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Weak localization and crossover from Lifshitz transition in two dimensions

Kai-He Ding,"?" Zhen-Gang Zhu,>*>-" Yong-Le Hu,® and Gang Su®*>7#
' Department of Physics and Electronic Science, Changsha University of Science and Technology, Changsha 410076, China
2Hunan Provincial Key Laboratory of Flexible Electronic Materials Genome Engineering,
Changsha University of Science and Technology, Changsha 410076, China
38chool of Electronic, Electrical and Communication Engineering, University of Chinese Academy of Sciences, Beijing 100049, China
4Theoretical Condensed Matter Physics and Computational Materials Physics Laboratory, College of Physical Sciences,
University of Chinese Academy of Sciences, Beijing 100049, China
SCAS Center for Excellence in Topological Quantum Computation, University of Chinese Academy of Sciences, Beijing 100190, China
College of Automobile and Mechanical Engineering, Changsha University of Science and Technology, Changsha 410076, China
"Kavli Institute of Theoretical Sciences, University of Chinese Academy of Sciences, Beijing 100049, China

® (Received 10 May 2021; revised 5 June 2021; accepted 4 October 2021; published 21 October 2021)

Dirac point plays a crucial role in regulating electronic properties of topological semimetals. In two dimen-
sions, the manipulation of Dirac points can spur a transition from Dirac semimetal through semi-Dirac phase to
a gapped phase. Across such a so-called Lifshitz transition, we find that the quantum interference corrections
to the conductivity o, and 8o,, are always negative, giving rise to a weak localization behavior. The ratio
80, /80y, undergoes a transition from linear to parabolic dependence on the merging parameter across the
Lifshitz transition, which leads to a crossover of the temperature dependence of the inverse inelastic scattering
time 1/7, from ~T to ~ T In(Tp/T). This fingerprint behavior can be readily tested experimentally through
merging Dirac points in two-dimensional lattices. This work presents an alternative perspective to understand

weak localization through Lifshitz transition.

DOI: 10.1103/PhysRevB.104.155135

I. INTRODUCTION

Weak localization (WL) is a physical effect caused
by quantum interference of conduction electrons on self-
intersecting diffusive trajectories in disordered systems,
which exists in a variety of systems such as one- and
three-dimensional metals, metal-oxide-semiconductor (MOS)
inversion layers, and other semiconductors, etc. [1]. It has
become an important area in condensed matter physics.
Graphene, as a typical two-dimensional (2D) system, hosts
many unusual properties [2-7], and should be a new plat-
form for studying the WL. However, both theoretical and
experimental works show that the WL is absent in graphene
[8,9]. The reason is that the energy spectrum of graphene
consists of two Dirac points at the corners of the Brillouin
zone [10]. The quasiparticles basically move around a sin-
gle valley, and acquire a Berry phase of 7 [6,11-13], which
leads to a destructive interference in a backscattering process.
Nonetheless, these disincentives can be reduced by modify-
ing electronic band structure and the symmetry of internal
disorder [8,14-19].

By altering the nearest-neighbor hopping of graphene
lattice, two Dirac points approach each other [20,21], and
can merge into a single one [22,23], forming the so-called
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2D semi-Dirac system with energy spectrum being linear
along one direction and parabolic along the other. Such an
anisotropic energy spectrum gives rise to a number of spe-
cial properties such as strongly anisotropic diffusion transport
[24], the splitting of the Landau level spectrum in a magnetic
field [20,23,25], Bloch-Zener oscillations [26], and transition
of Hall conductivity plateaus from the half-integer to integer
[27]. Recently, moving and merging Dirac points have been
experimentally implemented in artificial lattice systems like
the 2D honeycomb optical lattice [28], photonic graphene
[29], and microwave-induced analog of a honeycomb lattice
[30]. The semi-Dirac energy spectrum is also realized in
many solid systems such as the organic conductor a-(BEDT-
TTF),I5 [31-33], TiO,/VO, nanostructures [34], Bi-Sb thin
films [35], puckered honeycomb arsenic systems [36], and
black phosphorus [37,38], etc.

We identify that the merging Dirac points and reopening a
gap is a kind of Lifshitz transition in which the topology of
Fermi surfaces is altered. Conventionally, the Lifshitz tran-
sition is usually studied via energy dispersion and density
of states due to its particular shape of Fermi surfaces. Here
we show a deep connection between Lifshitz transition and
weak localization. This may bring us a new direction to ex-
plore the particular effect of nontrivial Fermi surface topology
on dynamical properties. We study the quantum interference
corrections to conductivities o, (1 = x,y) across the Lif-
shitz transition with the topology of spin rotation along the
backscattering paths. The net spin rotation along the back
scattering paths is zero, contributing a zero Berry phase across

©2021 American Physical Society
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FIG. 1. Diagrams of energy spectrum for the Hamiltonian (1),
where the absolute value |A| denotes the saddle point energy. The
Fermi surface (blue) intersects with the conduction band (gr > 0).
Filled eigenstates are represented by magenta regions.

the Lifshitz transition, such that §o,, and §oy, are always neg-
ative in the full merging parameter (A) region, marking a WL
behavior. Meanwhile, the ratio o, /80y, displays a constant
independent of A just around the merging point; while a linear
dependence on A for the two-Dirac-point case. This marks a
characteristic feature for the Lifshitz transition manifesting in
the WL. We further show that the Lifshitz transition induces
a crossover of the temperature dependence of the inelastic
scattering time 7, from 1/t, ~ T to 1/t. ~ T In(Tp/T).

II. Theoretical model

An effective Hamiltonian describing the merging transition
of Dirac points in two dimensions can be expressed as [20]

k2
H= <A + —X)O'X + vykyoy, )
2m

where m is the x direction band mass, v, =3at/2(t =
23eV,a=142A) is the y direction Fermi velocity, o;
(i = x,y) are the Pauli matrices, and k; is the wave vector.
The eigenstates of the Hamiltonian (1) are given by |u;(r )y =

L2(1, &) % and Juy) = “2(1, —e#)T e*T with tan ¢y =

vyky/(kf/Zm—l— A). The corresponding energy spectrum is
ski =+[(A + %)2 + (vyky)z]l/z. The parameter A presents
the merging scenario of two Dirac points, as shown in Fig. 1.
Two Dirac points remain apart from each other for A < 0, and
merge at A = 0. A gap between the conduction and valence
bands opens for A > 0. Equation (1) is originally formulated
in the context of graphene [20]. Various analogous systems
[28,30,39] have paved the way to its physical realization,
including new aspects that were addressed [40]. In this work,
we focus on the quantum interference effect on transport from
disorder scattering and screened Coulomb interaction, which
is untouched so far.

We consider randomly distributed §— function V(r) =
> ;Vid(r —R;) to model the scattering by the impurities,
where R; are the positions of the impurities, and V; are
the strength distributions of impurity potentials, satisfying
(Vi)ais = 0 and (Vf)dis = VOZ, where (- -- )4 means the av-
erage over the impurity configurations. All the calculations
are performed in the thermodynamic limit, i.e., the system is
taken as infinity. The Fermi level is introduced as an external
parameter, revealing the variation of the impurity scattering,
and can actually be changed by the gate voltage [18,41-43].
In the present work, we suppose the Fermi energy e to
be positive, i.e., er always crosses the conduction band. In
the weak disorder limit, the energy width of Bloch state is
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FIG. 2. Diagrams for the quantum interference correction to the
conductivity, consisting of the bare Hikami box [44,45] (a) and the
dressed Hikami boxes [16,41] (b) and (c). The Bethe-Salpeter equa-
tion for Cooperon is shown in (d). The arrowed lines represent the
impurity-averaged Green’s functions, and the dashed lines represent
the impurity scattering. The dark regions on the two sides of each
box stand for the vertex correction to velocity shown in (e).

small, therefore, we can neglect the interband scattering at
zero temperature, and calculate all physical quantities in the
conduction band.

III. CONDUCTIVITY CORRECTIONS FORMULA

In order to get the quantum interference correction to the
conductivity, we sum the maximally crossed diagrams includ-
ing the bare Hikami box [44-46] and the dressed Hikami
box [16,41], as shown in Figs. 2(a)-2(c). The calculation for
the Hikami box is associated with two-particle correlation
function called Cooperon, which satisfies the Bethe-Salpeter
equation represented graphically in Fig. 2(d):

1
Puae (@) = T + 5 DT, G G T (@, @)

ki

where q = k + K/, S is the area, Gf(A) is the retarded (ad-
vanced) Green’s function, and the bare Cooperon

0o _
Ny =

[1 + cos(¢x — di)], 3

278070

where g is the density of states, and the angular dependence
term generated from the anisotropy in the energy spectrum. In
Eq. (3), the elastic scattering time 1, = %n,-VOZgo, where n; is
the impurity concentration. Throughout the paper, we choose
the parameters n; = 1073 A’z, andVy =6 x 1072 eV - cm?,
such that the perturbative condition can be satisfied [6,47].
The crossed diagrams describe the interference of the time-
reversed paths, and diverge in the limit of q =0. The
Cooperon is therefore dominated by the contribution from
values q near zero. To acquire this contribution, we expand
the advanced Green’s function Gg_kl up to the second order
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of q, and then by the iteration, we find
"I, 1

| = 4
ki () 218073 (268 /m)Dyg? 4 v2Dyg2’ @
where
yKi(Ks — Kio)
Dy =K+ 2y Ko — —————
ST T T T+ %G
%2 Yy (K1 + 29GKs)
D, = Ks + 29K + 2 - ‘
'y 5 Y e Io_jl+7(2 Io—j1+(](2
(5)

where y, 7o, J1and K;, i = 1,2, ...,
the elliptic integrals (see Appendix D).

Using Eq. (4) and collecting all the contributions of
Figs. 2(a)-2(c), we obtain the WL corrections to the quantum
conductivities in x, y directions

8) are expressed with

281: 7<8 Te
In (—),

wh mv}z, D 7

2 [mv2 o2 2
Sopy = — _"‘0(«5 7()m(ﬁ), ©)

wh 28[: I() 70

where 7, is the inelastic scattering time, D= DxDy, and
ag=1o/(Tyg— 91 + K3) comes from the correction of the
velocity v,, which is obtained from the ladder diagram in
Fig. 2(e). Since the x component of the velocity is an odd
function of k,, there is no renormalization factor.

80y = —

IV. INELASTIC SCATTERING TIME

We introduce the inelastic scattering time 7. in Eq. (6),
which is associated with the Coulomb interaction between
electrons. In the presence of disorder, the Coulomb interaction
is screened, and within the random phase approximation, has
the form of

T Jp— L U— )
1 4 Vo(@)TI(q, @)
where w,, is the Matsubara frequency 2zmT (m is an inte-
ger and T means temperature), the bare Coulomb interaction
Vo(q) = €%/2eq with ¢ the dielectric constant, and in the limit
of w,, — 0 and g — 0, the density-density response function
I1(q, wy,) is expressed as

go[Blwn| + 210er /m)Dig? + T0v2D,q’ ]
Zolwm| + (2toer /m)Dyqs + Tovy Dyg;

1(q, wm) = ®)

with 8 =7y — 5
Then, in terrns of the diagrammatic technique [48], we
obtain 7, (for details refer to Appendix F)

1 jl N /2" 1
—_— = R d(p—
Te T E gV Jo 14+ vcosg

x/oodz 1
o & Tt s@ P (e )

ToTto+i(2 +)
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FIG. 3. The inverse inelastic scattering time as a function of
temperature at ez = 2.0eV,m = 0.5eV~"' A2 and v, = 3.75 x 10°
m/s. The parameter A is taken as A = —1.0eV and A = —80.0eV
for the solid (black) and dashed (red) lines, respectively.

where  V, = ltovz[(Zep/mvyz)Dx +D,], and o=
T, &2 go ) _ Dxf(mv_%/Zs,.-)Dy
AT+ cos p) with A = ( ) V""TO and v = Dy+(mv}/2ep)Dy *

From Eq. (9), the 1ne1astic scattering time 7, needs to be
determined self-consistently. The numerical results show that
1/7, has a linear or a nonlinear temperature dependence at
|A| < ep or A < —gp (see Fig. 3). This characteristic behav-
ior is further uncovered by the equations up to leading order
in T for the following two cases:

(1) For |A| < ¢F, i.e., the cases (II) and (III) in Fig. 1,
substituting Eq. (8) into Eq. (7), and keeping the leading terms
on small w,, and g, we get

To|wm| + 2Toer /m)Dsg? + T0v2Dyq?
g0ﬁ|wm| + (2f08F/m)qu,% + TOU}%D}q)

V(q, on) = ., (10)

which makes Eq. (9) become

T —iloz+ L
Ezlﬂt/ dz—= R
. & Jo sinhz/T B2z + ( —ilToz+ TL)

—iloz+ +
X In| ———=
Bz

nBz/2 }
222 + (=iloz+ 1) |

an

where ¥ = % We further estimate Eq. (11) for 7,7 > 1:
70 T
— = —[A1In(AxT7) + Aol, (12)
Te 2er
where A, = % Ay = (212 — 9%)/To, and Ay =
(21271{;2)[)1 n(z ) To the leading order in T, Eq. (12) is
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FIG. 4. (a) Schematic illustration of the backscattering processes
along Fermi surface, where the red and blue arrows describe the spin
rotation along the scattering path k - k; - k, — --- — —k, and
its time-reversal path —k — —k; - —k, — --- — K, respectively.
The corrections of quantum conductivities o, (1 = x,y) in (b) and
their ratio §o,,/80,, in (c) on the merging parameter A are shown at
kgT = 0.3 eV. The other parameters are the same as those in Fig. 3.

further reduced as
7/t =«T, (13)

where k = ﬁ[z\1 In(2ertoA2/ A1) + Agl.

(i) For A « —¢p, i.e., the case (I) in Fig. 1, 8 = 0, so
the term on w,, in the numerator of Eq. (8) vanishes. Conse-
quently, to the lowest order, the Coulomb interaction reduces
to

Vo(@)[lom] — (oA /m)g? + Tov24?]
|om| = Vo(@)[ (oA /m)g? — Tov2g3]
Evidently, Eq. (14) contains the bare Coulomb interac-
tion term Vy(q), which is different from Eq. (10) that is

independent of the bare coupling constant e?/e. Performing
a similar calculation like Eq. (12), we finally get

 _ AT :
= = er [211n (BTt2) + 2], (15)

MU (—A)

V(q, on) = (14)

where A= B = (£ P2 (m? - A),

Zﬁn(—A-&-mvf)’ 242

A= 02” de(1+vcosp)™!, and A = 02” do(1 +
vecosg) 'In(l +vcosg). To the leading order in T, T,
is further expressed as

L ﬂ[xl In (E) + xz], (16)
T. 2¢ep T
where Ty = 4(er19)°B/(M1A).
The inelastic scattering time 7. is determined by the
screened Coulomb interaction that is dominated by the inte-
gral over the Fermi surface. From Fig. 4(a), one may observe

that at A > 0, the Fermi surface is an ellipselike curve (lower
panel), and with decreasing A, its middle part shrinks, and
then, it disrupts to two unconnected rings. This topological
change of the Fermi surface is called the Lifshitz transition
[49]. For the connected Fermi surface cases [cases (II) and
(IID], 1/t, shows a linear dependence on the temperature.
However, corresponding to the unconnected Fermi surfaces
[upper panel of Fig. 4(a), i.e., case (I)], a logarithmic factor
T InTy/T appears in 1/7, [see Eq. (16)].

V. RELATIONSHIP BETWEEN THE CONDUCTIVITY
CORRECTIONS IN X AND Y DIRECTIONS

With an evolution of the parameter A, the backscattering
processes are shown in Fig. 4(a). The scattering paths k —
kk—-k—»>---—- -k, and - k— ki —» -ky—> - —
k are paired by the time-reversal symmetry, and form a loop
in the momentum space that encloses two Dirac cones. The
spin rotation is accompanied along the scattering paths [see
the arrows of Fig. 4(a)]. With increasing the parameter A, the
system passes through different states from regions of A <
—er < 0 (case (I)), —er < A <O [case ID]to 0 < A < g
[case (IIT)]. No matter in which region, the spin rotates firstly
in the counter clockwise direction, then turns to the clockwise
direction, and finally recover to the counter clockwise direc-
tion. The net spin rotation in the whole process is equal to
zero. Thus, the interference in such paths is constructive, as
reflected in Fig. 4(b), the conductivity corrections 8o, are
always negative in the full parameter regions, marking a WL
behavior. For a comparison, only subject to the influence of
the §-function impurity potentials, the WL phenomenon can-
not appear in the usual Dirac system, where the scattering path
surrounds single Dirac cone, and the net spin rotation is 27,
contributing a Berry phase 7 to the backscattering, and thus
the interference is destructive, leading to weak antilocalization
[8,12,14]. Moreover, the above-mentioned WL can also be
understood from the symmetry of the Hamiltonian that pos-
sesses the antiunitary symmetry 7 = C with C the complex
conjugation, i.e., 7H (k)7 ! = H(—k), and belongs to the
orthogonal class [12,50], which is an indication of WL.

The relation between 8oy, and doy, is uncovered by the
ratio 80,,/60y,, which linearly or nonlinearly depends on
A [Fig. 4(c)], separated by a sharp peak at A = —gp. This
characteristic behavior reflects the influence of the Lifshitz
transition. The quantitative relation for do,, and o, can be
gained by studying the limiting cases of A as follows:

(a) By analyzing the case of |A| < e which corresponds
to the connected Fermi surfaces [see the middle and lower
panels of Fig. 4(a), i.e., the cases (II) and (III)], the ratio
80y, /80,, shows a parabolic dependence on A

S0 € 3/AN\° 5 /A 5
ER 15 6 i ) )
Soy 3| 2 \er 13\ &r 21

where the first and second term in square brackets are small
at |A| < ef, so they can be neglected, leading to a plateau at
80y /80y, = Ser /63.

(b) At A <« —&f [The unconnected Fermi surfaces, case
(I), upper panel of Fig. 4(a)], the conductivity corrections are
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given by
e v T,
80y =———1In (—)
mh \/2v, o
&2 \/Ev. T,
S0, = — <Yy (—) 18
o Th v, n 7 (18)

where v, = 4/2|Al|/m, and the factor «/E is attributed to the
intervalley scattering occurring along the x direction [24].
From Eq. (18), we get 80, /80y, = —A /mvy.

VI. SUMMARY

We study the quantum interference correction to conduc-
tivity within a semi-Dirac model across the merging transition
of the Dirac points. It is found that §o,, and 8oy, exhibit the
WL behaviors, and there exists a linear or parabolic depen-
dence on the merging parameter A in the ratio do,,/do,,. We
also calculate the inelastic scattering time t,, and find that
the temperature dependence of t, exhibits a crossover from
1/t ~ T to T InTy/T with decreasing A. These phenomena
are related to the Lifshitz transition that is governed by the
relative magnitude between the Fermi energy and the merging
parameter A. The Fermi energy can be tuned independently
by gate voltage [18,41-43], and A can be changed by the ex-
ternal methods [28,38]. Thus, it is possible to experimentally
observe the above predicted phenomena in 2D lattices. This
present work provides a different perspective to understand
weak localization through Lifshitz transition.
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APPENDIX A: THE DETAILS OF OUR THEORETICAL
MODEL

The Hamiltonian is given by

k2
H= (A + ﬁ)ax + vyky0y. (A1)
The corresponding Schro dinger’s equation is
Hluyx) = Ep|uk), (A2)
where the eigenvalue is
+ K2\
Ef=+ (A + 2—*) + (vyky)?, (A3)
m

and the eigenfunctions are

V201,
woB(Da o
V2
) = —- (_e,¢>e"‘ . (A5)
The operators of the velocity are given by
1 ~ vy
Vv = h—mkxax, vy = gay. (A6)

We consider the model of randomly located §— function
scatters: V(r) = ), Vi6(r — R;) with R; the position of im-
purities. In the eigenstate representation, the velocity and
disorder operators have the following matrix form:

X X Yy Yy
Yk Vk—) o~ (Uk+ V-
U _— b v y = ) 9
* x ) vy v
Vk—— k—+ Vk——

Vit
Vow = (0 Vi A7)
Vi Vi)
where
x x . ik, . AS
vk++_%cos¢, vk+__—%s1n¢, (A8)
.
Uy = ;'z_m sing, vg__ = ———cos¢, (A9)
Uy =Uysing, v =iv,cosg, (A10)
Up_y = —IiUyCOSQ, vy __ = —v,sing, (A11)
1 : ’
Vit = Evo(k/ —K)[1 + @9, (A12)
1, o
Vi = Vol = kol — e, (A13)
1 7 l A
Vir = Vol — kol — 0=, (A14)
1 . /
ek = EVo(k/ —K)[1+ €] (A15)

with Vo(q) = Y, Vie Ri,

APPENDIX B: GREEN’S FUNCTIONS

Within the Born approximation, the retarded (R) and ad-
vanced (A) Green’s functions are given by

1
R/A _
Gy

= - . B1)
er — Exy £ih/(27)
Here, the impurity scattering time is defined as
1 27
T (VkT(TVler)S(EF — Ex4)
T h
ki
=1, '(1+ycose), (B2)
where ro_l = %n,-Vozgo, and y =71,/1y with n; denoting

the impurity concentration, the density of states gy =
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(271)2 (2mer)2 2 7. For § = Alep < —1,

Iy = —K[\/2/(1 — 8],

V1 =96
4
I, = m{(l —8)E[V2/(1 = 8)] + 5K[/2/(1 = O},

and for |§] < 1

Ty = 2V2K[/(1 = 8)/2],
T = 2v2(2E[/(1 = §)/2] — K[/(1 — 8)/21},

where E (x) (K(x)) is the elliptic integral of the first (second)
kind.

APPENDIX C: THE VERTEX CORRECTION

Since the x component of the velocity is an odd function
of k., there does not exist the renormalization for v,. For
the velocity along the y direction, the ladder corrections are
presented by Fig. 2(e), and the corresponding vertex equation
is expressed as

, , d*k '
Ty =, + P —— GRIVI PG Yy (CI)
By iteration, we can suppose Y; = agv, sin6 sin¢, and ob-
tain
I
W=—"F "7, (C2)
T L -+ %
where
1 1 1
7(2=—I1——2I0+—2j1, (C3)
Y Y Y
and
4 (. A2 /2 —
J1 = (Hy)ﬂn(zv T4y 7). 8 <-L (Cc4)
2.2 p3 (1-9) 1-8
(1+J/)H[_’ yH—y ) T] 18] < 1,

where IT is an elliptic integral of the third kind.

APPENDIX D: COOPERON

The full Cooperon can be derived by solving the Bethe-
Salpeter equation represented graphically in Fig. 2(d)

0 d’k o
ke (q) = Mg + erk,G Gq K kK (q), (DD
where the bare Cooperon reads

Y, = [1 4 cos(¢ — ¢)]. (D2)

21 goTo

By iteration, one can find that the full Cooperon can be written
in the form of

h .
I (q) = et (Yo + y1cos¢ + y,sing + y3 cos ¢’
0

+ Y4 8in @’ + y5cos ¢ cos ¢’ + 6 cos ¢ sin ¢’
+ y7sin¢g cos ¢’ + yg sing sin¢’). (D3)

After some straightforward but lengthy algebraic calculations,
by keeping the most divergent terms in the limit of ¢ — 0, we
find

M) = =20 : (D4)
ki (q 271g010 (2er/m)Dyq? + szyq‘
where
YK (Kg — Kio)
D, =Ksg +2yKg — ———m———, D5
s + 2y %o To— T 1% (D5)
and
K2 v (KK + 27GKs)
Dy =Ks + 2y K + 3 - :
! ’ v Ty —J1 + 7 To—J1+ %
(D6)
with
1
¥ = ;(fo—jl), (D7)

1 2 1
7<3=——2fo+—zj1+(1——2).72, (D8)
14 14 14

20y I 13 11
7(4:_0__1+<__—>j1—<;—?>j2, (D9)

y: o y? y v

K= (i- D)o 2220 o

3 T 3 1

7(6=_|:i21__0+< —2>j2—(1——2>j3i|,

yLy?  y? % %

(D11)
6 2 4 4

G ) R CRE ) E

+ (D12)

Ko = %{ﬂ - <i+é)fo+<é+3—A)j1

Y EF
4 3A 1 A
—(——i——)jz-i-(—-i-—)j}}, (D14)
Y EF Y ér

1 3 A 6 3A
7(10——3[f2—<—+—>f1+(—2+—)f0
14 14 EF 14 EFY
10 6A 5 4A
—(—2+—)j1+(—2+—)j2
Y EFY Y
1 A
- (—2 + —)ja], (D15)
14 ErY
1
— To+yI
I 2(1—y2)(1+y5)( o+ vI)
342y8 — y?
, D16
20—+ 9! (B10)
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1 3+yé

T = a0 iy
9+ 6y8 — 32
. D17
W=D 179 (B17)
In the above expressions, for § < —1,
I, = 4 {(282+1)K< 2 )
T3 /1= Vizs
2
+28(1—8)E( ﬁ)} (D18)

for 6] < 1,

I, = ?{(1 - 25)1((\/?) +45E< %)}

(D19

APPENDIX E: QUANTUM INTERFERENCE CORRECTION
TO CONDUCTIVITY

Considering the contribution of the bare and dressed
Hikami boxes in Fig. 2, we derive the quantum interference
correction to conductivity in x and y directions

&n
80 = Py Z Uﬁ++G£G3 kGﬁ—kGﬁUg—k-k-rrkvq*k(q)*
kq
(ED)
8oy, = 80 + QSJW, (E2)
where

e*h
Sof = 7 > MGGy GG (Mg (@ (E3)
kq

and

R jy++ yt++
Z Yok Gk Ok, Vg ok, Vi k)
klkoq

X G Gq ki ‘1 kl Gq ki Gﬁ—kzrklkz(q)

come from the bare and dressed Hikami boxes, respectively.
Since the summation over k contains the odd function of %,
the contribution from the dressed Hikami boxes vanishes for
the conductivity correction in the x direction. Substituting
Eq. (D4) in Egs. (El), (E3) and (E4), then carrying out the
integral, we get

28[: 7<8
8 xx:__ In(—
c wh\ mv)2 D ( )
e [mv?g? V& T,
Soyy = —— | —=( K In(—=), E6
Oy wh\ 2ep D( T fo) n(‘L’() (E6)

/DyDy, and 7, is the inelastic scattering time.

(E4)

(E5)

and

where D =

APPENDIX F: INELASTIC SCATTERING TIME

The inelastic scattering time is related to the electron-
electron interaction. Firstly, we introduce the Coulomb

VW + N
(a)

A 4
A

A 4
A 4
Y
A 4
A

A = A

=+

(b)

FIG. 5. The Feymann diagrams for the electron-electron interac-
tion (a) and the particle-hole diffusion propagators (b).

interaction, which in the eigenstate representation is given by

1 T T
V=2 D V@) 05 1)y g ot
kik2q
1 )
~ T i
~ 3 kzk:qwq)ak' IR (F1)
182

where V(q) = 5. In the presence of the impurity scattering,
the dressed 1nteract10n corresponding to the Feynman diagram
of Fig. 5(a) is expressed as

_ Vo(q)
V(@ on) = + Vo(@)TI(q, p)’ 2

where the orange region presents the particle-hole diffusion,

A (q)

! _— .
= Mt D Al G ralien + ion) G (i) Ay (9):
ki

(F3)

Similar to the calculation of Eq. (D1), in the limit of ¢ — 0
and w,, — 0, we acquire

BT, 1
2780T5 Tolwm| + *£2Dyg? + v21oDy >

Axr(qQ) = . (F4)

The density-density response function is dressed via the
particle-hole diffusion and takes the form of

o[ Blwn| + 2t0er /m)Dig} + T0v; Dy} |

Tolwn| + (ZTOEF/m)qu)ZC + TOU)%DyQ§
(F5)
Considering all the contributions from Fig. 6, we find

1 T 2w go 3 )
— = 2
-~ mm(7) 9
_ T+ %K
Iy

H(qa wm) =

)75 Y AXQV (. o)

m,q

—(2n%52r§> ZF(q)V(q, wm)], (F6)
m,q
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> > >
'WW' i

- -
Lag

(a) (b)

LN

\ 4
\ 4
\
\ 4

(c) (d)

FIG. 6. The Feymann diagrams for the scattering processes con-
tributing to the inelastic scattering time due to electron-electron
interaction, where orange arc and rectangle represent particle-hole
and particle-particle propagators, respectively.

where K1 = (J1 — J2)/y, and we use the abbreviated sym-
bols A(q) and I'(q) for Ak x(q) and I'k k' (q). By performing
the analytic continuations and substituting A(q) and I'(q),
Eq. (F6) becomes

1 2T m 1
- = _le / dp——
T 8m3goVy 0 1+vcose

o0
1
X dy |:
/0 ; Z'oy-l—s(ay'/z—}-ﬁ)(i—f +)
foTl'o+i(:—iJ +y)
—s(ay'2 + B)Tto + iy |’

x log (F7)

where Vi = 37v}[(2ep/mv})D, + Dy}, and =
# 1 — 6280 2 _ Dx_(mU§/28p )Dy
ey Vith A= (52 Vit and v = p=rienosp

For |A| < ¢F, keeping the leading terms on small w,, and
g, we obtain

Tolom| + (2108 /m)Dxq? + ToviDyg}

3 - (F8)
goBlom| + 2toer /m)Dyrgy + tovyDygy

V(qv (,()m) =

Substituting Eq. (F8) into Eq. (F6), we have

) X T z [ —i[()Z + %
—_— = dZ . 2
. ¢r Jo sinhz/T | g2,2 4 (—ifoz + ,i)
—iloz+ + 2
x In L 2/ 2i|. (F9)
Bz B2+ (—iloz+ 1)

Replacing (sinhz/T)~! with T/z at 7,T > 1, the estimation
for Eq. (F9) gives

To T
— = —[A1In(AT 7)) + Agl,
Te 2ep

(F10)

2
where A =% Ay = (2132 — J%)/To, and Ag =
w12 12 . .
(213_}]2)5 In( I(z)_"le). Whence, to leading order in 7, we
obtain
0 T, (F11)
Te

where « = i[Al In(2eptoAa/ A1) + Ag]. The same calcu-
lation process as the above is used for the case of A K —¢p,
resulting in

n_ AT 2
v = 2or [11n (BT t2) + 2],

(F12)

J/mvi(—A)

23271 (= A+muv?)’
2m 1 ' 2 1

o de(1+vp)™, and Ay = [;” de(l +vcosep)  In(1 +

v cos ¢). Then to the leading order in 7', we get

AT T
E = — )\.] In —0 + )\.2 s
Te 2er T

where Ty = 4(er19)>B/(MA)%.

where A =

2 3
B = (5P 5k (mvf — A), Ay =

(F13)
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