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Spontaneous scalarization is a mechanism that endows relativistic stars and black holes with a nontrivial
configuration only when their spacetime curvature exceeds some threshold. The standard way to trigger
spontaneous scalarization is via a tachyonic instability at the linear level, which is eventually quenched due
to the effect of nonlinear terms. In this paper, we identify all of the terms in the Horndeski action that
contribute to the (effective) mass term in the linearized equations and, hence, can cause or contribute to the

tachyonic instability that triggers scalarization.
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I. INTRODUCTION

Gravitational waves astronomy now provides a way to
directly observe the strong-gravity corner of general
relativity (GR). The principal source of gravitational waves
observable by current detectors is compact binaries. Known
detections include ten black hole binary mergers and one
merger where at least one of the two objects was a neutron
star [1]. Moreover, the number of these observations will
increase in the future, making it possible to constrain
properties of black holes and neutron stars to unprec-
edented levels. While in GR compact objects are fairly well
understood, this does not necessarily apply to modified
theories of gravity. For example, there is less than a handful
of examples for binary merger simulations for non-GR
black holes [2—4], and one needs concrete predictions to
optimize constraints for any given theory.

A key question for black holes and neutron stars in
modified theories of gravity is whether they carry some
characteristics which make them distinguishable from their
GR counterparts. For black holes, such characteristics are
generally known as hair. Significant effort has been put into
proving no-hair theorems and finding possible evasions, as
a way to identify theories that can exhibit interesting
strong-field phenomenology. For example well-known
no-hair theorems have been proven for scalar field non-
minimally coupled to gravity under certain assumptions
[5-9]. For shift-symmetric scalars (i.e., scalars that are
protected from acquiring a mass from quantum corrections)
it turns out that there is a unique nonminimal coupling term
between the scalar and curvature that can lead to scalar hair
[10,11]. If one relaxes the assumption of shift symmetry
though, no-hair theorems currently cover a limited subclass
of theories, know as scalar-tensor theories (see [12] for a
review).
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Interestingly, this is precisely the class of theories on
which attention has been focused on the neutron star front.
This is largely due to a specific model within that class
introduced by Damour and Esposito-Farese (DEF) in [13].
The model exhibits a phenomenon dubbed spontaneous
scalarization: a linear tachyonic instability around a neutron
star configuration that is a solution of GR (induced by
the nonminimal coupling between a scalar field and the
metric) can trigger the growth of the scalar field [14]. The
instability is eventually quenched at nonlinear level and
the end point is a neutron star “dressed” with a scalar
configuration. The interesting part is that with a mild tuning
of the parameters, one can set the threshold of this phase
transition at typical densities of neutron stars. Thus, one can
avoid scalarization in the Solar System, thereby evading
weak-field constraints, while still having significant effects
for neutron stars. In fact, current constraints from binary
pulsars almost rule out the original model because the
deviation from GR would have already been observed [15].
However, one can circumvent such constraints by adding a
small mass to the scalar [16]. A massive scalar can also
resolve the tension between spontaneous scalarization and
cosmological evolution [17], avoiding initial data tuning
[18-20].

As already mentioned, the DEF model (with or without a
mass) is covered by a no-hair theorem [7], and hence it does
not lead to black hole scalarization (see however [21-23]).
It has been shown recently, though, that a different type of
coupling between a scalar and curvature can lead to
spontaneous scalarization for both neutron stars and black
holes [9,24]. Similarly to the DEF model, scalarization is
triggered by a tachyonic instability and, as the scalar field
grows, nonlinear terms eventually take over and quench the
instability, thereby determining the properties of the final
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configuration [25,26]. These new models of scalarization
are receiving a lot of attention lately (see e.g., [9,24-30]).
This is justified because spontaneous scalarization is
currently the only known mechanism that could make
fields that remain dormant at small curvatures appear in
strong curvatures. As such, it is the most promising
effective description for elusive new physics that could
first make its appearance in gravitational waves observa-
tions. Indeed, it has been argued that if a scalar that
undergoes such a phase transition is coupled to matter
appropriately, then it could change the properties of the
standard model within compact stars [31,32]. Moreover, the
mechanism of spontaneous scalarization can straightfor-
wardly be extended to other fields [33-37] or other
couplings [38].

The new models of scalarization have clearly demon-
strated that the DEF model is not unique in this respect.
This suggests that there might be more, yet to be discov-
ered, theories that exhibit spontaneous scalarization. Here
we address this question for a scalar field that belongs to the
Horndeski class. Horndeski gravity is the most general
action one can write with a metric and a scalar field that
leads to second order equations of motion upon direct
variation [39,40]. Initially, Horndeski gravity (or its sub-
classes) gained a lot of interest as models of dark energy
[41-51]. However, the measurement of the speed of
gravitational waves provided by the multimessenger neu-
tron star binary merger has put severe constraints on such
models [52-57]. It should be stressed that these constraints
rely crucially on the assumption that the scalar is cosmo-
logically dominant and drives the cosmic expansion.
Horndeski gravity is still viable and relevant for the
description of compact objects if one assumes the scalar
field to be subdominant in the cosmological evolution of
the Universe [58].

We restrict our attention to the onset of scalarization and
in particular to the conditions for scalarization to be
triggered by a tachyonic instability. As discussed already
above, even though nonlinearities are essential for deter-
mining the fate of the instability and pinning down the end
state [25,26], the onset of the instability can be captured in
the linear regime already. This implies that one can obtain
necessary conditions for spontaneous scalarization simply
by inspecting the linearized field equations and the con-
tributions to the effective mass term for the perturbation of
the scalar.

Hence, in this paper we proceed as follows. In Sec. II we
give a brief overview of Horndeski theory, and we identify
the condition that the free functions of the theory should
satisfy to have GR solutions admissible in general. Then,
we linearize the scalar field equation and we identify two
different effective mass contributions for a scalar perturba-
tion. In Sec. III we identify the minimal actions which
contribute to each separate contribution to the mass term at
linearized level. We then demonstrate that the two

seemingly distinct contributions come from actions that
are related by field redefinitions. We analyze each term in
the minimal actions and we show how it relates to known
scalarization models. Finally, Sec. IV contains a discussion
of our results.

II. HORNDESKI GRAVITY
A. The theory

Horndeski theory is the most general action involving a
scalar field that leads to second order field equations upon
variation [39]. The theory was rediscovered independently
in the context of Galileons [40]. The action of the theory
can be written as [59]

S—%i/d4x\/—_g£,~+SM, (1)

where we have defined
L, = Gy(¢.X). (2)
Ly = - G3(¢. X)0, (3)

Ly =G4(¢. X)R + Gux[(Og)> = (V,V, ). (4)

Ls = Gs(¢,X)G, V'V’
_Gsx

o [(O4)* =306(V,V,4)* +2(V,V.9)]. (5)

and X =-V,¢Vrp/2, (V,V,)* =V, V VIV,
(V.Vyh)? =V, V,pV*VpV,VFp and Gy = 0G;/0X.
We have also defined x = 82G/c* and S, is the matter
action. Matter is assumed to couple minimally to the metric
only and this means we are working in the so-called
Jordan frame.

Varying the action with respect to the metric ¢** and the
scalar field ¢ yields respectively

5
Z g;w = KT#I./’ (6)
i=2
5
> (P, =VrI) =0, (7)

i=2

where T, is the matter stress-energy tensor. See
Appendix A for the definition of G;,, P}, and J} and for
the explicit form of Eq. (7).

B. GR as a solution of Horndeski gravity

We are interested in theories in which the scalar exhibits
a tachyonic instability around solutions of GR. Hence we
need to impose that the theory actually admits as a solution
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any spacetime of GR with ¢ = ¢y = const. This requires
imposing certain conditions on the G’ functions. These
conditions have been fully worked out for shift symmetric
classes [60] but not for theories that do not respect shift
symmetry (and hence, can have a bare or effective mass).

The obvious thing one can do to do away with theories
that do not admit solutions ¢ = ¢y = const, or X = 0, is to
require that the G; functions be analytic around X = 0.
In this case one can expand them in a power series in terms
of X,

Gi = gio(¢) + gn(d)X + ... (8)

However, imposing analyticity for the G; function is too
restrictive, as we already know of a class of theories that
can admit solutions with ¢ = ¢y and have nonanalytic G;
functions at X = 0." The action of scalar Gauss-Bonnet
(sGB) gravity contains a term of the form &(¢)G, where
&(¢) is a generic function of ¢ and G = R*> — 4R, R* +
R,,,:R""? is the GB invariant. One can retrieve this
nonminimal coupling contribution from the action (1),
with the following choice of the free functions [59],

GSB = 8EWX?(3 —InX),

G$B = 460X (7 - 3InX),

GSP =4£2X(2 - 1nX),

GSB = —4£M In X, 9)

where &) = 9"¢/0¢" . In the Horndeski representation the
G; functions are nonanalytic in X but there is an analytic
representation of the action and the equations are analytic at
X = 0. We stress that the case where & = ¢ and all the other
free functions are shift symmetric is special, as Minkowski
space is the only admissible GR solution [60].

sGB gravity is already known to exhibit spontaneous
scalarization [9,24]; hence, we should certainly relax our
analyticity assumption on the G; functions in order to
accommodate it. To this end, we rewrite the G; functions as
a sum of an explicitly analytic part, which we label as G;,
and a nonanalytic part, coming from Eq. (9). Explicitly we
have

Gi(¢.X) = Gi(¢. X) + GB(¢. X), (10)

Gi(#.X) = gio(d) + gn(d)X + ... (11)

where in Eq. (11) we expanded G; as in Eq. (8).

The results and classification of Ref. [60] for shift-
symmetric theories suggest that G; that contain \/m might
be another form of mild nonanalyticity that is compatible

' Another possibility is to extrapolate theories within Hornde-
ski which admit GR as a solution only at leading order [61].
However this goes beyond the scope of this paper.

with GR solutions. However, we do not explore this
possibility further. Moreover, in principle, there could be
another type of nonshift-symmetric theories described by
nonanalytic G; functions that admit all of the solutions of
GR. This deserves further investigation, but we do not
pursue it in this paper.

Once one has imposed the above conditions on the G;
functions, the terms —g3o(¢)0¢ and ¢, (¢)X appear
in the action and they coincide up to total derivative.
Thus, without loss of generality we can set g3y(¢) = 0,
which is equivalent to the redefinition g, (¢p) = g2, (¢) +
2g304(¢p). Moreover, at the level of the linearized equa-
tions, which is our interest here, the terms g4;(¢) and
—0s04(¢) give the same contribution. Hence, we similarly
redefine gq1(¢) = ga1(¢) + gs0p(#)-

Let us now look explicitly at the equations of motion.
The metric satisfies Einstein equations (6), which for any
constant scalar field ¢ = ¢, read

1 y
R;w - Eg;wR + Ag/w = KTﬂw (12)

where

A=—g%/204.  K=x/dg. (13)

provided that ¢9, # 0. The superscript 0 in g3, g3, etc.,
means that the function is evaluated at ¢ = ¢py. The
equations above imply clearly that the metric is a solution
of GR Einstein equations and that all solutions of Einstein’s
equation are admissible.

Let us now take the scalar field equation (7), with the
choice of functions of Eq. (10). We keep only the terms
which contain up to one derivative operator (which, as we
see, can be only a second order operator) acting on ¢. With
this choice we capture all the terms that contribute to the
linearization of the equation around the constant value ¢,
made in the next paragraph. We stress that first order
derivatives do not contribute to the linearized equations.
Indeed, these terms appear at least in the form V¢V,
which, upon linearization, vanishes when the background
field is constant. With this prescription, the scalar field
equation takes the form

+ gaopR + VG
9204 ggo(q;) ¢ —0. (14)

7"V, V, ¢+

where

A(p) = g21 + guR, (15)

and the effective metric reads’

“Note that the effective metric (16) must have a Lorentzian
signature in order for the linearized equation to be hyperbolic and
hence describe the time evolution of the system. This imposes
some further conditions on g,; and g4 . In this paper, we
implicitly assume that such conditions are satisfied.
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We now impose that ¢p = ¢, is a solution of Eq. (14).
There are two distinct cases for which this happens,

7 =g - (16)

casel: g9, + glo,R + f(()”g =0,
Ay finite; (17)

caseIl: gy, + g, R + cfé”g #0,

where

Ag=A(go) = 9 + g R. (19)

Case II is rather interesting, as it provides a way to have
a GR solution even when the term g, + gaopR + ehg
does not depend on ¢ at all (or equivalently when
Bogp = Jopp = £% = 0) and would otherwise act as a
source term for the scalar field. For example, as we see in
more detail below, standard scalar-tensor theories belong to
case II, as they correspond to g,o = ¢, g4; = 0. They admit
GR solutions only when g¢,(¢) = 2w(¢)/¢p — oo for
¢ — ¢o. Another interesting term in this context is that
with £ = ¢. As already mentioned, this choice leads to the
¢G term, which is shift symmetric, and the GB invariant
would appear in the scalar field equation as a pure source
for the scalar field. Thus, only theories that satisfy con-
dition (18) can afford to include this term and still admit GR
solution. This possibility is absent in shift-symmetric
theories [60].

Note that an analysis similar to the one presented here
has been conducted in Ref. [62] for multiscalar-tensor
theories, but with more restrictive assumptions that appear
to exclude case II.

C. Linearized scalar field equations

Linearizing Eq. (7) divided by A(¢) [or equivalently
Eq. (14)] for small 6¢p = ¢ — ¢ yields

GV, N, 8¢ — misp — misp =0, (20)

where

0 0 2)
gZO b + g40()()R + 5O g
1
, Pop T JhopR + 5(() 'Goa
my = 2 o
AU ¢ b

are the effective masses obtained in the two separate cases.
We notice that the two cases give mutually exclusive

(22)

contributions to the mass. Indeed, if relation (17) holds,
then my = 0; and when the condition (18) holds, m,
vanishes. Note that in the latter case, Ay — oo and having
a nonzero effective mass my requires that g—g | $y > o0 I8

such that

1 0A
——| # 0 and finite. 23
A(z) 8¢ o ( )
Hence, around ¢ = ¢ it must be A(¢) ~ (¢ — o) ~".

We can now single out the theories which can exhibit a
tachyonic instability around a GR background. They either
satisfy condition (17) and have m? < 0 or they satisfy
condition (18) and have m%l < 0. We stress that our
perturbative analysis is done around a GR background
and we perturb only the scalar without taking into account
its backreaction to the metric. This approximation (decou-
pling) offers drastic simplification. Though doing a full
analysis of perturbation that includes the metric might be
necessary for quantitive estimates of the thresholds asso-
ciated with the tachyonic instability, we consider our
approximation to be adequate for the more qualitative task
of identifying theories that exhibit the instability.

III. THEORIES WITH TACHYONIC
INSTABILITY

A. The minimal actions

We now analyze what the theories are that belong in one
of the categories we identified above. At first, we write
down for each case the minimal action that consists of all
the terms that contribute to the linearized equation and
admit GR solutions when ¢ = ¢),. Let us redefine the scalar
field such that ¢y, = 0. The minimal action for case I is

SI = /d4X2—;g |:R - 2A + (a21 + a41R)X

m2¢2 + a¢2R +ﬁ¢2
e (24)
whereas for case II we have
/= b by R
Sy = /d4x—g [R _op 42T ouRy
2K ¢
+7¢ + PR + ﬂqﬁg} + Sy (25)

We normalized the actions (24) and (25) by the constant
multiplying R, which is equivalent to setting g, = 1.
Moreover, we can identify the constants written in the
actions (24) and (25) in terms of the function g;; evaluated
at ¢ =0,
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A= ‘97(2)0’ T= oy MG = Gop
ar = (¢921)g’ by = (4’2921)35,
n= 92045’ a = 920(/)457
aq = ((15941)2’ by = (452941)2,,
=g p=g. (26)

The actions above could be supplemented with any term
that does not contribute to the linearized equations without
affecting the onset of the tachyonic instability. However,
such nonlinear terms are crucial for determining the end
state of the instability and the properties of scalarized
solutions [25,26]. Hence, one can start from the minimal
models above and bootstrap their way to theories that
exhibit scalarization bur differ quantitatively thanks to
terms that introduce different nonlinear corrections.

B. Equivalence between case I and case 11

So far we have treated case I and case II separately
because they lead to distinct contributions to the effective
mass and, naively, they appear to be qualitatively different.
Actually, they are equivalent as different representations of
the same physics. Indeed, one can start from action (25),
perform the scalar field redefinition

¢ = ¢, (27)
and obtain action (24) with the correspondence of param-
eters

a; = by, agp = by,

m[z/) =21, a =21, B =2A. (28)
Hence, any theory in the minimal action of case II can be
mapped onto an equivalent case I theory, at least in what
regards their linear behavior and the onset of the tachyonic
instability.

This observation simplifies our analysis and reduces
significantly the different scenarios of scalarization.

C. Models of scalarization

Having shown that the two cases are equivalent, we now
focus on the action outlined in Eq. (24) and consider each
term that contributes to the mass separately. This helps us
identify its relation with known models of scalarization.
The term that contains X in the action (24) contributes to
the effective mass only as a multiplicative constant on a GR
background. a,; can be set to 1 through a constant rescaling
of the scalar and we do so implicitly in what follows. The
ay; is rather distinct from the rest so, for the time being, let
us set a4; = 0 and reduce the X-dependent term to the

canonical kinetic term. We relax this assumption in the next
section.

The first term that contributes to the effective mass is the
bare mass of the scalar field mé. If the mass square is
negative, it could lead to a tachyonic instability that would
persist in flat space. So, we disregard this possibility. If it is
positive, it needs to be sufficiently small not to prohibit the
other terms from inducing a tachyonic instability. A small
bare mass can actually be beneficial, as it can help suppress
the non-GR effects away from the compact object. One can
generalize the bare mass term to a full-fledged potential and
this would introduce nonlinearities that could affect the end
point of scalarization [26]. However, it is rather clear that a
bare mass term or a potential cannot lead to scalarization.

Next we consider the coupling term between ¢ and the
GB invariant. For the choice my = a =0 (and a,; =1,
ays; = 0) one has the action

S = / d%% {R - %vwvﬂg{) + ﬂq%] + 8. (29)

This is the quadratic coupling scalarization model consid-
ered in Ref. [9]. Allowing for a more general coupling
function one gets the action considered in Refs. [9,24],

S = / d%? {R - %V"qﬁquﬁ + é(d;)g] + S, (30)

where, from the condition (17) one can infer that
¢,(0) = 0. This condition guarantees that the leading term
in &(¢) is indeed ¢

Finally, if we set m;, = = 0, we have

— 2 1
= [l [(1+)a-Lorgw, ] 5.

We can generalize this theory in a similar fashion as above
and write

- 1
S = /d“x% [f(rﬁ)R —EV”¢Vﬂ¢] +85.  (32)

where we assume f(0) # 0. The condition (17) implies
f4(0) =0, and f;,(0) <O is the requirement for a
tachyonic instability of the theory.

One may be tempted to think that this is a new model.
However, we recall that we can always perform a redefi-
nition of the scalar field, as we did to relate the minimal
actions of case I and case II. Indeed, consider the
redefinition

= f(¢). (33)

Action (32) can be rewritten as
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S = / d*x Vzl:g {ch - a’? VHOV,®| + S,  (34)

if we just introduce the definition

_®
21(9)

Action (34) is that of scalar-tensor theories written in the
so-called Jordan frame (see e.g., [12]). The condition
f4(0) = 0 translates into w(®y) — oo, where @y = f(0).
This picks a specific subclass of scalar-tensor theories,
which is precisely that originally considered by DEF [1 3).}

Indeed, the minimal model in action (31) corresponds to
f(¢) =1+ ag?/2 and hence ® = 1 + a¢?*/2,

(@) = (35)

® 1 1

BT R VA TR

(36)

and @y = 1. One can easily verify that the most commonly
studied DEF model corresponds in the Jordan frame to

1

(@) = -2
w =_——
DEF 2 2fpprlog @

(37)

where we have used the subscript DEF to distinguish the
commonly used f parameter from our notation above. As
® - @, = 1 one has

1

2per(® - 1) %)

wpgp(P) —

which is precisely the same behavior as our minimal model
up to a redefinition of constants. The two models are
indistinguishable at the linear level.

We close this section with a few remarks. First, the scalar
field redefinition that related the f(¢)R model with the
DEF class was basically mapping a case I theory onto a
case II theory. Indeed, one can straightforwardly identify
the DEF class as a subcase of the action (25), with the
constant coefficients generalized to functions of ¢.
Secondly, these results clearly show that some models that
might appear as new are simply combinations of known
models rewritten after a scalar field redefinition. For
instance, the action

S:/d“xg {¢R+2%X+n¢g + Sy, (39)

with the condition w(¢y) — oo for some ¢, would yield a
seemingly intriguing case II model upon linearization, but

3 Albeit it is usually studied in the Einstein frame, obtained by a
conformal transformation of the metric and suitably redefining
the scalar field.

it can straightforwardly be mapped onto a combination of
actions (30) and (32).

D. Disformal transformations and matter coupling

Throughout the paper we have assumed that the matter
couples minimally to the metric only. Moreover, in the
previous section we had set the coefficients ay; of the
action (24) to the specific value ay; = 0. At linear level
(which is our main interest throughout), it turns out that one
can always do so without loss of generality by relaxing the
matter coupling assumption.

To show this, let us start with action (24) and elevate all
of the constants to generic functions of ¢ (retaining the
minimal coupling to matter, described by some generic
fields P4),

S:/d“x\/:g

p [(940(¢) + a1 (#)X)R + o1 ()X

+920(¢) + E(#)G] + Sulgju- P]. (40)

We stress that the unknown functions of ¢ are assumed to
be such that linearizing this action around ¢ = 0 must yield
(24), with the identification of the constants (26). Consider
now a disformal transformation of the form

G = C<¢)[g/m + D(¢)vy¢vu¢] (41)

This transformation leaves the Horndeski action (1) for-
mally invariant [63,64]. A transformation with D = 0 is
called conformal, whereas for C =1 one has a purely
disformal transformation. Applying this transformation to
(40) and keeping only the terms which contribute to the
linear level in the equations yields

5= / VI Guo(d) + T (D)X

+ 921(¢)X + o0() + ()]
+ SulC(@) (g + D(P)V,. V), P4],  (42)

where we made explicit the disformal coupling in the
matter sector, and the new functions are defined as follows,4

920 = C?g0. (43)
G
921 = Cgy — C*Dgag — 3940 vl 69404Cyp.  (44)
9a0 = CYa, (45)
B C
941 = ga1 — CDgyo — 4%5(1), (46)

“We derived independently the effect of the disformal trans-
formation (41) on the Horndeski Lagrangian (1). However, there
is a mismatch with the results of [63]. See Appendix B.
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whereas &(¢) remains invariant. Here we are using again
the same convention that a subscript ¢ denotes a derivative
with respect to ¢. Hence, the action (42) yields field
equations whose linear perturbation is formally invariant
under the transformation (41).

One notices that two out of the five functions g4, 941,
g1, C and D are redundant. That is, one can always
perform a disformal transformation and choose C and D in
order to redefine two of g49, 941, ¢»1. For example, from
Eq. (46) one can set g4; = 0, by choosing

Cy

p=24 _4 >
C a0

- Cgao

0} (47)

This choice fixes uniquely the disformal function D. This
implies that the condition g4; = 0 imposed throughout the
previous section is equivalent to a specific type of disformal
coupling. In other words, though having a nonzero a4; does
lead to a new theory, this theory is simply one of the known
scalarization models, or a combination thereof, disformally
coupled to matter (see [65] for a discussion of DEF
spontaneous scalarization plus a disformal coupling).

For example, let us indeed impose Eq. (47) in order to set
ga1 = 0 and we further choose

1
)= 9ao(¢) , (48)

and redefine the scalar field as

o=old). @) =YD

2 ’

where §,(¢) is defined in Eq. (44). With these choices,
action (42) takes the form

Sg = 2_1,< / d*x\/=g[R + V(p) — 20,00 ¢ + F(¢)d]
+ SulG(@) (g + H(@)V,.0V,0), 4], (50)

where we defined the new functions

For &(¢) =0, this action reduces to the spontaneous
scalarization model with disformal coupling studied for
the first time in [65].

IV. DISCUSSION

We have considered the Horndeski action and tried
to identify classes of theories within it that exhibit

spontaneous scalarizaton triggered by a tachyonic insta-
bility. We first determined the conditions that need to be
satisfied so that solutions of general relativity are admis-
sible. We probed whether or not there will be a tachyonic
instability by calculating the effective mass of scalar
perturbation on a fixed spacetime background that is a
solution of Einstein’s equations. Though this approxima-
tion neglects backreaction, we consider it adequate for
simply identifying scalarization models.

Our analysis allowed us to determine a minimal action
that contains all of the terms that contribute to the effective
mass at linearized level. This can be thought of as
containing four distinct terms that contribute to scalariza-
tion. Through suitable field redefinitions, one of them can
be directly linked to the known DEF model [13] and
another to the scalar-Gauss-Bonnet scalarization models
[9,24]. The third term can be thought of as a disformal
coupling to matter and relates to a model studied in
Ref. [65]. The fourth term comes from a potential for a
scalar and, although it cannot trigger spontaneous scalari-
zation on its own, it affects the onset of the tachyonic
instability in all other models.

One can start from our minimal action, supplement it
with terms that contribute only nonlinearly to the scalar
equation, and construct scalarization models. The onset of
the tachyonic instability that will kickstart scalarization will
be determined by the minimal action, while the end state
depends on the choice of the extra terms that contribute
nonlinearly. This is because scalarization is triggered by a
linear tachyonic instability and later quenched by nonlinear
effects. We leave the study of the strong field phenom-
enology of such models for future work.
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APPENDIX A: HORNDESKI EQUATIONS
OF MOTION

We give here explicit expressions for the terms in the field
equations presented in Sec. II. Throughout the Appendix we
use the notation ¢, =V,¢ and ¢, =V,V,¢. The G,
functions appearing in the modified Einstein equations are

, 1 1

w = — 5 Goxd, — 5 GG (Ala)

1 1
fll/ = §G3XD¢¢/4¢D + V(MG3¢Z/) - Egﬂyv},G3¢i’ (Alb)
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1 1
gﬁl/ = G4G;u/ - E G4XR¢y¢y - §G4XX[(D¢)2 - (¢aﬂ)2]¢ﬂ¢l/ - G4X|:|¢¢[ll/
+ Guxpud’s + 2V,Gaxd* 1) — ViGaxd by + 9, (Gapp — 2XGayy)
1
+ gﬂu{_2G4¢X¢(Jt[)’¢a¢ﬁ + G4XX¢(M¢)L/}¢(1¢/} + E G4X[(D¢)2 - (¢(1/)’)2]}

+ 2[G4XR/1(’M¢1/)¢A - V(MG4X¢D) D¢] - g;u/[G4XRaﬁ¢a¢ﬂ - vﬂG4X¢AD¢]
+ G4XRyauﬂ¢a¢ﬂ = Guyduy — GuagypPuthy + 2G4¢x¢’l¢z(ﬂ¢y) - G4xx¢a¢a,4¢ﬁ Dpus (Alc)

Gi, = GsxRupt 0 by~ GisxRobu 0 = 3 Gsx Rt @ — 3 Gsx Rpt"
+ GsxRupupn ' 97 + GsxRazﬁ(y(ﬁﬁ)qﬁ“W} - % VulGsxd™baw) — Vu[Gsx )|} O
~,Gsglithy + 3 [Va(Gsg) = Vol Goxt)$ Wy + VG Rugs = 91, GG’
1 1
=+ Ev(ﬂGsxfﬁy) [(O¢)* - (¢aﬂ)2] - V'IGSRA(”%) +V, [G5x¢ﬂ]¢a(ﬂ¢f) ) GSXGaﬂ¢aﬁ¢ﬂ¢l/
Y Gor [~ 7y + 5 9 Giox O — ] 3 Gox Oy,
43 Gsx(082 s + 15 Goxx (OB = 3T0(Bp* + 29 Wb, + 5 V,G5Gru?
# ] =6 OO0 = 300s) + 2] + uGsR =5 Val G
43V (Gagfhp)d = 5 VuGisx VXTI 4 SV, Gir VX — L ViGiss[(OF) = ()

1 1
=+ §G5XR0,/;¢“¢/’D¢ ) GsxRazﬂpébaﬂWfﬁp}- (Ald)
I
. . Py =-V,Gs,G"¢,
The function Py and J, appearing in the scalar field 1
equations are ~€ G5¢X[(D¢)3 - 3D¢(¢aﬁ)2 + 2((,{)0,/,)3], (A5)
Pé = G2¢’ (A2) ‘];24 = - ‘C2X¢;u (A6)
P} = V,Gay . (A3) Sy == Laxdu + GxViX +2G3¢,, (A7)

Jf; = £4X¢;4 + 2G4XR/IU¢U - 2G4XX(D¢V;4X - VDX¢/4D)

P = GyyR + Gogx[(O9)? = (bop)’]. (A4
p 4¢ 4¢X[( ®) (¢ﬂ)] (A4) _2G4¢X(D¢¢”+V”X), (AB)

J/54 = £5X¢ﬂ - 2G5¢G;w¢”
- GSX[G/H/VDX + R/wa’qbv - va¢y¢jy - Rayﬂv¢y¢aﬂ]

+ GSXX{%VMX[(D¢)2 - (¢aﬁ)2] - va(D¢¢ﬂy - ¢aﬂ¢m/)}

+ GS(/)X{%gbﬂ[(Dd))z - (¢a[)’)2] + D¢vﬂx - VDX¢;4U}' (Ag)
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The explicit expression for the scalar field equation is

= Goy — GoxUep — Goyx @@, + Goxx @ " @y + 2G4
+ Gax[(Op)* = Ryt = (b)) + Gagpdud” + Gapxd* (4,00 —2¢* )
+ Gaxx " ¢ (¢ ubiy — 3 OP) — GayR + Gax G
+ Gagx 4R = Ry = 3(0¢)* + 3(dyu)*] + Gaxx{Dp[3(15)* — (Cp)?]
= 2(¢")’ + ¢ ¢*(Rpy, — 4R,1¢", + 2R, O — 2R ,6¢7°) }
+ 2G4ppx P (8" D — $,00) + Gupxxd* {40* (b, O — ")
— 3 [(O0¢) = (¢16)°]} + Gaxxx ¢ 120" 4 ($100,° — $2.06)

1
+ 45/41/[(':'45)2 - (¢lo‘)2}} - 2G5¢Gﬂy¢’w + EGSX [R(D¢)2 + 2RIMRM¢/4¢V

- RMVR¢M¢D + 2RiﬂRulya¢”¢y - Rﬂﬂo—pRMﬁpd)}tqsy - R(d)uv)z - 4RMD¢;¢UD¢
+ 4le¢/1u¢iﬂ + 2Rulv6¢”y¢ﬂl] - G5¢¢Gﬂy¢ﬂ¢y + GS(/)X{¢”¢U [4R;M¢ﬂu - 2R,uyl:|¢

- R¢ﬂv + 2R;Mm¢ja] + % [2(47#”)3 + D¢((D¢)2 - 3(¢uv)2)] - Gﬂud’”y(lﬁiﬁbﬂ}

1

te Gsxx{30" o (b’ = 20 ,4°,) + OP[8(4)°

+ D¢(<D¢)2 - 6((!)””)2)] - 3¢ﬂ¢y [2R26¢/I/4¢0u - 2Glo‘¢io-¢/w + RﬂD(D¢)2
- ¢/1v (Rd)/lﬂ + 4Ri;4|:|¢) + 4R/M¢/lo-¢ow - Rﬂv(¢vl)2 + 2R/wup¢o%¢p/1 - 2Ruaup¢p6[:|¢

ARt 71+ 3 Gogan 120 (B = D 0) + 6,08 ~ (6,07}

6
1

1
+- G5¢XX¢”{¢/4 [2(¢M)3 + D¢((D¢)2 - 3(¢/16)2)] + 6¢D {245/1/4 (¢/IDD¢ - ¢Aa¢6u)

~ 4 (O8)° = (630)*)]} = = Gsxxx P {#,,[2(¢) + Op((O)* - 3(25)*)]

6

+ 3¢/1u [2¢6b(¢iﬂm¢ - ¢/}(r¢/1/)) - ¢/11/((D¢)2 - (¢[)O‘)2)]} =0.

APPENDIX B: DISFORMAL INVARIANCE OF
THE HORNDESKI LAGRANGIAN

The Horndeski Lagrangian (1) is formally invariant
under the transformation (41) [63]. We derived independ-
ently these transformations and we found a mismatch with
the results in [63] which cannot be explained with
differences in notation. Formal invariance means that the
Lagrangian maintains the same structure, upon redefinition
of the free functions G;(¢, X). For completeness, we report
these transformations. Written with respect to the metric
Ju» the Lagrangian reads

1l
S=— /d4x\/—g£,, (B1)
2K —
where we have defined
Ly = Gy(¢. X). (B2)

(A10)
L3 = - Gs(¢, X)Ogp, (B3)
Ly =Gy(¢. X)R+ Gix[(09)* = (V, V)’ (B4)

Ls = Gs(¢.X)G, V'V"¢

- O () - 300(9,9.6) + 29,9,

(BS)

where the barred quantities are evaluated with the metric
G- We can now define a new metric g, which is related to
gy through a disformal transformation

G = C(@) 9w + D(P)V, V. 4.

As anticipated, under this transformation, Lagrangian (B1)
becomes Lagrangian (1), defined as in Egs. (2)-(5). We can
map the functions G;(¢, X) in term of the barred functions

Gi(¢.X),

(B6)
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G, (¢, X) = C*V1-2DXG, (¢, X) +w (C’ + CD’X ) +2X15,

V1-2DX 1-2DX
3XGy(p. X) ( c”? 2XC'D' ) [ (1 +2D*X? >]
+ eV -—+2C"+—— ) -4X|G ——————(C'-CD'XV1-2DX
V1-2DX C 1-2DX 4(¢-X) V1-2DX ,
12X3C'D' Gz (¢, X) 3X2C'Gs (¢, X) [ 2C*? 3XC'D'
2X1 - 2"
cli—2pxy2 et an opxpe\T e T T1oapx

2X°CPGsx (¢, X) ( C' 3XD' XGs(¢,X) ((1+DX)C* CD'X 2D?*X?
-2X 5+ - +2X1s,,
C3(1-2DX)? \' C " 1-2DX V1=2Dx \(1-2DX)C C 1-2DX

(B7a)

Gy %), CuldX)
Vvi—2DX ° V1-2D

Gs(¢,X) = [4CD’X(1 —2DX) — C'(5 - 4DX + 4D?X?)]

2XGax c' 4CDXGuy(9. X)
——————— |(1+2DX) = +2D'X | + ————=—+1
+(1—2DX)3/2[( 2P0 ¢ ]+ Jicoox
XGs C? XC'D' 4X?D*(2-DX) 2XD"
V1-2DX | 2C? C (1-2DX)? 1 -2DX
X?Gsy C? 2XC'D'  4X*D" 2XGs, c
-2 (- - - ——XD') + 15+ 2XK B7b
(I—20xp2\" @ ¢ "1-20x) (1—2Dx72\C 15+ 2XKsgp. - (BTD)
~ . D'X*Gs(¢p. X
G4(¢,X) = CV1 —2DXGy(, X) + UT;)(X)W) + XKs,. (B7c¢)
Gs(¢, X
G5(¢7X) :\/f(——T))(—i_KS’ (B7d)

where a prime or a subscript ¢ denotes a derivative with respect to ¢, a subscript X denotes a derivative with respect to X,
defined as

_ 1_ ) B X

X==39"0.00.0 = 5 3px) (B8)
and
_ G%(d”}_() _ = v _ / ~ v CD
CD / dXi(l —2DX) I, = / dx {3G4(¢,X)\/1 2DX(CD) +2G,4(¢. X) 7\/@}, (B9)
Gs(p, X 1-DX)C* (2-3DX)C'D'X
Is = - / dx { 0 _SS’)X))3 7 [( 2C2) - c) +3D7X? - D”X]
C -CD'X - _

WGSY(Q{”X) - K5¢¢} (B10)

Gs(¢.X)
/dX ]_2DX 3/2 (Bll)

Our results of Egs. (B7a) and (B7b) do not coincide with those of Eqgs. (C7) and (C8) of Appendix C of [63].
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