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The noninvasiveness of nonlinear optical imaging techniques is quantified in terms of the number of free
electron generated in the laser-tissue interaction region per photon emitted into the nonlinear optical signal. For
a broad variety of biomarker dyes and bioactivity reporter proteins, this ratio is shown to approach a critical
value of unity for field intensities above 1 TW /cm2. Closed-form analytical expressions for the ionization
penalty function and the critical pulse repetition rate are derived for few-cycle laser pulses.
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I. INTRODUCTION

Nonlinear optics provides a broad variety of powerful
tools for microspectroscopy and imaging of biological tis-
sues �1–3� and offers attractive solutions for the diagnostics
of anomalies in biological objects, laser therapy, and high-
precision surgery �4,5�. Multiphoton absorption �MPA� is a
backbone of a broad variety of bioimaging techniques and
biomedical strategies, including high-resolution microscopy
�1–3�, photodynamic therapy �4�, drug-delivery monitoring
and drug activation �6�. Coherent anti-Stokes Raman scatter-
ing �7,8� and stimulated Raman scattering �9� find growing
applications for chemically selective imaging, visualization
of processes inside cells, endoscopy, and brain imaging.
Stimulated-emission depletion and related techniques �10,11�
break the records of spatial resolution, leading us to rethink-
ing and redefining the fundamental limitations on spatial res-
olution in optical microscopy and imaging.

With the intensity of a nonlinear optical signal resulting
from an N-photon process scaling as IN with the field inten-
sity I, high I values are necessary for the fast and reliable
detection of nonlinear signal in nonlinear optical imaging
schemes. In view of this scaling, laser intensities are often
chosen for nonlinear imaging in such a way as to avoid vis-
ible laser-induced damage of a sample in the focus of the
laser beam. With such a strategy, however, it is difficult, if
possible at all, to understand and control the degree of modi-
fications induced by laser pulses in biotissues, as well as to
avoid unwanted cumulative effects caused by the action of
laser pulses on soft matter in the regime of high-repetition
rates. This raises serious concerns about the noninvasiveness
of nonlinear optical techniques, calling for in-depth quanti-
tative studies of the interaction of high-intensity, high-
repetition-rate laser pulses with soft matter.

In this paper, we will demonstrate that the noninvasive-
ness of nonlinear optical imaging techniques is quantified in
terms of the number of free electron generated in the laser-
tissue interaction region per photon emitted into the nonlin-
ear optical signal. We will also derive closed-form analytical
expressions for the ionization penalty function and the criti-
cal repetition rate of laser pulses above which free electrons
are accumulated in a laser-irradiated region, leading to an
optical damage of a biotissue. Predictions of these formulas
will be compared with numerical simulations based on a
more accurate model of water ionization, which includes

photoionization and avalanche ionization, as well as carrier
diffusion and recombination.

II. ANALYTICAL TREATMENT

We start with a simple approximate analysis of ionization-
induced buildup of electron density in a soft-matter medium
irradiated by ultrashort laser pulses in a typical MPA imaging
experiment. The density of free electrons generated by a la-
ser pulse in the regime of multiphoton ionization is given by

��t� = �
−�

t

Wph���d� = �0�N�
−�

t � I���
��

�N

d� , �1�

where Wph���=�0�N� I���
�� �N is the rate of N-photon ionization,

�0 is the steady-state electron density in the ground state, �
is frequency, �N is the cross section of N-photon ionization,
and I��� is the temporal envelope of the field intensity.

The cross section of multiphoton ionization �N will be
defined in this work by applying a �0�N�I0 /���N fit to the
photoionization rate Wph calculated as a function of the field
intensity by using the Keldysh model of ionization �12� in a
direct-gap semiconductor with a band gap U0�6.5 eV. In
reality, ionization of water is, of course, much more compli-
cated than ionization of a direct-gap semiconductor. It in-
volves a variety of competing ionization and dissociation
mechanisms and scenarios depending on the laser frequency
and the way solvating water molecules are organized about
charge �13–15�. While the band gap of liquid water has been
estimated as 6.9 eV, direct vertical transitions from the
valence-band edge to the conduction-band edge are known to
have a very low probability. On the other hand, solvated
electrons can be generated in water by UV radiation with
photon energies slightly above 6 eV �16�, with the most
probable mechanism behind this photoionization process be-
ing dissociative proton-coupled electron transfer to a pre-
existing trap �17�. Despite the complexity of ultrafast disso-
ciative and ionization dynamics of water, a compact closed-
form model of water photoionization based on the Keldysh
formalism with an effective band gap U0�6.5 eV has been
shown to provide a good fit for the density of electrons in
liquid water measured as a function of the laser intensity
�18–20� and to allow an adequate description of the evolu-
tion of ultrashort high-intensity laser pulses in water �21–26�.
In what follows, we apply this phenomenological model of
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photoionization to derive closed-form analytical expressions
and quantitative estimates for the ionization penalty and the
critical pulse repetition rate in nonlinear optical bioimaging
using ultrashort laser pulses.

For a Gaussian intensity envelope, I���= I0 exp�−�� /�p�2�,
�p being the pulse width, Eq. �1� yields the following expres-
sion for the electron density in the wake of the laser pulse:

� = �0�N� I0

��
�N�

−�

�

exp	− N
�2

�p
2
d�

= 		

N

1/2

�0�N� I0

��
�N

�p. �2�

For a water-type medium with a band gap U0�6.5 eV
irradiated by laser pulses with a central wavelength 

=800 nm �typical of Ti: sapphire lasers�, the number of pho-
tons required for photoionization is N=5. The five-photon
ionization cross section �5 can be found by applying the
�0�5�I0 /���5 fit �the dashed curve in Fig. 1� to the photoion-
ization rate Wph calculated as a function of the field intensity
by using the Keldysh formalism �12� �the solid curve in Fig.
1�. This procedure yields �5�5.22·10−149 cm10 s4 photon−4

at 
=800 nm for a dielectric material with U0�6.5 eV,
�0=6.7·1022 cm−3.

With the laser field intensity increasing from 1 to
10 TW /cm2, the electron-density induced in a water-type
soft-matter medium through five-photon ionization in the
wake of a laser pulse ranges from 1014 to 1019 cm−3 �the
dashed line in Fig. 2 and solid line 1 in Fig. 3�. As � ap-
proaches the critical electron density �c=m�2�4	�−1e−2,
where m and e are the electron mass and charge, respec-
tively, and � is the radiation frequency, the medium becomes
strongly absorbing at the frequency �. The laser damage of a
condensed material typically occurs at electron density levels
somewhat lower than �c �27–29�. Throughout this work, the

damage threshold intensity for radiation with 
=800 nm
will be understood �with a certain degree of arbitrariness� as
the field intensity that generates an electron density �d
=1021 cm−3 in the wake of the laser pulse. This definition is
consistent with the earlier work on the laser damage of
condensed-phase materials �27–29�. As shown in Fig. 2, with
U0�6.5 eV, 
=800 nm, and the full width at half maxi-
mum �FWHM� pulse width �FWHM �1.665�p=100 fs, the
electron density �d �shown by the horizontal dashed line in
Fig. 2� is generated by a laser pulse with IR
�10.5 TW /cm2. The damage threshold intensity is shown
by the vertical dashed line in Fig. 2.

We now consider the luminescent response of a molecular
system excited through M-photon absorption. The number of
photons emitted in this luminescent signal is given by

FIG. 1. �Color online� Ionization rate calculated as a function of
the laser field intensity for a water-type medium with a band gap
U0�6.5 eV irradiated by laser pulses with a central wave length

=800 nm. Calculations are performed with the use of the Keldysh
formalism �solid line� and the �0�5�I0 /���5 fit with �5

�5.22·10−149 cm10 s4 photon−4, �0=6.7·1022 cm−3 �dashed
curve�.

FIG. 2. �Color online� The electron density in the wake of the
laser pulse as a function of the laser field intensity for U0

�6.5 eV, 
=800 nm, and the FWHM pulse width �FWHM

�1.665�p=100 fs. Calculations are performed through a numerical
solution of Eq. �10� �solid line� and by using the explicit result of
Eq. �2�.

FIG. 3. �Color online� The density of free electrons in the wake
of a laser pulse �1� and the density of photons emitted through
two-photon-excited luminescence �2, 3� in a 0.1-mM solution of �2�
Rhodamine B ��TPA�150 GM,�=1� and �3� wild-type green
fluorescent protein ��TPA�6.5 GM,�=1� as a function of the field
intensity for U0�6.5 eV, 
=800 nm, and �FWHM =100 fs.
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nph = n0��MPA� � I���
��

�M

d� , �3�

where n0 is the initial concentration of luminescent species,
�MPA is the cross section of M-photon absorption, and � is
the quantum yield of fluorescence.

Integration for a Gaussian pulse then yields

nph = n0��MPA	 	

M

1/2	 I0

��

M

�p. �4�

In a particular case of two-photon absorption-excited lu-
minescence �TPL�, Eq. �4� reduces to

nph = n0��TPA		

2

1/2	 I0

��

2

�p, �5�

where �TPA is the cross section of two-photon absorption
�TPA�.

In Fig. 3, we plot the TPL photon density calculated as a
function of the field intensity I0 for dye and biomarker mol-
ecules widely used in bioimaging, such as Rhodamine B
��TPA�150 GM=1.5·10−48 cm4 s /photon, dashed line 2�,
and wild-type green fluorescent protein �GFP� ��TPA
�6.5 GM=6.5·10−50 cm4 s /photon, dashed line 3�. Due to
the nonlinear nature of TPL, the number of TPL photons nph,
as can be seen from Eq. �4� and Fig. 3, scales as nph� I0

2 with

the field intensity. This increase in nph is, however, not pen-
alty free, as the density of free-electrons � increases even
faster, �� I0

5 �Eq. �2� and Fig. 3�, because of the higher non-
linearity of the multiphoton ionization process. As a result,
above a certain critical field intensity Ic, each TPL photon is
produced with a penalty of more than one free electron gen-
erated through multiphoton ionization. Based on the calcula-
tions presented in Fig. 3, this critical intensity is estimated as
3 TW /cm2 for wild-type GFP and 9 TW /cm2 for
Rhodamine B.

This leads us to defining an ionization penalty function
for MPA imaging as a ratio of the electron density in the
wake of a laser pulse to the number of photons induced
through MPA, 
=� /nph. With approximations of Eqs.
�1�–�4�, we find


 = 	M

N

1/2 �0�N

�MPAn0�
	 I0

��

N−M

. �6�

In the case of TPA imaging �M =2�, the ionization penalty
function is given by


 = 	 2

N

1/2 �0�N

�TPAn0�
	 I0

��

N−2

. �7�

In Figs. 4�a�–4�d�, we plot the penalty function 
=� /nph
calculated for various biomarker dyes and bioactivity re-
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FIG. 4. �Color online� Ionization penalty function 
=� /nph calculated for a 0.1-mM solution of various biomarker dyes and bioactivity
reporter proteins used in bioimaging: �a� wild-type GFP, �TPA�6.5 GM �1�; Indo-1 free, �TPA�0.16 GM �2�; �b� Fura-2 free and Fluo-3
with Ca2+, �TPA�8.3 GM �1�; calcium green-1 with Ca2+, �TPA�22 GM �2�; calcium orange with Ca2+, �TPA�42 GM �3�; �c� Bodipy
and Lucifer yellow, �TPA�1.8 GM �1�, Coumarin 307, �TPA�17 GM �2�; �d� DiI, �TPA�0.15 GM �1�, fluorescein, �TPA�33 GM �2�;
Rhodamine B, �TPA�150 GM �3�; U0�6.5 eV, 
=800 nm.
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porter proteins used in bioimaging �30–33�. Results of these
calculations demonstrate that, for a broad variety of biomar-
ker dyes and bioactivity reporter proteins, the ratio 

=� /nph approaches a critical value of unity for peak field
intensities above 1 TW /cm2. Accumulation of free electrons
and ionization of water molecules in soft-matter media tend
to initiate several unwanted processes in biotissues �19�, in-
cluding the formation of reactive oxygen species �20�, caus-
ing the death of cells, and DNA-strand breaking by low-
energy electrons due to the rapid decay of transient
molecular resonances localized on DNA constituents �34�.

At high repetition rates, free electrons generated by indi-
vidual laser pulses can accumulate in a biotissue from pulse
to pulse because of a long lifetime �h of hydrated electrons in
water ��h�300 ns �20��. The critical repetition rate fc above
which electrons start to accumulate in a soft-matter medium
can be found from the condition

V� exp	−
1

fc�h

 = 1, �8�

where V is the volume of a laser-irradiated biotissue. Physi-
cally, Eq. �8� implies that the electron density generated by
the ith laser pulse is such that the number of free electrons
remaining in the tissue by the time when it is irradiated by
the �i+1�th pulse is equal to 1.

For a Gaussian pulse, Eqs. �2� and �8� give

If = 	N

	

 1

2N
���V�0�N�p�− 1

N exp	 1

fN�h

 . �9�

Figure 5 displays the critical repetition rate fc calculated
as a function of the laser intensity for a water-type medium
with U0�6.5 eV �corresponding to N=5�, �5
�5.22·10−149 cm10 s4 photon−4, �0=6.7·1022 cm−3, and �h
=300 ns irradiated by laser pulses with 
=800 nm and
�FWHM =100 fs. The interaction region was assumed to have
a shape of an ellipsoid with the volume V=4	r0

2l0 /3 defined

by semiaxes r0=1.22
 / �2nr� and l0=	nr

−1r0

2, nr being the
refractive index of the soft-matter material, mimicking typi-
cal diffraction-limited focusing in an imaging experiment.
These calculations show that, with a laser intensity of
1 TW /cm2, accumulation of free electrons limits the pulse
repetition rate at the level of approximately 0.6 MHz.

III. NUMERICAL MODEL

We now compare our predictions based on approximate
expressions of Eqs. �1�–�9� with the results of numerical
analysis of ionization effects in a more accurate model of
laser�soft-matter interaction �18,20� including multiphoton
and avalanche ionization, as well as carrier diffusion and
recombination. The evolution of the electron density in this
model is governed by the equation

��

�t
= Wph + 	 ��

�t



a

+ 	 ��

�t



d

+ 	 ��

�t



r

, �10�

which includes the terms accounting for photoionization,
avalanche ionization, diffusion of electrons from the interac-
tion regime, and recombination of free carriers.

Avalanche ionization takes place when free electrons pro-
duced in a medium due to photoionization acquire an energy
from the electromagnetic field through the inverse brems-
strahlung process that is sufficient to generate more free elec-
trons by impact ionization �35�. Here, we use a standard
assumption �18,20� that any electron that acquires a certain
threshold energy will inevitably generate a new free electron.
The threshold energy for this �e ,2e� process is set equal to
3Ueff /2, where Ueff=2	−1U0E����−1/2 is the effective ion-
ization potential, �= �1+�2�−1, �=�2�1+�2�−1, �
=�0�meU0�1/2�eE0�−1 is the Keldysh parameter, E0 is the am-
plitude of the electric field, me is the effective mass of a
quasifree electron, E��� is the second-kind elliptical integral.
Then, following Vogel et al. �20�, we can represent the ava-
lanche ionization term as

	 ��

�t



a

= � ��

1 + ��r
, �V � 0.5

0, �V � 0.5
� . �11�

Here, �r=nU�D, nU is the number of absorbed photons re-
quired to gain the energy 3Ueff /2, �D is the electron momen-
tum transfer time,

� =
2

3

�D

Ueff
−

�D

1 + �2�D
2

me�
2

�
, �12�

�D=e2�D�cnr�0me�−1�1+�2�D
2 �−1 is the Drude-type inverse

bremsstrahlung cross section, � is the mass of biotissue �wa-
ter� molecules.

The diffusion of electrons out of the interaction region is
included �18,20� through the term

	 ��

�t



d

= −
�

�d
, �13�

where

FIG. 5. �Color online� The critical repetition rate fc calculated as
a function of the laser intensity for a water-type medium with U0

�6.5 eV, �5�5.22·10−149 cm10 s4 photon−4, �0=6.7·1022 cm−3,
and �h=300 ns irradiated by laser pulses with 
=800 nm and
�FWHM =100 fs: �1� only photoionization is included, �2� both
photoionization and avalanche ionization are included.
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�d =
6me

5Ueff�D
	 6

r0
2 +

2

l0
2
−1

, �14�

is the diffusion time.
Finally, the recombination term is written as �18,20�

	 ��

�t



r

= − �r�
2, �15�

where �r is a constant, which can be often defined phenom-
enologically.

For a water-type medium, U0�6.5 eV, �D�1.7 fs, and
nU=7 �18,20�. With 
=800 nm, the diffusion time defined
by Eq. �14� is estimated as �d�20 ps, suggesting that diffu-

sion effects are negligible for the studied regime. A standard
estimate of the constant �r for water is �r�2·10−9 cm3 s−1.
With an electron density on the order of 1020 cm−3 such a
value of �r corresponds to an effective recombination time
�r= ��
r�−1�5 ps. Thus, on the femtosecond time scale,
only photoionization and avalanche ionization significantly
contribute to the generation of free electrons in a water-type
soft-matter medium.

In Figs. 6�a�–6�f�, we compare temporal profiles of the
electron density calculated by using Eq. �10� with �solid
curves� and without �open circles� inclusion of the avalanche
ionization term for different pulse widths and field intensi-
ties. For few-cycle pulse widths, the contribution of

(a) (b)

(d)

(f)(e)

(c)

FIG. 6. �Color online� Temporal profiles of the electron density calculated by using Eq. �10� with �solid curves� and without �open circles�
inclusion of the avalanche ionization term for different pulse widths and field intensities: �a� I0=8 TW /cm2, �FWHM =5 fs; �b� I0

=8 TW /cm2, �FWHM =10 fs; �c� I0=8 TW /cm2, �FWHM =50 fs; �d� I0=10.5 TW /cm2, �FWHM =50 fs; �e� I0=8 TW /cm2, �FWHM

=100 fs; and �f� I0=10.5 TW /cm2, �FWHM =100 fs; U0�6.5 eV, 
=800 nm.
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avalanche ionization to the generation of free electrons is
negligible �Figs. 6�a� and 6�b�� because the time interval
when the field is applied is too short for the avalanche to
build up. In this regime, free-electron generation is domi-
nated by photoionization, and temporal profiles of the elec-
tron intensity calculated with and without the avalanche term
in Eq. �10� are indistinguishable on the scale of Figs. 6�a�
and 6�b�. For longer pulse widths, however, a careful inclu-
sion of the avalanche ionization is critical for the quantitative
analysis of carrier generation and ionization penalty in laser
�soft-matter interactions �Figs. 6�c�–6�f��. In particular, with
I0=10.5 TW /cm2 and �FWHM =100 fs, photoionization
alone would provide an electron density of 2.3·1019 cm−3 in
the wake of the laser pulse �the dashed curve in Fig. 2 and
open circles in Fig. 6�f��, which is a factor of 43 lower than
the radiation damage electron density �d. When both photo-
ionization and avalanche ionization are included in the
model �the solid curves in Figs. 2 and 6�f��, the electron
density induced in the medium in the wake of the laser pulse
with the same peak intensity and pulse width is exactly equal
to �d. With shorter pulse widths, a peak intensity of
10.5 TW /cm2 can be applied without causing a damage of
the medium �Fig. 6�d��, as the time interval within which the
field is applied is too short for the generation of the electron
density equal to �d. For sufficiently long pulse widths
��FWHM =100 fs in Fig. 5�, the avalanche ionization also low-
ers the critical repetition rate fc above which electrons start
to accumulate in a soft-matter medium �cf. solid and dashed
curves in Fig. 5�, eventually leading to optical damage.

IV. CONCLUSION

We have demonstrated in this paper that the noninvasive-
ness of nonlinear optical imaging techniques can be quanti-
fied in terms of the number of free electron generated in the
laser-tissue interaction region per photon emitted into the
nonlinear optical signal. For a broad variety of biomarker
dyes and bioactivity reporter proteins, this ratio is shown to
approach a critical value of unity for field intensities above
1 TW /cm2. We have also derived closed-form approximate
analytical expressions for the ionization penalty function and
the critical repetition rate of laser pulses above which free
electrons are accumulated in a laser-irradiated region, lead-
ing to an optical damage of a biotissue. These analytical
formulas are shown to be highly accurate in the regime of
few-cycle pulse widths, when free-electron generation is
dominated by photoionization, while the contribution of ava-
lanche ionization is negligible.
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