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Kinetic equations for diffusion in the presence of entropic barriers

D. Reguera* and J. M. Rubı´
Departament de Fı´sica Fonamental, Facultat de Fı´sica, Universitat de Barcelona, Diagonal 647, 08028 Barcelona, Spain

~Received 9 August 2001; published 21 November 2001!

We use the mesoscopic nonequilibrium thermodynamics theory to derive the general kinetic equation of a
system in the presence of potential barriers. The result is applied to a description of the evolution of systems
whose dynamics is influenced by entropic barriers. We analyze in detail the case of diffusion in a domain of
irregular geometry in which the presence of the boundaries induces an entropy barrier when approaching the
exact dynamics by a coarsening of the description. The corresponding kinetic equation, named the Fick-Jacobs
equation, is obtained, and its validity is generalized through the formulation of a scaling law for the diffusion
coefficient which depends on the shape of the boundaries. The method we propose can be useful to analyze the
dynamics of systems at the nanoscale where the presence of entropy barriers is a common feature.
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I. INTRODUCTION

The free energy landscape of a complex system, w
represented as a function of an order parameter or reac
coordinate, presents an intricate aspect consisting of mul
local minima, defining metastable states, separated by b
ers. The nature of the barriers depends on which thermo
namic potential varies when passing from one well to
other, and their presence plays an important role in the
namics of the system. Whereas energy barriers are more
quent in problems of solid state physics, entropy barriers
often encountered in soft condensed matter and biolog
systems. These barriers may also appear when coarsenin
description of a complex system in order to simplify its d
namics. The elimination of some coordinates can be p
formed by introducing a configurational entropy account
for the degeneracy~i.e., the number of equivalent configura
tions! of the state defined by the remaining coordinates. T
procedure has been used, for instance, in the contex
glasses@1#.

The study of the dynamic properties of the system at
mesoscopic level requires a knowledge of the probab
distribution function of the relevant degrees of freedo
which evolves according to a kinetic equation of the Fokk
Planck type. This equation is usually derived from kine
theory in the diffusion limit@2–4#, from a master equation
@5#, and from projection operator techniques@6,7#.

Our purpose in this paper is to propose a simple theo
ical framework to analyze the mesoscopic dynamics of s
tems in the presence of energetic and entropic barriers.
procedure we follow is based on the application of mes
copic nonequilibrium thermodynamics@8–18#, and was pre-
viously used to analyze transport and activated processe
systems governed by a dynamics of the Fokker-Planck ty
The kinetic equation follows after obtaining the probabil
current, occurring in the corresponding continuity equat
in the configuration space, from the entropy production
counting from dissipation in that space related to the und
lying diffusion process of the probability density. That equ
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tion applies irrespectively of the nature of the equilibriu
state of the system. When the system is in contact with a h
bath and its volume remains unaltered, in which case
proper thermodynamic potential is the free energy, our eq
tion describes the dynamics in the presence of energetic
entropic barriers. The validity of our method, however, go
beyond this standard situation, and embraces other cas
interest characterized by other thermodynamic potentials
statistical ensembles.

The paper is distributed in the following way. In Sec.
we present a general derivation of the kinetic equation in
framework of mesoscopic nonequilibrium thermodynami
This equation governs the evolution of the probability de
sity in the presence of barriers of any nature. In Sec. III
discuss an example in which the presence of an entro
barrier manifests: diffusion in a channel of varying cro
section. The corresponding kinetic equation has been
ferred to as the Fick-Jacobs equation. Section IV is devo
to a derivation of that equation from mesoscopic nonequi
rium thermodynamics, and to the formulation of a scali
law for the diffusion coefficient which is compared to prev
ous results. In Sec. V we extend the results of Sec. IV to
case in which an external field acts on the diffusing partic
Finally, in Sec. VI we present our main conclusions.

II. KINETIC EQUATIONS IN THE PRESENCE
OF POTENTIAL BARRIERS

Our purpose in this section is to present a general der
tion of the kinetic equations describing the evolution in tim
of the probability density when the statics of the system
characterized by a thermodynamic potential landscape.
consider that the equilibrium state of the system is descri
by the probability distribution function

Peq;expS 2DW~x!

kT D , ~1!

where W(x) is the minimum reversible work required t
change the state of the system@19#, which is related to the
maximum useful work which can be extracted from it, som
times referred to as available energy@20# or availability@21#;
©2001 The American Physical Society06-1
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k is Boltzmann’s constant,T is the temperature of the me
dium, andx an arbitrary set of coordinates which may re
resent the velocity of a particle, the orientation of a spin,
size of a macromolecule or whatever coordinate or or
parameter whose values defines the state of the system
phase space. Variations of the minimum work for a therm
dynamic system are expressed as

DW5DU2TDS1pDV2mDN1yDY1•••, ~2!

where U is the internal energy,S is the entropy,V is the
volume, andN is the number of particles of the system
whereasT, p, andm are the temperature, pressure and che
cal potential of the environment. The termyDY represent
other kinds of work~electric, magnetic, surface work, etc!
performed on the system,y being the intensive paramete
and Y its conjugate extensive variable@22#. For the case of
constant temperature, volume, and number of particles,
minimum work corresponds to the Helmholtz free energyF.
In general, that quantity reduces to the thermodynamics
tentials by imposing corresponding constraints on Eq.~2!
@22# .

Having specified the statics of the system, we will der
the kinetic equation describing the evolution of the proba
ity density. To this end, we will use the framework of mes
scopic nonequilibrium thermodynamics. This theory appl
the scheme of nonequilibrium thermodynamics to desc
the dynamics of mesoscopic degrees of freedom. The tr
ment of a diffusion process in the framework of nonequil
rium thermodynamics is extended to the case in which
relevant quantity is a probability density, defined in pha
space, instead of a mass density. The starting point is
the formulation of the Gibbs equation

dS52
1

TE m~x!dP~x,t !dx, ~3!

which resembles the corresponding law proposed in none
librium thermodynamics in terms of the mass density of p
ticles. Here m(x) is a generalized chemical potentia
whereasP(x,t) is the probability density.

This expression is compatible with the Gibbs entropy

S~ t !52kE P~x,t !ln
P~x,t !

Peq~x!
dx1Seq , ~4!

whereSeq is the entropy when the system and the heat b
are at equilibrium. Effectively, taking variations in Eq.~4!,
and using the expression of the chemical potential per
ticle @9#,

m~x!5kT ln
P~x,t !

Peq~x!
1meq , ~5!

wheremeq is the chemical potential at equilibrium, one a
rives at expression~3!.

From the Gibbs equation we can obtain the entropy p
duction related to the underlying diffusion process inx
space. Calculating the time derivative of the entropy fro
Eq. ~4!, one has
06110
e
r

n a
-

i-

he

o-

-
-
s
e

at-
-
e
e
en

i-
r-

th

r-

-

]S

]t
52kE ln

P

Peq

]P

]t
dx. ~6!

Quite generally, we may assume that the probability den
satisfies the continuity equation

]P

]t
52

]

]x
J, ~7!

whereJ(x,t) is a current defined inx space which has to be
determined. Now substituting the time derivative of Eq.~7!
into Eq. ~6!, one obtains the entropy production

s52kE J~x,t !
]

]x
ln

P

Peq
dx. ~8!

To arrive at Eq.~8! we have also performed a partial integr
tion, and assumed that the current vanishes at the bound
of the system inx space.

In the nonequilibrium thermodynamics scheme, the
tropy production@Eq. ~8!# consists of contributions of prod
ucts between the currentJ(x,t) and its conjugated thermo
dynamic force2k(]/]x)ln(P/Peq), for each value of the
coordinatex. Assuming locality inx space, for which only
currents and forces at the same value ofx are coupled, one
obtains the linear law

J52kL~x!
]

]x
ln

P

Peq
, ~9!

in which the phenomenological coefficientL(x) may in gen-
eral depend onx.

The resulting kinetic equation then follows by substituti
Eq. ~9! into the continuity equation~7!,

]P

]t
5

]

]x S DP
]

]x
ln

P

Peq
D , ~10!

where we have defined the diffusion coefficient

D~x!5
kL~x!

P
. ~11!

This equation, which in view of Eq.~1! can also be written
as

]P

]t
5

]

]x S D
]P

]x
1

D

kT

]DW
]x

PD , ~12!

is the Fokker-Planck equation accounting for the evolution
the probability density inx space.

Under the conditions for whichW5F5U2TS, this
equation transforms into the Fokker-Planck equation fo
system in the presence of energy and entropy barriers.
then obtains

]P

]t
5

]

]x S D
]P

]x
1

D

kT

]DU

]x
P2

D

k

]DS

]x
PD , ~13!
6-2
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where the drift term consists of contributions due to an
ternal potential and to variations of the entropy. When
barrier is purely energetic, only the first contribution r
mains, and the previous equation reduces to the well-kno
Fokker-Planck equation

]P

]t
5

]

]x S D
]P

]x
1

D

kT

]DU

]x
PD . ~14!

If the nature of the barrier is purely entropic, Eq.~13! then
corresponds to the Fick-Jacobs equation

]P

]t
5

]

]x S D
]P

]x
2

D

k

]DS

]x
PD , ~15!

first derived in the context of diffusion of Brownian particle
in a channel of nonconstant cross section@23#.

The general form of Eq.~12!, in which the equilibrium
distribution function does not need to be specified and
given in general by Eq.~1!, makes that result applicable to
great diversity of situations. For example, for a Browni
particle, for which the minimum work is simply its kineti
energy, the equation corresponds to the usual Fokker-Pla
equation. Whenx is an order parameter or a reaction coo
dinate, Eq.~12! provides the kinetic equation in the presen
of barriers. The method used in this section then offer
common formalism able to analyze the dynamics of a sys
in the presence of energy and entropy barriers. In this pa
we will mainly focus our analysis to the case in which t
potential is strictly entropic.

III. DIFFUSION THROUGH A CHANNEL OF VARYING
CROSS SECTION: FICK-JACOBS EQUATION

The influence that the presence of an entropic barrier
erts on the dynamics of a system can be illustrated by de
ing the kinetic equation governing Brownian diffusio
through a channel of varying cross-section. This equa
was first proposed by Jacobs@23# and subsequently rederive
by Zwanzig @24# on the basis of more fundamental arg
ments.

A. Jacobs’ derivation

Jacobs in his bookDiffusion Processes@23#, provided an
heuristic derivation of the equation governing diffusion in
symmetric tube whose cross sectionA(x) varies along thex
axis, defined by the center line of the tube. The argum
runs as follows.

Consider an elementary volume of thicknessdx perpen-
dicular to the axis of the tube. The total amount of partic
in this slice, atx and timet is C(x,t)dx, which is the integral
of the concentration over the volumeA(x)dx. The rates of
entrance and exit of the diffusing substance into this volu
are given by the Fick’s lawJ52D0„(]C/A)/]x… whereD0
is the diffusion coefficient, andC/A is the local volume con-
centration. In this case, both rates are different not only
cause the concentration gradient]C/]x changes with the dis
tance, but also due to the variation of the cross-section of
channel. Explicitly, the rate of entrance into this element
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volume is 2D0A„(]C/A)/]x…, whereas the rate of exit is
given by

2D0FA
]C/A

]x
1

]

]x S A
]C/A

]x Ddx1•••G .
The difference between both rates provides the rate

change of the substance in the elementary volume, which
also be expressed as (]C/]t)dx. Neglecting quadratic terms
in dx, one easily arrives at the equation governing the dif
sion in the channel,

]C

]t
5D0

]

]x FA
]

]x S C

AD G5D0

]

]x S ]C

]x
2

1

A~x!

dA~x!

dx
CD ,

~16!

which is referred to as the Fick-Jacobs equation.

B. Zwanzig’s derivation

Zwanzig in Ref.@24# reported a more general and rigo
ous derivation of the Fick-Jacobs equation. For the sake
simplicity, let us review the two-dimensional~2D! case. The
method consists of performing a reduction in the number
coordinates from the 2D Smoluchowski equation to a
description.

The starting point is the two-dimensional Smoluchows
equation for diffusion through a general potentialU(x,y),

]c~x,y,t !

]t
5D0

]

]x
e2bU(x,y)

]

]x
ebU(x,y)c~x,y,t ! ~17!

1D0

]

]y
e2bU(x,y)

]

]y
ebU(x,y)c~x,y,t !, ~18!

whereb51/kT, and c(x,y,t) is the concentration. To per
form the reduction to one-dimension, this equation is in
grated over the variabley, leading to

]C~x,t !

]t
5D0

]

]xE e2bU(x,y)
]

]x
ebU(x,y)c~x,y,t !dy,

~19!

where the reduced concentration is defined as

C~x,t !5E c~x,y,t !dy. ~20!

The key point of the derivation is the assumption
equilibration in the transverse direction. Under this assum
tion, one can define an averagedx-dependent free energ
F(x) through the expression

e2bF(x)5E e2bU(x,y)dy, ~21!

from which one can define a normalized conditional pro
ability distribution
6-3
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r~x;y!5
e2bU(x,y)

e2bF(x)
. ~22!

Then, under the local equilibrium approximation, the co
centrationc(x,y,t) factorizes as follows:

c~x,y,t !>C~x,t !r~x;y!. ~23!

Taking these considerations into account, one finally obta

]C~x,t !

]t
>

]

]x
D0e2bF(x)

]

]x
ebF(x)C~x,t ! , ~24!

which constitutes the generalization of the Fick-Jacobs eq
tion ~16! to the case of a two dimensional potentialU(x,y).

In the previous analysis, we have not taken into acco
the fact that the normal flux must vanish at the boundar
The role played by this zero normal flux conditions can
replaced by the confining potentialU(x,y). In fact, if
U(x,y) is a boxlike potential, i.e., zero inside the tube a
infinite outside, it is clear thate2bF(x)52w(x), beingw(x)
the half width of the tube. In this case, the barrier is pur
entropic, and one recovers the usual Fick-Jacobs equa
The extension to the three-dimensional case is quite stra
forward by taking into account that in this case the integ
tion in the transverse coordinates involves variablesy andz,
and the width of the 2D tube must be replaced by the tra
verse sectionpw(x)2.

Zwanzig’s analysis clearly manifests that the accuracy
the Fick-Jacobs equation is conditioned on the existenc
local equilibrium in the transverse direction. The author a
lyzed the effect of the deviations from the local equilibriu
related to the variations of the densitydc(x,y,t)[c(x,y,t)
2C(x,t)r(x;y). He derived an equation for the evolution
these deviations, which suggested that the accuracy of
Fick-Jacobs equations is restricted to situations verify
uw8(x)u,1, that is, when the section of the tube vari
smoothly. In addition, he showed that the range of validity
the one-dimensional Fick-Jacobs description could be
tended by introducing a position-dependent effective dif
sion coefficient

DZ~x!5D0

1

11gw8~x!2
, ~25!

whereD0 is the molecular diffusion coefficient, and the p
rameterg depends on the dimensionality. The explicit e
pression for this coefficient is obtained through an expans
in powers ofw8(x) @24#. The result is

D~x!5D0@12gw8~x!21•••# , ~26!

where

g5

E n2e2bV(n)dn

E e2bV(n)dn

, ~27!
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n being the transverse coordinate scaled by the func
w(x) @i.e.,n5y/w(x) in two-dimensions, andn5r /w(z) for
a 3D tube of radiusr with cylindrical symmetry#, andV(n)
5U(x,y). For a purely confining potential, the results o
tained by Zwanzig areg51/3 for the 2D case, andg51/2
for a 3D tube with cylindrical symmetry. From expansio
~26! he infers expression~25!, based merely on the fact tha
this reconstruction of the series improves the agreement
the exact results.

IV. FICK-JACOBS EQUATION FROM MESOSCOPIC
NONEQUILIBRIUM THERMODYNAMICS

For the case of an enclosure of varying cross section,
concept of entropic barrier is remarkably simple. At equili
rium, the density of diffusing materialr0 is constant. If we
contract the 3D description retaining the coordinatex, the
resulting 1D equilibrium distribution is

req~x!5E r0dydz5r0A~x!. ~28!

In this case, the diffusing particle constitute an isolated s
tem. Therefore, its corresponding thermodynamic poten
obtained from Eq.~2! is simply DW52TDS, where the
entropic barrier is, in accordance with Eq.~1!,

DS~x!5k ln A~x!. ~29!

The previous equation clearly manifests that the entro
barrier originates from the variation of the space availa
for the diffusing particles. Note that Eq.~29! corresponds to
the usual microcanonical definition of the entropy in terms
the number of states which in this case is simply proportio
to the area of the tube.

Once identified the equilibrium distribution~or the en-
tropic barrier!, the kinetic equation describing diffusion i
the presence of the entropic barrier follows from our gene
scheme developed in Sec. II. According to Eq.~15!, the ki-
netic equation is

]P

]t
5

]

]x S D~x!
]P

]x
2

D~x!

A~x!

]A~x!

]x
PD , ~30!

which has the same structure as the Fick-Jacobs equa
but with a spatially dependent diffusion coefficient.

At this point, it is worth analyzing the role played by th
coefficient. In Ref.@24# it was shown that the validity of the
1D description could be extended if we use an effective s
tially dependent diffusion coefficient. However, the agre
ment one can achieve with expression~25! proposed by
Zwanzig is not always satisfactory. In particular, for the 3
example discussed in Ref.@24#, results for the current of
particles obtained by using the expression of the diffus
coefficient @Eq. ~25!# present severe discrepancies with t
corresponding expression coming from the exact result of
3D Smoluchowski equation, when the section of the tu
changes abruptly.

The appearance of an entropic barrier originates from
reduction of the space to a single coordinate. But this red
6-4
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tion may also have implications on the form of the diffusi
coefficient. The molecular diffusion coefficient in the re
space,D0, gives information about the dispersion of the d
placement. In two-dimensions, we can estimate

D0;
~Dr !2

t
5

Dx2F11S Dy

DxD 2G
t

, ~31!

which manifests that the diffusion coefficient involves t
displacement in both coordinates. Once we have contra
the y coordinate, the resulting effective diffusion coefficie
only depends on the dispersion in the remainingx coordi-
nate, that is qualitativelyDe f f;(Dx)2/t. Therefore, from Eq.
~31! we can infer the behaviorDe f f;D0 /@11(Dy/Dx)2#.
The previous equation provides a hint about the fact that
reduction of coordinates may involve not only the appe
ance of an entropic barrier, but also a scaling of the diffus
coefficient. Following this heuristic reasoning, we will pr
pose a scaling law

Ds~x!5D0

1

~11y8~x!2!a
~32!

for the diffusion coefficient appearing in Eq.~30!, where
y8(x)5dy/dx, andy(x)5w(x) defines the shape of the en
closure. The objective is then to test if the use of this expr
sion is able to extend the range of validity of the 1D Fic
Jacob-type description.

The values of the scaling exponents can be estima
from the calculations performed in Ref.@24#. We can expand
our expression for the diffusion coefficientDs(x) in terms of
w8(x)2, and compare the result with the one obtained
Zwanzig @Eq. 26#. From this comparison, one obtains tha
reasonable choice of the scaling exponents isa51/3 for the
2D case anda51/2 for the case of a 3D tube.

In the remaining of this section, we will test this result f
the two cases discussed in Ref.@24# which admit an exact
solution. We will see that the agreement with the exact res
when we use our effective diffusion coefficient given by E
~32!, is significantly improved.

A. Effective diffusion coefficient in a 2D periodic
symmetric channel

The first case under scrutiny is the diffusion in a 2D p
riodic channel defined by

x5u1a coshv sinu, y5v1a sinhv cosu, ~33!

where diffusion occurs in the region comprised between
,u,2p and2V,v,V. The parameterl[a coshV must
be smaller than 1, to avoid double valuation of the wa
Figure 1 illustrates the shape of the tube forV50.5
anda50.5.

At very long times, diffusion in periodic channels can
described through an effective diffusion coefficientD* , ac-
06110
l
-

ed

e
r-
n

s-

d

y

lt,
.

-

0

.

counting for the effects of passing through many const
tions in the channel. This effective coefficient can be eva
ated as@25#

1

D*
5 K 1

D~x!w~x!L ^w~x!&, ~34!

where^& denotes average over one period of the potentia
For this particular geometry, an exact expression forD*

was derived in Ref.@25#

S D*

D0
D

exact

5F11
l2

2

tanhV

V G21

, ~35!

and was compared to the results obtained with the F
Jacobs equation using a constant diffusion coefficientD0,
and with the position-dependent diffusion coefficientDZ(x).

In Fig. 2 we represent the results forD* obtained using
the different approaches mentioned above, plus the ones
responding to our expressionDs(x). One can easily realize
that the results obtained with the expression ofDs(x) we
propose improve the ones when usingDZ(x) and constitute
an excellent approximation of the exact result.

B. Steady-state flux through a 3D hyperboloidal cone

The improvement of the results one can achieve w
Ds(x) is more remarkable for the 3D example discussed

FIG. 1. Shape of the two-dimensional periodic channel defin
parametrically by Eq.~33!, for V50.5 anda50.5.

FIG. 2. Effective diffusion coefficientD* for the 2D channel for
V50.5 as a function of the parametera, using different expressions
for the diffusion coefficient. The inset is a zoom to illustrate t
accuracy of the different approaches.
6-5
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Ref. @24#. In this case, the shape of the tube corresponds
3D hyperboloidal cone as the one depicted in Fig. 3. It c
be conveniently described by using oblate spheroidal coo
nates (j,h,w), related to the cylindrical coordinates (r ,z,w)
by

r 25a2~j211!~12h2!, z5ajh ~36!

In this coordinate system,j50 corresponds to the small ho
and j5` to the far end of the tube;h51 is thez axis, h
50 is the (x,y) plane, whereash5h0 corresponds to the
surface of the tube. Diffusion then takes place in the reg

0,j,`, h0,h,1, 0,w,2p ~37!

The steady-state 3D diffusion equation can be solved
using the boundary conditionsC50 for j50, C5C0 for j
5`, and the condition that the normal flux vanishes at
walls h5h0. In this situation, the exact steady-state fl
through the exit holej50 is @24#

Jexact54Da~12h0!C0 . ~38!

Alternatively, one can use the Fick-Jacobs equation
rived in Sec. III to calculate that flux, yielding

J5C0F E
0

`

dz
1

D~z!A~z!G21

. ~39!

The results are depicted in Fig. 4, corresponding to the ‘‘
act,’’ unmodified Fick-Jacobs equation, in whichD(z)5D0
is a constant, and to the choicesDZ(z) andDs(z). From the
examples we have discussed, it becomes clear that our
posal of a scaling law for the spatially dependent diffus
coefficient leads to a better agreement with the exact res

V. DIFFUSION IN A CHANNEL OF VARYING CROSS
SECTION UNDER THE INFLUENCE OF A FIELD

In Sec. II, we have discussed the effect of entropic ba
ers in the dynamics. The presence of these barriers is so
times accompanied by energy barriers. The theory we h
developed admits a generalization to the case in which b
entropic and energetic barriers coexist. This will be the p
pose of this section.

FIG. 3. 3D hyperboloidal cone fora51, 0,j,5 and h0

50.5.
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An illustrative example of that situation is the problem
diffusion in a 2D channel of nonconstant cross-section in
presence of gravity. The situation is depicted schematic
in Fig. 5.

If gravity is involved, the 2D equilibrium distribution is
given by the usual Boltzmann factor

Peq~x,y!;e2mgy/kT . ~40!

Considering the normalization condition

15E Peq~x,y!dxdy5E Peq~x!dx, ~41!

and using expression~40!, one can identify the reduced 1D
equilibrium distribution as

Peq~x!;E
y1(x)

y2(x)

dy expS 2mgy

kT D
5

kT

mg
expS 2mgy1~x!

kT D F12expS 22mgw~x!

kT D G ,

~42!

wherey1(x) andy2(x) define the boundaries of the chann
and 2w(x)5y2(x)2y1(x) is its width. The dynamic equa
tion then follows after introducingPeq(x) in Eq. ~10!,
yielding

FIG. 4. Comparison of steady state fluxes through an arbitr
hyperboloidal cone, against the value ofh0.

FIG. 5. Schematic representation of the 2D tube in the prese
of gravity.
6-6
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]P

]t
5

]

]x FD~x!
]P

]x
1

D~x!mg

kT
y18~x!cothS mgw~x!

kT D PG
~43!

for the case of a symmetric channel for whichy2(x)5
2y1(x). From the previous expressions one can distingu
different limiting cases.

~1! In the limit e[mgw(x)/kT!1, we can expand the
reduced equilibrium distribution@Eq. ~42! # in terms ofe,

Peq~x!;
kT

mg
[11O(e)] S 1211

2mgw~x!

kT
1O~e2! D

;2w~x!, ~44!

recovering the case of purely entropic barrier discussed
Sec. IV. Equation~43! reduces then to the Fick-Jacobs equ
tion ~30!.

~2! For the casee@1, gravity dominates, cothe→1, and
we recover the dynamics for diffusion along a 1D pure
energetic barrier:

]P

]t
5

]

]x S D~x!
]P

]x
1

D~x!mg

kT
y18~x!PD . ~45!

~3! If the boundaries are flat, that is,y1(x)52y2(x)
5cte, the equilibrium distributionPeq(x) is then constant,
and the dynamics can be properly described by the
Smoluchowski equation:

]P

]t
5

]

]x S D~x!
]P

]x D . ~46!

The evolution of this confined system in the presence
gravity dictated by Eq.~43! presents some peculiarities. O
the one hand, since the energy barrier depends on the c
dinate we have eliminated, there exists a coupling betw
entropy and energy barriers and not a mere superpositio
the drifts related to each of them, which is reflected by
presence of the term coth@mgw(x)/kT# in the drift of Eq.~43!.
On the other hand, it is important to highlight that Eq.~43!
does not satisfy the detailed balance condition: the mob
b[@D(x)/kT#coth@mgw(x)/kT# and the diffusionD(x) are
not related through the usual Einstein relationD(x)5kTb.
That is, the signature that the fluctuation-dissipation theor
which holds at equilibrium, may lose its validity when w
perform a reduction of the variables describing the state
the system.

Concerning the effective diffusion coefficient, a scali
law like the one proposed through Eq.~32!, which is valid in
absence of external forces, will in general not be corr
when an external field is present. The value of the sca
exponenta varies in the presence of external potentia
since the scaling exponents changes due to interactions.
range of validity of the Fick-Jacobs description, and t
modifications in the scaling of the effective diffusion coef
cient under the presence of external fields, requires a m
elaborated treatment.
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VI. CONCLUSIONS

In this paper we have presented a theory to describe
kinetics of a system whose equilibrium state is characteri
by a given landscape of an unspecified thermodynamic
tential. The theory is based on mesoscopic nonequilibri
thermodynamics, which uses the scheme of nonequilibr
thermodynamics@9# at the mesoscopic level of description
which the pertinent fields are probability densities.

In particular, we have established a kinetic equation fo
system in the presence of entropy barriers. The barriers
be inherent to the intimate structure of the system or m
emerge as a consequence of the elimination procedur
some coordinates when one tries to simplify its dynamic
scription.

An illustrative example treated in the literature is the d
fusion of a particle in a region of irregular geometry. Th
governing equation for the probability density is known
the Fick-Jacobs equation, and was derived heuristically
Jacob@23# and directly from the proper coordinate reductio
procedure by Zwanzig@24#. In our derivation, the entropic
barrier directly comes out from the Boltzmann entrop
which follows from the proper accounting of the number
accessible states of the system. In the kinetic equation
have obtained: the dependency of the diffusion coefficient
the coordinate follows from the general dependency of
Onsager transport coefficients on the state variable, acc
ing to the rules of nonequilibrium thermodynamics. This d
pendency becomes crucial in the reduced description a
rately resembling the exact solution. We have propose
scaling law for the diffusion coefficient, reaching a ve
good agreement with the exact solution even in the c
when the original Fick-Jacobs equation does not provid
good approximation. In this way, we have placed the valid
of a Fick-Jacob-like description in a more general contex

The theory we have proposed can also be applied to c
in which an energy barrier is also present. We have obtai
the corresponding Fokker-Planck equation describing its
namics. Interesting characteristics of this equation are
coupling of the entropy and energy barriers and the appa
violation of the fluctuation dissipation theorem, resultin
from the elimination of variables.

The theory we have presented is applicable to a w
variety of systems of different nature. Apart from the diff
sion problem in the presence of an entropic barrier we h
discussed in this paper, we can quote protein folding@26#,
glassy systems@27#, transport of ions@28# and macromol-
ecules@29–32# through membranes or channels, motion
polymers subjected to rigid constraints@33#, protein binding
kinetics @34,35#, drug release@36#, nucleation@37#, or poly-
mer crystallization@38#, to mention just a few examples i
which the presence of entropic barriers becomes relevan

There still remains open questions whose answers go
yond the scope of this paper. The main pitfalls arise from
coordinate reduction procedure. The question is how to p
ceed with the coarsening in more complex situations.
instance, it will be desirable to analyze the effect of asy
metries either intrinsic to the nature of the landscape or
6-7
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to the presence of external forces which impose a prefe
direction, which occurs in many situations of practical int
est. Another interesting point will be to analyze the behav
when the slope diverges, giving rise to regions in which
particle may become trapped, thus breaking the ergodicit
the system. The solutions to these problems probably
mand a more elaborate analysis of the scaling of the di
sion coefficient which takes these effects into account. J
proceeding systematically along the lines we have es
lished by means of our theory, one could arrive at a m
l

s

nd

o

-

06110
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e

complete theoretical framework providing a dynamic d
scription of systems exhibiting entropic barriers.
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