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Theory of reconstructive phase transitions between SiO2 polymorphs
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The ordered structures of SiO2 are shown to derive from a common parent disordered bcc structure having
different fractional concentrations of SiO2 molecules. This property allows us to describe the mechanisms of
the quartz-coesite and coesite-stishovite reconstructive phase transitions, and the structure of the corresponding
interphase boundaries.@S0163-1829~98!04842-5#
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I. INTRODUCTION

The main crystalline forms of SiO2 found in the earth’s
crust ~quartz, tridymite, and cristobalite! have quite distinct
structures, each with a well defined range of stability un
equilibrium conditions.1 In addition to these common SiO2

minerals, there are at least four high pressure phases2 ~ke-
atite, coesite, stishovite, and a hexagonal Fe2N-type! which
are also important in the crystal chemistry of the earth, in
region from the upper mantle to the lower mantle. Althou
the structures of all the ordered, stable and metasta
phases of SiO2 are well known,3 there has been no attempt
describe comprehensively the structural relationships
tween the various structure types, in the framework of
current theories of phase transitions. This is due to the c
plexity of the phase diagram of SiO2, shown in Fig. 1, and
the observations that several of the transformations betw
the phases are of the reconstructive type.4 The aim of this
article is twofold. At first we will show that the whole set o
SiO2 structure types can be understood within the same
fied approach. More precisely, we will describe the crys
structures of silica as the result of ordering and displac
mechanisms from a parent disordered body centered c
~bcc! structure possessing different fractional occupancie
SiO2 molecules. This description, given in Sec. II, extend
preliminary version of our approach proposed in Ref. 5.

Another purpose of this article is to deduce from the p
ceding consideration the mechanisms of the reconstruc
transitions between some of the SiO2 polymorphs. In Sec. III
we will describe the quartz-coesite and coesite-stisho
transformation mechanisms, and the structure of the co
sponding phase boundaries. This will bring us to discuss
form of the domain walls which can be inferred from th
remarkable twinning laws governing the quartz structure
PRB 580163-1829/98/58~18!/11911~11!/$15.00
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II. bcc PARENT STRUCTURE FOR THE SiO 2

POLYMORPHS

A. Crystallographic description

Let us start from the stishovite high-pressure form
SiO2, which is stable in a wide range of pressures above
kbars.6 In its rutile-type structure~space-groupD4h

14 , Z52)
represented in Fig. 2, the Si atoms occupy the corners
center@positions 2~a!# of the tetragonal unit cell. The oxy
gens have an octahedral coordination7 and lie on the diago-
nals of the faces perpendicular to thec axis. This corre-
sponds to a slightly deformed bcc lattice shown in Fig. 2, o
stishovite unit cell being formed by four bcc unit cells, wi
the following relationship between the basic translations:

ast5a11a212a3 , bst5a12a2 , cst5a11a2 , ~1!

wherea1 , a2 , anda3 are the primitive bcc lattice vectors.
In the bcc sublattice the oxygens are ordered whereas

Si atoms are randomly distributed in octahedrally coor
nated positions 3~b!, one site among six being filled. There
fore, one can describe the stishovite structure as the resu
a hypothetical phase transition from a partially disorde
bcc structure. The corresponding transition mechanism
volves an ordering of the silicons in positions 2~a!, while the
4~f! and 4~c! tetragonal positions remain vacant. Corre
tively the oxygens are shifted in the@110# and @11̄0# tetrag-
onal directions by about 0.08uastu50.33 Å. as shown in Fig.
3.

The same bcc parent structure which has been use
deduce the stishovite structure will now be shown to con
tute the maximal substructure common to all theSiO2 poly-
morphs provided different occupancies of thebcc lattice by
the oxygen atoms are assumed. Accordingly it will be used
for describing successively the coesite, quartz, tridym
cristobalite, CaCl2 type anda-PbO2 columbite-type forms of
SiO2.
11 911 ©1998 The American Physical Society
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1. Coesite

The embedding of the bcc unit cell within the monoclin
structure of coesite,8 (C2h

6 , Z516) is shown in Fig. 4. In this
unit cell the oxygens occupy randomly 2 among 3 of the 1~a!
positions, whereas the Si atoms fill 1 among 9 of the 3~b!
positions. Two independent mechanisms are needed to
ize the coesite structure starting from a bcc structure:~1!
ordering of both the O and Si atoms, which leads to a sixf
rhombohedral unit cell having the lattice parametersar5a1
2a2 , br52a11a3 , cr52(a11a21a3) and ~ii ! displace-
ments of some of the oxygen positions with the rhombo
dral unit-cell parameters

acoe52~a12a2!, bcoe52~2a11a3!,

ccoe54~a11a21a3!. ~2!

In this mechanism the oxygens in monoclinic position 4~a!
are unshifted, while those in positions 8~f! are shifted along
the @111# bcc direction by about 0.15 Å. The remaining ox
gens, in positions 4~e! and 8~f! are displaced along the d
agonals of the bcc cube by;1.25 Å.

2. b quartz

The same occupancy~2/3! of the bcc lattice by oxygen in
coesite is found in theb-quartz structure3 (D6

4, Z53) as
shown in Fig. 5. Here the combined ordering and displac
mechanism associated with the virtual bcc–b-quartz transi-
tion can be more simply formulated starting from a fcc stru
ture, formed by hexagonal close packed layers, which is

FIG. 1. Pressure-temperature phase diagram of SiO2 from Refs.
4 and 19.

FIG. 2. Stishovite rutile-type structure~thick lines! embedded in
four conventional bcc unit cells. Large grey circles are oxyge
Full and open small circles are silicons and vacancies, respecti
The arrows denote the oxygens displacements along the@110# and
@11̄0# cubic directions.
al-
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tained by a Bain deformation of the bcc unit cell.9 It consists
in a shear strain (2ezz2exx2eyy) which stretches the bcc
unit cell along one of the fourfold axis and compresses it
the same extent along the other fourfold axis.10 The corre-
spondence between the bcc, fcc, and quartz unit cell
shown in Figs. 5 and 6~a!. The relationship between theb
quartz and bcc primitive translations is

aq52~a212a3!, bq52a21a3 , cq53a11a212a3 .
~3!

The preceding figures show the ordering mechanism wh
brings the oxygen atoms in positions 2~e!, the vacancies
keeping the 1~a! positions, it leads to an orthorhombic stru
ture (D2h

25 , Z53) which involves a threefold multiplication
of the bcc unit cell withaorth5a1

f 1a3
f , borth52(a2

f 1a3
f ),

corth52a1
f 1a2

f 12a3
f , wherea1

f , a2
f , anda3

f are the fcc lattice
vectors. Theb-quartz structure@Figs. 6~b! and 7# results
from an additional displacement of the oxygens along
diagonals of the fcc unit cell by about 0.42 Å.

3. Tridymite

The occupancy of the bcc lattice associated with
tridymite structure10 (D6h

4 , Z54) is 1
2 since one has one

.
ly.

FIG. 3. Shifting of the oxygen atoms in the~001! bcc plane at
the bcc-stishovite transition. Full and open circles represent o
gens located atz50 and z51/2. The arrows symbolize the dis
placements associated with the two effective order-parameter c
ponents.

FIG. 4. bcc unit-cell~thick lines! within the coesite structure
Full and open circles are oxygens in positions 4~a! and 8~f!, respec-
tively.
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oxygen for two sites in position 1~a! and 1 silicon for 6 sites
in position 3~b! ~Fig. 8!. The bcc-tridymite transition mecha
nism can be decomposed into two steps: An order
mechanism which brings the oxygens in positions 2~c! and
6~g!, and the silicons in positions 4~f!. The resulting ordered
structure corresponds to an in-layer rhombohedral config
tion represented in Fig. 8. In this figure, the black ato
represent oxygens and the grey atoms figure a mixture
vacancies and oxygens. The formation of the tridymite str
ture requires an additional Burgers-type mechanism11 which
orders the grey atoms, and shifts in the antiparallel6@11̄0#
directions the atoms belonging to one among two~110!
planes. The tridymite structure is obtained for the spec
shifts of magnitudea&/12.0.34 Å, for which the in-layer
atomic configuration becomes hexagonal~Fig. 9!. The con-
nection between the tridymite and bcc unit cells is

atr52a1 , btr52a2 , ctr52~a11a21a3!. ~4!

It corresponds to a sixfold multiplication of the bcc unit ce

FIG. 5. Deformed hexagonal planes ofb quartz within the
orthorhomic configuration obtained in the bcc–b-quartz mecha-
nism. Thin lines represent the fcc structure. Full and open cir
are oxygens and vacancies, respectively.

FIG. 6. ~a! Ordered Bain-deformed bcc structure which tran
forms intob quartz after the shifts~arrows!. ~b! Atomic configura-
tions within the~III ! fcc plane for the Bain-deformed cubic stru
ture and (001)hex plane for b quartz. Grey and open circles ar
oxygens and vacancies, respectively.
g

a-
s
of
-
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4. b cristobalite

The idealb-cristobalite structure12 (Oh
7, Z52) and the

underlying bcc lattice, which is filled by 1/2 oxygen, a
shown in Fig. 10. The connection between the correspond
unit cells is

acr
b 52~a11a2!, bcr

b 52~a12a2!, ccr
b 52a3 . ~5!

The mechanism of the bcc–b-cristobalite virtual transition
consists essentially in an ordering process, which brings
oxygens in 4~c! and 4~d! positions. It results in a tetragona
structure (D4h

19 , Z52) which is transformed in idealb cris-
tobalite by a Bain-type deformation, i.e., a decompress
along thec-tetragonal axis, and a compression along the p
pendicular twofold axes. This deformation9 brings the oxy-
gens in the fcc positions 4~c! whereas the Si atoms are di
tributed within SiO4 tetrahedra according to the ‘‘diamon
law,’’ i.e., they are in positions 2~a!. A ‘‘nonideal’’ tetrago-
nal structure (D2d

12 , Z52) was proposed forb cristobalite,13

which can be simply deduced from the fcc structure type,
displacing the oxygens from the 4~c! to the 4~d! positions,

s

-

FIG. 7. Projection of the three-layeredb-quartz structure on the
(01̄2)bcci(001)hex planes. Black, dark grey, and clear grey circl
are oxygens atz50, 1/3, and 2/3, respectively. Open circles a
vacancies. The arrows show the displacement field giving riseb
quartz.

FIG. 8. Connection between the bcc conventional cell~thin
lines! and the rhombohedral atomic configuration taking place
the bcc-tridymite transition mechanism. Short arrows symbolize
atomic shifts along6@110# which yield the tridymite structure. The
long arrows are the basic vectors of the rhombohedral unit cell.
and grey circles are a mixture of oxygens and vacancies~see text!.
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11 914 PRB 58DMITRIEV, TOLÉDANO, TORGASHEV, AND SALJE
the Si atoms keeping their 2~a! positions. In the same wa
the a-cristobalite structure (D4

4, Z54) can also be directly
deduced from the structure ofb cristobalite, by a tilting of
the SiO4 tetrahedra, which brings the oxygens from the p
sitions 4~c! and 8~b! and the silicons from 2~a! to 4~a!. The
connection between thea andb unit cells is given by

acr
a 5ccr

b , bcr
a 5acr

b , acr
a 5acr

b 1bcr
b 2ccr

b .

5. CaCl2-type SiO2

The othorhombic form of SiO2 (D2h
12 , Z52), which has

been obtained using a 350 kbars shock wave,14 corresponds
to a slight distortion of the stishovite structure, with the ox
gen displaced in general positions in the~x,y! plane, with
unequal displacements in Fig. 3.

6. a-PbO2-type SiO2

The a-PbO2-columbite type SiO2 (D2h
14 , Z54) was syn-

thesized by Liuet al.15 at pressures greater than 350 kbar a
temperatures greater than 1000 °C. The connection betw
its hexagonal-deformed FeN-type unit cell16 and the bcc
structure assumed in our approach is shown in Fig. 11.
relationship between the orthorhombic and bcc lattice v
tors is

acol5a11a21a3 , bcol52~a11a2!, ccol52a11a2 .
~6!

FIG. 9. Atomic configuration within the (001)hex plane for
tridymite. Grey and open circles are oxygens and vacancies.

FIG. 10. Basic vectors of theb-cristobalite unit cell within the
bcc lattice, before the Bain-type deformation. Full and open circ
are oxygens and vacancies.
-

-
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e
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At the virtual bcc–a-PbO2 transition the oxygens, which ar
fully ordered in the bcc structure, reach the 8~d! positions.
The silicons, which are initially disordered in 3~b! octahedral
interstitials, order in 4~c! positions. This ordering proces
corresponds to two combined mechanisms:~i! a Burgers-
type mechanism11,17 consisting of an antiparallel displace
ment of the oxygens along the@110# and @11̄0# bcc direc-
tions, which produces a hexagonal arrangement of
oxygens within the~110! bcc planes;~ii ! an ordering of the
Si atoms in 2~a! hexagonal positions.

B. Symmetry-breaking order parameters and secondary
strains

In this section we determine the symmetry of the ord
parameters associated with the mechanisms proposed fo
virtual bcc-SiO2 polymorphs transitions. We also calcula
the lattice parameters resulting from the transition mec
nisms. By comparison with the experimental parameters
evaluate the magnitude of the secondary~improper! strains
which must be taken into account to obtain the experime
numbers in a quantitative model. Such strains provide us
indications on the character~strong or weak! of the recon-
structive transitionsbetweenthe SiO2 polymorphs, which are
described in Sec. III. In the following considerations we u
Kovalev’s notation18 for the wave vectors expressed in fun
tion of the reciprocal bcc lattice vectors

a1* 5S O,
2p

a
,

2p

a D , a2* 5S 2p

a
,O,

2p

a D ,

a3* 5S 2p

a
,

2p

a
OD .

Kovalev’s notation is also used for the labeling of the irr
ducible representations~IR’s! which determine the order
parameter symmetries. The relevant points of the
Brillouin-zone ~BZ! involved in the preceding symmetrie
are indicated in Fig. 12. The standard theoretical proced
@11# used to determine the order-parameter symmetrie
recalled in the Appendix.

1. The bcc-stishovite transition

The breaking of the translational symmetry expressed
Eq. ~1! corresponds to the wave vectorsk95 1

2 (a1* 1a2* ), lo-
s

FIG. 11. Connection between thea-PbO2 and hexagonal unit
cells.
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PRB 58 11 915THEORY OF RECONSTRUCTIVE PHASE TRANSITIONS . . .
cated at theN point of the bcc BZ surface. The star ofk9 has
six branches,18 and therefore the IRt4(k9) associated with
the bcc-stishovite transition is six-dimensional. The equil
rium values of the corresponding six-component order
rameter are~h, 2h, 0,0,0,0!, i.e., the tetragonal stishovit
symmetry is determined by two effective nonvanishing co
ponents of the order parameter. Assuming a cubic lat
parameter ofa52.9 Å, which coincides with the best fi
with respect to the different SiO2 structures as deduced from
our approach, the transition mechanism yields the calcula
stishovite unit-cell parameters:ast

c 54.1 Å and
cst

c 52.9 Å. Compared with the experimental values19 (ast
ex

54.179 Å, cst
ex52.665 Å) it implies taking into account a

additional compression alongz of about 2% and a decom
pression alongx andy of .8%.

2. bcc coesite

The combined ordering and displacive mechanisms a
ciated with bcc-coesite transition requires two distinct, ei
and six-dimensional IR’s of theOh

9 space group: t1(k7)
% t4(k9) where k75 1

6 (a1* 1a2* 1a3* ) is located inside the
bcc BZ along theL line ~Fig. 12!. The equilibrium values of
the corresponding coupled order parameters are respecti
~h,0,0,0,h,0,0,0! and ~0,j,0,0,0,0!. The calculated lattice pa
rameters resulting from the assumed transition mechan
are acoe

c 5bcoe
c 58.2 Å, ccoe

c 510.05 Å, andg5120°. The
difference with the experimental numbers8 (acoe

ex 5bcoe
ex

57.17 Å, ccoe
ex 512.38 Å) is large, since one needs compr

sions of about 13% alonga, b andc.

3. bcc-b quartz

The complex ordering and displacive mechanisms
scribed in Sec. II A for the bcc–b-quartz transition have the
symmetry of the reducible representationt1(k8) % t4(k4)
where k85 1

3 (a1* 1a2* 1a3* ) and k45 1
3 a3* corresponds, re-

spectively, to theL andS lines of the bcc BZ. The equilib-
rium values of the six-component order parameter transfo
ing ast1(k8) are (h,0,0,«* h,0,0), where«* 5e2iP/3. The
effective components of the twelve-dimensional order
rameter related tot4(k4) are~h,2h,0,0,0,0,0,0,0,0,0,0!. The
calculated values found for theb-quartz unit-cell parameter
areaq

c54.81 Å. andcq
c56.48 Å. With respect to the exper

mental values3 (aq
ex55.45 Å, cq

ex54.99 Å) it implies consid-
ering a large compression of about 30% along they axis and
an analogous decompression alongz.

FIG. 12. Points and lines of the bcc Brillouin zone involved
the transition mechanisms from the bcc structure to the SiO2 struc-
tures.
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4. bcc tridymite

The sixfold multiplication of the bcc unit cell, expresse
by Eq. ~4!, which characterizes the bcc-tridymite transitio
corresponds to two IR’s of theOh

9 space group: a six-
dimensional IR@t1(k9)# associated with the first step orde
ing mechanism described in Sec. II A, with the equilibriu
order parameter values~0,h,0,2h,0,2h!, and a twelve di-
mensional IR (t4(k4)) reflecting the second step~ordering
and displacements! of the Burgers-type mechanism leadin
to the tridymite structure, with an order-parameter symme
~h, 2h,0,0,0,0,0,0,0,0,0,0!. The calculated lattice paramete
areatr

c55.023 Å andctr
c58.20 Å. These values are close

the experimental numbers10 (atr
ex55.03 Å, ctr

ex58.22 Å), i.e.,
no substantial additional deformation is needed for the tr
sition.

5. bcc-b cristobalite

The bcc–b-cristobalite transition involves the same si
dimensional IRt1(k9) as the bcc tridymite and bcc-coesi
transitions, but with a different set of equilibrium values
the order-parameter components~0,0,2h,h,h,h!. The calcu-
lated lattice parameters areacr

c 5bcr
c 58.2 Å andccr

c 55.8 Å
which compared to the experimental values12 (acr

ex

57.05 Å) require to take into account the ‘‘reversed’’ Ba
deformation mechanism restoring the fcc cristobalite str
ture~see Sec. II A!. This deformation9,11 involves a compres-
sion alonga andb of about 13% and a decompression alo
c of ;121%. The tetragonal structure proposed forb cris-
tobalite is induced by the three-dimensional zone-center~IR!
((t8(k11)) of the Oh

7 space group. Another IR o
Oh

7@t4(k10)# allows us to describe theb-a cristobalite tran-
sition, wherek10 coincides with theX-point of the fcc BZ
surface.

6. bcc-CaCl2-type SiO2

Although the CaCl2-type structure of SiO2 can be simply
obtained from the stishovite parent structure at a zone-ce
IR @t5(k17)# of the tetragonal BZ, which is commonly in
volved in rutile-type structures, one can also describe
structure as resulting directly from the bcc structure. T
same IR@t4(k9)# associated with the bcc-stishovite trans
tion, leads to CaCl2-SiO2 but for different equilibrium values
of the six-component order parameter (h1 ,h2,0,0,0,0). The
calculated lattice parameters (acacl

c 54.06 Å, bcacl
c 52.9 Å)

differ substantially from the experimental values14 (acacl
ex

54.09 Å, ccacl
ex 54.50 Å, bcacl

ex 53.79 Å) and require us to
consider the improper strains:e15e257.3%, e35
217.9%,e658.8%.

7. bcc-a-PbO2-type SiO2

The mechanism involved in the bcc-a-PbO2 type SiO2
transition is associated with the same IRt4(k9) than the
bcc-stishovite transition. The additional ordering of the
atoms in hexagonal positions corresponds to thet2(k8) IR
with the following equilibrium values of the six-compone
order-parameters~h,0,0,h,0,0!. The calculated orthorhombic
lattice parameters areaPb

c 5cPb
c 54.06 Å and bPb

c 55.8 Å,
which compared to the experimental values15,16 (aPb

ex
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TABLE I. Symmetry of the order parameters associated with the ordering and displacive mecha
transforming the bcc parent structure into the SiO2 structures. Columns~2!, ~3!, and~4! give ~i! the irreduc-
ible representations corresponding to the ordering@column~2!# and displacive@columns~3! and~4!# mecha-
nisms, in Kovalev’s notation~Ref. 18!, and in the international notation of the points and lines of the
Brillouin zone.~ii ! The equilibrium values of the order-parameter components. Note that the Bain def
tion, which transforms as the zone-center~G! two-dimensional representation Eg is indicated forb quartz and
b cristobalite but not for coesite where it is not a symmetry breaking deformation.

~1! ~2! ~3! ~4!

SiO2 Ordering Displacement Additional displacement
polymorphs

Stishovite
t4(k9)(N4)
~h h 0 0 0 0!

Coesite t4(k9)(N4) t1(k7)(L1)
~0 h 0 0 0 0! ~h 0 0 0 h 0 0 0!

b quartz
t1(k8)(D1) t3(k11)(G,Eg) t4(k4)(S4)
@h 0 0 («* h)0 0# ~h 0! ~h 2h 0 0 0 0 0 0 0 0 0 0!

Trydimite
t1(k9)(N1) t4(k4)(S4)
~0 h 0 2h 0 2h! (h2h 0 0 0 0 0 0 0 0 0 0!

b cristobalite
t1(k9)(N1) t3(k11)(G,Eg)
~0 0 2 h h h h! ~h 0!

CaCl2 type
t4(k9)(N4)
(h1h2 0 0 0 0!

a-PbO2 type
t4(k9)(N4) t2(k8)(D2)
~h h 0 0 0 0! ~h 0 0 h 0 0!
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54.181 Å, cPb
c 53.842 Å, andbPb

c 54.617 Å) require com-
pressions alongx, y, andz (e15e252.9%, e3517.9%) and
decompression along thex,y direction (e6524.4%).

C. Density and degree of occupancy of the bcc structure

Tables I and II summarize respectively, the ord
parameter symmetries and strain values which are invo
in the virtual transitions from the bcc parent structure to
various SiO2 structure types. The magnitude of the improp
strains indicated in Table II are only a rough estimate si
we have assumed the same bcc unit-cell parametera
52.9 Å) for all the SiO2 structures without considering th
increase of hydrostatic compression with increasing press
The large deformations needed for a quantitative agreem
with the experimental lattice parameters forb quartz andb
cristobalite actually correspond to the standard values fo
for the Bain deformation in alloys.9,11 For coesite the re-
quired deformation reflects the strongly reconstructive ch
acter of the stishovite-coesite transformation~see Sec. III!.

Figure 13 depicts the connections, assumed in our
proach, between the SiO2 polymorphs and their common vir
tual parent structure. The possibility of a high pressure
configuration of SiO2 molecules has been already sugges
by a numbers of authors,20,21as representing the closest SiO2
packing which may be obtained when increasing the p
sure. It also represents the most realistic configuration
-
d

e
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e
(

re.
nt
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c
d

s-
at

can be assumed for SiO2 close packed clusters~at variance
with hcp of fcc packings! which may form within the melt
when approaching solidification. A bcc cluster realises in
simplest way the tetrahedral and octahedral distributions
chemical bonds which constitute the basic motifs in Si2
polymorphs.

It is shown in Fig. 13 that there is a simple connecti
between pressureP, densityr, and the degree of occupancyx
of the bcc structure by oxygen atoms, and the correla
influence of these parameters on the structural change

TABLE II. Magnitude of the secondary deformations~strain
components! which have to be taken into account in order to obta
a coincidence between the calculated and experimental value
the lattice parameters.1 and 2 denote a decompression and
compression, respectively.

SiO2

polymorphs exx5e1 eyy5e2 ezz5e3 eyz5e4 exz5e5 exy5e6

Stishovite 0.08 0.08 20.02
Coesite 20.127 20.127 20.127 0.131 0.131 0.131
b quartz 20.345 0.31 0.038
Tridymite 0.062 0.06220.133 0.037
b cristobalite 20.128 20.128 0.213
CaCl2 type 0.073 0.07320.179 0.088
a-PbO2 type 20.029 20.029 20.179 0.044
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SiO2. For the lowest pressure phases~cristobalite, tridymite!
one has the lower density of;2.35 g/cm3 and the minimal
degree of occupancyx5 1

2 . When increasing pressure by
few kbars but below about 80 kbars the density increase
2.65–3 g/cm3 and the degree of occupancy jumps tox5 2

3 .
For pressure above 80 kbars, the density reaches its hig
values of;4.3 g/cm3 and one has a maximal occupancy
x51 for the oxygens in the parent structure. This clo
correlation betweenP, r, andx denotes an implicit morpho
tropic character for the sequence of reconstructive tra
tions which take place along theP-axis: tridymite
→cristobalite→quartz→coesite→stishovite→..., i.e., the
degree of occupancyx of the bcc structure plays the role o
concentration in open systems such as solid solutions.

III. RECONSTRUCTIVE PHASE TRANSITIONS
BETWEEN SiO2 POLYMORPHS

In this section we describe the mechanisms which can
deduced from our approach for the quartz-coesite
coesite-stishovite transformations and the subsequent
tures of the corresponding interphase boundaries. Before
will briefly recall the formalism currently used22 for describ-
ing interphases or twin boundaries, and underline some
cific symmetry properties of the interphases at reconstruc
phase transitions.

A. Preliminary considerations

Let us consider a transition between two phases, den
1 and 2, which are structurally distorted with respect to
common parent phase, denotedO. If ~ei j ! and (ei j8 ) are the
set of spontaneous strain components associated with th
formations of phase 1 and 2, respectively, then, following
notation of Metrat,22 one can define the components of t
distortion tensors (Mi j )5E1(ei j ) and (Ni j )5E1(ei j8 ),
whereE is the second rank unity tensor. The tensor (Di j )

FIG. 13. Connection between the bcc parent structure and
SiO2 polymorphs described in the present work. The points of
bcc Brillouin zone involved in the virtual transition mechanisms a
indicated by the current Greek symbols, as well as the respec
occupancies of the bcc unit cell~circled numbers!. The densities
and pressures corresponding to each structure are given at the
tom of the figure.
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whose elements areDi j 5(k5 l(Ni j Njk2MikM jk) allows us
to write under the simple forms

(
i , j

xixjDi j 50 ~7!

the equations providing the geometry of the phase bound
between phase 1 and 2. In Eq.~7!, xi and xj are the
space coordinates. Defining the invariantsI 5t r(Di j ), D
5det(Dij), and J5(D11D222D12

2 )1(D22D332D23
2 )

1(D33D112D13
2 ), one can show23 that among the solutions

of Eq. ~7! figure the two following cases
~1! DÞ0, andDI andJ are of opposed sign. In this cas

the phase boundary has the form of a conical surface.23 ~2!
D50 and J,0: the phase boundary corresponds to
couple of intersecting planes.

If one assumes athick phase boundary between phases
and 2, i.e., not reduced to one or two layers, there exis
surfaceSm inside the phase boundary, which corresponds
a minimal deformation. Different situations can be describ
with respect to the symmetry of the phase boundary and
the surfaceSm , depending on the dimensionality and sym
metry of the order parameters describing theO→1 andO
→2 phase transitions.~i! Let us first examine the situatio
where phases 1 and 2 are two different orientational dom
of the same phase, connected by a group–subgroup rela
ship to the symmetry of the parent phaseO. If the order
parameter associated with theO→1 ~or O→2) transition
has only one componenth, then the volume limiting the
phase boundary has the symmetry of phase 1~and 2! and is
symmetric with respect toSm . Figure 14~a! shows thath

he
e

ve

ot-

FIG. 14. ~a! Variation of the order-parameter magnitude acro
a domain wall in the case of a single order-parameter compo
~see text!. ~b! Variation of the order-parameter magnitude across
interphase between two phases associated with different or
parametersh andz from a common parent phase~see text!.
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50 on the surfaceSm , whose symmetry corresponds to
cross section of the parent phaseO. If one deals with a mul-
ticomponent order parameter each domain may corresp
to a set of different equilibrium values of the order-parame
components, therefore the interphase region may displa
symmetry different from the symmetry of phases 1 and
For example, a parent phase of cubic symmetry may g
rise to orientational domains of symmetryD3d corresponding
to the equilibrium values of three order-parameter com
nents: ~h,h,h! and ~h,2h,2h!. In this case the interphas
has a different symmetry~e.g., tetragonal! associated with
the equilibrium values~h, 0 0! of the order-parameter com
ponents. The symmetry of the surfaceSm is also tetragonal,
and coincides with a cross section of the tetragonally d
torted cubic phase.

~ii ! Another situation occurs if phases 1 and 2 are diff
ent phases associated with different order parameters
the parent phase. When their symmetries correspond to~dif-
ferent! subgroups of the parent symmetry, then the int
phase will be asymmetric, and the volumes on each sid
Sm have the respective symmetries of phase 1 and 2
shown in Fig. 14~b!. At the surfaceSm , one shifts from one
to another set of order-parameter components in such a
that the symmetry ofSm coincides again with the symmetr
of a cross section of the parent phase. If phases 1 and 2
not group/subgroup related to phaseO, then the symmetries
of the interphase, on each side ofSm , will be the intersection
of the symmetries of phases 1 and 2 with the symmetry
the parent phase, respectively. This latter situation is real
at the b-quartz-coesite interphase boundary which is
scribed in the following section.

B. The b-quartz-coesite reconstructive transition

From the analysis of theb-quartz and coesite structure
presented in Secs. II A and II B, one can infer the followi
mechanisms for theb-quartz-coesite transformation.24–26

Both structures have the same occupancy of the bcc unit
(x52/3) but display different types of orderings correspon
ing to distinct order-parameter symmetries@t1(k8) for b
quartz andt1(k7) for coesite#. It implies that the reordering
mechanism from one to the other structures requiresdiffu-
sion, i.e., the quartz-coesite transformation should exhib
sluggish kinetics.

After the ordering process, the oxygen ions inb quartz
are organized in specific hexagonal planes, perpendicula
the six fold axis of theb-quartz structure. The three consec
tive planes which form the three-layered quartz structure
shifted in directions forming angles of 120°. Within the c
esite structure the atoms located in the preceding planes
displaced in different directions in such a way that no regu
dense plane remains in the coesite structure.

Table II shows that there is a change in the sign of
deformation with respect to the bcc structure along thez axis,
from 0.31 inb quartz to20.127 in coesite. Correlatively th
deformatione2 decreases from20.345 to 0.127. The relative
volume per mol decreases fromVmol

quartz522.69 cm3/mol to
Vmol

coes520.64 cm3/mol which denotes a moderate reconstru
tive character. This conclusion is supported by the value
the jumps in enthalpy and entropy found experimentally25

DH.320 cal/mol andDS521.2 cal/kmol.
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Using the formalism developed in Sec. III A and the va
ues of the strains given in Table II, one can calculate
second-rank distortion tensors (Mi j ) and (Ni j ) for b quartz
and coesite, which yield the values of the (Di j ) tensor com-
ponents:

~Di j ![S 20.21
0.25
0.25

0.25
0.35
0.17

0.25
0.17
0.93

D . ~8!

It gives D50.13, I 520.79, andJ520.36. HenceDÞ0,
DI ,0 and J,0. The phase boundary between the tw
phases is limited by conical surfaces, as shown in Fig. 1

The symmetries ofb quartz and coesite do not correspo
to subgroups ofOh

9 ~see Sec. II A!. Therefore the phase
boundary between the two phases should be asymmetric
display a different symmetry in the region adjacent to ea
phase. One finds that the symmetry of the phase boun
should be monoclinicC2 close to theb-quartz phase and
monoclinicC2h close to the coesite phase. The intermedi
region of the interphase surrounding theSm plane should
possess a higher~orthorhombic! symmetry corresponding to
a Bain-deformed cross section of the parent bcc phase.

C. The coesite-stishovite reconstructive transition

From coesite to stishovite the occupancy of the bcc str
ture changes fromx5 2

3 to x51. The corresponding reorder
ing of the silicons bring all the atoms to their bcc position
Thus, in contrast with the quartz-coesite transformat
which requires a limited diffusion within each unit cell, th
coesite-stishovite transformation mechanism implies a lar
scale diffusion process which empties part~ 1

3! of the bcc unit
cells and fills 2

3 of the remaining unit cells. The importan
increase in density at this transformation reflects its diffus
nature and its strongly reconstructive character, which is
tested by the large value found for the enthalpy:27 DH
'1170 cal/mol, although the entropy jump is moderate
DS'21 cal/kmol. Note that the resulting stishovite stru
ture is practically free from deformation with respect to t
assumed bcc structure, since the strain components redu
2% for e3 and 8% fore1 ande2 , as shown in Table II.

Using the numbers given in Table II one finds for th
distortion tensors

~Mi j !coes5S 0.873
0.131
0.131

0.131
0.873
0.131

0.131
0.131
0.873

D ,

FIG. 15. Cone-type surface separating two interphase region
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~Ni j !stich5S 1.0800
01.080
0.00.98

D . ~9!

One can see that the nondiagonal distortion components
ish at the coesite-stishovite transformation, whereas the
agonal components exhibit a small jump. From Eq.~9! one
can deduce the (Di j ) tensor:

~Di j !5S 0.4
20.246
20.246

20.246
0.4

20.246

20.246
20.246
0.146

D , ~10!

which yieldsD520.062,I 50.964, andJ50.11. Hence the
coesite-stishovite phase boundary is limited by cone-t
surfaces shown in Fig. 15. The region adjacent to coesite
again the monoclinic point-groupC2h . On the other hand the
stishovite structure coincides with a subgroup ofOh

9(D4h
14)

and therefore the region of the phase boundary adjacen
the stishovite phase has a tetragonal symmetryD4h . The
surfaceSm dividing the asymmetric coesite-stishovite pha
boundary corresponds to a shifting from the bcc-coe
@t1(k7)# to the bcc-stishovite@t4(k9)# order parameters
namely from the equilibrium values~h 0 0 0 0 0! to ~h 2h
0 0 0 0! of the order-parameter component. Thus, the ato
are shifted, with respect to the cubic positions, according
the nonzero order-parameter components~h 0 0 0 0 0!. Tak-

ing into account the change in concentration (2
3→1) and the

difference of the distortion tensors~10!, one can conclude
that the phase boundary between coesite and stisho
should display and inhomogeneous structure, i.e., its lat
should be macroscopically distorted and its structure dis
dered.

D. The Japanese twins of quartz

An indication in favor of a parent bcc structure for qua
can be found in the existence of the so-called Japanese tw
observed inb and a-quartz.3 Following our description of
the bcc–b-quartz transition, the orientation of the sixfo
axes inb quartz should correspond to cubic directions su
as @120# and @01̄2# @Fig. 16~a!# which transform one into
another by the cubicC4

x axis, and to the direction@201# ob-
tained by a fourfold rotationC4

z . Furthermore, the structur
of the domain walls separating Japanese twins should re
the structure of the parent bcc phase, i.e., it should co
spond to a Bain-deformed section of the bcc structure hav
on average a planar orthorhombic symmetry.

The calculated values of the strain tensor compone
given in Table II forb quartz allow to deduce the distortio
tensors for two Japanese twins oriented along@021# ~domain
1 and@01̄2# ~domain 2!. One finds

~Mi j !
15S 1

0
0

0
0.655
0.0385

0
0.0385
1.31

D ,

~Ni j !
25S 1

0
0

0
1.31
20.0385

0
20.0385
0.655

D , ~11!

which yield
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~Di j !5S 0
0
0

0
1.287

20.151

0
20.151
21.287

D ~12!

corresponding toD50, I 50, andJ521.679, therefore the
domain wall between the domains 1 and 2 is formed by t
intersecting planes. Let us note that the domain 3 co
sponding to the cubic direction@201# in Fig. 16~a! is associ-
ated with a distortion tensor with respect to, let say, the
main 1:

~Di j !5S 0.43
0

0.076

0
20.45
0.027

0.076
20.88
1.66

D . ~13!

Therefore one findsD520.31,I 51.64,J520.256, i.e., the
form of the domain wall 3-1~as well as 3-2! will not be
planar but conical, the axis of the cone being oriented alon
the @051# cubic direction, as shown in Fig. 16~b!.

To determine the structure of the domain wall betwe
the domains 1 and 2, one can refer to the mechanism
posed in Sec. II for the bcc–b-quartz transition. This mecha
nism involves two distinct, twelve and six-dimensional, o
der parameters having the symmetriest3(k4) and t1(k8),
respectively. The twelve-dimensional order parameter und
goes at the middle surfaceSm a cross-over from the equilib
rium values (h2h 00 00 00 00 00! to ~00 00 00 002hh 00!
when going from one to the other domain. Therefore, it va
ishes onSm and does not affect the form of this surface. B
contrast the six-dimensional order parameter goes from
value ~h 00(«* h)00) to ~~«h!h 00 h 0!. Hence on theSm
surface,h1 and h4 exhibit a jump of6(h2«* h). Conse-
quently Sm will have the symmetry of atetragonal cross
section of the parent bcc structure, corresponding to the e

FIG. 16. ~a! Orientational domains corresponding to the cub
directions@021# ~domain 1!, @01̄2# ~domain 2!, and @201# ~domain
3!. ~b! Geometrical parameters of the conical domain wall b
tween the domains 3 and 1.
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librium values of the order parameter@(h2«* h) 00 («* h
2h) 00#. It means that on theSm surface the distortion com
ponentM yz changes its sign, whereasM yy and Mzz exhibit
jumps of 6(h12h4) without changing sign. Accordingly
the Sm surface, as well as the domain wall between the
mains 1 and 2, should be deformed along they andz axes.

IV. SUMMARY AND CONCLUSION

In summary, it has been shown that the whole set of sta
structures pertaining to the pressure-temperature phase
gram of SiO2 can be deduced from a common bcc par
structure, through ordering and displacive mechanisms. F
quantitative agreement with the experimental numbers
tained for the lattice parameters, additional secondary str
have to be taken into account. The existence of a comm
reference bcc structure allows to describe the mechanism
the actual reconstructive transformations between quartz
coesite, and between coesite and stishovite. It gives also
possibility to predict the form and symmetry of the pha
boundaries between the preceding phases.

Such considerations lead also to a possible interpreta
of the pressure-induced amorphous phase, which has
termeda-SiO2 ~Ref. 28! obtained froma quartz, coesite,
and stishovite.28,29 In contrast to the crystalline SiO2 struc-
tures, which are shown in our model to correspond to fr
tional occupancies (x5 1

2 , 2
3 ,1) of the bcc structure the

a-SiO2 structure may be associated with irrational values
x, varying continuously between the fractional numbers. T
idea is supported by the linear increase in density with
creasing pressure, measured ina-SiO2,

30 and by the obser-
vation that this densification occurs with an increase of
coordination number, which varies from 4 to 6 through
termediate coordination value,31 including a fivefold
coordination.32 In this respect it can be noted that thea-SiO2
phase is more easily obtained from crystal structures~quartz,
coesite! in which the tetrahedral coordination is deforme
Along the same line, the existence of vacancies in the
lattice, assumed in our model, should favor the amorph
tion process, since it allows an uncorrelated aggregation
SiO2 clusters, which may lead in the intermediate region
the phase diagram (x5 2

3 ) to the formation of microcrystals
possessing differently ordered and deformed structures
respect to the parent bcc structures. Such microcrystals
been observed by electron microscopy in the amorphiza
process ofa quartz.33 Accordingly thea-SiO2 phase can be
interpreted as an assembly of microcrystalline regions
volving different types of coordinations, which is incompa
ible with a crystalline order.
,
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APPENDIX

In this appendix we summarize the procedure used in S
II B for determining the order-parameter symmetries cor
sponding to a given transformation from the bcc phase.
an illustrative example we consider the bcc-stishovite tran
tion which involves the space-group changeOh

9→D4h
14 and a

fourfold multiplication of the bcc unit cell.
The connections between the basic vectors of the stis

vite (ast,bst,cst) and bcc (a1 ,a2 ,a3) unit cells are given by
Eq. ~1! ~Sec. II A!. From this equation one can deduce t
transitionk vector as follows: k satisfies the set of equa
tions exp$ik•ast%5exp$ik•bst%5exp$ik•cst%51, or equiva-
lently (k•ast)52pn, (k•bst)52pn, (k•cst)52pn, wheren
is an integer. Writingk under the general formk5aa1*
1ba2* 1ga3* , wherea1* , a2* , anda3* are the basic reciproca
bcc lattice vectors~explicited in Sec. II B!, yield the system
of equations: a1b50,1...; a2b50,1...; a1b12g
50,1... . This system possesses only two acceptable s
tions: (a5b51/2, g50) and (a5b50, g51/2), which
correspond to the two wave vectors:k15 1

2 a3*
5(p/a,p/a,0) and k25 1

2 (a1* 1a2* )5(p/a,2p/a,0). k1

and k2 are actually twobranchesof the star of the wave
vector11 denotedk9* in Kovalev’s tables.18 k9* , which coin-
cides with theN-point of the bcc Brillouin zone shown in
Fig. 12, is invariant by the symmetry operations of the po
groupD2h ~mmm!. Therefore the number of branches ofk9*
is given by the ratio: @Order ofOh#/@Order ofD2h#56.
The six branches of k9* have the coordinatesk9

1

5(p/a,p/a,0), k9
25(p/a,2p/a,0), k9

35(p/a,0,p/a), k9
4

5(p/a,0,2p/a), k9
55(0,p/a,p/a), and k9

65(0,p/a,
2p/a).

Since the point-groupD2h has eight one-dimensional ir
reducible representations~IR’s!, one can construct the eigh
six-dimensional IR’s of theOh

9 symmorphic space group as
sociated withk9* using the standard procedure described,
example, in Refs. 11 and 18. These IR’s, which are deno
t1(k9),t2(k9),...,t8(k9) induce a number of symmetr
groups, subgroups ofOh

9, which have been tabulated in Ref
34 and 35. One can verify in the tables that the only
which leads to the stishoviteD4h

14 symmetry ist4(k9). It
corresponds to the equilibrium values of the six-compon
order parameter: h152h25hÞ0, h35h45h55h650,
as indicated in Refs. 34 and 35.
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