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Critical state of periodically arranged superconducting-strip lines in perpendicular fields
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Analytical investigations of the critical state are carried out for strip-array systems, in which thin supercon-
ducting strip lines parallel to thgy plane are arranged periodically. Two types of strip-array systems are
considered: a stack of strip lines piled along thaxis and an array of strip lines aligned in the plane. The
results show that the relations between the magnetic ifledahd the current density of strip-array systems in
an applied magnetic field perpendicular to the strips can be transformedHdhrelation for an isolated strip
line. ThereforeH andJ of strip-array systems in the Meissner state and in the Bean’s critical state can be
easily derived by transforming thé andJ for an isolated strip line. Magnetization properties and interactions
in multiple strip lines are discussef$0163-18206)06842-1

I. INTRODUCTION disk in perpendicular fields are very different from those of a
slab and a cylinder in parallel fields.

The concept of a critical state was introduced to describe The magnetic field distribution in strip lines predicted by
the magnetic hysteresis of type-Il superconductors and wagose previous analyses have been experimentally confirmed
first applied to slab and cylindrical superconductors in magby using magneto-optical Faraday effééts and by using
netic fields applied parallel to the superconductofBhe  an electron spin resonance prdfédagnetization properties
critical state in superconducting strips in perpendicular magpredicted by the theoretical works have been confirmed in
netic fields was considered by Swieand Norris® Recently,  studies of the magnetization curves for Y150, disks!®
the electromagnetic properti¢s.g., magnetic field, current In these previous works, isolated strip lines or disks were
density, magnetization, and ac lps flat superconductors investigated. When multiple strip lines are subject to a mag-
in perpendicular fields, in which the demagnetization factometic field, on the other handj(x) and J(x) profiles are
is close to 1, have been extensively investigated. affected by the interaction of the strip lines. For example, a

The magnetic field and current density in the critical statestack of strip lines may behave like a slab superconductor, if
of strip lines have been analytically investigated asthe spacing between strip lines in the stack is much narrower
follows.*~" Consider an isolated strip line of widthw2and  than the width. Multiple strip lines or wires are utilized for
thicknessd (the strip line fills the are@x|<w, |z|<d/2, and  device and power application of superconductors, and basic
ly|<%). The width of the strip line, @, is assumed to be physical investigations of the electromagnetic response of
much larger than the thicknessand the effective penetra- such a strip-array system is useful for the application of su-
tion depth in thin film& 2\2/d, where\ is the London pen- perconductors.
etration depth. This assumption allows us to describe the In the present paper, analytical expressionsi¢k) and
electromagnetic property of the strip array by theompo-  J(x) are determined for systems of multiple strip lines in
nent of the magnetic field &=0, H(x)=H,(x,z=0), and  perpendicular magnetic fields on the basis of the Bean'’s criti-
by the y component of the mean current density, cal state model. The results show that the bakig relation
J(x)E(l/d)ffgngy(x,z)dz. The basic equation of the Biot- of the Biot-Savart law for strip-array systems can be trans-
Savart law forH(x) and J(x) for an isolated strip line is formed to theH-J relation for an isolated strip line, EqL).

given by Conversely, theH(x) and J(x) for multiple strip lines can
then be obtained by a simple transformationHofx) and
H(X)=H,— ij*wwdu 1) J(x) for an isolated strip line. | consider two types of strip-
& 2m)_wx—u ' array systems: a stack of strip lines along thaxis (I call

this stack aZ stack is analyzed in Sec. Il and an array of

where the magnetic field, is applied parallel to the axis.  strip lines in thexy plane(l call this array arX array in Sec.
In the critical state of a strip lingsl(x) andJ(x) are deter- .

mined so as to satisfy the integral equatidhgx|<a)=0

and|J(a<|x|<w)|=J. with Eq. (1), wherea is the position

_of the flux fro_nt andJ. is the critical current density. Th_e Il. STACK OF STRIP LINES ALONG THE 7 AXIS
integral equations foH(x) andJ(x) can be solved analyti- (Z STACK)

cally assuming the Bean’s critical state mo%&,in which

J. is assumed to be field independent; on the contrary, a In this section we consider & stack in which an infinite
numerical calculation is necessary for field-dependenf ~ number of strip lines are stacked along thaxis. Each strip
Bean’s critical state for disk superconductors in perpendiculine has width 2v and thicknessl, and is stacked at the same
lar fields has also been investigated analyticat{f. These intervalD as shown in Fig. 1. Thath superconducting strip
results show that thel(x) andJ(x) profiles of a strip and a occupies an area whetg|<w, |y|<«, and|z—nD|<d/2
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FIG. 1. Arrangement of strip lines in A stack, in which an
infinite number of strip lines are stacked along thexis at an
interval D. Each strip line has width\2, thicknessd, and is infi-
nitely long along they axis.

(n=0,£1,%+2,--.,+x). We assume ®@>d, 2w>2\?/d,
andD>d.

A. Basic equations

WhenH, is applied parallel to the axis (perpendicular to
the stripg, the Biot-Savart law for the component of the
magnetic fieldH(x) and the mean current densilyx) in a
Z stack is given by

d 2 (+w (x—u)du
H(X)zHa_ En;w J;W J(U) (X_U)2+(nD)2

d +w —
=H,— Eﬁw J(u)cotl-( W(XD u)) du.

2

By introducing the following transformation of the variables,

~_D X ~_D W 3
x—;tan D/ W—;tan o/ 3
Eq. (2) is reduced to
-~ d (@
A=A, [ ()
27 ) wX-T

whereﬁ(i) is the transformed magnetic fiela(i) is the
transformed current density, amtl, is the transformed ap-
plied field given by

a— Ma™ 5 Uy————=
27 )57 (w2 - (@)
+w

H df 3 u 4
= a+ﬁ " (u)tan o du-

Note that Eq(4) has the same form as E@); namely, Eq.
(4) shows theH (X)-J(X) relation for an isolated strip line of
width W with a magnetic fieldH, in X space. Therefore,

©)

H(x) andJ(x) of aZ stack can be derived from those of an

isolated strip line using the transformation given by E&S.
and (5). The magnetizatioM is then calculated frond(x)
as
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1 +w
M= ﬂﬁw xJ(x)dx. (6)

If a Z stack carries no transport current=0, then
J(x) is asymmetricJ(—x)= —J(x), and we have
H(X=D/m)=H,. ™

This equation can be used to determﬁg, becauseﬁa is

implicit on the left-hand side of the equation. Since the ex-

tension to the case of+0 is straightforward® in this paper
we deriveH (x) andJ(x) for H,#0 andl,=0.

B. Meissner state

In the Meissner statel(X) andJ(X) for aZ stack, which
are the same expressions ldéx) and J(x) for an isolated
strip line?~® are given by

WM>m=a;g%ﬁ, ®
~ _ _  2H, X
J([X|<w)=— d \/ﬁ 9

and H([X| <W) =0. Substitutingt=D/= in Eq. (8) and us-
ing Eg. (7), we have
Ha

Ha= cosi{mw/D) " (10

TheH(x) andJ(x) for aZ stack are obtained from Eq&),
(8), (9), and(10) as
Hsinh( 7| x|/D)

H(x|>w)= Jsink(mx/D) —sink(w/D) '

(11)

(2H,/d)sinh(7x/D)
Jsink(7w/D) — sinkf(ax/D) '

I(|x|<w) =~

(12

and H(|x|<w)=0. At the edge of the strip ling|X| ~w),
H(x) andJ(x) diverge as follows:

tanH ww/D)
H(|X|—>W+0)~Ha\/2ﬂ_(|x|—_w)/D,
H, tanh(7w/D)
J(|x|—>W—O)~—Fsgr{x) W (14)

The magnetizatioM is calculated as

e

C. Critical state

D2

H,—In

M=~ awd

(15

In the critical state, when Z stack is exposed to a mag-
netic field increased after zero-field cooling(|x|<a)=0
in the shielded region, andl(a<|x|<w)>0 in the flux-
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filled region, wherea>0 is the position of the flux front. The
current density] saturates agd(a<|x|<w)=—J. sgn(x),
where we assume that the critical current denditys field
independeritin this paper._ _

In the critical state, théd(X) andJ(X) are given b§°

0, [x|<a,
H(X) =4 Hoarctaniil/|e(X)]), a<[X|<W, (16)
Ho arctantip(X)|, [X|>W,
~_ —(2/m7)J.arctarp(X), [X|<a,
%=1 SRS ~|| (17)
JesgnX), a<|x|<w,
whereH,, is the characteristic field given by
Ho=J.d/m (18)
ande(X) is
(%) X (19
X)=—\ ——.
PUTE N @R

The transformed flux frond= (D/)tanh@ra/D) satisfies

Ha

cos Ho

The relation betweehl, and ﬁa is then obtained from Eq.
(7) as

w tanh(mw/D)
3 tanima/D)’

(20

sinf( Ha) — M (22)

Ho)  cost{mw/D)"

Using Egs.(20) and (21), we have the following relation
betweenH, anda:

. [ma
sinh 5
For a low applied fieldH,<H, andw—a<min(w,D)], Eq.
(22) is then approximated as
2t W
an F .

For a high field H,=H_, anda<D), on the other hand, we

have
2D Hy\ (7w
a—7ex —H—O Sin F .

As shown in Egs(23) and (24), w—a grows with field as

sinh(7rw/D)

- cosi{H,/Hg) (22

D
w a—ﬁ

Ha

Ho

(23

(29)

~H§ and saturates exponentially. These field penetration

properties are similar to those for an isolated strip line.
Substituting Eg.(3) into Egs. (16), (17), and (19), we
obtainH(x) andJ(x) in the critical state as

0, |x|<a,
H(x)=1{ Harctanlil/|e(x)]), a<|x|<w, (25
Hg arctanhe(x)|,  |x|>w,
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—(2/m)Jdarctanp(x), |x|<a,
J(x)= (26)
—Jesgnx), a<|x|<w,
wherep(X) is
tanh(wx/D) [tanif(7w/D)—tantf(ma/D)

qD(X):tanr(a-rW/D) [tantf(7a/D) —tantf(7x/D)|’

(27
At the edge of the strip line|%|~w), H(x) diverges loga-
rithmically as

taniww/D) e H,

N x=w20>" Ry |
At the flux front (x|~a), J(x) and H(x) have vertical
slopes,

H
=2

5 (28)

H(|x| —w)~

2
JC—|J(|x|Ha—O)|~aH(|x|Ha+0)

2, [Ha| [2n(X[-a)D
o Jecot H, tanh(7a/D)
(29

Logarithmic divergence ofH(x) at |x|~w and vertical
slopes ofH(x) andJ(x) at|x|~a appear in & stack as well
as in an isolated strip line. For a high fielti {>H,=H,),

H, given by Eq.(21) is reduced to

~ m™W
H,=H,;—Hgln cosr(F”, (30)
andH(x) is given by
B Ho | sintP(7w/D)
H(x)—Ha—7In Sn(ax/D) —1|. (31

Figure 2 showdH(x) andJ(x) profiles for aZ stack(solid
lines) and for an isolated strip lin@dashed lines This figure
clearly shows that the field shielding effect is larger and the
width of the flux-filled regiorw—a is smaller for aZ stack
than for an isolated strip line.

In the critical stateM for a Z stack is calculated by sub-
stituting Eqgs.(26) and (27) into Eq. (6); thus we have

" D? fHal . sink?(7w/D) |
 2awd)o n 1+ cost(H'/Hg)
Mg (vz |coshs+ 7)
= — Tgfo In m ds, (32)
whereM,, v,, and» are defined as
M _1 ] W _Ha_’ﬂHa 33
0= Wy V= 1T S g (33

For n<w, (i.e., Hy;<wHow/D=Jwd/D), Eq. (32) can be
rewritten as the following series:

_Lz_n_(z)z_ig

2
vz V,k=1

(—k
k2

X[1—e 27— e gin2ky)].  (34)
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FIG. 2. Profiles of(a) magnetic fieldH(x) and(b) current den-
sity J(x) in a Z stack whereD/w=0.7 (solid lineg and in an
isolated strip line where D/w—o (dashed lines at
H,/H,=0.5,1,2,3, and 4.

On the other hand, fop>v, (i.e.,H;>wHw/D), we have

M 1 k—1
Z = ) e sint(kv,). (35
My
In a low applied field y<<1), Eq.(32) is reduced to
7]3
— —=—| 2gIn(coshv,) — —tantfv,+---|, (36)
Moy o5 3
and in a high field ¢>1), we have
M sintPv,
——=1-2e 27— "+ 37
Mo ;

When the spacing in Z stack is large ¢,<1), we have

(39)

The first term of the right-hand side of E(®8) corresponds
to the magnetization for an isolated strip line.

We denote the magnetizatiod in an increasing field
(H;>0) after zero-field cooling akl (H,), which is given
by Eg. (32). Then, the magnetizatioM | (H,) whenH, is
decreasing from a maximum field,>0 (|H,|<H,) and
the magnetizationM,(H,) when H, is increasing from
—H,, are given b§*>*’

H,—Ha
Mi(Ha):szc(Hm)_Zszc(T)r (39

Hn+H,
MI(Ha):_szc(Hm)+2szc T :_Ml(_Ha)-

(40)
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Hysteretic ac loss per unit volume for one field cycle,
P(H,), is calculated d$

P(Hm)=— o f}g M(Ha)dH
+Hp,
:Z'LLO,LH Mi(Ha)dHa

Hm
:4MOHmszC(Hm)_8MOJO M i(Ha)dH, .

(41)
Substituting Eq(32) for M 4(H,), Eg. (41) becomes
2uoD? (Hm
P(Hm) = WJO dHa(Hm—2H,)
nl 14 sinf(zrw/D) 45
xin costt(H,/Hp) |’ (42)

D. Densely piledZ stack

All results presented in Secs. [IA-1IC with—o° corre-
spond to the results for an isolated strip line, which is con-
sidered in Refs. 4—6. For a densely pilédstack in which
spacing between strip lines is smab£w), on the other
hand, theH (x) andJ(x) profiles are significantly affected by
the interactions between multiple strip lines. Here we con-
sider such & stack whereD<w (e 2™/P<1).

For |[x| —w=D, H(x) in the Meissner state given by Eq.
(12) is approximated as

H(|x|>w)=H,[ 1+ ;e 27(Xl-w/D], (43)
For |x|=D andw—|x|=D, J(x) given by Eq.(12) is ap-
proximated as

2H
I(|x|<w)=— == sgrix)e” T HD (44)
These two equations show thidi{x) is almost same all,
except near the edge of the strips, and that the current flows
only near the edge.
In the critical state, Eq(22) is approximated as

H
5(W—a)~ H—O—In2 (45
for a=D andw—a=D. Here, the flux-filled regioow—a
grows linearly with increasingi,, similar to growth seen in
slab superconductors with parallel fields. Note thata
grows as Eq(23) in the vicinity of zero field v—a<D)

even in the densely piledz stack. For w—a=D,
w>a>|x|=D, anda—|x|=D, J(x) is given by
2 —m(a—|x|)/D

J(|x|<@)=——J; sgrixje” "M (46)

namely, |J(|x|<a)|<J.. Forw—a=D, H(x) outside the
strip and not so close to the edge|w=D) is given by
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:“ FIG. 4. Arrangement of strip lines in as array, in which an
= 0F 1 infinite number of strip lines are aligned along thaxis at a period
= 1 L. Each strip line has width\ and thicknesgl, and is infinitely
H,/Hy =20 15 long along they axis.
-1} . o , . nth superconducting strip occupies an area where
2 -1 0 1 2 |x—=nL|sw (n=0,£1,£2,...,=»), |y|<w, and |Z|
x/w =d/2.

FIG. 3. Profiles of(a) magnetic fieldH(x) and(b) current den-
sity J(x) in a densely piledZ stack where D/w=0.2 at
H,/Hy=1,5,10,15, and 20. When H, is applied parallel to the axis, the relation

betweenH(x) andJ(x) in an X array is given by

A. Basic equations

H
H(|x|>w)=Hy+ —e~ 27K Wi, (a7) sw J(u)du
2 H(x)=H J
a 2m=. ) _wx—(u+nL)
In the flux-filled region not so close to either the edge
(w—|x|=D) or the flux front (x| —a=D), we have d [+w m(X—Uu)
=H,— 5 J(uycotf ———|d (49)
2L L
H(a<|x|<w)=H,—=H WX L mu o , T .
a o D 2 ' Since J(x) and H(x) are periodic with periodL as

(48 J(x+nL)=J(x) and H(x+nL)=H(x), it is sufficient to
consider only the electromagnetic field foif <L/2. By in-
As shown in Egs(47) and(48), except near the flux front  troducing the following transformation of the variables,
and near the edge of the strip liné$(x) in a densely piled

Z stack is approximately given by (|x|>w)=H, and _ L ax\  _ L W
H(a<|x|<w)=H,— (d/D)J(w—|x|). Figure 3 shows X= ;ta”(T), w= ;taﬂ(T), (50
that theH(x) and J(x) profiles in aZ stack with narrow

spacing D/w=0.2) are similar to those in slab supercon- Eq. (49) is reduced to

ductors. The anomaly dfi(x) at the edge |k| ~w), and at

the flux front (x|~a), becomes small aB/w decreases. d ;ﬁ(’ﬁ)

Furthermore, at the narrow spacing limit,&1), M given HX)=H, wa ~—GdU, (52)

by Eq. (34 is approximated asM/Mgy~—(27/v,)

+ (7l v,)? for low fields except in the vicinity of zero field
(y<v, and e ?7<1), and becomes saturated as
M/Mg~—1 in high fields (7> v,). These results show that
the electromagnetic properties of a densely pidtack
with a narrow spacing oD <w in the critical state are simi- 5 _
lar to those of a slab in which critical current density is O - d +W3('J) udu
3/ : 2m) %" (LIm)2+ (T)2

where H(X) is the transformed magnetic field(X) is the

transformed current, and, is the transformed applied field
given by

.
Ill. PARALLEL STRIP LINES IN THE  xy PLANE —H,— ij v (u)ta,.<”_“
(X ARRAY) 2L L

du=H(x=L/2). (52

In this section we consider & array in which an infinite  Note that Eq.(51) has the same form as E(L). Therefore,
number of strip lines are aligned in the plane. Each su- H(x) andJ(x) of anX array can be derived from those of an
perconducting strip has widthwg, thicknessd (<w), and is  isolated strip line using the transformation given by E§6)
placed at the same intenval(>2w) as shown in Fig. 4. The and(52).
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Furthermore, the transformation oD —iL (where

7
i=+—1) in Egs.(2), (3), and(5) lead to Eqs(49), (50), and 6
(52), respectively. The expressions fdr J, M, andP for an
X array are then easily obtained by the simple transformation . 3
D—iL of the expressions for Z stack given in Secs. Il B T4
and Il C. ® 3F
T
B. Meissner state 1R
In the Meissner statd{ (x) andJ(x) for an X array are 0
1F
H  sin(7r|x|/L
H(W<|x|<L/2) = ———= e _| ) , (53
VsirP(arx/L) — sirf(mwi/L)
\Q
—(2H,/d)sin( wx/L % 0
x| <w) = e DI g <
Vsir?(mw/L) —sirf(arx/L)
andH(|x|<w)=0.
For L—2w<L, Eq.(54) is approximated as -1
2H, X x/w
J(|x|<w)= g r( 3 ) (55

FIG. 5. Profiles of(a) magnetic fieldH (x) and(b) current den-
except near the edgen(- |X|<WN L/2). The H(x) at the iy j(x) in an X array whereL/w=3 (solid line§ and in an iso-
center of the spacing of strip lines for—2w<L is much  |aeq strip line where Liw—= (dashed lines at

larger thanH H,/Hy=0.5,1,2,3, and 4.
Ha 4w f isolated strip | h ic field f
- .. (56 or an isolated strip line. The magnetic fie or
cog7w/L) m(L—2w) w<|x|<L/2 is enhanced due to the demagnetization effect
g
of neighboring strip lines.
The magnetizatioM for anX array in the critical state is

H(|x|=L/2)=

In the Meissner statévl for an X array is

L? {ww) given by
M=H,——In|cog —]|. (57)
mwd L y L2 fHal . Sin?(mwi/L) 62
C. Critical state 2mwdJo cost(H'/Ho)
The flux fronta for anX array in the critical state is given and is expanded as the following series:
by
M 2 *° k 1
[(ma|  sin(mwiL) e SV 72 e Zsirt(kv,), (63
SN T/~ coshH,/Hg)’ (58 0 -

andH(x) andJ(x) are given by Eqs(25) and (26), where }Nhlgre M<01WJ /2h v,=mw/L, and p=H,/H,. For low
o(x) for anX array is ields (y<1), we have

3
tan(wx/L) [tar?(7w/L)—tarf(mall) M1 5 7
- — —=— —|2yIn(cov,) + tarfvy+---| (64
o(x) tan(7w/L) V [tar’(ma/L)—tar?(wx/L)|’ (59 Mo 1% ¥ 3 g
For a high field H,=H,), H(x) is given by and, for high fields ¢>1),
HO sir?(mwi/L) M sirtv,
H(|x|>a)=H,— —"In SP(axiL) 1, (60) —M—O~1 2e27 2 (65

which is approximated fok =2w as

e
v2 tanhy

Figure 5 showsH(x) and J(x) profiles for anX array Mo =tanfy + 6 cosify
with L/w=3 (solid lineg and for an isolated strip line
(dashed lings Note that the edges of the neighboring strips  Hysteretic ac loss per unit volume for one field cycle
are atx/w= =+ 2. Both profiles fox| <w are similar to those P(H,,) is

When the spacing in aK array is large ¢4<1), Eq.(62) is
reduced to

H(|x|>a)=H,+Hgln (61)

(66)
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2uoL? [(Hm array, in perpendicular magnetic fields. The magnetic field
P(Hm =~ J dHa(Hn—2Hy) H and the current density for both systems can be derived
0 by using simple transformations &f andJ for an isolated
sir?(mw/L) strip line. For aZ stack in which the distance between the
XIn| 1— m}. (67) strips is much smaller than the width, electromagnetic prop-

erties in the critical state are similar to those for slab super-

conductors.
IV. CONCLUSIONS
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