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A chiral anomaly Landau level emerges when a Weyl semimetal is subjected to an external magnetic field.
Recently, it was demonstrated that similar chiral anomaly bulk states exist within two-dimensional Dirac
semimetals if proper boundary conditions are applied. The resulting chiral bulk states disperse linearly with
the slope determined by a combination of the boundary condition and chirality of the Dirac cone, i.e., whether
it is at K or K’ point. In this paper, we show that the slope (the sign of group velocity) near the K and K’
points can be reversed under a periodically staggered potential. We first analyze the parameter dependence of
this phenomenon with a nearest-neighbor tight-binding model. Then, we give a semianalytical solution for the
dispersion of the chiral anomaly bulk states. In the end, we provide a photonic crystal system and prove with
full-wave simulations that such a phenomenon can indeed be observed.

DOLI: 10.1103/PhysRevB.107.035144

I. INTRODUCTION

Topological semimetals have attracted intense attention
in the last decades [1-17]. Three-dimensional (3D) Weyl
semimetals, as a representative type of topological semimet-
als, exhibit band degeneracies protected by discretized Chern
numbers [7-17]. These topological band degeneracies, i.e.,
topological charges, can only be annihilated by another topo-
logical band degeneracy with an opposite topological charge.
Besides the associated Fermi arcs [7,8,12], the response of
Weyl semimetals when subjected to an external magnetic
field (or an artificial gauge field) also draws a great deal of
research interests [10,18-22]. The applied B field quantizes
the system spectra to discretized Landau levels. Different from
two-dimensional (2D) Dirac semimetals where the Landau
levels are all flat [23-25], the zeroth-order Landau level at a
Weyl point disperses linearly in the direction determined by
the charge of the Weyl point and the direction of the applied
B field. Such a peculiar chiral Landau level consists of uni-
directional bulk states [dubbed as chiral anomaly bulk states
(CABSs)], and is of fundamental importance as it contributes
to the chiral anomaly effect and negative magnetoresistance
[10].

Enabled by the flexibility in sample fabrication and experi-
mental measurement, classical wave systems such as photonic
crystals (PCs) and phononic crystals offer ideal platforms
for studying new physics and exotic phenomena related to
topological phases [26-28]. For example, the gauge fields in
classical wave systems can be generated by dynamic modula-
tion or locally varying the structure parameters [11,29-34].
Experiments have demonstrated the presence of the gauge
field and quantized Landau levels induced by local deforma-
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tion of the graphene lattice in both photonics and acoustics
[30-32]. Later on, the CABSs due to the gauge field intro-
duced by local deformation have also been observed in 3D
photonic and acoustic Weyl semimetals as well as in a 2D pho-
tonic Dirac semimetal [33,35,36]. Very recently, Wang et al.
showed that CABSs can be generated by simply imposing a
specific boundary condition on a 2D Dirac semimetal [37].
Different from all previous cases, herein the CABSs do not
require the presence of external magnetic fields or synthetic
gauge fields introduced by local structural variations. The
CABSs are locally unidirectional and provide robust transport
that is phenomenally the same as valley transport [38,39].
The only difference compared with valley transport is that the
transport here is inside the bulk, not localized on the boundary
or domain wall.

The unidirectional transport of the CABSs is ensured by
the positive- (negative-) definite group velocity of the cor-
responding band dispersion. Here we show that the sign
of group velocity can change locally with a periodically
staggered potential. By changing the periodicity or poten-
tial depth, the group velocity of the CABSs can change
gradually from positive to zero and then negative (or the
other way around). We first demonstrate this phenomenon
numerically with a tight-binding model. Then, we show that
this behavior can be captured with a 2D Dirac Hamiltonian
under a staggered potential. With this, we provide a semi-
analytical formula for the dispersion of the CABSs. Here,
the dependence on the periodicity and potential depth is in-
cluded, however not given explicitly. One can numerically
solve the formula and see how the dispersion changes with
the periodicity and potential depth (that is why we call it
semianalytical). After that, we show with full-wave simula-
tions that the aforementioned phenomena can be observed
with a photonic crystal inside a coaxial waveguide. The abil-
ity to change the propagation direction of the CABSs offers
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FIG. 1. Dirac cone and possible CABS for a finite system. (a) First Brillouin zone of a graphene lattice with conical dispersion at the K and
K’ points. (b) A strip of graphene lattice which is finite along the x direction and periodic along the y direction. The number of unit cells along
the x direction is N,. Color code denotes the field-intensity distribution of one typical CABS [marked by the yellow star in (d)]. (c), (d) Band
dispersion of the graphene lattice in (b), where the onsite potential of the outmost atoms (marked by the bold black circles) is kept at zero in (c)
and set as U = —0.75 in (d). Red lines in (c) highlight the edge states while the red lines in (d) denote the CABSs. Green and blue lines sketch
the evolution of CABSs for later purpose. Except for the green and blue lines in (d), all the other lines are calculated within a nearest-neighbor
tight-binding model in which the hopping constant is set as 1. The number of unit cells is fixed at N, = 6 in (c¢) and (d).

new freedom in wave transports. Meanwhile, in contrast to
edge states, there the bulk states use almost all the available
guiding space which can benefit a wide variety of topological
applications such as topological lasers and robust information
transportation [40—45].

The paper is organized as follows. In Sec. II, we introduce
the basic concepts about the CABSs. In Sec. III, we give a
tight-binding model that the group velocity of CABSs can
be altered with either the potential depth or periodicity. In
Sec. IV, we provide the semianalytical solution for the dis-
persion of the CABSs. In Sec. V, we offer a possible PC
for observing these phenomena and demonstrate them with
full-wave simulations. Finally, we summarize in Sec. VI.

II. CABS IN A FINITE SYSTEM

It is well known that a honeycomb lattice such as graphene
exhibits 2D Dirac cone dispersion in the reciprocal space at
the K and K’ points. Figure 1(a) shows the first Brillouin
zone of the periodic graphene lattice and the sketch of Dirac
cones. The Dirac cone degeneracy here is protected by the
combination of time-reversal symmetry and inversion sym-
metry. A global potential gating only shifts the energy of the
Dirac cones and cannot lift the degeneracy. If we consider a
strip of graphene lattice which is finite along the x direction
and periodic along the y direction as shown in Fig. 1(b),
there will be a “pseudogap” induced by the finite width in
the x direction [shaded region in Figs. 1(c) and 1(d)]. Here,
we consider the nearest-neighbor tight-binding model and the
hopping constant is set as 1. The dispersions of the bulk states
become quadratic near the K and K’ points as shown with
gray lines in Figs. 1(c) and 1(d). Meanwhile, if no decora-
tion is added on the boundary, there will be two nearly flat
edge states connecting band dispersion between the K and
K’ points [see red lines in Fig. 1(c)]. These two edge states
originate from the hybridization of the edge states on the
zigzag boundary of a graphene lattice [46]. As we gradually
increase the potential of the outermost column of atoms [47],

the dispersion of the edge state will be deformed and merged
into the bulk gradually, as shown with the red line in Fig. 1(d).
Similar dispersions were observed in acoustic systems where
one changed the truncation position of the boundary so as to
effectively change the potential of the boundary layer [37].
Note here even though the red line in Fig. 1(d) penetrates
through the pseudogap, it is still a bulk state. This fact can
be seen with the color code in Fig. 1(b) for the field distri-
bution of a typical state (marked by the yellow star). Thus,
the red line represents bulk modes with chiral anomaly inside
a pseudogap [37]. The sign of group velocity, i.e., slope of
dispersion, is determined by the chirality of the Dirac cone
(which is opposite for the K and K valley) and the sign
of added potential on the outermost column (or truncation
position of the boundary for PC and acoustic systems). See
more detailed discussion in the Appendix A. In the following,
we will show that the slope of dispersion at the K point can be
gradually tuned from positive to zero and then reversed (or the
other way around), as sketched with the green (flat) and blue
(reversed) lines in Fig. 1(d).

III. REVERSAL OF THE CABS

To achieve the aforementioned evolution, we put the
graphene lattice inside a periodically staggered potential as
shown in Fig. 2(a). Here, the onsite potential of the left- (right)
half is set as —U (4U) as denoted by the shadow cyan (red)
background. The number of total graphene lattices along the
x direction is set as 2N, with N, for each half. The supercell
is periodic in the x direction and infinite along the y direction.
Note here, we only change the potential between different unit
cells, and the potential of the two sublattices in the same unit
cell are still the same. The outermost atoms in each half are
exposed to a potential jump of +2U at the two boundaries.
Hence, as discussed in Fig. 1(d), two CABSs with opposite
group velocities at the projection of both the K and K’ points
would be expected. This feature is shown in Fig. 2(b), where
the gray lines represent bulk bands, and the red and blue lines
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FIG. 2. Evolution of CABSs under periodically staggered potential. (a) Sketch of the tight-binding model. Onsite potential is —U for the
left half and +U for the right half. The lattice is infinite in the y direction and periodic horizontally with a total unit number 2N,. (b)—(f) Band
dispersions for different combinations of U and N,, where the CABSs are highlighted in red and blue. Only the nearest-neighbor hopping is
considered here with the hopping constant set as 1. g, is the wave vector relative to the K point in the y direction.

for the CABSs with positive and negative group velocities
at the K points, respectively. Here, g, represents the wave
vector away from the projection of the K point along the y
direction. The band dispersions at the K’ point can be obtained
by reversing the direction of g, since the band dispersions at
the K and K’ points are related by the inversion symmetry.
Note here the crossing of the red and blue lines is at zero
energy but not necessarily at g, = 0.

Now we proceed to see the evolution of these CABSs
under the change of staggered potential depth U and peri-
odicity N,. Figures 2(b)-2(f) show the corresponding band
dispersions with different combinations of U and N,. First,
we fix U = 0.5 and change N,. As shown in Figs. 2(b)-2(d),
with the increase of N,, the slopes of CABSs first become
flat [Fig. 2(c)] around the K point and then reverse sign
if we further increase N, [Fig. 2(d)]. Similar features are
also observed in Figs. 2(e) and 2(f) where we fix N, =4
and tune U. At U = 0.38, the slopes of CABSs are flat
and at U = 0.25 the signs of slopes become the same as
Fig. 2(b). As the lattice number N, further increases, the band
dispersions of these CABSs become winding together with
more and more degeneracy points between the red band and
blue band.

IV. SEMIANALYTICAL SOLUTIONS

To understand the evolution of these CABSs, we give a
semianalytical solution for their dispersions. The behavior of

the tight-binding model can be captured with the gated 2D
Dirac Hamiltonian:

H = vp (g0, £ ¢,0,) + V (x), (1)

where vp is the Fermi velocity at the Dirac point (when
the nearest hopping and lattice constants are set as 1,
v = V/31/2), Oy, are Pauli matrices, ¢, and g, are wave
vectors relative to the K (4 sign in the bracket) or K’ (— sign
in the bracket) in the x- and y directions, respectively. The
staggered potential V is

Vp=-U, —-L<x<0,
V(x) = )
Ve =U, 0<x<L,
where 2L is the width of the system in the x direction. Here,
qy is conserved, and we remove e'®” in the wave function
for simplicity. The wave functions inside the left- and right
halves are

1 i
— qLx,RxX
IpL,R()C) = AL,R (sL.Rei‘z’LvR)e Lx.,R

1 )
—UqLx.RxX
+ BL,R (SL,Rei(n_d)L'R))e Lok s (3)

where  qr ge =V (Vg — E)/vi—q2. ¢rr = arctan(qy/
qrx.re)s SLr = Sgn(E —Vpg). Here, the first term and
second term represent the right- and left-propagating waves,
respectively. The coefficients Ay z and By g are determined
self-consistently with the continuity of the wave functions at
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FIG. 3. Semianalytical solutions. (a) Band dispersion calculated
with the semianalytical solution in Eq. (5), where gray lines represent
the bulk bands, while the red and blue lines denote the CABSs.
(b) Sign of A defined in Eq. (6) as a function of L and U. Red
regions represent A > 0, blue for A < 0, and black dashed lines
denote the transitions whereat A = 0. L =4 and U = 0.5 in (a), and
vr = /3/2 for (a), (b).

the boundary,
Yr(0) = Yr(0), Yr(—L) = yr(L). 4

Solving these equations, we arrive at the semianalytical
expression for the mode dispersion.

[—1 + cos (gr<L) cos (grcL)]cosey,
+ sin (gg,L) sin (ggr.L)(secor + sing tangg) = 0.  (5)

Figure 3(a) shows the dispersion at L = 4, U = 0.5 in the
vicinity of the K point. Same as before, the gray lines are
bulk modes, and the red and blue lines for the dispersion of
the CABSs. Note that the band structures from the effective
Hamiltonian exhibit some differences from the tight-binding
model because the Dirac Hamiltonian can only well describe
the conelike dispersion near the Dirac point. We use the
group-velocity difference between the red and blue lines at
their crossing point to characterize the sign change of the
slope,

__OE, 9E,
dqy gy E,:E,,,

(6

where E, and E,, represent the energy of the red and blue lines,
respectively. When there are multiple crossing points where
E, = E}, [say, Fig. 2(d)], we choose the central crossing point.
Thus, for the normal case as shown in Figs. 2(b) and 2(f)
and Fig. 3(a), A > 0. A = 0 when the CABSs are flat [say,
Figs. 2(c) and 2(e)] while A < 0 when the slope is reversed
[Fig. 2(d)]. Figure 3(b) plots the sign of A as a function of
U and L. The red regions represent A > 0, blue for A < 0,
and the black dashed lines for critical values at which A = 0.
We can see that as L increases, the threshold potential of each
sign reversal decreases; thus, more and more windings appear
in the band diagram.

V. PHOTONIC REALIZATIONS

The Dirac cone dispersion presented in Fig. 1(a) can be
easily realized in a 2D honeycomb PC. To introduce the po-

tential difference, we consider two different unit cells with
slightly changed radius as shown in Fig. 4(a), where the radii
of the dashed circles are the same, which are plotted here as a
reference. Here, the solid disks represent dielectric cylinders
with relative permittivity &, = 16 and the background is air.
The lattice constant is set as a = 8 mm. Figure 4(b) shows
the corresponding band structure when the electric field points
out of plane, with r; = 1.2 mm and r, = 1.3 mm. The band
dispersion for r; = 1.2 mm (magenta lines) is shifted slightly
upward relative to that for r, = 1.3 mm (cyan lines) as illus-
trated in Fig. 4(b). Meanwhile, the group velocity at the Dirac
cone is also slightly changed, which however does not change
the feature we intend to see. In practice, such 2D PCs are
realized by sandwiching cylinders of finite height with perfect
electric conductor (PEC) boundary, i.e., dielectric cylinders
inside PEC waveguides. When the height of cylinders H is
small, only the modes with the polarization of the electric
field perpendicular to the PEC boundary are allowed for the
lower-frequency range. Here, we set H =5 mm and get a
clean Dirac cone band dispersion inside the frequency range
of interest from 8 to 12 GHz.

We then further wrap the PEC waveguide onto a concentric
cylinder as shown in Fig. 4(c) to achieve the periodic bound-
ary condition. Here, for illustration, the top layer of PEC is
set as transparent. Since there is no other mode around this
frequency range, this wrapping process only slightly deforms
the band dispersion. The band diagrams for r; = r, are ex-
hibited in the Appendix B for comparison. Details about the
simulations are provided in the Appendix C. Figures 4(d)—4(f)
show the band dispersions calculated with a full-wave simu-
lation software, COMSOL MULTIPHYSICS™, when N, are
4,5, and 8, respectively. Same as before, the bands of CABSs
are highlighted in red and blue. The numerical simulations
confirm the band dispersion as discussed before, i.e., with the
increase of N,, the slope of CABSs first becomes flat and then
reverses. This evolution can also be done with the increase of
U, which is investigated in the Appendix D.

VI. SUMMARY

In summary, we investigate the intriguing band-dispersion
evolution of the CABSs in the honeycomb lattice under peri-
odically staggered potential. We show that the group velocity
of the CABSs can be positive, zero, and negative near the K
point depending on the number of lattices along the x direction
and depth of the staggered potential. We give a semianalytical
solution for the dispersions of the CABSs. After that, we also
propose a PC system to simulate the phenomena discussed
above. In our approach, the parameters can be flexibly tuned
and the group velocity of the CABSs can be easily adjusted
accordingly. Our work offers freedom in controlling the prop-
agation of CABSs, and points to promising applications. First,
the control of the group velocity can be used in regulating
information transmission and beam splitting [48]. Second, the
bulk property of these CABSs can benefit the larger area and
higher-throughput transmission, for example, bulk topologi-
cal transport in topological laser [40]. Finally, the flat-band
dispersion is also fairly promising and can lead to potential
applications related to slow light [49].
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FIG. 4. Realizations with PCs. (a) Unit cells of two 2D honeycomb lattices. Solid disks represent dielectric cylinders, where the radii
of cylinders for the upper- and lower unit cells are slightly different. Here, black dashed circles share the same radius. (b) Band structure
for the unit cells in (a), where r; = 1.2 mm, r, = 1.3 mm, and a = 8 mm; relative permittivity of the dielectric cylinder is &, = 16 and
background is air with relative permittivity 1. (c) Dielectric cylinders with finite height # = 5 mm in honeycomb lattice are sandwiched by
two PEC boundaries, and are then wrapped on a larger concentric cylindrical waveguide. Here, the outer PEC boundary is set as transparent
for illustration. (d)—(f) Band structures of the system in (c) for different N,, where the average lattice constant is kept at a = 8§ mm. All other
parameters are the same as (b).
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APPENDIX A FIG. 5. Dispersion of CABSs for different boundary decorations.

See Fig. 5. When we reverse the onsite potential of the out- Onsite potential of the outermost column is set as U, withU = —0.75

ermost atoms, the slope of the CABSs is reversed accordingly.  in (a) and U = 0.75 in (b). Here, gray lines represent bulk bands
while red lines denote the dispersion of the CABSs.
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FIG. 6. Band diagram for r; = r, = 1.2 mm with different N,. Other parameters are the same as those in Fig. 4.

APPENDIX B

The band structures for different N, when rj =r, =
1.2 mm are shown in Fig. 6. The linear dispersion is seen near
10.4 GHz.

APPENDIX C

We design a wrapped PC as illustrated in Fig. 4(c) and
use the commercial software COMSOL for full-wave simula-
tions. The RF module is used to find the eigenfrequency. The
supercell is shown in Fig. 7. Here, the top surface as well
as the bottom are set as periodic boundaries. The outer- and
inner-cylindrical surfaces are set as PEC boundaries. The rel-
ative permittivity of the dielectric cylinders we use is ¢, = 16,
which can be realized with ceramic dielectric materials in
microwave region.

APPENDIX D

The dependence of CABSs on U is shown in Fig. 8. Here
we fix N, =4 and increase r, to effectively increase the

FIG. 7. Geometry of the supercell for N, =4 and r; = r,. Top
and bottom surfaces (colored blue) are set as periodic boundary
conditions (PBC). The outer- and inner-cylindrical surfaces (in gray
color) are set as PEC boundaries. Yellow cylinders inside represent
dielectric pillars.

potential depth U. As expected, the sign change of slope is
observed.

12 =57 11
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FIG. 8. Evolution of CABSs when increasing U. (a) Band struc-
tures of unit cells with different radii. Other parameters are the same
as those in Fig. 4 and the radius is in millimeters. (b)—(d) Band
diagram for supercells with fixed N, = 4 and different r,.
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