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We consider a microscopic theory for the spin Hall magnetoresistance (SMR). We generally formulate a spin
conductance at an interface between a normal metal and a magnetic insulator in terms of spin susceptibilities.
We reveal that SMR is composed of static and dynamic parts. The static part, which is almost independent of
the temperature, originates from spin flip caused by an interfacial exchange coupling. However, the dynamic
part, which is induced by the creation or annihilation of magnons, has an opposite sign from the static part. By
the spin-wave approximation, we predict that the latter results in a nontrivial sign change in the SMR signal at a
finite temperature. In addition, we derive the Onsager relation between spin conductance and thermal spin-current

noise.
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I. INTRODUCTION

Magnetoresistance is one of the fundamental phenomena
in the research field of spintronics. Giant magnetoresis-
tance [1-3] and tunneling magnetoresistance [4-8] are now
essential ingredients in spintronics technology for sensors,
memories, and data storage. Recently, a novel type of mag-
netoresistance called spin Hall magnetoresistance (SMR) was
observed in a bilayer system composed of a normal metal
(NM) and a ferromagnetic insulator (FI) [9-20]. SMR is ex-
plained by the combination of charge-spin conversions in the
NM and loss of spins at the NM/FI interface [9,10]. When an
in-plane charge current is applied to the NM layer with a large
spin-orbit interaction, spin accumulation is caused near the
NM/FI interface by the spin Hall effect (SHE). The amount of
spin accumulation is affected by the orientation of FI magneti-
zation because it changes the rate of spin loss at the interface.
A backward spin current owing to spin diffusion is converted
into the charge current again by the inverse spin Hall effect
(ISHE) and induces longitudinal magnetoresistance, which
depends on the orientation of FI magnetization. The strength
of SMR is on the order of BszH, where Osy is the spin Hall
angle.

Recently, SMR was reported for the bilayer system com-
posed of a NM and an antiferromagnetic insulator (AFI)
[21-27], where the orientation of the Néel vector of the AFI
was changed by a strong external field or by the orientation of
magnetization of the FI using the NM/AFI/FI trilayer struc-
ture. The sign of SMR is opposite to the one in the NM/FI
bilayer system with respect to the external magnetic field. This
sign change of SMR can be explained if the Néel vector of the
AFI is fixed perpendicular to the external magnetic field or
to the magnetization of the FI via an exchange bias [28,29].
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We note that a similar sign change in SMR was observed in a
noncollinear-ferrimagnet/NM bilayer system [30,31].

SMR can be described theoretically by combining spin
diffusion theory with the boundary condition at the interface
in terms of the spin-mixing conductance [9,10]. However,
in this theory, the spin-mixing conductance at the interface
is a phenomenological parameter that has to be determined
experimentally; therefore, its temperature dependence can-
not be predicted. Furthermore, the magnetization-orientation
dependence of the spin-mixing conductance is assumed
phenomenologically by its definition. This semiclassical de-
scription of SMR seems to be insufficient for studying
quantum features of magnetic insulators such as the effect
of thermally excited magnons. Recently, a microscopic theory
of SMR was proposed based on a local mean-field approach
[32,33]. However, a general microscopic theory applicable
to a wide parameter region is still lacking. We note that
the physics of SMR is closely related to nonlocal magnon
transport in the NM/FI/NM [34,35] and NM/AFI/NM [36]
nanostructures.

In addition, the thermal noise of pure spin current at
the NM/FI interface has been measured using ISHE [37].
Although the Onsager relation between the thermal noise and
spin-mixing conductance at the interface has been discussed
qualitatively [37], thus far, it has not been derived by a micro-
scopic theory. The explicit derivation of the Onsager relation
provides an important basis for a theory of nonequilibrium
spin-current noise, which generally includes important infor-
mation on spin transport [38—44], as suggested by studies on
electronic current noise [45,46].

In this study, we construct a microscopic theory of SMR
which is based on the tunnel Hamiltonian method [47,48].
We derive a general formula of spin conductance at the
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interface for both NM/FI and NM/AFI bilayer systems. We
note that our theory provides a microscopic description of the
NM/AFI bilayers. By applying the spin-wave approximation,
we discuss the temperature dependence of SMR well below
the magnetic transition temperature. In addition, we formulate
the spin-current noise in the same framework and derive the
Onsager relation, i.e., the relation between the thermal spin-
current noise and spin conductance.

This paper is organized as follows. In Sec. II, we theoret-
ically describe SMR by combining the spin diffusion theory
in NM and spin conductance at the interface. In Sec. III,
we provide the microscopic Hamiltonian for the NM/FI (or
NM/AFI) bilayer system. In Sec. IV, we formulate the spin
conductance at the interface using the tunnel Hamiltonian
method. In Secs. V and VI, we discuss the temperature
dependence of spin conductance using the spin-wave approx-
imation. In Sec. VII, we briefly discuss the relevance of this
study to the SMR experiments. In Sec.VIII, we formulate the
spin-current noise and explicitly derive the Onsager relation.
Finally, we summarize our results in Sec. IX. The details of
the derivation are provided in two Appendixes.

II. THEORETICAL DESCRIPTION OF SMR

We theoretically describe the SMR by improving the spin
diffusion theory provided in Ref. [10]. First, let us consider
a bilayer system composed of NM and FI layers. When we
apply electric field to the NM layer in the +x direction, a spin
current jss(;'[ = Ospo E, is driven in the —y direction by the spin
Hall effect, where 6sy is the spin Hall angle, o is the electric
conductivity, and E, is the x component of the electric field.
Here, we have defined the spin current j5i as the difference
between charge currents of opposite spins. This spin current
induces spin accumulation at the interface between NM and FI
layers, as shown in Figs. 1(a) and 1(b). In Fig. 1, the direction
of spins accumulated at the interface is denoted by o. In a
steady state, the spin current j5i! is balanced with a backflow
spin current

Ji = —(0/20)3 1) 1
Here, 145(y) is the spin chemical potential, defined as
ps(y) = pp () — ey (v)- @)

Using the continuity equation and accounting for spin relax-
ation, we show that us(y) obeys the following differential
equation:

dz“s M
dyz A2
where A is the spin diffusion length. The spin chemical po-

tential p(y) is obtained as a function of y by solving this
equation under the boundary conditions

(y=0),
(y =dp),

where dy is the thickness of the NM layer and ;! is the spin
absorption rate at the NM/FI interface that depends on the
direction of magnetization of FI.

In this study, we use another definition of spin current at the
interface. We define I as a decay rate of spin angular momenta
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FIG. 1. Schematic diagram of the normal-metal (NM)/
ferromagnetic-insulator (FI) bilayer system for the spin Hall
magnetoresistance measurement. When an external charge current
is applied to a NM in the x direction, a spin current I; with a
z component flows in the y direction owing to the spin Hall
effect. Spin current induces spin accumulation o at the NM/FI
interface with magnetization M. (a) Parallel configuration of o || M.
(b) Perpendicular configuration of o L M. (c) Chemical potential
difference 81, = 4 — ), which is defined for a quasiequilibrium
steady state, is shown as a function of position y/x, where A is the
spin diffusion length, and the thickness of NM is set as dy = 6A.
The NM/FI interface is located at y = 0.

at the NM/FI interface. This can be related to j! as follows:
I e I
]s = T Ao’
n/2 S
where S is the cross-section area of the NM/FI interface. We
define dimensionless spin conductance as

&)

= L0 @)
where 1(0) is the chemical potential difference at the NM/FI
interface.

The solution of the differential equation (3) is written in the
form of j1,(y) = Ae™/* 4+ Be¥/*. We note that the constants, A
and B, include 14(0) through the boundary condition, Eq. (4),
by approximating the spin current as I; =~ Gsi5(0). By solving
the self-consistent equation for w(0), we obtain

Ms0
1 4 g, coth(dy /)’
where 110 is the chemical potential difference in the absence

of the NM/FI interface and g is the dimensionless factor,
which is defined as

(6)

4¢* G,
h oS/

g = ®)
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and indicates the amplitude of the absorption rate at the
interface.

In Ref. [10], the magnetization-orientation dependence of
G, was discussed in terms of the spin-mixing conductance.
In this discussion, the spin absorption rate at the interface g;
is largest (smallest) when the magnetization M is perpendic-
ular (parallel) to the accumulated spin o [see Figs. 1(a) and
1(b)]. Then, the spatial profile of u,(y) changes depending
on the direction of M [see Fig. 1(c)]. A similar approach
was employed also in recent theoretical works on unidirec-
tional SMR [19] and low-dimensional-FI/NM systems [33].
In our study, however, no assumption is made about the
magnetization-orientation dependence of G. As shown later,
the magnetization-orientation dependence of the spin absorp-
tion rate, which is implicitly assumed in the discussion that is
based on the mixing conductance, is not sufficient to discuss
the temperature dependence of the SMR signal.

The backflow current jB induces a charge current in the
x direction owing to the inverse spin Hall effect. Then, longi-
tudinal magnetoresistance is calculated as [10]

Ap ., gstanh®(dy/2))
o M1 4gcoth(dy/r)

C))

Thus, SMR is related to the spin conductance G, via the factor
gs- In the subsequent sections, we calculate Gy as a function
of the angle between M and o.

The theoretical description of SMR for the NM/AFI bi-
layer is almost the same as for the NM/FI bilayer. SMR can be
discussed by calculating G as a function of an angle between
the Néel vector and o. We note that the present formulation is
applicable to more complex systems such as a NM with the
Rashba spin-orbit interaction [20].

III. MODEL

In this section, we introduce a model for NM/FI and
NM/AFI bilayers. After we provide the Hamiltonian for bulk
systems of the NM (Sec. IITA), FI (Sec. III B), and AFI
(Sec. I C), we describe the model for the interfacial exchange
coupling in Sec. III D.

A. Normal metal

The Hamiltonian for a bulk NM is given as

Hyw =) &}, Cho (10)
ko

where & = e, — w is the energy dispersion measured from
the chemical potential and o =1, | is the z component of
an electron spin. We assume that the spin accumulation at an
interface induced by SHE is described by quasithermal equi-
librium states with spin-dependent chemical potential shifts
+us/2, where u, is recognized as its value at the interface
us(0), given in the previous section. The density matrix for
this quasithermal equilibrium state is given as p = e #*w /Z,
where

My =Y (& — 0 4s/2)C}, Cho (11

ko

(a) (b)

N

FIG. 2. Relation between the laboratory coordinate (x, y, z) and
magnetization-fixed coordinate (x’, y’, ) for (a) FI and (b) AFL

where f is the inverse temperature and Z = Tr(e #™M) is the
ground partition function.

B. Ferromagnetic insulator

For the Hamiltonian of the bulk FI, we consider the Heisen-
berg model given as

Hp =7 8;-S;—hyhs »_S:. (12)
(i.)) i

where §; is the localized spin, J (<0) is the ferromagnetic
exchange coupling, (i, j) indicates a pair of nearest-neighbor
sites, y is the gyromagnetic ratio, and A4, is the static magnetic
field. Here, we introduce a new coordinate (x’, y’, 7') and as-
sume that the net magnetization is aligned in the +z’ direction
in this new coordinate by the magnetic field [see Fig. 2(a)]:

(8700 = (18 )y 57 - (87)y) = ©.0. 3. (13)

Wher~e (---)o indicates the thermal average in the bulk FI
and Sy is the amplitude of the magnetization per site, which
depends on the temperature.

C. Antiferromagnetic insulator

For the Hamiltonian of the bulk AFI, we consider the
Heisenberg model on a lattice composed of two sublattices,
A and B:

Hppr = JZSA,i -SB,j» (14)
(i,J)

where S, ; denotes a localized spin on the sublattice v (=
A, B), the antiferromagnetic exchange is denoted as J (> 0),
and (i, j) indicates the nearest-neighbor pairs between two
sublattices. We assume that the magnetization on sublattice
A (B) is aligned in the +7' (—Z') direction [see Fig. 2(b)]:

(Saj) = (IS} 5%, (82.,) = 0.0.50, (15

(S5.5) = (S5 3). {S5.,)- (55.,)) = (0.0.=0).  (16)

where S is the amplitude of staggered magnetization per site,
which depends on the temperature.
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D. Exchange coupling at the interface

The interfacial exchange coupling between the FI (or AFI)
and NM is described by the Hamiltonian

=Y X[
vo(i,))

iStisT A+ (TS, st (17)

ijov,ivj

where Svi,i = S}, £ 8} ; are creation and annihilation operators
of the spin in the laboratory coordinate, sf are those of the
spin of conduction electrons, 7} is an exchange coupling
between a pair of interfacial sites (i, j), and v is the sublattice
of localized spins. The sublattice is unique (v = A) for the FI,
and there are two sublattices (v = A, B) for the AFL.

To proceed with the calculation, we need to rewrite the
Hamiltonian (17) in the spin operators in the magnetization-
fixed coordinate (x,y’,z’). The conversion formula for
the spin operators from the magnetization-fixed coordinate
(x',y', Z') to the laboratory coordinate (x, y, 7) is given as

Sf,j = cos b S)‘f —sin@ §¢ (18)

Vj’

S, =5 (19)

v,j?

St = sin@S” +cosf S7

-] v.j?

(20)

where 6 is the angle of magnetization (see Fig. 2). By this
coordinate transformation, we obtain
Sy =cos*(6/2)S, —

sin?(0/2)S,, — sin0S% ;. (21)

S = C052(9/2)5U — Sln2(9/2)S+/ — sin6S% (22)

U]’

where Si’] = S* + S} »,j- Then, the interface exchange inter-

action can be d1v1ded into three parts as

Hey = ZH;;:), (23)

Hy = 8u0) ) [T 1ss; +@ DS 4

ij=v,ivj
(iJ)

where S and g,(8) (a = 1, 2, 3) are defined as

S =5, g1(0)=—sino, (25)
SO =511 g2(0) = cos’(6/2), (26)
55,3) S g30)=— sin?(6/2). (27)

IV. SPIN CURRENT

Next, we calculate the spin current using the second-order
perturbation with respect to the exchange coupling at the
interface [40,44,47-50]. We derive a general formula for spin
current and spin conductance. Our formula is expressed in
terms of spin susceptibilities in NM and FI (or AFI) layers and
is general; that is, the formula does not depend on a specific
model.

A. Definition

We define the spin current as the absorption rate of the
z component of the spin angular momenta on the NM side
at the interface:

—h, st = i[s%,, H], (28)
.1
St = 5 Z@mm - C,I¢Ck¢), (29)
k

where H = Hyxwm + Hrijap + Hex is the total Hamiltonian.
The spin current is calculated in the form

3
=Y I, (30)

a=1

19 = —igy) Y S (1289s; —He). (D)

We note that the z component of the total spin is not conserved
at the interface because the magnetization of the FI (or the
AFI) is not necessarily aligned in the z direction.

B. Second-order perturbation

We calculate the spin current within the second-order per-
turbation with respect to the interfacial exchange coupling.
For simplicity, we assume that the correlation between the
exchange coupling for different pairs vanishes after random
averaging on the positions of the interfacial sites:

(T (T5) )y = |

Then, the spin current is written as the sum of independent
spin exchange processes at different pairs of the interfacial
sites. We note that this kind of assumption has been used for
a long time to describe electric tunnel junctions [44,47,51].
Then, the spin current is calculated as [44,47]

San *® dw _;

xRe [x<(q, 0)GR Ok, )+ x*(q, )G, (k, )],
(33)

o2
T;‘j‘ 8i,i8j,j" v, (32)

where A, =23, |TV1*/h, N is the number of sites in
the NM, and MNg is the number of unit cells in the FI
(or the AFI). Hereafter, we set A = A5 for the FI and as-
sume that the exchange coupling is equivalent for the two
sublattices, A = Ay = Ag, for the AFI. The advanced and
lesser spin susceptibilities of the NM, x*(q, w) and x <(q, ®),
are defined by the Fourier transformation of the following
functions:

XA(q,t)—Nh9( 1)L (1), 55 (0)])o, (34)

S 0)s; (¢ 35
X(Q)N(()(» (35)

where (- - - )o indicates an average for the unperturbed Hamil-
tonian, sflt is the spin operator of conduction electrons,
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given as
- i
Sy= D iy Chiat (36)
k

s;;z ZCZHTCH, 37
k

and s (1) = e'fw/hse=ithwit/h For quasithermal equilibrium
states, we can prove the dissipation-fluctuation theorem

X ~(q, w) = =2if (iw + p)Im x*(q, w), (38)

using the Lehmann representation, where f(E) = (£ —1)"!
is the Bose distribution function. The retarded and lesser spin
correlation functions of the FI (or the AFI), Gf{f,a)(k, w) and

G;;,(a) (k, w), are defined by the Fourier transformation of the

following functions:

Gl te.1) = —20O([SG@. [SQO] Ty 39
G =~ HSGOTSGw), @)

where SE“,? (a =1, 2, 3) are the spin operators defined by the
spatial Fourier transformation of Egs. (25)—(27). To continue
calculation, we introduce a fluctuating part of the spin corre-
lation function as 8S\%)(t) = S\(t) — (S\))o. From Egs. (39)
and (40), we obtain

GH Ok, w) = 5G (k, ), 1)
2 iNES?
Gk, @) = = T8, 1808(@)
+8G5 Dk, w), (42)

where 8GR(@(k, w) and 8Gy; @ (k,w) are the correlation
functions, which are defined by replacing Sf,z(t) with SSﬁfz(t)
in Egs. (39) and (40). Using the Lehmann representation, we
can prove the dissipation-fluctuation theorem

3G\ Vk, w) = 2if (hw)lm 8GNV (k, w). (43)

v’

Combining Egs. (38) and (41)—(43), the spin current is calcu-
lated as

() =L + Lo, (44)

L1 = hAsin® 0 §IN, Im x 2 (0), (45)

3
d(hw)
I, = 2 :Zgu(e)zhAE /—271 Im xf ()
a=1 v

x [-Im G}, (o) |[f (ho) — f(ho + py)l.  (46)

where N, is the number of sublattices (N, = 1 for the FI and 2
for the AFI). The local spin correlation functions xl’f)c(a)) and

G () are defined as
1
Ko@) = 123 x"(@, ). (47)
q
1
GhO ()= — Y GHO(k, w). 48
uv,loc( ) NF ; vy ( ) ( )

Finally, let us summarize the physical meaning of the spin-
current formula given by Eqs. (44)—(46). We stress that this
formula is written in terms of spin susceptibilities for bulk
materials and therefore is applicable to general systems such
as NMs with strong electron-electron interactions. The spin
current is composed of two parts. The first part, ; ;, describes
the static part, which is induced by spin flipping owing to
the static effective transverse magnetic field via interfacial
exchange coupling. Actually, the static part I; ; is almost inde-
pendent of the temperature well below the magnetic transition
temperature and reaches the maximum when the accumulated
spin at the interface on the side of the NM is perpendicular to
the magnetization of the FI (or the Néel vector of the AFI), i.e.,
6 = m /2. This feature of [;; coincides with the theory that is
based on the spin-mixing conductance in Refs. [9,10]. How-
ever, an additional contribution I, exists which is induced
by the creation or annihilation of magnons. This part can be
regarded as a dynamic part. In subsequent sections, we will
show that this dynamic part depends on the temperature and
that its angle dependence differs from the static part.

C. Spin conductance

From Egs. (44)—(46), the (dimensionless) spin conductance
at the interface defined in Eq. (6) is calculated as

G; = Gy,1 + Gy, 49)
Gy.1 = Gysin® 6, (50)
> 1 dE
G2 =) 2620V —> | == E
s N, - 2
1 R,(a) df
x < S—gImSGloc (E/h) [ d—E], (51)

where Gy = AS2N, 7 N(0)? and N(0) is the density of states
in the NM at the Fermi energy. We note that the spin chemical
potential ,(0) is now recognized as p, in the model of the
NM [see Eq. (11)].

V. SMR IN FI/NM BILAYERS

In this section, we calculate the spin conductance by em-
ploying the spin-wave approximation within the description
of noninteracting magnons for the ferromagnetic Heisenberg
model. Hereafter, we assume that the amplitude of spins for
the ground state, Sy = S(T = 0), is sufficiently large and that
the temperature is much lower than the magnetic transition
temperature.

By applying the Holstein-Primakoff transformation to the
spin operators in the magnetization-fixed coordinate, the
Hamiltonian of the FI is approximately written as

Hyi = ) horbjbe, (52)
k

fiwg =~ Dk* + E,, (53)

where by (b;) is the magnon annihilation (creation) oper-
ator, Ey = hyhg. is the Zeeman energy, and D = |J [Soa?.
In the spin-wave approximation neglecting magnon-magnon
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interaction, the local spin susceptibility is calculated as
Im 8GXH(E/R) = 0, and

loc

Im 8GR P(E/R) = —Im 8GR (—E /h)

loc

= —2nSoDg(E), (54)

where Dr(E) is the density of states for magnon excitation per
unit cell:

1
Dp(E) = N Z(S(E — Tiag). (55)
k

Although the magnetization Sy depends weakly on the temper-
ature within the present spin-wave approximation, we neglect
it for simplicity (Sy ~ Sg). Then, the spin conductance takes
the form

Gs = Gy + AG;sin® 0, (56)

where G o is the part that is independent of 6 and the second
term describes the angle dependence, i.e., SMR. The ampli-
tude of SMR is calculated as

AGy = Go[l — gr(T)], (57)

T L[ dE EDp(E af 58
g )—SO/O wWE)-2E] 69
We note that the first term, Gy, in Eq. (57) originates from the
static part Gy, 1, while the second term, —Gogr(T"), originates
from the dynamic part G, . The factor gp(7') is small under
the condition Sy >> 1, for which the spin-wave approximation
based on the noninteracting magnon picture works well. If we
neglect gr(T'), we recover the usual positive SMR behavior,
AG; = Gy sin? 6. The factor gr(T) weakens positive SMR.
When the Zeeman energy is neglected (Ey =~ 0), the tempera-
ture dependence of the SMR signal is obtained at sufficiently
low temperatures as

AG, 5.2 (kBT)3/2

VR il i (59)
AG,(T = 0) So \ E.

where E. = Dk? is the cutoff energy, which is on the order
of the transition temperature (for details, see Appendix B). If
gr(T) exceeds 1, the sign of SMR changes. The temperature
of the sign change T; is estimated as

ke T, ~ (5%)2/3150. (60)

We note that for Sy > 1, 7T, becomes on the order of E.
for which the noninteracting magnon approximation is not
justified. This estimate indicates that the sign change of SMR
occurs if Sy is not large.

VI. SMR IN AFI/NM BILAYERS

In the spin-wave approximation, the Hamiltonian for the
AFI is obtained in the leading order of 1/Sy as

Hap =Y hox(ejon + BL o). 1)
k

where oy and S are the annihilation operators for magnons,
Wi = vy k| is the dispersion relation, and v, = zJSpa/ (v/3h)

is the velocity of magnons (see Appendix A). Here, we ap-
proximate the magnon dispersion as a liner dispersion in the
long-wavelength limit (Jk| — 0). The local spin susceptibility
is calculated as Im SGf’UfllgC(E /h) = 0and

> ImSGH O (E/R) =~ > ImSGy G (~E/h)

v=A,B v=A,B

= —27mS0F (E)[DaAp(E)—Dap(—E)],
(62)

where Dag(E) and F (E) are the densities of states for magnon
excitation and the form factor, respectively (see Appendix A):

1
Dpp(E) = — S(E — hawy), (63)
7 2
3o,
F(E) = */|;|Z . (64)

Using these results, the spin conductance is calculated in the
form of Eq. (56). Then, the amplitude of the SMR is given as

AG; = Go[l — gar(T)], (65)

dE

For the AFI, the temperature dependence of the SMR signal
is given as

1 o d
gar(T) = / dE EF (E)Dar(E)| i | ©o
0 JO

AG; N 4.4<kBT)2
AG(T =0) So \ E. /"’

where E, = hupk. is the cutoff energy (see Appendix B). The
temperature of the sign change is estimated as

(67)

S\ 172
ke T, ~ (ﬁ) E.. (68)
This estimate indicates that the sign change of SMR may
occur if S is not large.

VII. COMPARISON WITH EXPERIMENTS

Let us first consider SMR for the FI. SMR experiments for
the FI have been performed mainly for Pt/yttrium iron garnet
(YIG) bilayer systems [9—13]. In this theory, the temperature
of the sign change of the SMR signal estimated for Pt/YIG
exceeds the magnetic transition temperature using Eq. (60)
and Sp = 10. This indicates that the correction by the factor
of gr(T) is small, and no sign change occurs. This result is
consistent with the detailed measurement of SMR in Pt/ YIG
[14,15], where the observed temperature dependence is inter-
preted by that of the spin diffusion length. Our result also
provides insights into the measurement of nonlocal magne-
toresistance in Pt/YIG/Pt nanostructures [34,35], which is
induced by magnon diffusion in YIG; our result indicates that
the temperature dependence of nonlocal magnetoresistance
mainly comes from that of the spin diffusion in YIG.

SMR was also measured for AFI/NM bilayer systems
in several experiments. In Fig. 3, we show the measured
temperature dependence of SMR in Pt/NiO/YIG bilayer sys-
tems, obtained from Ref. [21]. In this experiment, an estimate
of the factor g;coth(dy/A) is much smaller than 1 using
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FIG. 3. Experimental data of SMR (amplitude of the
magnetization-dependent part of the magnetoresistance) measured
in Pt/NiO/YIG bilayer systems for NiO thicknesses of 2.0, 2.2, and
2.7 nm, obtained from Ref. [21]. The solid curves show fitting using
quadratic temperature dependence described by Eq. (67). The data
are normalized as —1 at zero temperature using the extrapolated
value by the fitting.

A=15nm,d =4nm, o~ =860 Qnm, and G,/(/i/2e?) ~
3 x 10" @' m~2. Therefore, SMR is proportional to spin
conductance [see Eq. (9)]. As seen from Fig. 3, the sign of
SMR changes at 80, 140, and 180 K for NiO thicknesses of
2.0, 2.2, and 2.7 nm. In addition, we show the fitted curve
using the quadratic temperature dependence described by
Eq. (67) in Fig. 3. This fitting indicates that the quadratic tem-
perature dependence explains well the experimental data at
low temperatures. If we employ Sy = 0.94 and E. = 1500 K
from the magnon dispersion measured by the neutron exper-
iment [52], the temperature of this sign change is estimated
for bulk NiO as 7. = 690 K (see also Appendix B). This
estimated temperature for the sign change is much larger than
the experimental observation shown in Fig. 3. However, the
Néel temperature of NiO (Ty = 525 K) is suppressed for the
thin layer [53], which indicates a decrease in the magnon ve-
locity. In addition, the noninteracting magnon approximation
holds well only at low temperatures compared to the Néel
temperature.

In this paper, we discuss SMR at low temperatures us-
ing the spin-wave approximation neglecting magnon-magnon
interaction. Because the spin-current formula derived in this
paper is general, SMR can be evaluated for arbitrary tem-
peratures using a numerical method such as the Monte
Carlo method. Detailed numerical analysis beyond the non-
interacting magnon approximation and the consideration of
roughness of the interface is left as a future problem.

VIII. ONSAGER RELATION

In this section, we formulate noise in thermal equilibrium
(8us = 0) and derive the Onsager relation, which relates ther-
mal noise to spin conductance.

We define the noise power of the spin current as

5=/ dr[(Is()is(0)) + (Is (0)fs(1))]. (69)

oo

In second-order perturbation with respect to the exchange
coupling at the interface, we can replace the average with that
for an unperturbed system as (---) =~ (- - - ). Using a similar
procedure that is used for spin current, the noise power is
calculated as

S=85+8,, (70)

Si = 2i*AS8}N, sin? 6 x lim (=D (@) + xjoe(@)],  (T1)

3
< d(h
S =3 212,02 Y f dhe)
a=1 v e

X [X1(@)8GS (@) + %7 (@)8G5E ()], (72)

vv,loc vv,loc

Here, x;;.(w) and G;;,(‘f())c(w) are the greater components of

local spin susceptibilities, defined as

il ®) = 577 3 f dt (s D)5y (0),  (73)
q

I .
dt o
Neh Xk:/ ¢

x (851 [85,0)]'),. (74)

3G () = —

v/, loc

Using the dissipation-fluctuation relations
Xioe (@) = 2i[1 + f(hw + Sp)Im xf (@), (75)

5G4 (@) = 211 + f(iw))Im §GX D (@), (76)

v’ loc v/, loc

the thermal spin-current noise is calculated as

S| = 2hikgT Gy sin’ 6, (77)

: 2 2 *dw R
Sy =) 8IPAg(07 ) >, Imx (g, )
a=1 v -

x ImG®@ (k, w) f(ho)[1 + f(fiw)]. (78)

vy,loc

Using the identity

9 ) (79)

[l + f(fw)] = kBT(—E

and comparing these results with Egs. (49)—(51), we can prove
the Onsager relation

S = 4hikyTG,. (80)

We stress that this proof is general, and this relation holds at
arbitrary temperatures for a wide class of the Hamiltonian for
the NM and the FI (or the AFI).

IX. SUMMARY

We constructed a microscopic theory for spin Hall mag-
netoresistance observed in bilayer systems composed of a
normal metal and a ferromagnetic (or antiferromagnetic) insu-
lator. We formulated the spin current at the interface in terms
of spin susceptibilities and clarified that it is composed of
static and dynamic parts. The static part of the spin current
originates from spin flip owing to an effective magnetic field
induced by an interfacial exchange coupling. This part is
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almost independent of the temperature and takes a maximum
when the magnetization (or the Néel vector) is perpendicular
to accumulated spins in a normal metal, which is consistent
with intuitive discussions in previous experimental studies.
However, the dynamic part, which is induced by the creation
or annihilation of magnons, depends on the temperature and
has opposite magnetization dependence, i.e., takes a maxi-
mum when the magnetization (or the Néel vector) is parallel
to accumulated spins in a normal metal. The dynamic part
becomes larger when the amplitude of the localized spin S
is smaller. This indicates that the sign of SMR changes at a
specific temperature if Sy is sufficiently small. Our study gives
a microscopic description of SMR in the NM/AFI bilayer
systems. We also discussed that the measured temperature de-
pendence of the SMR in the Pt/NiO/YIG trilayer system [21]
is consistent with our results. Finally, we proved the Onsager
relation between spin conductance and thermal spin-current
noise using a microscopic calculation.

Our general formalism, which is applicable to various sys-
tems for arbitrary temperatures, is essential for describing
spin Hall magnetoresistance. Theoretical analysis beyond the
noninteracting magnon approximation and the extension of
our theory to noncollinear magnets are left as future problems.
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APPENDIX A: SPIN-WAVE APPROXIMATION
FOR THE AFI

In this Appendix, we briefly summarize the spin-wave
approximation neglecting the magnon-magnon interaction for
the AFI based on noninteracting magnons. Throughout this
Appendix, the amplitude of spins for the ground state, Sy =
S(T = 0), is much larger than 1, and the temperature is much
lower than the magnetic transition temperature.

By a standard procedure based on the Holstein-Primakoff
transformation, the Hamiltonian of the AFI is approximately
written as

1
HAFI ~ JZS() E (a; bk) (C,j ik> <Z£>’ (Al)
k

where a; and by are the annihilation operators of spins on
the A and B sublattices, respectively, and z is the number
of nearest-neighbor sites. For the cubic lattice (z = 6), & is
calculated as

& = %(cos kya + cos kya + cos k.a). (A2)

To diagonalize the Hamiltonian, we introduce the Bogoliubov
transformation:

ax = ugay — vy, (A3)

(A4)

The exchange relation of bosonic operators leads to the con-
straint u,% — v,% = 1. By straightforward calculation, we obtain
the diagonalized Hamiltonian (61) in the main text using the
solutions

b}; = VO — Mkﬁ;

1 1
e l= |4

2\ /1= §Ic2
In the long-wavelength limit (k — 0), the dispersion rela-
tion becomes wg = vn|k|, where vy, = JzSoa/(~/3h) is the
velocity of magnons. Using this diagonalized Hamiltonian,
the local spin susceptibilities are written as Eq. (62) with
the density of states of magnons given by Eq. (64). Spin
susceptibilities include the factor v,% + u,%, which is rewritten
in the limit of kK — 0 by the form factor

1 _Jz8

JI—CEY E

(A5)

F(E) = (A6)

where £ (E) = Clpwy=E-

APPENDIX B: CUTOFF ENERGY

To estimate the temperature at which the sign of SMR
changes, we approximate magnon dispersion as that for the
continuum limit (k — 0). We introduce the cutoff wave
number k. as Ny = V(2r)3 fok" dk 4mk?, leading to k.a =
(6m2)!/3 = a, where a is the lattice constant. The density of
states of magnons is calculated for the FI using its cumulative
function, defined as DE(E) = [(E — EO)/EC]3/2, where E. =
Dk2. When we neglect the Zeeman energy Ey, we obtain

dDY(E) _ 3 (E\"

dE 2E.\E.)]
For the AFI, the cumulative function is given as D (E) =
(E /EC)3, where E. = hivyh,k.. We obtain the density of states

of magnons as
Dapy — i _ 3 (E : 2)
AT e T EN\E)

To estimate SMR for the Pt/NiO/YIG bilayer system,
we used the parameters obtained from the neutron scat-
tering experiment [52]. The antiferromagnetic structure of
NiO is described by four sublattices, each of which is a
simple cubic lattice with the strongest antiferromagnetic cou-
pling, J >~ 230 K, for nearest-neighbor sites, which leads to
E. = 1500 K.

Dg(E) =

(BI)
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