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Acoustic and elastic metamaterials with time- and space-dependent material properties have received
great attention recently as a means to break reciprocity for propagating mechanical waves, achieving
greater directional control. One nonreciprocal device that has been demonstrated in the fields of acoustics
and electromagnetism is the circulator, which achieves unirotational transmission through a network of
ports. This work investigates an elastic wave circulator composed of a thin elastic ring with three semi-
infinite elastic waveguides attached, creating a three-port network. Nonreciprocity is achieved for both
longitudinal and transverse waves by modulating the elastic modulus of the ring in a rotating fashion.
Two numerical models are derived and implemented to compute the elastic wave field in the circulator.
The first is an approximate model based on coupled-mode theory, which makes use of the known mode
shapes of the unmodulated system. The second model is a finite-element approach that includes a Fourier
expansion in the harmonics of the modulation frequency and radiation boundary conditions at the ports.
The coupled-mode model shows excellent agreement with the finite-element model and the conditions on
the modulation parameters that enable a high degree of nonreciprocity are presented. This work demon-
strates that it is possible to create an elastic wave circulator that enables nonreciprocal mode-splitting of

an incident longitudinal wave into outgoing longitudinal and transverse waves.
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I. INTRODUCTION

Acoustic and elastic wave reciprocity is a fundamental
principle that requires the symmetry of propagating waves
between two points in space when propagation takes place
in linear time-invariant (LTI) media [1,2]. The simplest
expression of reciprocity is that the propagation of waves
from source to receiver will be identical in both phase
and magnitude if the source and receiver are interchanged.
Current research in nonreciprocal wave propagation there-
fore aims to break this symmetry between source and
receiver, enabling direction-dependent wave phenomena
such as one-way wave propagation and vibration isola-
tion [3]. Various techniques that have been investigated
in enabling nonreciprocity have often relied on violating
the assumption of an LTI system. For example, nonlin-
ear wave propagation in geometrically asymmetric media

*bgoldsberry@utexas.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the

author(s) and the published article’s title, journal citation, and
DOL

2331-7019/22/17(3)/034050(11)

034050-1

has been shown to exhibit nonreciprocity [4—6]. In addi-
tion, spatiotemporal modulation of the material properties
[7—14] via the utilization of active elements [10,15—17],
including modulation of paired loss-gain media in non-
Hermitian systems [18,19], enables nonreciprocal effects
for linear waves.

Many nonreciprocal mechanical systems have been
inspired by analogous multiport electronic devices [20].
An isolator is a two-port system that allows for the trans-
mission of waves in one direction, and has been real-
ized for acoustic waves in systems that utilize fluid flow
[21], spatiotemporal modulation of material properties [7],
and nonlinearity [4,22]. The gyrator is another two-port
system that manipulates the phase of a wave in one direc-
tion, and has recently been achieved in a waveguide with
fluid flow [23]. Finally, circulators are three-port devices
that transmit waves in a unirotational fashion, and have
been realized using both fluid flow [24] and spatiotem-
poral modulation of the volumes of coupled cavities [25].
Nonreciprocal circulators, which are typically composed
of three ports with threefold rotational symmetry con-
nected to coupled acoustic or elastic resonators, are the
focus of this work. These devices are primarily utilized
to isolate source and receiver channels for full-duplex
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communication devices [26]. Previous works have lim-
ited the analysis of mechanical circulators to the acoustic
(scalar) case [24,25], lumped-element mechanical systems
that only admit one unique resonance [25,27], and elas-
tic devices utilizing an angular momentum bias imposed
by steady-state rotation [28]. However, little attention
has been given to more general elastic wave circula-
tors with spatiotemporally modulated material properties,
whose dynamics may be greatly enriched by coupling
between modes, including multiple wave polarizations in
the circulator and all ports.

We investigate an elastic wave circulator composed of
a thin elastic ring connecting three semi-infinite elastic
waveguides, creating a geometrically symmetric three-port
network. Nonreciprocity is achieved for both longitudinal
and transverse waves by modulating the elastic modulus
of the ring in a rotating fashion. Details of the circulator
geometry and modulation of the elastic modulus are given
in Sec. II. Two numerical models are derived and imple-
mented to compute the elastic wave field in the circulator.
The first model is an approximate coupled-mode model
(CMM), presented in Sec. III, which is based on previ-
ous research investigating nonreciprocal vibrations in finite
Euler beams [29]. The CMM is a reduced-order model of
the circulator and is therefore computationally efficient,
making the CMM well suited for efficient design itera-
tion. However, the assumptions employed for the CMM
impose restrictions on the circulator geometry, limiting its
ability to capture the full design space. The second model,
presented in Sec. IV, addresses these limitations by adapt-
ing a finite-element approach (FEA) that was previously
derived by the authors to explore nonreciprocal elastic
wave propagation in modulated elastic metamaterials [13].
In contrast to the CMM, the FEA requires a discretized
mesh of the circulator geometry and is therefore compu-
tationally expensive, which limits a thorough exploration
of the circulator design space. We therefore calibrate the
CMM with the FEA in Sec. V in order to accurately utilize
the CMM to investigate circulator designs, and we show
with both models that the proposed elastic wave circula-
tor exhibits a large degree of nonreciprocity and can act
as a nonreciprocal Lamb wave mode converter. We then
summarize the findings of this work in Sec. VI.

II. MODEL DEFINITION

Consider the elastic circulator configuration shown in
Fig. 1, which consists of an elastic ring attached to three
semi-infinite, external elastic waveguides acting as input
and output ports. The ring has constant radial thickness 4
and constant radius of curvature R at its mid-surface, such
that the location of any point on the ring may be deter-
mined by the angle . The semi-infinite waveguides each
have thickness #,, and are attached at locations 6y, 6,, and
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FIG. 1.

Elastic wave circulator geometry.

03, separated by 120°, creating a three-port network with
threefold axial symmetry.

The ring material is considered to be a linear, isotropic
solid with modulated Young’s modulus E(0,?), constant
Poisson’s ratio v, and constant mass density p. The cor-
responding material properties of the port waveguides are
constants denoted by E,,, v,,, and p,,, respectively, and may
generally differ from the ring. The Young’s modulus of the
ring has the assumed form

E©,f) = Ey+ EnE'(0,0), (1)

where Ej is the mean (static) Young’s modulus, £, is the
modulation amplitude, and E’(0, ) is the variation, or mod-
ulation, of the Young’s modulus about the mean value.
The modulation is restricted to be a periodic function of
time, E'(0,t+ T,,) = E'(9, 1), where T,, is the fundamen-
tal period of the modulation. The fundamental angular
frequency of the modulation then follows as w,, = 27/T,.

I11. COUPLED-MODE MODEL

A. Equations of motion

Here, we derive an approximate model for the circulator
based on coupled-mode theory. We begin by assuming suf-
ficiently small drive frequencies for which the wavelength
is much larger than the thickness /%, such that the elastic
ring can be well approximated as a curved Euler-Bernoulli
beam with plane strain assumptions for the out-of-plane
direction. Therefore, the complete in-plane displacement
field of the ring can be described by the radial and tan-
gential displacements, denoted by W(6,¢) and V(6,1),
respectively. The coupled partial differential equations of
motion for the displacements are written in dimensionless
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form as [30]
R? 3*w 82 v Pw
29 =V 9 [EO0 5 ~ 302
cy Ot 00 00 90
- ov
—E@®,1 <w + %> + /s (2)

R? 9%y 50 E@.1) v P*w
E T Y% 20 96

+ 9 [E(Q 7) ( )} + /o, 3)

20

where w(0,1) = W(0,1)/Urand v(6,1) = V(0,1)/Ur are
the dimensionless radial and tangential displacements,
respectively, and are normalized by an arbitrary reference
displacement Ups. The relevant elastodynamic parameters
in Egs. (2)«3) are the dimensionless Young’s modulus
E(0,f) = E(x,1)/Ey, the longitudinal sound speed cy =
JVEo/p, and the dimensionless parameter

y = R™'\/D/(Eoh), (4)

which represents the flexural rigidity of the curved plate,
where D = Egh®/[12(1 — v?)] is the flexural rigidity of a
planar plate with the same thickness. The external loading
is defined by the forces f, and f5, which represent normal-
ized radial and tangential contributions, respectively, and
include sources and radiation losses due to the attached
elastic waveguide ports. The external forces from the
waveguide ports can be idealized as point forces if the
external port waveguide thicknesses are much less than
the ring thickness (%,, < k). In this case, the shear forces
from the external waveguide ports are assumed to be small
and are therefore neglected in this study, that is, fy = 0.
Therefore, the only input wave considered in this work is a
time-harmonic radial input force at port 1, which is caused
by an incident longitudinal mode in the port waveguide.
Note that the incident longitudinal mode is the Sy Lamb
wave mode defined in Sec. IV A. The radiation losses
due to the waveguide ports are approximated using the
mechanical longitudinal impedance of a plate [31], such
that the normalized exterior forcing term is written as

2RF,
Ebhlﬁd

RZ dw

fi= 50 — 9)—’“’0’+Z——8(0 09, (5)

where the first term on the right-hand side is the force due
to the incident longitudinal wave in port 1 (6; in Fig. 1),
and the second term on the right-hand side is the radia-
tion loss from all three port waveguides (6, 6;, and 63
in Fig. 1). Furthermore, §(0) is the Dirac delta function,
Z = pywcwhy/(pcoh) is the dimensionless radiation

impedance, where ¢, = /E,/[pw(1 —1v2)] is the low-
frequency limit of the longitudinal wave speed of the port
waveguide, and Fj is the amplitude of the time-harmonic
input force with frequency wy.

B. Coupled-mode formulation

Due to the periodicity of £'(6, ) in time, we can expand
E'(0,1) as a truncated Fourier series with 2P + 1 terms,
such that the dimensionless Young’s modulus is written as

P
E@,0y=1+a Y  E@©)e?, (6)
p=—P
p#0

where EP (0) are the Fourier components of E'(6, ), and
o = E,/Ey is the dimensionless modulation amplitude. As
a result of the time-periodic form of the Young’s modulus
and the incident wave, Egs. (2)+3) possess steady-state
solutions of the form

P
w(,f) = Y Wr(O)eotrem, (7)
p=—P
P
v(0,1) = Z {)p(g)e—i(wo-i-pwm)t’ )
p=—P

where W”(0) and 0”(0) are the angle-dependent radial
and tangential displacements for each frequency compo-
nent (wy + pwy,). Since the displacements of the ring must
be continuous for all 8, including the endpoints w(0,?) =
w(2m,t) and v(0,f) = v(2m,¢), the spatial profiles can be
expanded as a truncated Fourier series with 2N + 1 terms
and basis 1, (8) = e™?,

N
W= W), ©)
n=—N
N
=) #a), (10)
n=—N

which, when substituted into Egs. (7)«8), yields the total
displacement solution

P N
w(®,f) = Z Z We T —(@otpom] (11)

ﬁpei[w*(woﬂ?wm)l]. (12)

n

Iﬂrvjz IJ

;’
v(@t:Z

Equations (11)~12) show that the total displacement solu-
tions are a sum of clockwise (n < 0) and counterclockwise
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(n > 0) propagating plane waves at the frequencies (wg +
pw,,) with amplitudes 1, and 7/, .

Equations for the plane-wave amplitudes are derived
using a weak formulation of the equations of motion,
which results in a symmetric system of equations for the
plane-wave amplitude values, and also allows for arbi-
trary and possibly discontinuous stiffness modulation pro-
files, such as the traveling modulation form considered in
[8]. The weak formulation of the equations of motion is
derived by multiplying Eqgs. (2)~(3) by ¥ (8) = =™ and
integrating over 6:

R2 2 82W
— —* do
2 | S

- 2/% " Tz@.0 (22 - 2] y: o
V), a2 |7 \e T 962 )| Ve

2 _ B'U 2
—/ E@,0(w+ — )¢} do + S, do,
0 20 0
(13)
R2 2 aZU .
— —_— do
Cé 0o O0Ff Y

_ 2/2ﬂa|:E( )<@_82_W>j| * 10
V), 30 02 )| Vm
2 8 .
+/0 = [E(G t)( w)] vrde.  (14)

Integration by parts is utilized twice on the first integral on

the right-hand side of Eq. (13), and once on the first and

second integrals on the right-hand side of Eq. (14), to yield
RZ 2 82W

/2” E©.1 81) %w
aJ, a2 0 902
82 * 2 _ v
“magp— | E@,¢ )yt do
Cvman- [ >(w+89>wm
2
+ | SV, do, (15)
0
R2 2 821) 5 2
— — — E@®,t¢
2 ), oe Y /0 0,1
9 32 U 2 _
x (22 1//’"are—/ E@©,9
90 962 ) 90 o

dv ayr
n gp. 16
<39+W> 20 (16)

Y do = y?

Y do =

Note that the boundary terms that arise from integration by
parts vanish due to the spatial periodicity of the displace-
ment solution and Young’s modulus. Finally, the equations

for the plane-wave amplitudes are found by substituting
Egs. (6), (11), and (12) into Egs. (15)+16) and utilizing
the orthogonality of the Fourier series in time and space.
The resulting expressions can be written compactly, in
matrix-vector form, as

_ _ I 0 K K
(&0 + wm)z[ i| _ [ W,W W,V]
( 0P 0 I K, K,
= _Jc o\ [wr
+ iZ (wy + pop) [0 O:|) [VP}

. XP: Ko K [wl_, [F
KII;/,_V; KIIJ/,_VS v 'p0 ol

s=—P
s#p
€ [-P,P], 17)
where w? = [W , W, \,... W 1 and v = [07, 07, |,

..., 08]" are the vectors of plane-wave amplitudes; @y =
Rwy/cy and @,, = Rw,,/cy are the dimensionless drive
and modulation frequencies, respectively; and the matrix
C, which represents the radiation loss in the ring due
to the port waveguides, has the components C,, =
Qr) 'y 4=1 €"%e~™% The forcing vector F in Eq. (17)
has the values F,, =
ces are

2 2 2

—S o — wna
Khw) =- 2/ Er=s "
(WW w0, ©) %02 302

(2m)~'e~™  and the coupling matri-

27
[ Erewia. sy
0

KP_S _ KP_S .2 an[I 3(9) w 82 ;:ldg
vw mn - Wy mn =Y 0 a0 892

2
—/ EP=5(9) w"w do,
0

(18b)

2w *
—S s n8
(K’é,v‘) =-@’ +1)/ sy 2n W (18¢)

0 30

The matrices inside the parentheses in Eq. (17) are the
so-called mass, stiffness, and loss matrices, respectively,
and are identical to the dynamic matrices for the unmodu-
lated system. The terms in Eq. (17) proportional to « arise
due to the stiffness modulation, and represent the coupling
between tangential and longitudinal wave modes within
the ring at each frequency (@ + p@,,). Equation (17) is
numerically solved given the number of retained spatial
plane waves N, frequencies P, and dimensionless parame-
ters (g, @m, Z, ). The results are shown in Sec. V, and
are compared with a finite-element approach derived in
Sec. IV.
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IV. FINITE-ELEMENT APPROACH

While the coupled-mode model derived in Sec. III is
computationally efficient, it has a number of assump-
tions, namely that the curvature (4/R) and drive frequency
must be sufficiently small such that Euler-Bernoulli the-
ory holds. In addition, the port waveguide thickness must
be much smaller than the ring thickness (%,,/h < 1) such
that the forcing and radiation impedance approximations
in Eq. (5) are valid. To alleviate these assumptions and
obtain a model with applicability to more general geome-
tries, we also develop a finite-element approach , which
numerically solves the continuum elastodynamic equa-
tions and takes into account the exact coupling between
the ring and exterior waveguide ports. To this end, we
extend the FEA previously derived in Ref. [13] to the
present case. The primary modification that must be made
is to enforce outgoing elastic waves for the reflected and
transmitted fields that propagate in the waveguide ports,
which is accomplished by adapting a mode-matching
technique [32].

A. Derivation

The weak formulation for the elastodynamic equations
with spatiotemporally modulated elastic moduli is written
in indicial notation, with the Einstein summation conven-
tion applied to subscript indices only, as [13]

P

> /vkalukldQ—l-(wo—l—pwm) /,oupvde

3
3 [ it as

=— f L9 o0n; ds, (19)
r portl

where @/ and ¥/ are the trial and test displacements,
respectively, at frequency (wo + pwn), 2 represents the
union of the ring and waveguide domains in Fig. 1, and
Iy, q = 1,2,3, are the three exterior waveguide boundaries
caused from the truncation of the semi-infinite waveguides
to create a finite computational domain. The material prop-
erties in Eq. (19) include the mass density p(x) and the
fourth-order tangent modulus tensor

Ly (%) = A (0881 + [1°(x) (8 + 8ud) » ~ (20)
where ):“‘(x) = l:?s(x)v/ [(14+v)(1—2v)] and °(x) =
Es(x)/ [2(1 + v)] are the Fourier-transformed first and
second Lamé parameters, respectively. We note that the
E5(x) functions are defined in Eq. (6) with 6 = atan2(y, x)
and x = [x,y]”. The unknown displacements at the port
waveguide boundaries at each frequency, 07P°", must be

determined such that the waves propagating away from
the ring in the port waveguides remain purely outgoing
and do not reflect from the computational boundary. Given
the plane-strain assumptions of the model, we assume that
the displacement field in the port waveguides can be com-
pletely represented as a linear combination of Rayleigh-
Lamb waves [30]. The drive frequencies considered in
this work are limited to be below the cut-on frequencies
of the higher-order Lamb modes, such that only the zero-
order symmetric (Sy) and antisymmetric (4o) Lamb waves
propagate in the port waveguides. The components of the
displacement field for the symmetric Lamb wave, "™,
are [30]

. B A
Y = (ﬂ cos(By) + E’S COS(ny)> e, (21a)

sym : B : iEx
wyy = (5 sin(By) — nE sm(ny)) e (21b)
2 a2y o
B _ & —p .) s1n(,3h/2)’ (210)
C 2&nsin(nh/2)
where & is the wave number, 1’ = @?/c] — &2, B> =

w?/c5 — &%, ¢ = /(A +21)/p is the bulk longitudinal
wave speed of the waveguide material, and ¢; = /u/p
is the bulk transverse wave speed in the same material.
Similarly, the components of the displacement field for the
antisymmetric Lamb wave, ¥*™, are

yom (ﬂ sin(By) — %s sin(ny)) ¢, (22a)

Y = <$ cos(By) +1 % COS(ny)> e (22b)
2 p2
ﬁ _ _(5 B )cos(,Bh/Z)' (22¢)
D 2&m cos(nh/2)

The wave number & satisfies the well-known Rayleigh-
Lamb dispersion relation

4npE?
(£2 — p?)?

+1
tan(Bh/2) N |: ] o, 23)
tan(nh/2)

where the power of the second term on the left-hand
side is +1 for the symmetric Lamb wave and —1 for
the antisymmetric Lamb wave. The total displacement
at each output port is therefore w?Port = AP-SymqpPSy™ 4
APASYM LAY ywhere AP-Y™ and 4P*Y™ are the amplitude
coefficients for the symmetric and antisymmetric Lamb
waves, respectively, at the frequency (wg + pwy,).

The Lamb wave amplitudes are determined by creat-
ing an auxiliary equation to Eq. (19) that weakly enforces
the continuity of displacement at each frequency. This
is accomplished by forming a weighted inner product
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equation with operator W, (Wy”,w’ — u’ ") = 0, where
the weighting operator is chosen to be the integrand of the
integrals over the port faces in Eq. (19) [32]. Expanding
u?P°" in terms of the symmetric and antisymmetric Lamb
wave shapes yields the auxiliary equations

/ Lg'kl f,}sym”j (flp —A’“Symwp,sym) ds

i
Tq

+/ Lg‘klwf,}symnj (i‘tp _Ap,asyml//p,asym)i ds =0,
q

(24)

/ LoV my (@ — AP yP ™) dS

q
Tq
(25)

for each waveguide boundary I',. Finally, an augmented
system of equations is solved for the finite-element dis-
placement field and the port Lamb wave amplitudes at each
frequency,

et -

where u = [u=",u*, ... u”]’ is an augmented vec-

tor containing the finite-element discretized displacements
at each frequency, and A = [A~F, A=+ [ AP]T is an
augmented vector of the symmetric and antisymmetric
Lamb wave amplitudes at each port waveguide and fre-
quency. The matrices M, C, and K in Eq. (26) are from the
discretization of the integrals over Q in Eq. (19) and are
given in detail in [13]. The matrix I' in Eq. (26) is from the
integrals over the waveguide port surfaces on the left-hand
side in Eq. (19), where the superscript H denotes Hermi-
tian transposition, and the matrix A is formed from the
integrals proportional to the Lamb wave amplitude coef-
ficients in Egs. (24)+25). Finally, the source terms on the
right-hand side of Eq. (26) due to the incident wave are
given by

F = / Ly uiivin; ds, (27)
Iy

S = /F Lyt un; dS. (28)
1

It is assumed in this work that the incident field is an
Sy Lamb wave, u™ = ¢*¥™ which is consistent with
the input force for the coupled-mode model discussed in
Sec. [IT A.

TABLE I. Material and geometric properties for the CMM and
FEA.

Property Value
h/R 0.05
hy/h 0.2

Ey 195 GPa
E, 12 MPa

v 0.28

Vy 0.4

P 7700 kg/m?3
Pw 1000 kg/m?>

V. RESULTS

We now utilize both the CMM and FEA of the elastic
wave circulator derived in Sec. III and Sec. IV, respec-
tively, to seek circulator and modulation designs that yield
a large degree of nonreciprocity at the output port waveg-
uides. The results are presented as follows. In Sec. V A,
we define the geometric parameters, material properties,
and operating frequencies for the circulator. In Sec. VB,
we calibrate the CMM to improve agreement with the
FEA at its operating frequencies. In Sec. V C, we analyze
the nonreciprocal response of the circulator and discuss
its potential as a Lamb wave mode converter. Finally, in
Sec. VD, we examine the influence of the modulation
parameters on these effects.

A. Fixed model parameters

The geometric and material parameters used for both
models are shown in Table I. The ring is modeled using
nominal material property values of steel, and the mate-
rial properties of the port waveguides are chosen to be
representative of rubber. This choice in the material prop-
erty contrast results in Z = 1 x 107, which induces light
damping due to the port waveguides and therefore confines
the nonreciprocal behavior to be close to the resonance fre-
quencies of the unmodulated circulator [25]. A unit input
force is prescribed for both models, that is, Fy =1 in
Eq. (5), and the reference displacement is chosen such that
the magnitudes of w and v lie in the interval [0, 1] for the
frequency ranges considered in this work, which yields a
value of U = 8 x 1077 m.

The broadband response of the elastic wave circulator
is complex, with many frequencies displaying a nonrecip-
rocal response. However, near the resonance frequencies
of the circulator, the nonreciprocal response is mostly dic-
tated by a single mode. We have found that the first mode
of the circulator, » = 2, only displays nonreciprocity for
large values of o and w,,. The second mode of the circula-
tor, n = 3, does not display nonreciprocity due to the mode
shape having the same geometric symmetry as the circu-
lator. Therefore, we restrict our analysis of the circulator
to drive frequencies near the resonance of the third mode,
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FIG. 2. Magnitude of the (a) radial displacement, and (b) tan-
gential displacement of the ring at the waveguide port locations
for spatiotemporal parameters («, @,,) = (0.2,0.016). The blue,
orange, and green curves denote the displacement magnitudes
obtained via the CMM at ports 1, 2, and 3, respectively, and the
open circles denote the corresponding displacements obtained
via the FEA.

n = 4, which displays a large nonreciprocal response for
small modulation parameter values of practical interest.

B. Model calibration

The parameter y, which depends on ring geometry, can
strongly influence the accuracy of the predicted resonance
frequency of the CMM compared to the FEA. An accurate
comparison between the two models near the resonance
frequency near mode » = 4 can be obtained by calibrat-
ing the CMM with FEA. This is accomplished by first
solving for the eigenvalues of the unmodulated circulator
without port waveguides and spatiotemporal modulation,
that is, (o, wm, Z) = (0,0,0), using FEA and calculating
the parameter y using the equation

;= ((DI%EA,n - 1)(5’%EA,n —n?) —n? (29
(g, — 1) + 0t (@gp, — 1 +2)

Harmonic number (p)
Harmonic number (p)

-10-9-8-7-6-5-4-3-2-10 12 3 456 7 8 910
Mode number (m)

which is derived in Appendix A. The parameters in
Eq. (29) are the mode number 7, and the resonance fre-
quency @rga,, for mode n computed with FEA. The value
of y in the CMM relationship, provided in Eq. (17), is then
replaced with the value of y from Eq. (29). For the geo-
metric and material properties given in Table I, the value
of the resonance frequency for mode n = 4 used in Eq. (29)
iswg = 0.21742.

The normalized Young’s modulus of the ring is modu-
lated with the traveling wave form

E@®,) =1+ acos(d — wy), (30)
which results in ££1(9) = ¢*# /2, EP1>! = 0 in Eq. (6).

C. Nonreciprocal behavior

In order to compare the accuracy of the CMM and FEA
models and to describe the nonreciprocal wave phenom-
ena present in the elastic wave circulator, we first report
results with modulation parameters chosen from an opti-
mization study performed in Sec. V D. Figure 2 shows the
drive frequency component [p = 0 in Egs. (11)+12)] of
the radial and tangential displacement magnitudes of the
ring at the port waveguide locations computed with the
CMM and FEA with prescribed modulation parameters
(o0, @) = (0.2,0.016) as a function of the drive frequency.
We first note that excellent agreement is obtained between
the two models. The degree of nonreciprocity increases as
the drive frequency approaches the value wy = 0.216 04,
where the radial displacement magnitude at port 3 exhibits
a null while the radial displacement magnitude at port 2
exhibits a maximum. The tangential displacement displays
similar behavior, except that a maximum in the displace-
ment magnitude is present at port 3 and a minimum in the
displacement magnitude is present at port 2. Note, how-
ever, that the degree of nonreciprocity for the tangential
displacement is not as large as the radial displacement. The
effects of this nonreciprocal ring displacement solution on
the waveguide modes will be discussed further below.

The large degree of nonreciprocity shown in Fig. 2
is further elucidated by investigating the magnitude of
the modal amplitudes from the CMM normalized by the

0 FIG. 3. Absolute square of
s the harmonic modal amplitudes
for (a) [Wh|? and (b) |05|* nor-
malized by the absolute square
B of the maximum harmonic
20 modal amplitude in decibels
for spatiotemporal parameters
(o, wp) = (0.2,0.016) and drive
frequency wy = 0.216 04.

-10-9-8-7-6-5-4-3-2-1 0 1 2 3 456 7 8 910
Mode number (m)
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FIG. 4. Finite-element displacement solution for spatiotemporal parameters («, ®,) = (0.2,0.016) at the drive frequency @y =
0.216 04 [33]. The blue and green arrows denote the symmetric (Sy) and antisymmetric (4y) Lamb wave, respectively, where the
magnitude of the arrows qualitatively designates the relative contributions of each Lamb wave within the port waveguides. (a) Top-
down view of the circulator. An incident symmetric lamb wave is incident to the circulator in port 1. (b) Zoom-in plot of port 3, which
contains an outgoing antisymmetric Lamb wave. (¢) Zoom-in of port 2, which contains a dominant symmetric and low-amplitude

antisymmetric Lamb wave.

magnitude of the maximum modal amplitude in decibels,
which is shown in Fig. 3. We find that the large degree of
nonreciprocity at the drive frequency (p = 0) stems from
the interference pattern of the clockwise and counterclock-
wise mode (n = —4,4), which is qualitatively similar to
previous works [25]. In addition, harmonic frequencies are
generated but are more than 18 dB lower than the modes
generated at the drive frequency.

Figure 4 shows the displacement solution of the
finite-element model at the drive frequency @y = 0.216 04

I
IS

o |u, port1
o |w|, port 2
e |w|, port3
o v, portl
o |v, port2 (0.3,0.007)
e |u], port3

(@, wm) =(0,0)

s
[N}

(0.2,0.0162)  (0.1,0.0668)

o o o Iy
kS o © =)

Displacement magnitude (arb. units)
[=]

ZNIE

0. T T T T
0.213 0.214 0.215 0.216 0.217 0.218

RUJ() / ()]

o

FIG. 5. Magnitude of the radial and transverse displacements
at the port waveguide locations for various optimal modulation
parameters. The modulation parameters are given in parenthe-
ses above each set of curves. The vertical dashed line is the
resonance frequency of the unmodulated circulator. The dis-
placements |w| and |v| are identical at ports 2 and 3 for the
unmodulated case. The fading of the curves is utilized to min-
imize the clutter due to overlap of multiple curves on a single
plot.

for spatiotemporal modulation parameters (o, @)
= (0.2,0.016). Note that tangential displacement of the
ring corresponds to an excitation of the antisymmetric (4)
Lamb wave in the waveguide ports, while radial displace-
ments of the ring induce the symmetric (Sy) Lamb wave in
the waveguide ports. Therefore, the nonreciprocity of the
ring displayed in Fig. 2 indicates that the present circulator
design acts as a nonreciprocal Lamb wave converter, where
the incident symmetric Lamb wave in port 1 is converted
to an antisymmetric Lamb wave in port 3 and a dominant
symmetric Lamb wave in port 2, as shown in Fig. 4. While
the presence of the null in the radial displacement mag-
nitude at port 3 in Fig. 2 indicates efficient nonreciprocal
conversion of the incident symmetric Lamb wave to an
antisymmetric Lamb wave, the same cannot be said about
the tangential displacement magnitude. As a consequence,
port 2 will contain a combination of symmetric and anti-
symmetric Lamb waves, although the magnitude of the
antisymmetric Lamb wave is 17 dB lower than the sym-
metric Lamb wave for this case, which is determined from
the Lamb wave amplitudes computed using Eq. (26). The
further reduction of the antisymmetric Lamb wave in port
2 could potentially be optimized by considering different
material properties of the ring and waveguides, as well as
three-dimensional effects such as port waveguide vertical
thicknesses that are smaller than the ring vertical thickness,
which is left for future work.

D. Effect of modulation parameters

We now seek to examine the interplay between the
modulation parameters and the drive frequency, as well
as their effects on the nonreciprocal response of the

034050-8
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FIG. 6. Magnitude of the radial and transverse displacements
at the port waveguide locations for various modulation frequen-
cies with fixed o = 0.1. The vertical dashed line is the resonance
frequency of the unmodulated circulator.

proposed elastic circulator. We begin by fixing the dimen-
sionless modulation amplitude o and varying the drive
and modulation frequencies to optimize the nonreciprocal
response; that is, we seek to minimize the objective func-
tion defined as the ratio of the absolute square of the radial
displacement at port 3 over the radial displacement at port
2, [w(63)/w(6,)|>. The optimization is carried out using
the minimize function in the scientific library SciPy for
PYTHON [34], which utilizes a Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithm to determine the minimum of
the objective function, where the Jacobian is approximated
with a numerical finite difference method. Figure 5 shows
the results from the optimization for the modulation depth
parameter values of « = 0.1, 0.2, and 0.3. The unmodu-
lated response is also included as a reference. We find that
as « 1s increased, smaller values of w,, are needed to obtain
a large nonreciprocal response. In addition, increasing o
corresponds to a downward shift in the drive frequency
at which the large nonreciprocal response appears. This

downward shift of the resonance frequency for increasing
« is mainly due to the spatial profile of the Young’s modu-
lus modulation, which displays localization of deformation
in the regions of the ring with reduced bending rigidity,
and is present even in the absence of temporal modulation.
We also note that the magnitude of the radial displacement
at port 2 increases compared to the unmodulated circula-
tor when modulation is active, while the amplitude of the
tangential displacement at port 3 stays at nearly the same
level.

Finally, the effect of the modulation frequency on the
degree of nonreciprocity is further studied by investigat-
ing the variation of the ring displacement magnitude as
a function of w,, for fixed « = 0.1 in Fig. 6. We find
that the drive frequency at which the large nonreciprocal
response appears is not sensitive to changes in the modu-
lation frequency, and is therefore only influenced by «. As
the modulation frequency increases the degree of nonre-
ciprocity between the port displacement increases up to a
critical value (bottom left panel in Fig. 6) before the nonre-
ciprocal performance decreases, suggesting that a unique,
optimal value of w,, may exist for a given «.

VI. CONCLUSION

We have developed a semianalytical CMM and an FEA
to study nonreciprocal propagation in an elastic wave cir-
culator in which the Young’s modulus is modulated in a
traveling wave fashion around a ring-shaped junction with
three semi-infinite elastic waveguide ports. The CMM is
based on curved Euler-Bernoulli beam theory and is valid
for small curvatures and low frequencies of excitation. In
contrast, the FEA solves the exact elastodynamic equa-
tions and incorporates a mode-matching technique that
exactly accounts for outward-propagating Lamb waves in
the port waveguides. Both models can be applied to non-
reciprocal elastic systems that contain coupling between
multiple resonant frequencies as well as multiple wave
polarizations.

For the cases considered in this work, we have
demonstrated that this system displays a large degree
of nonreciprocity near the resonance frequencies of the
unmodulated system. In particular, the thin ring acts as a
nonreciprocal Lamb wave conversion device, in which an
incident symmetric Lamb wave is converted into outgo-
ing symmetric and antisymmetric Lamb waves at the two
output port waveguides. The maximum degree of nonre-
ciprocity and the corresponding drive frequency are pri-
marily influenced by the modulation frequency and ampli-
tude, respectively. We have found excellent agreement
between the CMM and FEA for the present case, although
we expect the CMM to become less accurate for cases of
larger ring and port thicknesses, as well as high-frequency
modes. Therefore, the FEA is needed to explore the entire
parameter space of elastic wave circulator designs.
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Future work includes the experimental design and fab-
rication of an elastic wave circulator in order to verify
nonreciprocal mode conversion effects. A likely path to
implementation includes the use of piezoelectric patches
as a means to achieve the desired stiffness modulations
[35-37]. In addition, it is possible to achieve the small
port impedance investigated in this work by utilizing the
out-of-plane thickness dimension to create a port whose
dimensionality, and thus impedance, is small compared to
the ring [25].
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APPENDIX: DERIVATION OF y

The dispersion relation of the Euler-Bernoulli ring
described in Sec. III A is derived by substituting the
plane-wave solutions w = A4;e"~*) v = 4,/ =" into
Egs. (2)+3) with the external forces f, = fy = 0, which
yields a homogeneous system of linear equations in the
amplitudes 4; and 4,. Setting the determinant of the result-
ing coefficient matrix to zero, we obtain the following
dispersion relation [38]:

— 22 ) — (2 4+ 1) =0,
(AD)

(@ —y*n* + 1)(@*

where @ = Rw/cy. The frequency solutions to Eq. (Al),
@,, are therefore the resonance frequencies of the ring.
It is well known that Euler-Bernoulli beam theory is less
accurate for increasing frequency due to the neglect of
shear and rotary inertia effects, which become increasingly
important as the wavelengths approach the thickness of the
ring [30]. Therefore, we adjust the CMM by computing
the resonance frequencies of the ring using FEA, yielding
the values @rga, which are substituted into Eq. (A1) for
. A corrected value of y, termed y, is then determined by
solving Eq. (A1) for y, yielding Eq. (29).
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