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Topological phase in a Kitaev chain with spatially separated pairing processes
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The dynamic balance between pair creation and annihilation processes takes a crucial role to the topological
superconductivity in the Kitaev model. Here we study the effect of spatial separation of creation and annihilation
terms, i.e., sources and drains of pair are arranged alternatively. In this regard, a non-Hermitian Hamiltonian
is naturally considered, which may possess complex energy branches. However, when the Bardeen-Cooper-
Schrieffer pair excitation is only considered, the spectrum in such a subspace is fully real. In particular, the Zak
phases extracted from the pair wave function are quantized and therefore able to characterize the different phases
regardless of the breaking of time-reversal symmetry. For open chain system, the corresponding Majorana lattice
is investigated. We find that although there are complex modes, all the edge modes have zero energy and obey
the bulk-boundary correspondence. This results in the Kramer-type degeneracy of both the real and complex
levels as a signature of the topologically nontrivial phase.
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I. INTRODUCTION

In traditional quantum mechanics, the fundamental pos-
tulate of the Hermiticity of the Hamiltonian ensures the
reality of the spectrum and the unitary dynamics for a
closed quantum system [1]. In general, any Hermitian Hamil-
tonian can also be decomposed into two non-Hermitian
sub-Hamiltonians which are Hermitian conjugates of each
other. There are many different ways of decomposing a
Hamiltonian. In this sense, the reality of spectrum roots in
the balance of the actions of the two non-Hermitian sub-
Hamiltonians. Intuitively, the Hermiticity is not necessary for
the balance. In fact, this postulate has been questioned by
the existence of entirely real spectra of a certain class of
non-Hermitian Hamiltonians [2,3]. Such kinds of Hamiltoni-
ans, referred to as pseudo-Hermitian operator [4–8], possess
a particular symmetry, i.e., it commutes with the combined
operator PT , but not necessarily with P and T separately.
Here P is a unitary operator, such as parity, translation,
rotation operators, etc., while T is an antiunitary operator,
such as time-reversal operator. The combined symmetry is
said to be unbroken if every eigenstate of the Hamiltonian is
PT symmetric and the entire spectrum is real; it is said to
be spontaneously broken if some eigenstates of the Hamil-
tonian are not the eigenstates of the combined symmetry.
Such a symmetry can be regarded as a demonstration of the
balance, for instance, a simple gain-loss–balanced system in
Refs. [9–11]. This concept should be extended to a system
without conservation of particle number.

The Kitaev model is a typical one for violating particle
conservation. It is believed to capture the feature of one-
dimensional topological superconductor for spinless fermions
with p-wave pairing [12]. The topological superconducting
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phase has been demonstrated by unpaired Majorana modes
exponentially localized at the ends of open Kitaev chains
[13–15]. Intimately related to the superconducting phase, the
dynamic balance between pair creation and annihilation pro-
cesses takes a crucial role, which violates the conservation of
the fermion number but preserves its parity. It is the fermion-
ized version of the familiar one-dimensional transverse-field
Ising model [16], which is one of the simplest solvable models
exhibiting quantum criticality and demonstrating a quantum
phase transition with spontaneous symmetry breaking [17].
So far, most of the investigations on the Kitaev model have
focused on the case with the balanced pair creation and
annihilation at the same location, as pair source and drain, re-
spectively. In principle, there are many other types of balance
between pair creation and annihilation such as the sources and
drains of pair are arranged alternatively (Fig. 1). Intuitively,
such kinds of balance should take the similar role in the ex-
istence of the gapped superconducting phase. However, when
these cases are considered, the traditional method is no longer
valid because a non-Hermitian Hamiltonian is involved.

The strategy of this paper is to study the topological phase
in Kitaev chain with spatially separated pairing processes
based on the non-Hermitian quantum theory. Non-Hermitian
Kitaev models [18–26] and Ising models [27–30] have been
studied within the pseudo-Hermitian framework. Also, the ex-
perimental schemes for realizing the Kitaev model and related
non-Hermitian systems have been presented in Refs. [31,32],
respectively. In this work, we study the effect of spatial sep-
aration of creation and annihilation terms, i.e., sources and
drains of pair are arranged alternatively. It is a non-Hermitian
model with time-reversal symmetry, rather than a combined
PT symmetry. Exact solution shows a rich phase diagram,
including gapped superconducting phases associated with
both time-reversal symmetry and broken time-reversal sym-
metry. However, when only the Bardeen-Cooper-Schrieffer
(BCS-type) pair excitation is considered, the spectrum in
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FIG. 1. (a) Schematic of the 1D Kitaev model for spinless
fermion with non-Hermitian imbalanced pair terms, arising from
specially separated creation and annihilation. Here J is the hopping
strength between two adjacent sites and the dark (light) shade region
represents the pair creation (annihilation) on odd (even) dimer with
amplitude �o (�e ). The staggered pair terms describe the source
and drain of nearest-neighboring fermion pairs. The unit cell consists
of two sublattices A and B in black and red as indicated inside the
dashed green rectangle. μ is the chemical potential.

the subspace is fully real. There are two topological super-
conducting phases characterized by the extended Zak phase,
which is defined in terms of biorthonormal inner product
[33,34]. The Zak phases extracted from the pair wave function
are quantized and therefore able to characterize the different
phases regardless of the breaking of time-reversal symmetry.
We also investigate the bulk-edge correspondence in such a
non-Hermitian system via the Majorana transformation. The
corresponding Majorana lattice for open chain system is in-
vestigated. We find that although there are complex modes,
all the edge modes have zero energy and obey the bulk-edge
correspondence. This results in the Kramer-type degeneracy
of both the real and complex levels as a signature of the
topologically nontrivial phase.

In comparison with the original Kitaev chain, the present
non-Hermitian Kitaev chain remains the topological phase,
which can be identified by the Zak phase, two types of order
parameters, in the context of biorthonormal inner product.
In addition, the bulk-boundary correspondence still holds
although the Majorana lattice is non-Hermitian. However,
on the other hand, the spectrum becomes complex in the
symmetry-breaking region, but keeping the reality of the pair
spectrum. We also find that the phase boundary is indepen-
dent of the symmetry-breaking region, but dependent of the
strength of the pair term.

This paper is organized as follows. In Sec. II, we describe
the model Hamiltonian and present the solutions. In Sec. III,
we investigate the phase diagram and analyze the signatures
of the phase boundary based on the solutions. In Sec. IV
we construct the pair wave function and calculate the Zak
phase to discuss the topological properties of the system. In
Sec. V, we study the corresponding Majorana lattice to show
the existence of the bulk-edge correspondence. In Sec. VI
we provide the implication of the zero modes. Finally, we
give a summary and discussion in Sec. VII. Some details of
derivations are placed in the Appendix.

II. MODEL AND PAIR SPECTRUM

We consider the following fermionic Hamiltonian on a
lattice of length 2N :

H =
2N∑
l=1

[Jc†
l cl+1 + H.c. + μ(1 − 2nl )]

+
N∑

j=1

(eiϕ�oc†
2 j+1c†

2 j + e−iϕ�ec2 j−1c2 j ), (1)

where c†
l (cl ) is a fermionic creation (annihilation) operator

on site l , nl = c†
l cl , J the tunneling rate, μ the chemical

potential, and real number �o (�e) the strength of the p-wave
pair creation (annihilation) on odd (even) dimer. For a closed
chain, we define c2N+1 = c1 and for an open chain, we set
c2N+1 = 0. The Kitaev model is known to have a rich phase
diagram in its Hermitian version, i.e., H → H + H†.

Comparing with the non-Hermitian Kitaev model in pre-
vious works [18–26], the present model has time-reversal
symmetry and its non-Hermiticity arises from the staggered
unidirectional pairing term, which has never been reported in
the literatures. The physical intuition for this modification is
simple. It is the simplest model to characterize the system
with nonlocally pairing processes, i.e., the pair creation and
annihilation occurring at different dimers.

In this work, we only consider the reduced Hamiltonian
by taking �o = �e = � > 0 and ϕ = 0. Mathematically, the
reduced and the original Hamiltonians can be mapped from
one to another via a local transformation. Actually, taking the
similarity transformation

c j = e−γ /2e−iϕ/2c j, c j = eγ /2eiϕ/2c†
j , (2)

with eγ = �o/�e and � = √
�o�e, one can get the reduced

Hamiltonian with the operators H (c j, c j ). Note that operators
(c j, c j ) satisfy the canonical relations

{ci, c j} = δi j, {ci, c j} = {ci, c j} = 0, (3)

and then any two Hamiltonians H (ci, c j ) and H (ci, c†
j ) have

the same structure of the solution [24], sharing similar fea-
tures.

Before solving the Hamiltonian (reduced Hamiltonian with
�o = �e = � > 0 and ϕ = 0), it is profitable to investigate
the symmetry of the system and its spontaneous breaking in
the eigenstates. It can be checked that the model respects two
evident symmetries. The first one is the parity symmetry

[�, H] = 0, (4)

where the parity operator about fermion number is defined
as � = ∏N

j=1(−1)n j . Second, by the direct derivation, we
have [T , H] = 0, i.e., the Hamiltonian is a time-reversal (T )
invariant, where the antilinear time-reversal operator T has
the function T iT = −i. In general, the T symmetry in a
non-Hermitian model plays the same role as the PT sym-
metry, probably resulting a PT pseudo-Hermitian system. It
motivates a more systematic study of such a model, including
the influence of the spontaneous breaking to the topological
phase.
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We introduce the Fourier transformations in two sub-
lattices

c j = 1√
N

∑
k

eikn

{
αk, j = 2n
βk, j = 2n − 1 (5)

where n = 1, 2, . . . , N , k = 2mπ/N , m = 0, 1, 2, . . . , N − 1.
Inversely, the spinless fermionic operators in k space αk, βk

are ⎧⎨⎩αk = 1√
N

∑
j e−iknc j, j = 2n

βk = 1√
N

∑
j e−iknc j, j = 2n − 1.

(6)

The Hamiltonian with periodic boundary condition can be
block diagonalized by this transformation due to its transla-
tional symmetry, i.e.,

H =
∑

k∈(0,π]

Hk = ψ
†
k hkψk, (7)

satisfying [Hk, Hk′ ] = 0, where the operator vector ψ
†
k =

(α†
k β

†
k α−k β−k ), and the core matrix

hk =

⎛⎜⎜⎝
−2μ γk 0 −�eik

γ ∗
k −2μ �e−ik 0
0 −� 2μ −γk

� 0 −γ ∗
k 2μ

⎞⎟⎟⎠, (8)

with γk = J (1 + eik ). So far the procedure is the same as that
for solving a Hermitian Hamiltonian. Obviously, matrix hk is
no longer Hermitian. To diagonalize a non-Hermitian Hamil-
tonian, one should introduce the Bogoliubov transformation
in the complex version:

Ak
ρσ = (V kψk )ρσ , A

k
ρσ = (ψ†

k V
k
)ρσ , (9)

with ρ, σ = ±, where V k and V
k = (V k )−1 are similarity

transformation for the diagonalization of hk , i.e.,

V khkV
k = dia(εk

++ εk
+− εk

−− εk
−+). (10)

In the Appendix, Sec. A 1, the explicit form of V k and

V
k

is presented. This procedure essentially establishes the
biorthogonal basis, which is a crucial step to solve a
pseudo-Hermitian Hamiltonian. Obviously, complex Bogoli-

ubov modes (Ak
ρσ , A

k
ρσ ) satisfy the anticommutation relations{

Ak
ρσ , A

k′

ρ ′σ ′
} = δkk′δρρ ′δσσ ′ , (11){

Ak
ρσ , Ak′

ρ ′σ ′
} = {

A
k
ρσ , A

k′

ρ ′σ ′
} = 0, (12)

which result in the diagonal form of the Hamiltonian

H =
∑

k

∑
ρ,σ=±

εk
ρσ A

k
ρσ Ak

ρσ . (13)

Here the dispersion relation of the quasiparticle is given by

εk
ρσ = ρ

√
�k + σ

√
�k, (14)

where

�k = 4μ2 + 4J2 cos2 k

2
− �2 cos k, (15)

�k = 64μ2J2 cos2 k

2
− 16J2�2 cos4 k

2
− �4 sin2 k. (16)

−3 −1 1 3
μ/J

0

5

10

Δ
/J
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f

g

hiTSUB(π)

TSUB(0)

TSB(π)
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FIG. 2. Phase diagram for a closed chain in μ-� parameter
plane. The black solid curves indicate the phase boundary, which
also separates topological phases identified by the pair Zak phase
defined in Eq. (38). Phase boundary is identified by zero-energy gap
in Eq. (29). In the nontrivial regions, the Kramer-type degeneracy
exists. The reality of the spectrum is differentiated by the black
dashed curves, whose form is provided in Eq. (17). It is also the
boundary between the T -symmetry-broken and -unbroken regions.
(a)–(h) Denote several typical points in different regions and bound-
aries, which will be investigated in Fig. 3. The phase boundary of the
traditional Kitaev chain is indicated by the white dashed lines.

It can been shown that T A
k
ρσ Ak

ρσT −1 = A
k
ρσ Ak

ρσ if εk
ρσ is real,

while T A
k
ρσ Ak

ρσT −1 = A
k
ρσ Ak

ρσ �= A
k
ρσ Ak

ρσ (with σ = −σ and
ρ = −ρ) when εk

ρσ becomes complex, which indicate the
symmetry-unbroken and -broken regions. The boundary of
two regions in the �-μ plane (in unit of J) is

� =
{

2μ, |μ| < J

2
√|μ|J |μ| > J

(17)

which is plotted in Fig. 2 by the black dashed curves.
However, when we consider a pair of Bogoliubov modes,

we find that T A
k
ρσ A

k
ρσ Ak

ρσ Ak
ρσT −1 = A

k
ρσ A

k
ρσ Ak

ρσ Ak
ρσ is al-

ways true. Accordingly, the pair energy

Ek
ρ = εk

ρ+ + εk
ρ− = ρ

√
�k + rk, (18)

referred to as pair spectrum, is always real with

rk =
√

x2
k + y2

k , (19)

xk = (2J2 + �2) cos k + 2J2 − 4μ2, (20)

yk = �
√

�2 + 4J2 sin k. (21)

The expression rk (xk, yk ) is crucial for the discussion about
topological phase in the following sections.
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FIG. 3. Energy spectra from Eqs. (14) and (18) for the Hamiltonians at typical points in different regions of Fig. 2. The red dashed
(solid) line stands for Re(εk

++) [Re(εk
+−)], and the black dashed (solid) line stands for Re(εk

−+) [Re(εk
−−)]. The blue dashed (solid) line stands

for Im(εk
−−) [Im( εk

−+)]. Similarly, the green (purple) line stands for Re(εk
++ + εk

+−)/2 [Re(εk
−+ + εk

−−)/2], and the orange line stands for
Im(εk

−− + εk
−+)/2. Other parameter N = 1000.

Then, any Nl -quasiparticle eigenstate of the Hamiltonian
H can be written in the form

Nl∏
l=1

A
kl

ρl σl
|Vac〉, (22)

with eigenenergy
∑Nl

l=1 εkl
ρl σl

, which associates with the
biorthogonal eigenstate

〈
Vac

∣∣ Nl∏
l=1

Akl
ρl σl

(23)

of the Hamiltonian H† with eigenenergy
∑Nl

l=1(εkl
ρl σl

)∗, where

|Vac〉 (〈Vac|) is the vacuum state of operator Akl
ρl σl

(A
kl

ρl σl
),

defined as Akl
ρl σl

|Vac〉 = 0 (〈Vac|Akl

ρl σl
= 0). The many-particle

eigenstate can have complex eigenenrgy in the broken re-
gion. Nevertheless, there is a set of eigenstates which are

constructed by a set of pair operators {Ak
ρ+A

k
ρ−}, always pos-

sessing real eigenenergy in both broken and unbroken regions.
We refer the set of states as BCS-pair states since they contain

the pair states α
†
k α

†
−k|0〉, β

†
k β

†
−k|0〉, α

†
k β

†
−k|0〉, and α

†
−kβ

†
k |0〉,

where |0〉 is the vacuum state of fermion operator c j . Among
them, the one with lowest eigenenergy

Eg =
∑
k>0

Ek
− (24)

is defined as pair ground state

|G〉 =
∏
k>0

A
k
ρ+A

k
ρ−|Vac〉. (25)

In parallel, we have 〈G|=〈Vac|∏k>0 Ak
ρ−Ak

ρ+ with 〈G|G〉=1,

satisfying 〈G|H = 〈G|Eg.
In Fig. 3, we plot the energy spectra for the Hamiltonian

at typical points in Fig. 2. The dispersion relation of the
quasiparticle obtained in Eq. (14) is plotted on the left side
and the pair energy is plotted at the right side. The energy gap
closes at the condition εk

−+ = εk
+−. The solution is

�2 + 4J2 − 4μ2 = 0. (26)
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TABLE I. Classification of four quantum phases by the pair Zak
phase Z of the ground state, symmetry of eigenvector, reality of
two kinds of spectrum, energy gap, and the edge mode of Majorana
lattice.

TSB(π ) TSUB(π ) TSB(0) TSUB(0)

Eigenvector symmetry no yes no yes
Eigenspectrum complex real complex real
Pair spectrum real real real real
Pair-spectrum gap yes yes yes yes
Edge mode yes yes no no
Typical point e f c a

In the following several sections, we will prove that the sys-
tem experiences topological phase transition when the closing
occurs, which is the main focus of our investigation. The
boundary is plotted in Fig. 2 by the black solid curves. It
shows that the phase diagram is extended in μ direction as
� increases comparing to that of traditional Kitaev chain
indicated by the white dashed lines. Now, with the help of
Eqs. (17) and (26), the phase diagram can be distinguished
into four parts. We classified these four regions by the pair
Zak phase Z of the ground state, which will be introduced
in detail in Sec. IV, and the time-reversal symmetry of the
eigenvectors. They are listed as follows: (i) time symmetry is
broken with Z = π [TSB(π )]; (ii) time symmetry is unbroken
with Z = π [TSUB(π )]; (iii) time symmetry is broken with
Z = 0 [TSB(0)]; (iv) time symmetry is unbroken with Z = 0
[TSUB(0)].

The spectrum properties of the four phases are summarized
in Table I, which clearly indicates the distinction between two
phases. In Fig. 2, we mark the different phases with different
colors. Figure 3 reveals these properties straightforwardly. (i)
At the phase boundary, (d) and (g), positive and negative
branches touch at k = 0. Otherwise there are energy gap. (ii)
In TSUB regions, (a) and (f), four branches are all real. In
TSB regions, (c), (d), and (e), all of them become complex.
(iii) At the T -symmetry-broken boundary, (b), (g), and (h),
the branches are still real. A slight increase of � or decrease
of μ can result in the appearance of complex energy levels
from k = π . For the point (i), the model reduces to a nonin-
teracting Hermitian model. Notably, we note that all curves
of (εk

ρ+ + εk
ρ−)/2 are real. In addition, the classification of

phases is independent of the boundary conditions. In fact, it
can also be obtained from an open chain since (i) the spectrum
of a system is independent of the boundary conditions large
N , and (ii) the Zak phase for a ring system is equivalent to the
number of zero modes of Majorana lattice with open boundary
condition, according to the bulk-boundary correspondence. In
the following, we will investigate the phase diagram based on
the properties of the pair ground state (|G〉, 〈G|).

III. PHASE DIAGRAM AND ORDER PARAMETER

In general, a quantum phase transition for a Hermitian sys-
tem occurs when the ground state experiences sudden change
[17]. The phase boundary in parameter space is characterized
by the opening or closing of the energy gap between ground
and first excited states. Remarkably, it is always associated

with discontinuity of the derivative of density of ground-state
energy, or other observables, and even the change of topo-
logical index for topological quantum phase transition. It is
worthy to investigate the present system systematically due to
its non-Hermiticity. Two main questions should be addressed:
(i) Is there a conventional quantum phase transition for the
pair ground state of such a non-Hermitian system? (ii) What
happens in the pair ground state at symmetric broken bound-
ary?

According to the theory of quantum phase transition in a
Hermitian system, the quantum phase boundary locates at the
degenerate point, or gap-closing point. For the present system,
it corresponds to ε

kc
ρ− = 0, which determines the phase bound-

ary in the parameter space. From equation ε
kc
ρ− = 0, we have

rkc =
√

x2
kc

+ y2
kc

= 0, or explicitly(
2J2

c + �2
c

)
cos kc + 2J2

c − 4μ2
c = 0, (27)√

�4
c + 4�2

cJ2
c sin kc = 0. (28)

The solution is kc = 0, resulting in the phase boundary

�2
c + 4J2

c − 4μ2
c = 0, (29)

which is plotted in Fig. 2 by the black solid curves. We
note that the quantum phase transition occurs at the zero
point of rk = √

x2
k + y2

k , which is crucial for the investigation
of topological quantum phase transition in the next section.
When taking �c = 0, the phase boundary reduces to μc =
±Jc (white dashed lines in Fig. 2), which is the one for the
standard Hermitian Kitaev chain. In this regard, the present
phase diagram is extended in μ direction as � increases com-
paring to that of traditional Kitaev chain.

Now we consider the behavior of the density of ground-
state energy εg. In thermodynamic limit N → ∞, we have

εg = Eg

2N
= 1

2π

∫ π

0
Ek

−dk. (30)

We note that the integrand Ek
− at k = 0+

E0+
− = −

√
4μ2 + 4J2 − �2 + |x0+| (31)

contains a term

|x0+| = ∣∣�2 + 4J2 − 4μ2
∣∣, (32)

which is nonanalytic at the boundary, i.e., |x0+| = 0, resulting
nonanalytic εg. Accordingly, it indicates the discontinuity of
(∂εg/∂�, ∂εg/∂μ) and divergence of (∂2εg/∂�2, ∂2εg/∂μ2),
or the occurrence of second-order quantum phase transition.

Now, we introduce two kinds of parameters that can iden-
tify quantum phase transitional behavior. They are the analog
of pair order parameter in a Hermitian superconducting sys-
tem 〈F 〉 and the average of particle density 〈n〉. Based on the
non-Hermitian version of Hellmann-Feynman theorem [35]
and the translational symmetry of the ground state, we have
the relations

〈F 〉 = 1

2

〈
G

∣∣(c†
2 j+1c†

2 j + c2 j−1c2 j )|G〉 = ∂εg

∂�
(33)
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FIG. 4. 3D plots of (a) εg, (b) 〈n〉, and (c) 〈F 〉 obtained from Eqs. (30), (34), and (33), respectively. (d)–(f) The corresponding top views of
them. It can be seen that 〈n〉 and 〈F 〉 are discontinuous at the phase boundary. Other parameter is N = 4000.

and

〈n〉 = 〈
G

∣∣nl |G〉 = 1 − ∂εg

∂μ
, (34)

with l ∈ [1, 2N] and j ∈ [1, N], where 〈. . . 〉 denotes the ex-
pectation value for the ground state in the framework of
biorthogonal inner product. The choice of biorthogonal inner
product guarantees the restriction 〈n〉 � 1, in comparison with
the Dirac inner product.

It is clear that quantities 〈F 〉 and 〈n〉 are discontinuous at
the boundary. It is natural to ask what happens at quantum
phase transition boundary? To answer the question, numerical
simulation is performed for the finite system. 〈F 〉 and 〈n〉
as functions of (�,μ) are plotted in Fig. 4, which indicates
that two quantities can be served as order parameters for
characterizing the quantum phase transitions only when they
experience a jump at the quantum phase boundary.

We note that the phase boundary in Eq. (29) is � depen-
dent, while the white dashed lines in Fig. 2 are � independent.
In order to understand such a difference, we consider a Her-
mitian Kitaev model with Hamiltonian H = H + H†. The
reason can be understood from the following analysis. Based
on the Fourier transformation, we have

H = Hk=0 +
∑

k∈(0,π]

Hk, (35)

where

Hk=0 = 2Jβ
†
0α0 + H.c. + �β0α0

+ �β
†
0α

†
0 + μ(2 − 2β

†
0β0 − 2α

†
0α0). (36)

This term is neglected in the above as usual for the sake
of simplicity since the role of Hk=0 can be obtained from
the limit k → 0. The boundary for H can be determined by
Hk=0 since the eigenenergy εk=0 =

√
4μ2 − �2 − 2J , which

is the minimum of the excitations. From εk=0 = 0 we then
have �2

c + 4J2
c − 4μ2

c = 0. However, for H the pair term in
Hk=0 + H†

k=0 is canceled, which results in the conclusion that
the boundary for H is independent of �. In this sense, the
stability of the boundary for H comes from the balance (or
cancellation) of pair terms in H and H†, respectively.

IV. TOPOLOGICAL PHASE

In this section, we investigate the quantum phase from per-
spective of topology. It is well known that the superconducting
phase in the Hermitian model is topologically nontrivial,
which is characterized by winding number and demonstrated
by edge modes in Majorana lattice [12]. In this section, we
investigate this issue for the present model. As mentioned
above, the pair dispersion contains the term rk = √

x2
k + y2

k ,
which has a zero point when the system locates at the phase
boundary. The previous work [36] implies that there is a
hidden ellipse with parameter equation (xk, yk ) in the ground
state. Next, we will extract the topological index from the
wave function of the pair ground state. To characterize the
property of the energy band, we give the expression of Zak
phase

zρσ = i
∫ 2π

0

〈
Vac

∣∣Ak
ρσ

∂

∂k
A

k
ρσ |Vac〉dk. (37)

zρσ is not an integer over π in general case. In this work,
to characterize the property of the ground state, we study
the Zak phase of the lowest-energy band of the pair spec-
trum. Our strategy is to calculate the Berry flux of pair state

|�k〉 = A
k
−+A

k
−−|Vac〉

Z = i
∫ 2π

0
Akdk, (38)

where the Berry connection is given by

Ak = 〈
�k

∣∣ ∂

∂k
|�k〉, (39)

with 〈�k| = 〈Vac|Ak
−−Ak

−+. Notably, pair Zak phase Z can
also be obtained via

Z =z−+ + z−−. (40)

In Fig. 5(c), the total Zak phase is numerically demon-
strated in parameter space. The solid black line � =
2
√

μ2 − J2 indicates the boundary between the trivial and
nontrivial topological phase regions. It can be easily found
that this line is also the phase boundary in Fig. 2. As a
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(a) z−−/2π
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μ/J

0.0
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5.0

Δ
/J

(b) z−+/2π

−5 0 5
μ/J

0.0

2.5

5.0

Δ
/J

(c) Z/2π

−0.4

−0.2

0.0

0.2

0.4

FIG. 5. 2D contour color plots of (a) z−−, (b) z−+, and (c) Z , as functions of μ and �, obtained from numerical results of Eqs. (37) and
(38) on N = 51 lattice. It can be seen that z−+ and z−− are both irregular, while Z is quantized and accords with the phase boundary in (29)
indicated by the black solid lines.

comparison, z−− and z−+ are also plotted in Figs. 5(a) and
5(b), respectively. We notice that the symmetry breaking has
no effect on the ground state and Z , which accords with the
edge states discussed in the following sections.

V. BULK-BOUNDARY CORRESPONDENCE

Let us now turn to the discussion on bulk-edge corre-
spondence in such a non-Hermitian system to investigate the
influence from the non-Hermiticity. Based on the above anal-
ysis, it turns out that the bulk system exhibits the similar
topological feature within the symmetry-unbroken regions. In
Hermitian systems, the existence of edge modes is intimately
related to the bulk topological quantum numbers, which is
referred to as the bulk-edge correspondence [37–40]. We
are interested in the generalization of the bulk-edge corre-
spondence to non-Hermitian systems. Previous works have
shown that when sufficiently weak non-Hermiticity is intro-
duced to topological insulator models, the edge modes can
retain some of their original characteristics [41,42]. For a
non-Hermitian Hamiltonian with full real spectrum, there is a
Hermitian counterpart within the symmetry-unbroken region
[2,4,9–11,43–47]. Then, the bulk-edge correspondence can be
established based on the Hermitian counterpart [24]. Next, we
will show that the topological phase still exists even in the
symmetric-broken region for the present Hamiltonian, with
the existence of edge modes.

Considering the spinless fermion system with an open
boundary condition, the Hamiltonians read as

HCH = H − M, (41)

M = �c†
2N c†

1 + Jc†
2N c1 + Jc†

1c2N . (42)

We introduce Majorana fermion operators

a j = c†
j + c j, b j = −i(c†

j − c j ), (43)

which satisfy the relations

{a j, a j′ } = 2δ j, j′ , {b j, b j′ } = 2δ j, j′ , (44)

{a j, b j′ } = 0. (45)

The inverse transformation is

c†
j = 1

2 (a j + ib j ), c j = 1
2 (a j − ib j ). (46)

The Majorana representation of the Hamiltonian has the form

HCH =
N∑

j=1

[
i

(
J

4
+ �

8

)
(−a2 j−1b2 j − a2 jb2 j+1)

+ i

(
J

4
− �

8

)
(b2 j−1a2 j + b2 ja2 j+1)

]
+ H.c.

− �

4
(a2 ja2 j−1 + a2 ja2 j+1 + b2 j+1b2 j + b2 j−1b2 j )

− μ

2

2N∑
j=1

(ib ja j + H.c.). (47)

Based on the identities

c†
l cl+1 + H.c. = ib ja j+1 = 1

2

(
b j,−ia j+1

)(0 1
1 0

)(
b j

ia j+1

)
,

(48)

nl = ib ja j = 1

2
(−ia j, b j )

(
0 1
1 0

)(
ia j

b j

)
, (49)

and

c†
2 j+1c†

2 j = 1

8
ϕ

†
1

⎛⎜⎜⎝
0 0 −1 1
0 0 −1 1
1 −1 0 0
1 −1 0 0

⎞⎟⎟⎠ϕ1, (50)

c2 j−1c2 j = 1

8
ϕ

†
2

⎛⎜⎜⎝
0 0 1 1
0 0 −1 −1

−1 −1 0 0
1 1 0 0

⎞⎟⎟⎠ϕ2, (51)

where ϕ
†
1 = (−ia2 j, b2 j, − ia2 j+1, b2 j+1) and ϕ

†
2 =

(−ia2 j−1, b2 j−1, − ia2 j, b2 j ), we write the Hamiltonian
in the basis ϕ† = (−ia1, b1, −ia2, b2, −ia3, b3, . . . ) and
see that

HCH = ϕ†hCHϕ, (52)
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FIG. 6. Geometry for the Majorana lattice described in Eq. (53)
with an open boundary. The system consists of two sublattices, ia
and b, indicated by solid and empty circles, respectively. The black
solid lines, the red solid lines, and the double lines indicate the
couplings between the sublattices. The yellow and blue arrows are
the unidirectional hoppings. The eigenmodes near zero eigenvalue
are plotted in Fig. 7.

where hCH represents a 4N×4N matrix. Here matrix hCH can
be explicitly written as

hCH =
(

J

4
+ �

8

) N∑
j=1

(|2 j − 1〉AB〈2 j| + |2 j〉AB〈2 j + 1|)

+
(

J

4
− �

8

) N∑
j=1

(|2 j − 1〉BA〈2 j| + |2 j〉BA〈2 j + 1|)

− μ

2

2N∑
j=1

| j〉AB〈 j| + H.c.

− �

8

N∑
j=1

(|2 j〉AA〈2 j − 1| + |2 j〉AA〈2 j + 1| − H.c.)

− �

8

N∑
j=1

(|2 j − 1〉BB〈2 j| + |2 j + 1〉BB〈2 j| − H.c.),

(53)

where basis {|l〉A, |l〉B, l ∈ [1, 2N]} is an orthonormal com-
plete set, A〈l|l ′〉B = δll ′δAB, which accords with ϕ. Schematic
illustration for structure of hCH is described in Fig. 6 by
different types of nodal lines.

The edge states at the limitation of infinity large size sys-
tem (N −→ ∞) are analytically obtained. For the case with
� > 2

√
μ2 − J2, the edge states of hCH are in the form of

|ψL〉 = 1√
�

2N∑
j=1

[(γ1) j − (γ2) j]|̃ j1〉, (54)

|ψR〉 = 1√
�

2N∑
j=1

[(γ1)2N+1− j − (γ2)2N+1− j]|̃ j2〉, (55)

where the kets are

|̃ j1〉 = | j〉A + (−1) jβ| j〉B, (56)

|̃ j2〉 = | j〉B + (−1)2N+1− jβ| j〉A (57)

0 5 10 15
j

−0.4

0.0

0.4

〈j|
ψ

(j
)〉

(a1)

a

b

0 5 10 15
j

−0.4

0.0

0.4
(a2)

0 5 10 15
j

−0.4

0.0

0.4

〈j|
ψ

(j
)〉

(b1)

0 5 10 15
j

−0.4

0.0

0.4
(b2)

0 5 10 15
j

−0.4

0.0

0.4

〈j|
ψ

(j
)〉

(c1)

0 5 10 15
j

−0.4

0.0

0.4
(c2)

0 5 10 15
j

−0.4

0.0

0.4

〈j|
ψ

(j
)〉

(d1)

0 5 10 15
j

−0.4

0.0

0.4

(d2)

FIG. 7. The amplitude distribution of eigenmodes of the Majo-
rana lattices in Fig. 6 near the zero eigenvalue obtained from exact
diagonalization on N = 8 lattice at four different colored regions in
Fig. 2. (a) μ = 3, � = 1, in blue region; (b) μ = 3, � = 4, in pink
region; (c) μ = 3, � = 7, in green region; and (d)μ = −0.8, � = 1,
in red region. The color bar indicates the amplitude of wave func-
tion. The profile of edge modes accords with the the expression in
Eqs. (54) and (55). It is shown that existence of nonzero quantized
Zak phase always associated with edge modes, demonstrating the
bulk-edge correspondence.

with the coefficients

γl = 2μ + (−1)l2
√

μ2 − J2

√
�2 + 4J2 + �

(58)

and

β =
√

1 + (2J/�)2 + 2J/�, (59)

and � is the normalization factor. The derivations of the anal-
ysis form of the edge states are presented in Appendix A 2.
We plot the distribution of particle amplitude p( j) of |ψL〉
and |ψR〉 in Fig. 7. In contrast, there is no zero mode for
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−2 0 2
μ

0

20

χ
± l

(a) Δ = 1

−2 0 2
μ

0

20

χ
± l

(b) Δ = 3

−3 0 3
μ

0

40

χ
± l

(c) Δ = 8

FIG. 8. The plot of χ±
l as a function of μ, obtained through exact diagonalization. System parameters: N = 6 and J = 1. Red dashed

lines represent the values of {χ+
l } and the black lines represent the values of {χ−

l }. Notably, all energy levels become twofold degeneracy
simultaneously at one point which is marked by the yellow dashed lines, protected by the symmetry of the operators D, D. The degeneracy
point gradually approaches the topological nontrivial boundary as N increases.

� < 2
√

μ2 − J2, which indicates the coexistence of zero
modes and nonzero Zak phases, demonstrating the bulk-edge
correspondence.

VI. KRAMER-TYPE DEGENERACY

In this section, we further elucidate the implication of the
Majorana zero modes on the feature of the system and how it
provides an evident signature of the phase diagram regardless
of the appearance of the complex energy levels.

The parity and time-reversal symmetries of H always hold
for finite-size ring or chain. Inspired from the previous works
[48,49], the present Hamiltonian in thermodynamic limit also
possesses a conditional symmetry in the topological phase,
although it is non-Hermitian system. It is due to the existence
of zero modes in the Majorana lattice. Based on the exact
expression of |ψL,R〉 and |ψL,R〉, one can construct a set of
nonlocal operators

D = i

2
√

�

2N∑
j=1

[(γ1) j − (γ2) j][(−1) jβd†
1 + d2], (60)

D = i

2
√

�

2N∑
j=1

[(γ1) j − (γ2) j][(−1) jβd1 − d†
2 ], (61)

with

d1 = c†
2N+1− j − c†

j + c2N+1− j + c j, (62)

d2 = c2N+1− j − c j − c†
2N+1− j − c†

j , (63)

which satisfy the commutation relations

[D, HCH] = [D, HCH] = 0 (64)

and

{D, D} = 1, D
2 = D2 = 0. (65)

Considering the set of complete eigenstates {|ψ+
n 〉, |ψ−

n 〉} of
H with eigenenergy ε±

n , H |ψ±
n 〉 = ε±

n |ψ±
n 〉, where

�|ψ±
n 〉 = ±|ψ±

n 〉, (66)

we have the relations

D|ψ+
n 〉 = |ψ−

n 〉, D|ψ−
n 〉 = |ψ+

n 〉, (67)

D|ψ+
n 〉 = D|ψ−

n 〉 = 0, (68)

which guarantee the existence of eigenstate degeneracy ε+
n =

ε−
n = εn, referred to as Kramer-type degeneracy [48,49]. Note

that here εn can be complex energy.
Let us now examine the performance of our finding in

finite-size system. To demonstrate this point, numerical results
are presented. The spectrum of Kitaev Hamiltonian HCH on
finite chain can be obtained numerically. We reorder the com-
plex energy level {ε±

n } by the value of E±
l = Re ε±

n + Im ε±
n ,

and calculate the mode of the relative value

χ±
l = |E±

l − E1|, (69)

where E1 means the smallest value in {E±
n }. Figures 8(a)–8(c)

plot χ±
l (μ,�) for � = J , 3J , and 8J , as functions of μ.

As expected, the complete spectrum χ±
l becomes twofold

degeneracy approximately within the nontrivial regions. The
μ-parameter regime of degeneracy that been illustrated by
yellow dashed lines in Fig. 8 widens with �.

VII. SUMMARY

In summary, we have analyzed a one-dimensional non-
Hermitian Kitaev model with locally imbalanced but globally
balanced pair creation and annihilation, which is introduced
by staggered non-Hermitian pairing terms. It exhibits the sim-
ilar topological features compared with the original Hermitian
one, but modifies the phase boundary. In parallel, a nontrivial
topological phase is always associated with edge states in the
open chain, in which the Zak phase is defined in the terms of
biorthonormal inner product for the BCS-type pair wave func-
tion. Correspondingly, the edge modes are obtained with the
aid of the Majorana transformation, resulting in the Kramer-
type degeneracy of both the real and complex levels as a
signature of the topologically nontrivial phase. These results
indicate that the staggered non-Hermitian pairing terms still
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create superconducting phases and their topological feature is
immune to the non-Hermitian effect. This study provides the
insight into the topological phase emerged from the interplay
between spatially separated pairing processes. Experimen-
tally, the Majorana can be realized in photonic system and
the edge modes can be detected [50]. Recently, it has been
shown that the phase diagram of a Hermitian Kitaev model
can be demonstrated in the dynamic process [51]. This will
be an interesting topic for our future work to investigate the
dynamics of the present model.
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APPENDIX: DERIVATIONS OF BOGOLIUBOV MODES
AND EDGE MODES

In this Appendix, the derivations of Bogoliubov modes in
Eq. (14) and edge modes in Eqs. (54) and (55) are presented.

1. Bogoliubov modes

Consider the matrix

hk =

⎛⎜⎜⎝
−2μ γk 0 −�oeik

γ ∗
k −2μ �oe−ik 0
0 −�e 2μ −γk

�e 0 −γ ∗
k 2μ

⎞⎟⎟⎠, (A1)

which can be written as the form

hk =

⎛⎜⎜⎝
−a b 0 −c
b∗ −2μ c∗ 0
0 −d 2μ −bk

d 0 −b∗
k a

⎞⎟⎟⎠, (A2)

by the substitutions

a = 2μ, b = γk, c = �oeik, d = �e. (A3)

Here we remain using the parameters �o and �e rather than
�. We will show that the solution only depends on �o�e. Tak-
ing a similarity transformation the matrix hk is diagonalized as

V khkV
k =

⎛⎜⎜⎝
εk
++ 0 0 0
0 εk

+− 0 0
0 0 εk

−− 0
0 0 0 εk

−+

⎞⎟⎟⎠, (A4)

where the eigenvalue is

εk
ρσ = ρ

√
�k + σ

√
�k, (A5)

with ρ, σ = ± and V
k = (V k )−1. Here the parameters are

�k = a2 + |b|2 − (cd + c∗d )

2

= 4μ2 − �o�e cos k + 4J2 cos2 k

2
(A6)

and

�k = −cd (b∗)2 + 4a2|b|2 − cd|b|2 − dc∗|b|2

− c∗db2 − d2|c|2
2

+ c2d2 + c∗2d2

4

= 64μ2J2 cos2 k

2
− (�o�e )2 sin2 k

− 16J2�o�e cos4 k

2
, (A7)

which only depends on �o�e, and then can be replaced by
� = √

�o�e for positive �o and �e. The explicit form of

V k and V
k

can be obtained from the eigenvector �ρσ of
eigenvalue εk

ρσ :

�ρσ =

⎛⎜⎜⎜⎝
8a|b|2 + 2(dc∗ − cd + 2ρ

√
�k )(a − ερσ )

2[2bdc∗ + b∗(cd + dc∗ − 4a2 − 2ρ
√

�k + 4aερσ )]
4d[ab − ab∗ + (b + b∗)ερσ ]

2d[cd − 2|b|2 − 2(b∗)2 − dc∗ − 2ρ
√

�k]

⎞⎟⎟⎟⎠ (A8)

or ⎛⎜⎜⎜⎝
64μJ2 cos2 k

2 + (4μ − 2ερσ )(ρ
√

�k − i2�2 sin k)
2Jγk

(−16μ2 − ρ
√

�k + 8μερσ + 8�2 cos2 k
2

)
16�J (ερσ cos2 k

2 + iμ sin k)
2�(−ρ

√
�k − 8J2γk cos2 k

2 + i2�2 sin k)

⎞⎟⎟⎟⎠.

(A9)

2. The derivations of the edge states

The Bethe ansatz wave function of the edge mode localized
at left side |ψL〉 for the matrix hCH has the form

|ψL〉 = 1√
�

2N∑
j=1

∑
l=1,2

αl (γl )
2 j (|2 j − 1〉A

+ β|2 j − 1〉B + γl |2 j〉A − βγl |2 j〉B), (A10)

where � is the normalization factor. The Schrődinger equation

hCH|ψL〉 = 0 (A11)

gives that γ1 and γ2 satisfy the same equations

4μγl

1 + (γl )2 = �

[
1 − (γl )2

1 + (γl )2 + β

]
+ 2J, (A12)

4μγl

1 + (γl )2 = �

[
1 − (γl )2

1 + (γl )2 + 1

β

]
− 2J. (A13)

After a straightforward algebra, we have the nontrivial solu-
tions

γl = 2μ + (−1)l2
√

μ2 − J2

√
�2 + 4J2 + �

(A14)
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and

β =
√

1 + (2J/�)2 + 2J/�. (A15)

The ratio of α1 and α2 is

α1γ1 + α2γ2 = 0, (A16)

obtained by the boundary condition at j = 1. Similarly, the
wave function of the edge mode localized at right side |ψR〉
can also be obtained. In summary, we have

|ψL〉 = 1√
�

2N∑
j=1

[(γ1) j − (γ2) j]|̃ j1〉, (A17)

|ψR〉 = 1√
�

2N∑
j=1

[(γ1)2N+1− j − (γ2)2N+1− j]|̃ j2〉, (A18)

where the kets

|̃ j1〉 = | j〉A + (−1) jβ| j〉B, (A19)

|̃ j2〉 = | j〉B + (−1)2N+1− jβ| j〉A. (A20)

Two states |ψL〉 and |ψR〉 are localized states in the nontrivial
regions due to the following facts. (i) In the case with J <

|μ| <
√

�2/4 + J2, γ1 and γ2 are real and it is easy to check
that |γ1| < 1 and |γ2| < 1. (ii) In the case with |μ| < J , γ1 and
γ2 become complex number and have the form

γ1 = (γ2)∗ (A21)

with

|γ1| = |γ2| = 2J√
�2 + 4J2 + �

< 1 (A22)

and

arg γ2 = − arg γ1 = tan−1

√
μ2 − J2

μ
. (A23)

It can be checked that

(γ1) j − (γ2) j = i2|γ1| j sin ( j arg γ2). (A24)

Then, we conclude that |ψL〉 and |ψR〉 are the edge states.
Notably, the existence of the edge modes is independent of the
phase diagram arising from the breaking of T symmetry. The
eigenvalues of edge modes are always zero without imaginary
part. Similarly, the zero modes of the matrix h†

CH can be
obtained as

|ψL〉 = 1√
�

2N∑
j=1

[(γ1) j − (γ2) j]| j1〉, (A25)

|ψR〉 = 1√
�

2N∑
j=1

[(γ1)2N+1− j − (γ2)2N+1− j]| j2〉, (A26)

where

| j1〉 = | j〉A − (−1) jβ| j〉B, (A27)

| j2〉 = | j〉B − (−1)2N+1− jβ| j〉A. (A28)
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