPBC �whose accuracy was tested against a
Poiseuille flow in �12�� in x direction, this array can be
reduced to a 1 ·My array. A unit cell grid of Nx=Ny=200
lattice nodes is used. Each unit cell contains a solid triangu-
lar obstacle. We choose My=7, which is enough to achieve
sufficient periodicity at the inner cells and can still be easily
simulated with modern computers. The LBM relaxation time
is set to �=0.8, corresponding to a kinematic viscosity of
�=�x2 /10�t. Using the resulting average flow velocity and
the horizontal length of the obstacle as characteristic length
and velocity, this setup corresponds to a Reynolds number of
R
10−1. This is an approximate upper boundary for our
method since above this threshold, time dependencies—
albeit very small ones—make it impossible to compare the
accuracy in the stationary case at the achieved level. Further-
more, existing microfluidic devices typically work signifi-
cantly below this threshold, e.g., �13� with R
10−4.

The value of 
�y was adjusted using Kd=0.8
�10−5 , Kp=0.8�10−6 ��B:Kd=0.5�10−5 , Kp=0.5
�10−4�. Initially, the fluid in the system is inert. The simu-
lation is run for 400,000 steps. The controller loop was
started after an initialization period of 
tinit=10 000�t, to
avoid initial effects affecting the control variables. In the
following, we use the central unit cell of this array as our
control system. Density averages at x=0 and x=Lx+�x are
set to 1.000 01 and 1.0, respectively. This leads to small
deviations in the control system. Because of the proximity of
upper and lower walls, the flow velocities over the top and
bottom most cells and the inner cells differ. Since the aver-
age density difference 
�x over the entire array �i.e., averag-
ing from y=�x to y=My ·Ly� is kept fixed, this leads to an
effective density gradient over the control system different
from that over the single cells. This error, however, is a finite
size effect intrinsic to the control system and is not related to
the single cells’ setup. It would vanish if the number of outer
cells became negligible compared to the number of inner
cells.

In what follows, we use the control system to test the
accuracy of a single unit cell using AGPBC. For comparison,
we also show the results for a cell that uses simple GPBC in
x but SPBC in y direction, ignoring the effects of an asym-
metric obstacle.

The resulting flow isolines �v� after 300 000 simulation
steps are shown in Fig. 2. Figure 2�a� shows the results for
AGPBC, while Fig. 2�b� gives the isolines for GPBC. In both
parts, the isolines of the control system are depicted as
thicker gray lines. Results for AGPBC coincide with the con-
trol system to a degree where the isolines become indistin-
guishable. In contrast, deviations are clearly visible for
GPBC, where deviations in the velocity are of the same order
of magnitude as the average flow velocity.
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To quantify these deviations, we compute the deviations
against the flow velocity of the control system vctrl relative to
the mean-square flow velocity vctrl

2 as


 =��vctrl − v�2

vctrl
2 �13�

Deviations are shown in Fig. 3. Figure 3�a� shows the devia-
tions between the control system and the system with AG-
PBC. The errors are of the order of 10−4. In particular, the
error in the velocity appears to be proportional to the veloc-
ity itself, indicating that it may stem from the small differ-
ence in the effective 
�x discussed above. In addition, this
difference is of the same order as the observed error
�
�x

AGPBC−
�x
ctrl� /
�x
10−4. To test this hypothesis, we

simulate the AGPBC system and apply the effective 
�x of
the control system. Results for identical effective pressure
are shown in part B. The error is reduced by several orders of
magnitude, showing that the originally observed error was
caused by the mismatch in 
�x. Furthermore, such an error is
of a particular type, since only the flow velocity but not the
flow pattern is altered. In fact, a simple rescaling of the flow
velocities in order to re-match the density gradients would
suffice to reduce the error by the same order of magnitude
�data not shown�. At the same time, the error for a system
using simple GPBC would be of order 10−1.

The time evolution of the adaptive density gradient is
shown in Fig. 4. After the initialization period, a very short
period with strong fluctuations follows. However, these fluc-
tuations are quickly suppressed. Compared with the density

gradient over the control system, the adaptive density gradi-
ent thereafter converges faster and with smaller fluctuations
against its long time limit. Notably, the density difference
over the outermost cells differs significantly. This is caused
by the presence of the solid outer walls which slow down the
flow considerably. However, already for our seven-cell sys-
tem, such deviations occur only for the cells in direct contact
with the solid walls. Density differences over all unit cells
are shown in Fig. 5 for the long time limit when numerical
accuracy was reached �t
4�105�t�. The differences over
all inner cells are virtually identical and agree very well with
the resulting 
�y over the AGPBC unit cell.

Figure 6 shows the approach to the long time limit for the
absolute currents �jy

tot� �Panel B�, the absolute leakage ��y�
�Panel C�, and their control quantities 
�y and �B. Both con-
trol quantities show a regular exponential decay with a time
constant of �
−1 /12 000�t. For comparison, panel A shows
the decay of the vertical flow through the lower control cell
boundary j�

ctrl�y=600�x�, and the approach of the corre-
sponding density difference between the upper and lower
boundary of the control cell 
�y

ctrl to its long time value.

A
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B

0.4
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1.2

2.0

FIG. 2. Flow isolines ��v�� of the control system �thick gray
lines� and the single cells �thin black lines� for AGPBC �a� and
simple GPBC �b�. Velocity isolines are spaced 4�10−5�x /�t. All
values are given in units of 10−4, as indicated by the prefactor on
the left of the figure.
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on the left of each figure.
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FIG. 4. �Color online� Evolution of the adaptive density gradient
�solid line� compared to the density difference over the topmost
�green circles�, central �blue crosses� and bottommost �red tri-
angles� unit cells of the control array.
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FIG. 5. �Color online� Long-time limit values of the density
difference over different unit cells of the control array �red squares�,
with the applied adaptive difference 
�y �dashed blue line, between
nodes 0 and 201� and the resulting periodic difference 
�y �solid
black line, between nodes 1 and 201� as horizontal lines.
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Although the decay of these quantities is oscillatory, the de-
cay constant is virtually identical to the AGPBC system,
demonstrating that both our initial condition Eq. �5� and our
implementation method are valid. Within the simulated time

interval, all control quantities have reached numerical accu-
racy and are significantly below the mean observed error.
Compared to the control system, the AGPBC system is able
to obtain virtually identical accuracy within the same time.
For implementation purposes it should be noted that the long
time decay depends largely on the geometry of the simulated
system, and on whether the flow is increasing or decaying to
a long time limit. The latter is a significantly slower process
that can occur if the adaptive pressure gradient forces the
flow into a direction where it experiences a much larger re-
sistance. It can be avoided through a suitable choice of con-
troller coefficients, appropriate initialization times, or a
gradual onset of the driving density gradient �22�.

IV. CONCLUSION

We proposed a boundary condition for the treatment of
periodic structures confined by solid walls in lattice-
Boltzmann simulations. Within a single unit cell, the effect
of the walls is simulated by an adaptive pressure gradient.
The velocities calculated with our method are in agreement
with the reference system. Using these boundary conditions,
it is possible to fully exploit periodicity in both dimensions.
Therefore, the size of the system can be reduced to a single
unit cell, leading to decreased simulation times or increased
spatial resolution. Hence, microfluidic devices, which use
various forms of unit cell layouts, can be efficiently simu-
lated using the lattice-Boltzmann method. In particular, the
calculation of flows in microfluidic devices with large num-
bers of unit cells benefits from our proposed boundary con-
dition. A good example for such a device is the deterministic
lateral displacement array for continuous particle separation
�13�. For this class of devices, the computational effort can
be reduced significantly.
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