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Off-resonant effects are a significant source of error in quantum computation. This paper presents a group-
theoretic proof that off-resonant transitions to the higher levels of a multilevel qubit can be completely
prevented in principle. This result can be generalized to prevent unwanted transitions due to qubit-qubit
interactions. A simple scheme exploiting dynamic pulse control techniques is presented that can cancel tran-
sitions to higher states to arbitrary accuracy.

PACS numbd(s): 03.67.Lx, 03.65.Bz, 89.7@.c

Successful quantum computation depends on the accuras¢ates are also switched on. These transitions deviate the
manipulation of the quantum states of the qufilis In prac- phase and amplitude of the qubit state from perfect Rabi
tice, qubits are subject to many sources of quantum errorgscillation. Numerical simulations on the superconducting
including thermal fluctuations of the environmdi], un-  persistent current qubijpc-qubid [4,17] show that this de-
wanted qubit-qubit interactiong3], and the effect of the viation can be severe when the unwanted couplings are of
higher levels in many practical qubit desigh$4—6]. This the same order as the Rabi frequency.
paper proposes a dynamic pulse control technique that effi- In this Rapid Communication, we study the effect of the
ciently eliminates unwanted off-resonance transitions. higher levels on qubit dynamics during qubit operation by a

Various schemes to protect the qubit from qubit errorsgroup-theoretic approach. We prove that the errors can be
have been proposed that can be divided into two categorie§omPpletely avoided by applying a time-varying operation
The first one is the quantum error correcting cofies14] Hamiltonian. Then we generalize this result to the qubit-

where the qubit state is encoded by redundant qubits. Diffe/duPit interaction problem, which can be mapped exactly onto
he first problem. Extending the idea of dynamic pulse con-

ent errors project the redundant system into different sub! I[15 dosi | that Is the leak
spaces that can be determined by measuring the extra qubi£50 [15], we design a pulse sequence that cancels the leakage

) ) : 0 the higher levels to arbitrary accuracy wit{N) number
By applying a transformation according to the measuremenof pulsesN being the number of higher levels.

the correct qubit state can be rgstored. This approach relies The proposed method for protecting quantum information
on Iarge_numbers of extra qubits 1o keep_the errors frorr]S complementary to quantum error correcting codes and the
propagating. The second approach exploits "bang'bang,“bang—bang” technique mentioned above. Like the bang-
control technique$15,16 where the dynamics of the qubit 0" method, it has the advantage that it does not require
and its environment are manipulated by fast pulses that fliyra qubits to enact. The proposed method protects against a
the qubit state. As the influence of the environment is averyifferent class of errors from those corrected by the methods
aged out, the qub|t evolves in the error-free Subspace. Th|§f [15]' however. Dynamic pulse control can be used in con-
method relies on the ability to apply the pulses rapidly com-junction with quantum error correcting codes and the bang-
pared with the correlation time of the environment. This is anbang decoupling method.
open loop control method. The off-resonant leakage during gate operation has two
A particularly important form of intrinsic qubit errors significant characteristics. First, unlike the environmental
comes from the off-resonant transitions to the higher level$luctuations that affect the qubit only slightlfless than
of a qubit during gate operation. Real qubits are ®et1/2 10 %) within one operation, the leakage changes the qubit
spins that are perfect two-level systems; additional levels aldynamics by an amplitude of roughlyg,pi/ wo and on a
ways exist that affect the information content of the qubit.time scale 1k, that is much shorter than qubit operation
The gate operation that is introduced to couple the lowestime (about 1bg,p,). Conventional quantum error correcting
two states of a qubit almost always induces unwanted coucodes correct errors that occur with small probability and are
plings between the lowest two states and the higher leveldlot & suitable strategy to cancel these strong off-resonant
When the interaction is applied with the frequensy- w, transitions. Neither can we use the_ ba_ng-bang mt_athod to av-
— w,, resonant transition occurs between the lowest twd3rage this effect o8] simply by flipping the qubit states,

states; meanwhile, off-resonant transitions to the highefS the flipping pulses induce the same transitions as well.
Second, ignoring all interactions with external variables, the

leakage is coherent, although the coherent oscillation will

collapse since the revival time is too long to be observed due
*Email address: tianl@mit.edu to the large number of transitions of different frequencies
"Email address: slloyd@mit.edu [19]. As will now be shown, the coherent nature of the leak-
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age implies that this type of error can be corrected by applythe quantum Zeno effe¢22] where measurement is used to
ing a control sequence that coherently modifies the qubiprevent the system from evolving, the dynamics in this pro-
dynamics. cess is described completely by unitary evolutions.
Consider anN-level quantum system with Hamiltonian  As the unwanted transitions are off-resonant transitions
Ho, the lowest two states of which are chosen as the qubifyhose amplitudes decrease roughly)gd ; (o; is the en-
states|) and ||). The unitary transformations on this ergy of theith level, y;; the coupling between levéland),
N-dimensional Hilbert space form tﬂéz—dimgnsional com-  the influence of the levels with; /wy>1 can be ignored. In
pact Lie group UN). Without other interaction, the lrajec-  the pc-qubif4] the energies of the lower levels increase fast
tory of the qubit follows the Abelian subgroufe 7t enough 15> 10w,) that levels beyondtL0) can be ignored.
R} , ) The energy of theth level of the charge state quif]
Now apply to the qubit the perturbatiolt,, [Ho. "] increases a#’; fewer levels affect the qubit dynamics than

#0, to induce a desired transformation of the qubit. In most, . . e pc-qubit. Hence the numbéiof the higher states
physical systems, unwanted transitions to the higher levels :

: . : - “involved in the qubit dynamics in real designs can be reason-
are simultaneously induced. For example, in the pc-quit ably small. As a result, the number of pulses in the previous
operation, ¢,)mn= 27 f(m|sin(2¢,+27f)|n)coswt, when y ' ' P P

the bias flux is modulated with rf components of amplitude"’m"’IIySIS IS algo reasona_ble. :
sf and frequencyw. This perturbation has couplings be- One question to ask is whether there is any fundamental

tween all the energy levels. By successive commutation ofiifference between the errors due to transitions to. the higher
Ho, H, and their commutators until no independent operatof€VelS and those due to the fluctuations of environmental
appears, a Lie algebtd, is created. In almost all cased, variables. Pu_ttlng it in anoth_er way: th_;\t is the (jlfference
=u(N) [20], u(N) being the Lie algebra of U{). The only betv_veen the intraqubit coupl_mg in a multilevel qublt and t_he
exception occurs in a zero measure subspace Nj when qubit-external-system co_uplmg? In the follpwmg we v_wII
H, andH, are both in the same subalgebra ofyi( Thus, show that theN—Ievc_aI qubit can be mapped into interacting
with almost all perturbations, the evolution operator can besubsystems, and vice versa. _ o
any element in UY): and transitions to higher levels are  Let the initial state of amN-level qubit be|Wo)=a{”|1)
unavoidable, with an initial state that only occupies the low-+ @5|2), |1) and|2) being the lowest two states. To map
est two levels. the qubit into two subsystems, we divide thestates into
To prevent transitions to the higher states at timeeans  two subspace$SP; and SP, by adding the vacuum states
to restrict the evolution operatdi(t) to the submanifold of |Vi) and [V,) to the respective subspaces &P,
U(2)®U(N—2), U(2) being the unitary group dit),| 1)} ={IV1),|1),[2)} and SP,={|V;),|3), ... IN)}. Now the
and UN—2) on the remainingN—2 states. This applies N-dimensional Hilbert space of the original qubit is embed-
4(N—2) real domain restrictions ofd(t): U(t),.U(t),  ded in the 3N—1)-dimensional direct product spa&P;
=0k=3,... N.In contrast to a perfect qubit operation dur- ®SP,. The states in the expanded space dt)
ing whichZ((t) remains in the subspace U@U(N—2) all =3 ;5; ;|b{M)|b{®), whereb(" and b{® are the bases of
the time, the qul_)it is allowed to stray away from this sub—.the two subspaces, respectively. The initial stateg)
space as far as it can go back to this subspace at the desig{(%|1)+ a{?)|2))|V,) in the expanded form. The unitary
nated timet. The qubit dynamics can be manipulated by yransformations in this expanded space form the group
varying the strength and phase of the perturbation with t|meU(3(N_ 1)).
As the NZ—Q|men5|onaI Lie group U{) is compact, any Perturbation introduces couplings between different
transformation can be reached at titey adjusting theN”  states. When mapped to the expanded space, the perturbation
*1 parameters in the following procef20} ‘H, connects states in thid-dimensional subspace spanned
u(t):efiaH|tN2efiaH0tN2,l . e*iaHotl' (1) by{|l>|V2>,|2>|V2>,|V1>|3>, . ,|Vl>|N>} SOH| andHo
create N>-dimensional subalgebra Nj in the expanded
wherea is introduced to ensure that St; . By playing with ~ space. Under the perturbation, the wave function in the
the N°+1 real parameters, the M(-2) real numbers in expanded space can be described BE)=(a4|1)
U(t) 1, U(t) 2 can be set to zero so that the state of the qubitt @,|2))|V,)+ =N 5ai|V4)]i), wherea; are time-dependent
stays in the{1,]} space without leakage. Hence by turning parameters evolving with the perturbation.
the perturbation on and of®(N?) times, the lowest two From this analysis, the higher levels in the qubit form an
states are completely decoupled from the higher statesffective environment that interferegonglywith the lowest
O(N?) pulses give a sufficient condition that is required totwo levels. Interaction strength and spectrum density are the
achieve arbitrary transformation. As will be shown later inmajor differences between this effective environment and a
this Rapid Communication, with the proper arrangement, weeal one[4]. The couplings betweeBP; andSP, are strong
can design a pulse sequence@fN) pulses to cancel the and comparable to the Rabi coupling that realizes qubit op-
transitions to the higher levels. Furthermore, these pulses caftation. In contrast, the interactions between the environmen-
be superposed to make a single shaped pulse, f&ljt6, tal oscillators and the qubit are weak due to EL/\V)
that average out the unwanted transitions. For a given drivefactor that originates from the normalization of the extended
power per unit frequency, the length of the shaped pulse ismoded 2]. So the thermal fluctuations are not enslaved to the
independent of the number of higher levels. Unlike that inqubit dynamics and can be treated classically. The strong
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interaction with the higher levels also explains why the errorbetween the level 1 and 2, it brings up off-resonant transi-

due to leakage occurs at such a short time that a particulagions between the third level and these two levels by the

strategy other than the bang-bang technique is required tocouplingsy;s andy,;. Then the same perturbation is applied

correct this error. The spectrum density of a real environmenin two other pulses with different frequencies, amplitudes,

is continuous with macroscopic degrees of freedom, whileand phases asvs;H, COS(wsit+ ¢p31) and as,H, Cos(wsot

for the higher states, the spectrum is discrete. Another thing- ¢4,), both for timet,, to cancel the unwanted transitions

to mention is that this effective environment only comes withto the third level. This three-piece sequence is repeated

qubit operation, while the real environment affects the qubitr,,/t, times to finish the qubit operation. The timgsatis-

all the time. Hence we worry about the leakage only duringfies 1kv<<ty< 11y .,i,j=1,2,3, with both lb,ity and y;;to

qubit operation and choose to correct the leakage by controbeing small parameters of the same order. Thus we have two

ling the operation process. small parameters in this procedure. This is crucial for this
Note that interacting qubits can be modeled as one multisimple pulse sequence to work.

level quantum system by reversing the above mapping. This Starting with an initial wave function ¥ (0)

implys that errors due to qubit-qubit interactiof® can be  =[uyv,w,]", Wo=0, after thew,; pulse, the third level has

treated with the proposed method. Off-resonant effects arghe component

significant in existing NMR quantum computers, and tech-

niques analogous to the ones suggested have been developed ( yige eamesdlo—1) ¥ (el(@artesdlo— 1))

to correct unwanted transitiofg1]. Although the number of  W=Up
levels grows exponentially with the number of quHdigs],

because the two-qubit couplings in NMR are relatively weak,
effective decoupling procedures only require that the number o
of pulses be polynomial in the number of qubits and the
complexity of a single shaped pulse also be polynomial in +Uqb,tvob,, (3

the number of qubits.

To illustrate the general idea of dynamic pulse control, wewhered, and 6, are of third order. The main components in
give an example of a pulse sequence that completely cancelgare second-order terms that depend on the initial condition
the transitions to the higher levels wi@(N) pulses. Let us U anduvg linearly. With t, satisfying e?@2to=1, u andv
start from a three-level system with eigenvalues, i have third-order deviations from the desired two-level rota-
=1,2,3. The energy difference between levahdj is w;; . tion. The other two pulses are applied to cancelwheom-

An interaction’, that couples levei andj by y;; is applied ~ ponent. Thews; pulse induces a resonant transition between
to the qubit. When the third level is not presemt, is the  levels one and three to cancel thg term; the w3, pulse
Rabi frequency of the lowest two states. For simplicity, weinduces a resonant transition between levels two and three to
ignore the diagonal couplings;; as y;;<w;. As will be-  cancel thev, term. The amplitudes and phase shifts of these
come clear, the effectiveness of the designed pulse sequen¥o pulses can be expanded in ascending order as

depends on the conditidny;; / w;;| <1, which is satisfied in

W)~ W31 W1t W3y

yza(e*i(wzr @3to—1) B vl gl (w21t 0zt 1))

W1~ W3 wy1t w3

. . : (1 - (2
most qubit designs. aze Pa=aPel o aPel o@D
The Hamiltonian in the interaction picture %y, (4
=¢'Mo'1 e~ Molcost+ ¢), w being the pulse frequency. gl Pio= aglz)e‘¢(312)+a(322)ei‘/’(322)+ o

The wave function? (t)=[uv w]" evolves according to the
equationi[ dW (t)/dt]=H;, W (t). When the perturbation is Tne first-order coefficients cancel the second-order terms in

weak, this equation is integrated order by order as: w and modify the higher-order ternt, and 6, when
t —i(wy1— w3t _ i(wy1+ w3 tg__
\I’(t):\P(O)‘l‘J dtrHlm(t/)\P(O) a%_)ei(ﬁ(S%L):e. 21~ @310 1 _ e 217 @31t 1,
0 (w1~ w3ty (w1t w3ty

t : . . )
+ [t [f a0+ @ oy & AP0l eteareo—d
0 0 a32e 32 =

(w1~ w3)to (a1t w3tg
fThe cosine function is used in the rf pulse mst_ead ofa smgl(?t turns out that thenth-order terms ofv after the correction
requency wave. In many systems, no physical correspon- | include i "D and oD and
dence of the circularly polarized wave exists. For example?u ses include linear terms aty; _ (k;';m a3z - and com-
the circuit of the pc-qubit is biased tydirection magnetic  Plicated terms that depend ary’e'%si [k=1,...,(—2)].
flux and the perturbation is high-frequency modulation of theSo, for anyn, afi™Y and ol ) can be determined by the
z flux. lower-order components oks; and a3, to cancel thenth
Our strategy to reduce the unwanted transitions is to dierder ofw. As a result, transitions to the third level can be
vide the qubit operation into short intervals tgfand attach completely erased. The parameters and as, do not de-
additional pulses to each operation pulse to correct errorpend on the initial conditiorug andvg. This is similar to
from this short interval. The operation pulse is in resonanceolving the wave function in the perturbation theory where
with w,, of the lowest two states. Besides rotating the qubitthe higher-order terms are derived after the lower-order ones.
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After the kth pulse sequence, with=0, the wave func- algebra by commutation. Our pulse sequentft,)

tion iS IHi’BP(aiB,¢iB)exp(—ifH| COS(,!)th,dt’) (|:3, P ,N
5 _isino+T and  B=T1,1),  P(aig,¢ig)=exd—iJH aizcos@pt’
Uk+1 COSe TS, ISiN@~ L, || Uk +p)dt'], contents 4K —2) free parameters. By choosing
Uk+1| | —ising+t, cose+s, ||Vk|’ (6)  proper pulse sequences, we can achieve the decoupling with

proper pulse parameters.

— ) ) ) In conclusion, we discussed the errors due to unwanted
where¢= 1., is the phase rotation of the two-level qubit; yansitions to the higher states of a qubit during qubit opera-
the s and t terms are of third-order. Asv=0, this is @ tjon. It was shown by a group-theoretic argument that these
unitary transformation that deviates from Rabi oscillation byerrors can be Comp|ete|y prevented in princip|e_ Then we
third order corrections. The matrix can be writtenié$,)  generalized the result to the errors due to qubit interactions,
=exg —i(yi20x+ do+ 2i6i0i)to], where &; are third-order \yhich can also be prevented when the number of coupled
small numbers that can be determined by known parametegspits is not too large. A simple pulse sequence that modifies
and do not depend on the indexThis is a renormalization e qupbit dynamics and cancels off-resonant transitions to
of the_ qubit op_eratlonylz W't.h the t.h'rd level Qecoupled. arbitrary accuracy witfO(N) pulses was proposed to illus-

- 3T)hI|2vCeolrrs(§/i,ttlgrr:1 Sté?/tzgpypll;ir?;igypaﬁs,r;ir?/uiztﬁdfrfqﬂfsciestrate the general analysis. Our results showed that the idea of
- ' dynamic pulse contrdll5] also works for the fast gate errors

g)cl)lm ‘F‘)’liét’e:y: 2@'3;3% t,zgstl:?nrziglor?s tp())amgu?;?hSG;r:]egilt?yaLeegue to off-resonant transitions to the higher states of a qubit.
tween the states, &(— 2) pulses are required in this prOCeSS_These results suggest that dynamic pulse control, together

e with conventional quantum error correcting codes, can func-
One may wonder why this simple pulse sequence work q 9

so well to correct the off-resonant transitions to the higher?Ion as a poweriul tool for performing accurate quantum

states. FolN—2 higher levels, to decouple these levels iscomputatlon in the presence of errors.

to exert 4(N—2) real domain restrictions on the trans- This work was supported by ARO through Grant Nos.
formation matrixfy; ,Uy;=0,i=3, ... N. Our tools are the DAAG55-98-1-0369 and DARPA/ARO under the QUIC
Hamiltonians H, and H, that create the whole ) program.
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