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Interaction-enhanced topological Hall effects in strained twisted bilayer graphene
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We analyze the effects of the long-range Coulomb interaction on the distribution of Berry curvature among
the bands near charge neutrality of twisted bilayer graphene (TBG) closely aligned with hexagonal boron nitride

(hBN). Due to the suppressed dispersion of the narrow bands, the band structure is strongly renormalized
by electron-electron interactions, and thus, the associated topological properties of the bands are sensitive to
filling. Using a Hartree formalism, we calculate the linear and nonlinear Hall conductivities, and find that for
certain fillings, the remote bands contribute substantially to the Hall currents while the contribution from the

central bands is suppressed. In particular, we find that these currents are generically substantial near regions of
energies where the bands are highly entangled with each other, often featuring doping-induced band inversions.
Our results demonstrate that topological transport in TBG/hBN is substantially modified by electron-electron
interactions, which offer a simple explanation to recent experimental results.

DOLI: 10.1103/PhysRevB.106.L.161101

Introduction. Transverse Hall currents are usually associ-
ated with broken time-reversal symmetry. However, Hall-like
currents are possible in time-reversal symmetric settings with
broken inversion symmetry at second order in the applied
in-plane electric field [1-4]. This so-called nonlinear Hall
effect has been observed in transition-metal dichalcogenides
(TMDs) [5-8] and other two-dimensional materials [9-15].
Furthermore, it has been recently shown that uniaxial strains
can enhance the Berry dipole [16—-18], defined as the gradi-
ent of the Berry curvature, in TMD that is responsible for
the nonlinear Hall effect. For these materials, orbital valley
magnetization [18,19], giant magneto-optical effects [20], and
nonlinear Nernst effects [21,22] can also be induced with an
applied field due to the sizable Berry dipole.

Recent theoretical studies have shown that nonlinear Hall
effects can also arise in gapped and strained twisted bilayer
graphene (TBG) [23-25], which depend sensitively on filling,
and can be larger than in TMDs. The magnitude of the Berry
dipole is predicted to be larger near half filling of the narrow
conduction and valence bands. However, a recent experiment
observes nonlinear Hall currents in TBG on hexagonal boron
nitride (hBN) with negligible contribution from the narrow
bands [26]. On the contrary, large nonlinear Hall currents are
observed when the chemical potential is tuned to a spectral
region entangled with the remote bands. On the basis of their
experimental results, the authors of Ref. [26] suggest that the
nonlinear Hall effect is due primarily to skew scattering from
dynamic disorders [13] instead of a pure Berry dipole induced
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by a heteroaxial strain and a mass gap [27]. In addition to
TBG, nonlinear Hall currents have also been measured in the
related system of strained twisted double bilayer graphene
(TDBG) [28]. This experiment in particular finds that the
sign of the Berry dipole is sensitive to band inversions, and
therefore is a signature of topological band transitions [29].

Inspired by these experiments, we theoretically study
strained TBG in the presence of an hBN substrate. Our re-
sults indicate that the Berry dipole contributes significantly
to the large nonlinear Hall effect found in the experiment
of Ref. [26] and is strongly enhanced near avoided band
crossings similar to the behavior of TDBG in Refs. [28,30].
Without invoking any extrinsic influence from disorder, we
find that the combination of a small uniaxial heterostrain,
an hBN substrate, and electron-electron interactions treated
within a self-consistent Hartree formalism are enough to
explain the large observed nonlinear Hall currents derived
from the remote bands [26]. In particular, we find that the
Coulomb interaction simultaneously distorts the energy spec-
trum and redistributes the Berry curvature, both of which can
lead to large nonlinear Hall currents. Our paper demonstrates
that because of significant interaction-meditated band distor-
tions, the strong Coulomb repulsion in twistronic systems
is not only important for inherently many-body phenomena
like magnetism and superconductivity, but is also crucial for
determining physics that is often otherwise studied from a
single-particle perspective.

Symmetries in strained TBG/hBN. In pristine TBG
graphene, both time-reversal and inversion symmetries are
preserved, as shown in Fig. 1(a). For small twist angles, there
are two narrow bands near charge neutrality that are connected
by two Dirac points at the corners of the moiré Brillouin zone

©2022 American Physical Society
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FIG. 1. (a) Schematic of the moiré superlattice for unstrained
TBG and (b) heteroaxially strained TBG, where for visual clarity,
we set € = 3% for the relative strain magnitude and ¢ = O for the
strain direction. We are assuming that the moiré pattern of the hBN
substrate is the same as TBG (see Supplemental Material [31] for
details). In (b), black arrows indicate the heterostrain directions.
(c) Distorted moiré Brillouin zone where the reciprocal lattice vec-
tors g, , are indicated. Green-dotted path is used to calculate the
band structure. (d) Three-dimensional plots of the band structure
showing six central bands for strained TBG with € = 0.2% and
¢ = 0 suspended on hBN and for filling factors v = 0 (left) and
v = —4 (right). The Fermi levels are indicated by the square shaded
meshes.

(mBZ). These Dirac points are protected by a robust C,, T
symmetry, where Cy, is twofold rotation about the z-axis and
T is time reversal [32]. To gap out these Dirac points and
obtain finite Berry curvature in the narrow bands, we need to
break C,,7 by placing TBG on hBN [33-39]. The inversion-
broken character of hBN due to sublattice inequivalence is
transmitted to the graphene bands by means of scalar, mass,
and strain potentials [40—43]. While the magnitude of these
inversion-broken gaps are extremely sensitive to the degree of
alignment between TBG and hBN, they are nonzero even for a
large misalignment [44]. In this paper, we use the parameters
for hBN-induced potentials on TBG calculated from atomistic
tight-binding modeling done in Ref. [44].

Another important feature of TBG that was experimentally
determined by STM measurements is the presence of a strain
field that alternates sign between the two layers (uniaxial
heterostrain) and a magnitude between 0.1 and 0.5% [45-50].
Such a strain field further breaks Cs;, C,., and C,, rota-
tion symmetries. However, C,, remains intact under strain, as
demonstrated in Fig. 1(b). In momentum space, strain distorts
the mBZ as shown in Fig. 1(c). The Dirac cones of the dis-
torted lattice are no longer at the same energy or at the corners
of the mBZ [51-53]. When both valleys are considered, TBG
both with and without strain respect 7 symmetry. Therefore,
only the nonlinear Hall effect can survive since the linear Hall

term is odd under time reversal. In what follows, when we
calculate the linear term, it will always be for a single valley,
which can be nonzero since each valley individually breaks
T. In a transport experiment, both valleys are measured si-
multaneously; so the leading contribution to the Hall currents
comes at second order in the applied electric field.

Coulomb interactions in strained TBG/hBN. In trans-
port experiments on TBG, the Fermi level can be tuned.
Due to long-range electron-electron interactions, it has been
theoretically predicted [54-56] and experimentally found
[45,47,57,58] that the Fermi level is “pinned” to the van Hove
singularities. Away from charge neutrality, it has been shown
that the Coulomb interaction is comparable or even larger than
the bandwidth of the central bands, giving rise to a filling-
dependent Hartree potential that substantially modifies the
shape of the electronic bands [55,56]. In strained TBG/hBN
with a Hartree interaction, the band structure strongly depends
on the position of the Fermi level, as shown in Figs. 1(d) and
2, and in the Supplemental Material [31]. This implies that
any physical quantity involving a variation of the chemical
potential near or within the narrow bands in pristine TBG
or TBG/hBN should account for the variation of the Hartree
potential.

Linear and nonlinear Hall currents. With the preceding
considerations, we now calculate the topological currents
arising from the Berry curvature with electron-electron in-
teraction encoded in a self-consistent Hartree potential. In
this setting, within the semiclassical transport theory in the
presence of an AC electric field £(t) = Re{ée’'} with fre-
quency o, the band velocity is given by /v, (k) = V,E, (k) +
e€ x R, (k), where the first term is the usual group velocity
and the second is an anomalous term driven by a nonzero
Berry curvature [59]. For us, & is a real vector. The band
velocity v,(k) has a component transverse to the electric
field that gives rise to Hall currents. The Berry curvature
for the electronic Bloch states of the nth band is €2}, , (k) =
2Im (0%, Wik, 1|0k, Wik, )2, Where we have introduced an in-
dex . to emphasize that the Berry curvature depends on i
via the Hartree potential. Following Refs. [1,2,13,60], the
transverse currents up to second order in the electric field
are J,, =Re{J), + T, + TJ4e?} with a rectified
component ;) , = x/, &&7, alinear term 7, = o;&,,and a
second-harmonic component jaz‘;i = x1,.p&c. The linear term
contains the usual valley Hall conductivity. The susceptibility
in the first and third term is given by x/, = —ez—ﬁe"CdDbd, u
with Berry dipole (see Sec. III in the Supplemental Material
(311),

dk
Dyt =) / Wsziﬂ(k)abfo[en,,xkn. e

Notice that contrary to a system with rigid bands [23,24], the
wavefunctions required to obtain the Berry curvature must
be calculated self-consistently for each value of the Fermi
energy, as shown in Fig. 2. The Berry dipole depends on
the chemical potential in two different ways. The first is an
explicit dependence in fy in the integral. The second is an
implicit dependence due to the redistribution of the Berry
curvature as charges reorganize due electrostatic interactions
when electrons are added to or removed from the system (see
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FIG. 2. Band structure of strained TBG/hBN for twist angle & = 1.05° and for different filling factors. (a) For a Fermi level within the
remote bands, there are massive Dirac cones (with small masses) that significantly contribute to the Berry curvature. In (b), we show the bands
for fillings within the lower narrow band. The dashed-horizontal lines in each plot are the positions of the Fermi level. Adjacent to each plot,
we display the full band structure for the corresponding filling. The color texture in each band is the magnitude of the Berry curvature as
indicated in the color bar. Gray-square surfaces indicate the positions of the chemical potential and black contours their intersection with the
energy bands. In all plots, we use a relative strain magnitude € = 0.2% with direction ¢ = 0.

Supplemental Material [31]). In rigid platforms where these =~ compared to the rigid system near v = £4. For instance, the
electrostatic interactions can be neglected like in TMDs, the Hall conductivity at v = —4 and 6 = 0.95° vanishes when
implicit dependence can be ignored. However, interestingly interactions are neglected, but is about —2e¢?/h when interac-
in our case, the redistribution of the Berry curvature when p tions are included. In addition, the range of chemical potential
varies plays a crucial role in determining the magnitude of the  that resides in the central bands is significantly widened by the
nonlinear Hall effect. Hartree potential [54]. We also note that whenever the chemi-
Interaction-enhanced topological Hall effects. Figure 3 cal potential is inside a bulk mobility gap, o/ is quantized and
summarizes the topological Hall effects in strained TBG/hBN  is given by the Chern numbers of the bands below chemical
as a function of wu for an energy window covering the six potential. The Chern numbers of the six bands closest to
central bands. Figures 3(a) and 3(e) show the valley Hall charge neutrality are tabulated in Figs. 3(h) and 3(i).
conductivity for the rigid system (TBG/hBN without inter- Further straining the system in addition to the Hartree po-
actions or strain) at € = 1.05° and 6 = 0.95° respectively. tential does not significantly change o, as shown by the black
Figures 3(b) and 3(f) show the corresponding Hall conductiv- lines in Figs. 3(b) and 3(f). Therefore, strain seems to play a
ity with interactions; there, the behavior is especially different ~ minimal role in the linear valley Hall effect. On the contrary,
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FIG. 3. Interaction-enhanced topological Hall effects in TBG/hBN. In the top row, for a twist angle of § = 1.05°, we plot the valley Hall
conductivity as a function of chemical potential for (a) the rigid system and (b) with interactions and strain. Gray-shaded areas are gapped
regions without strain. In (c), we display the Berry dipole as a function of x. In (d), we show an enlarged region of (c), labeled as R, where
the dependence on temperature is indicated. Bottom row is for a twist angle 6 = 0.95°, where we plot the valley Hall conductivity for (e)
the rigid system and (f) with interactions and strain. (g) Berry dipole featuring a prominent peak near v = —4. Panels (h) and (i) display the
Chern numbers of the six central bands, with ¥;, where i = —2, ..., 3, labeling the bands from lower to higher energy, as a function of u for (h)
0 = 1.05° and (i) & = 0.95°. Several doping-induced band inversions are observed. In all plots, unless otherwise indicated, we use T =5 K,
€; = 10 for the dielectric constant, and € = 0.2% and ¢ = 0 for strain. All calculations are done for one spin species in a single valley. For a
comparison with the noninteracting case, please see Figs. S5 and S6 in the Supplemental Material [31].
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strain is crucial for the nonlinear Hall effect since it permits a
nonzero Berry dipole to develop, as shown in Figs. 3(c) and
3(g). In contrast to earlier noninteracting calculations [23,24]
where the Berry dipole near magic angle is found to be large
especially when the Fermi level is within the narrow bands
(see also Fig. S6 within the Supplemental Material [31]), we
find in the present study using realistic parameters that the
Hartree potential enhances the Berry dipole near the edges
of the narrow central bands. The Berry dipole is large when
either the Berry curvature, the band velocity, or both are
large near the Fermi surface. Furthermore, the Berry curvature
can also be made large when the energy separation between
occupied and unoccupied bands is very small. Therefore, the
Berry dipole peaks where either (i) the group velocity is large
or (ii) the energy bands are very close together. The former
contribution generically occurs where an initial band crossing
(such as a Dirac cone) is gapped out by some symmetry-
breaking perturbations, which is the case for v = —4.5 as
shown in Fig. 2(a). The latter contribution comes from regions
in energies where the bands are highly entangled so that the
separation between occupied and unoccupied bands is quite
small. This is the case for v = —6 in Fig. 2(a). These two
contributions are generically large near band edges, which
intuitively explains why we often observe large nonlinear Hall
responses for v near —4.

In Figs. 3(c) and 3(g), the Berry dipole pseudovector D,, =
(Dxz,u» Dy, ) 1s defined relative to the lattice structure. In an
experiment, it is difficult to isolate the effect of either compo-
nent of the Berry dipole. Instead, an applied electric field & at
a generic angle y relative to the crystallographic axes mixes
these components such that the effective angle-dependent sus-
ceptibility is xl(y) = —4;37§D,4 - &, where the prefactor 4
accounts for spin and valley degeneracies. The effective sus-
ceptibility for various field angles y at different twist angles 6
are plotted in Fig. 4. We emphasize a few interesting features.
First, x.;; is concentrated in highly-entangled spectral regions,
especially for small angles. This enhancement is sometimes
made possible by doping-induced band inversions, For in-
stance, near u = —67 meV, we see in Fig. 3(h) that there is
a band inversion between bands ¥_, and v _, resulting in a
large susceptibility shown in Fig. 4(b). Second, a change in the
sign of xl; indicates a change in the local (but not necessarily
global) band geometry near the Fermi surface. For example,
we see that x /i changes sign near v = —4 at 6 = 1.05°. This
is precisely the energy region where the linear Hall conduc-
tivity [shown in Fig. 3(b)] reaches a maximum, signifying a
change in the sign of the Berry curvature. This reversal in local
band geometry can occur both as u sweeps across a bulk gap,
such as the case near v = —4 at 8 = 1.05°, and as u varies
within a single bulk band, such as the case near v = —1.8 at
6 = 1.05° and y = 0 or  [61]. Similar polarity reversals are
observed for 6 = 0.95° and 6 = 1.12° as well. The effects for
different strain values are shown in the Supplemental Material
[31].

Discussion and conclusions. Our results are in qualitative
agreement [62] with the recent experiment in TBG [26] where
a large nonlinear Hall current is observed when the chem-
ical potential is tuned to a spectral region entangled with
the remote bands. The authors of the experiment attribute
this observation to skew scattering due to magnetic impuri-
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FIG. 4. Effective nonlinear susceptibility in strained TBG/hBN
for different current directions with (a) & = 0.95°, (b) & = 1.05°, and
(c) 6 = 1.12°. For small twist angles, the Berry dipole is strongly
enhanced near v = 4.

ties. However, we can explain the large observed signals at
the edges of the narrow bands by carefully accounting for
band structure renormalization due to the Hartree potential
and the presence of an hBN substrate without considering
disorder. Our theory cannot exclude the role of disorder in
the experimental results, but it at least demonstrates that the
Berry dipole also contributes significantly to the Hall current
at filling factors near +4 if hBN is nearly aligned with TBG.
Importantly, the source of this Berry dipole enhancement is
unquestionably Coulomb repulsion. In addition, our result is
also of general agreement to the conclusions of Refs. [28,30]
that the Berry dipole is sensitive to band inversions, although
our topological transitions are induced by doping instead of
a bias. Nonetheless, this result demonstrates that although
the Berry dipole is a Fermi surface property, it can some-
times be used to infer global band topology. Furthermore,
the inclusion of the Fock term, which is known to give rise
to various symmetry-broken ground states, warrants further
investigation in future works. However, it is not expected that
the Fock term will play a dominant role for fillings far away
from charge neutrality on the basis of earlier calculations
[63]. Therefore, we believe the calculations presented in this
paper already capture the salient features of the nonlinear
Hall effect in TBG. Encouraged by this, we believe that
adopting the theoretical framework developed here to study
nonlinear Hall effects, and other effects, which depend on the
distribution of the local Berry curvature such as the orbital
magnetization [64], in other experimentally-relevant twisted
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two-dimensional materials is a promising future research
direction.
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