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Locahzed states of p-type inversion layers in semiconductor field-effect transistors
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A variational calculation is presented for the electronic configuration of a p-type surface accumulation
layer of a metal-oxide-semiconductor device. The self-consistent equations show that the criterion for the
penetration of a second (hght-mass) su4band of carriers, after a first (heavy-mass) subband is present
depends crucially on the oxide-layer thickness and the transverse mass of the heavy carriers. Agreement
with reported experimental results is excellent.

Several experimental papers in recent months' 6

have reported interesting results on the electronic
properties of inversion layers in semiconductor
surfaces. These layers are obtained experimen-
tally by applying suitable gate biases in metal-
oxide-semiconductor (MOS) devices. The experi-
ments are performed in both p-type and n-type
layers in various types of silicon and on various
crystallographic surf aces. Theoretical calculations
of properties of semiconductor inversion layers
are available in the literature. ' ' Although the
general physical principles involved in the ex-
periments are well understood, several points re-
main to be clarified Rnd some discrepancies to be
resolved.

In particular, for p-type inversion layers on the
(110) surface in n-type, silicon, von Klitzing et al. '
in their study with a 1200-A oxide-layer MOS sam-
ple report the existence, up to 23-V gate bias, of
only one bound level (subband) with a transverse
cyclotron mass r~~, = Q. 33-0.47m~, For gate biases
lal gex' thR11 23 V R secoIld subband appBRl s with
a different cyclotron mass.

On the other hand, .I Rkha11i et n/. , whoperfoxmed
similar experiments on (100) and (111)Si surfaces
with MOS devices of 1400- and 1900-A-thick ox'de
layers, find that up to gate voltages of about 36 V
only one hole subband appears. The cyclotron
(transverse) mass of these samples varies strongly
with gate voltage between Q. 6 and approximately
1mo.

The variation of the mass with carrier concen-
tration has been presumed to be either a two-di-
menslonRl many -body effect ' or R consequence
of the nonparabolicity of the top of the valence
band in Hi. . WB shall show elsewhere' that ordi-
nary band theory predicts anisotropy and nonpara-
bolicity of the bands, which are sufficient to ex-
plain adequately the observed experimental results.

In the present paper, we want to study in a, self-
consistent way the appearance and properties of n

second subband. Our investigation shows that the
gRte voltage Rt which R second subband begins to
be populated depends crucially on the oxide-Layer
thickness a.nd on the density-of-states (transverse)

effective mass. Our results are compatible with
both sets of experimental data. '~

Our calculation consists essentially of a mini-
mization of the grand potential at T =0 in. the semi-
conductor. The grand potential rather than the
energy must be taken because the gate-voltage con-
nection between the semiconductor Rnd the metal
ln the MOS device allows fol electronic charge
transfer between them. Schrodinger and Poisson's
equations should be solved simultaneously and self-
consistently, subject to the conditions of fixed elec-
trostatic-potential difference, as set by the experi-
mental conditions.

We assume the following.
(a) The device extends indefinitely and uniformly

on. t;he x Rnd y directions.
(b) The oxide, Si02), with a dielectric constant

~0 =4. 55 extends between z = —D and z = Q„The
thickness 5 18 oui fiyEf, l, rip'jQAle pQyQPHete"y. .

(c) The sen:iconductor extends to the:t"ight of
the oxide between z =0 and z =-I.. The thickness I.
of the semiconductor is such that L, » ~: I, B. t.he
semiconductor may in. principle be thought to ex-
tend indefinitely and constitute R semi-infinite
bulk sample.

(d) The semiconductor (Si) is in'. rinsically n type,
has a dielectric constant q, =-11.7, and has its
Fermi level at an energy C=1.01 BV above the top
of the valence band.

(e) I'he top of the va. lence band is taken to con-
81st of two bands, ctegenerat8 at A' =0. These two
bands have a longitudinal mass'" along the z axis
(normal to the surface) etluai to m« =0, 52mo and
ef ~ I —- 9.17'&„-,

(f) If the zero of ene. gy ls l.aken at the I'erlni
energy', t,1B band dispersion Blations close i.o the
top of. the valence band are taken to be

The transverse lr..:asses o. he l- av; ', ~»», j Red .«',.gal. ";
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The parameter V (our third variable Parameter) is
the value of the applied potential at the metal (with
negative sign). The potential is zero at s =L,
deep into the bulk of the semiconductor. In the
neighborhood of the O-S interface, in the absence
of trapped charge, @ is a constant in the limit
I. ~,equal to (- V).

It should be emphasized that the potential @0
given above corresponds to that in the absence of
any mobile charge. When charge is trapped in the
interface layer the electrostatic potential C has a
completely different form which is determined
self-consistently by solving Poisson's equation. It
satisfies, however, the same boundary conditions:
zero value deep into the semiconductor and value
(- V) at s = —b.

(h) The hole carriers can only move in the semi-
conductor (O~z ~L), and they feel a potential W

which is due to the Si lattice and the applied (out-
side) potential. If a bound state with energy great-
er than zero-the Fermi level-appears, such
state will be emptied, i.e. , occupied by a hole.
The grand potential

through a density of states. We take them as param-
eters; in fact only m» is needed, and we take it
as our second variable parameter.

(g) In the absence of a charge layer, the elec-
trostatic potential @, is given by
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the v carrier (v =H or L). The operator E,(- iV)
is the band-structure expression (1) or (2), in
which k- (- iV). The summations in (4) are over
those states which are occupied by carriers, i.e. ,
those (nt) states which contribute to lower Er.
This is equivalent to saying that the summation is
over those (nv) states such that their one-electron
Hartree energy is positive, greater than the Fer-
mi energy. Standard minimization of (4) with re-
spect to 4'„„yields a Hartree-Poisson system of

is therefore the quantity to minimize. With the
convention &~ =0, G =E~, but it should be remem-
bered that there is no conservation of number of
carriers. The conserved quantity is the chemical
potential or Fermi energy. We should like to re-
mark that minimization of the grand potential G is
completely equivalent to minimization of the total
energy E~, with the constraint that the trapped
charge in the semiconductor is equal in absolute
value to the charge in the condensor plate at z =- 6.

(i) The total energy Er in the Hartree (effective
mass) approximation is given by

z= r — +nvr Ev — e ~'o~ +nv"
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where 4„„is a one-electron wave function charac-
terized by the n quantum number corresponding to

FIG. 1, Results for an MOS sample with an. oxide layer
of 8 = 1200-A thickness. The heavy carrier concentration
(upper diagram), the position of the top of the hole sub-
band (middle diagram) and the generalized susceptibility
6E&/Bn2 (lower diagram) as a function of gate bias. The
upper diagram is for all transverse masses, The middle
and lower diagrams are for mT„= 0.45mp (short dashes),
m &&

= 0. 52m
p (full line), and m &&

= 0. 60m p (long dashes).
A second subband appears when 6E~/6n, =0.
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ated by the other carriers —i.e. , the field due to
the charge on the surface of the semiconductor
which clamps the potential at z = —5 and z = I.. %e
have not included the electromagnetic field energy,
proportional to the integral of the square of the elec-
tric field, which is negligibly small.

(j) The function f„„(z)describes a bound state in
the Q-S interface region. We have approximated,
for the highest eigenvalue of each carrier, f„(z) by

f„(z, ~„)=~z e-'~
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FIG. 2. Hesults for an ICOS sample ~vith an oxide 1ayer
0

of 6=1400-A thickness. Notation same as for Fig.

equations. The carriers move only in the half-
space z —0 and in a self-consi. stent potential, which
satisfies Poisson's equation. The electrostatic
part of this potential satisfies Maxwell's equations,
continues into —D —z ~ 0 with the proper boundary
conditions, and reaches the value —V at z = —5.
Since the problem is separable and the potential
depends only on z, we have

et (k~x+Qytf (z)

It must be pointed out that the total energy E~
which goes into G contains in the second term the
interaction of the carriers with the "outside"
field —i.e. , the field that would appear if the car-
riers were not present —and, in the third term,
the interaction of the carriers with the field gener-

and we have treated ~„as a variational parameter.
Suitable modifications for other states are straight-
forward but we have not attempted to calculate
such cases. The analytic expression (6) allows
one to calculate a potential and an energy in closed
form. Various author s have previously used such
a, form, 7'8' " thus taking advantage of the result-
ing analyticity.

The problem now can be solved in the standard
fa.;hion: Given the input parameters (6, V, C,
m,.„, m, „, m~„)we place-holes only in the highest
energy eigenstate of each carrier in the z direction.
These states are determined by the variational
parameters ~~ and ~~. Along the other two direc-
tions x and y we fill the states according to Fermi
sta.tistics up to a maximum level. This involves,
two carrier-density parameters n„and n~ (car-
riers per unit surface area). We minimize (4)
with respect to the ~'s and the n's, subject to the
proper boundary conditions for the electrostatic
potential. The complete calculation is done ana-
lytically up to a self-consistency set of nonlinear
equations, which then must be solved numerically.
Some results follow.

(i) For V & C = 1.01 V, no self-consistent bound
state is occupied by carriers.

(ii) At V& C always the carriers with the heavi-
er longitudinal mass m~„are the first to pro-
duce an occupied subband. This result has been
found before repeatedly. ' '

(iii) There is a voltage range C~ V~ Vs for
which only one subband of only one mass (the heavi-
est) is occupied. We have studied that region in
detail for 1Ãgz = 0. 52~ values of 5 = 1200 A (Flg. I)
and 5=1400 A (Fig. 2), and varying V. In the top
diagram of the figures we plot the carrier concen-
tration n„as a function of applied voltage (n„.. is
independent of the transverse mass m«). In the
middle diagram we plot the energy &, of the top of
the subband: It crosses the Fermi level at V= C
and increases linearly with V. Its rat;e of increase
depends on the transverse mass m». In Figs. 1
and 2 we plot three curves corresponding to three
values of BE78' O' 45&i'09 O' 52MO& and 0 60M'0 For
the same m~0 and m», both n~ and e, decrease
with increasing 5.
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(iv) In order to calculate V2, the gate-bias
voltage, at which a second carrier- gets trapped,
we have evaluated the derivative of the total ener-
gy Er [Ecl. (4)J with respect to na, the concentra-
tion of the second carrier (na =n~ in our case) at
n~ =0 and ~~ and n~ at the equilibrium value. The
parameter ~~ was chosen so as to minimize the
derivative. This is a susceptibility-type calcula-
tion which gives a stability criterion: If 5E~/5n~
is positive, the system is stable against introduc-
tion of a second set of carriers; 5E~/Sg~ is nega-
tive, the system is unstable. Parameters for
which

give the critical values at which a second set of
carriers gets localized and a second subband ap-
pears. In Figs. 1 and 2—third diagram —the val-

ues of &Er/Snab are plotted for the same parameters
as before. We can see that V~ is a very sensitive
function of both m» and 5 and can easily show
variations of up to a factor of 3. For & =1200 A
and mr+ =0.45m, , the second subband (light mass)
appears at a bras V~ = 23 V, while for 6 =1400 A
and RlrgH =0 60mp the second subband appears at
about V~=69 V.

(v) As a.n incidental interesting remark, we
find that if we calculated &Er/dna for n, =nz and
'pgp =pgH~ l.e. , for the case ln which arbltrarlly we
allow the light carriers to get localized before the
heavy ones, we find the system always unstable,
5E,/5n, &0.

(vi) We have not attempted a numerical solu-
tion for both n„and n~ nonvanishing (V) Vz). This
can be achieved in principle —albeit laboriously-
if experimental interest in such a case does arise.
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