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Resonant cancellation of off-resonant effects in a multilevel qubit
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Off-resonant effects are a significant source of error in quantum computation. This paper presents a group-
theoretic proof that off-resonant transitions to the higher levels of a multilevel qubit can be completely
prevented in principle. This result can be generalized to prevent unwanted transitions due to qubit-qubit
interactions. A simple scheme exploiting dynamic pulse control techniques is presented that can cancel tran-
sitions to higher states to arbitrary accuracy.

PACS number~s!: 03.67.Lx, 03.65.Bz, 89.70.1c
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Successful quantum computation depends on the accu
manipulation of the quantum states of the qubits@1#. In prac-
tice, qubits are subject to many sources of quantum err
including thermal fluctuations of the environment@2#, un-
wanted qubit-qubit interactions@3#, and the effect of the
higher levels in many practical qubit designs@4–6#. This
paper proposes a dynamic pulse control technique that
ciently eliminates unwanted off-resonance transitions.

Various schemes to protect the qubit from qubit err
have been proposed that can be divided into two catego
The first one is the quantum error correcting codes@7–14#
where the qubit state is encoded by redundant qubits. Dif
ent errors project the redundant system into different s
spaces that can be determined by measuring the extra qu
By applying a transformation according to the measurem
the correct qubit state can be restored. This approach r
on large numbers of extra qubits to keep the errors fr
propagating. The second approach exploits ‘‘bang-ban
control techniques@15,16# where the dynamics of the qub
and its environment are manipulated by fast pulses that
the qubit state. As the influence of the environment is av
aged out, the qubit evolves in the error-free subspace.
method relies on the ability to apply the pulses rapidly co
pared with the correlation time of the environment. This is
open loop control method.

A particularly important form of intrinsic qubit error
comes from the off-resonant transitions to the higher lev
of a qubit during gate operation. Real qubits are notS51/2
spins that are perfect two-level systems; additional levels
ways exist that affect the information content of the qub
The gate operation that is introduced to couple the low
two states of a qubit almost always induces unwanted c
plings between the lowest two states and the higher lev
When the interaction is applied with the frequencyv5v2

2v1, resonant transition occurs between the lowest t
states; meanwhile, off-resonant transitions to the hig
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states are also switched on. These transitions deviate
phase and amplitude of the qubit state from perfect R
oscillation. Numerical simulations on the superconduct
persistent current qubit~pc-qubit! @4,17# show that this de-
viation can be severe when the unwanted couplings are
the same order as the Rabi frequency.

In this Rapid Communication, we study the effect of t
higher levels on qubit dynamics during qubit operation by
group-theoretic approach. We prove that the errors can
completely avoided by applying a time-varying operati
Hamiltonian. Then we generalize this result to the qub
qubit interaction problem, which can be mapped exactly o
the first problem. Extending the idea of dynamic pulse co
trol @15#, we design a pulse sequence that cancels the lea
to the higher levels to arbitrary accuracy withO(N) number
of pulses,N being the number of higher levels.

The proposed method for protecting quantum informat
is complementary to quantum error correcting codes and
‘‘bang-bang’’ technique mentioned above. Like the ban
bang method, it has the advantage that it does not req
extra qubits to enact. The proposed method protects agai
different class of errors from those corrected by the meth
of @15#, however. Dynamic pulse control can be used in co
junction with quantum error correcting codes and the ba
bang decoupling method.

The off-resonant leakage during gate operation has
significant characteristics. First, unlike the environmen
fluctuations that affect the qubit only slightly~less than
1024) within one operation, the leakage changes the qu
dynamics by an amplitude of roughlyvRabi /v0 and on a
time scale 1/v0 that is much shorter than qubit operatio
time ~about 1/vRabi). Conventional quantum error correctin
codes correct errors that occur with small probability and
not a suitable strategy to cancel these strong off-reson
transitions. Neither can we use the bang-bang method to
erage this effect out@18# simply by flipping the qubit states
as the flipping pulses induce the same transitions as w
Second, ignoring all interactions with external variables,
leakage is coherent, although the coherent oscillation
collapse since the revival time is too long to be observed
to the large number of transitions of different frequenc
@19#. As will now be shown, the coherent nature of the lea
©2000 The American Physical Society01-1
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age implies that this type of error can be corrected by ap
ing a control sequence that coherently modifies the q
dynamics.

Consider anN-level quantum system with Hamiltonia
H0, the lowest two states of which are chosen as the q
states u↑& and u↓&. The unitary transformations on thi
N-dimensional Hilbert space form theN2-dimensional com-
pact Lie group U(N). Without other interaction, the trajec
tory of the qubit follows the Abelian subgroup$e2 iH0t,t
PR%.

Now apply to the qubit the perturbationHI , @H0 ,HI #
Þ0, to induce a desired transformation of the qubit. In m
physical systems, unwanted transitions to the higher le
are simultaneously induced. For example, in the pc-qubit@4#
operation, (HI)mn52pd f ^musin(2fm12pf)un&cosvt, when
the bias flux is modulated with rf components of amplitu
d f and frequencyv. This perturbation has couplings be
tween all the energy levels. By successive commutation
H0 , HI and their commutators until no independent opera
appears, a Lie algebraAI is created. In almost all cases,AI
5u(N) @20#, u(N) being the Lie algebra of U(N). The only
exception occurs in a zero measure subspace of u(N) when
HI andH0 are both in the same subalgebra of u(N). Thus,
with almost all perturbations, the evolution operator can
any element in U(N); and transitions to higher levels ar
unavoidable, with an initial state that only occupies the lo
est two levels.

To prevent transitions to the higher states at timet means
to restrict the evolution operatorU(t) to the submanifold of
U(2)% U(N22), U(2) being the unitary group on$u↑&,u↓&%
and U(N22) on the remainingN22 states. This applies
4(N22) real domain restrictions onU(t): U(t)1k ,U(t)2k
50,k53, . . . ,N. In contrast to a perfect qubit operation du
ing whichU(t) remains in the subspace U(2)% U(N22) all
the time, the qubit is allowed to stray away from this su
space as far as it can go back to this subspace at the d
nated timet. The qubit dynamics can be manipulated
varying the strength and phase of the perturbation with tim
As the N2-dimensional Lie group U(N) is compact, any
transformation can be reached at timet by adjusting theN2

11 parameters in the following process@20#:

U~ t !5e2 iaHI tN2e2 iaH0tN221
••• e2 iaH0t1, ~1!

wherea is introduced to ensure thatt5(t i . By playing with
the N211 real parameters, the 4(N22) real numbers in
U(t)1k ,U(t)2k can be set to zero so that the state of the qu
stays in the$↑,↓% space without leakage. Hence by turnin
the perturbation on and offO(N2) times, the lowest two
states are completely decoupled from the higher sta
O(N2) pulses give a sufficient condition that is required
achieve arbitrary transformation. As will be shown later
this Rapid Communication, with the proper arrangement,
can design a pulse sequence ofO(N) pulses to cancel the
transitions to the higher levels. Furthermore, these pulses
be superposed to make a single shaped pulse, as in@21,16#,
that average out the unwanted transitions. For a given dr
power per unit frequency, the length of the shaped puls
independent of the number of higher levels. Unlike that
05030
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the quantum Zeno effect@22# where measurement is used
prevent the system from evolving, the dynamics in this p
cess is described completely by unitary evolutions.

As the unwanted transitions are off-resonant transitio
whose amplitudes decrease roughly asg i j /v i (v i is the en-
ergy of thei th level,g i j the coupling between leveli and j ),
the influence of the levels withv i /v0@1 can be ignored. In
the pc-qubit@4# the energies of the lower levels increase fa
enough (v10.10v0) that levels beyondu10& can be ignored.
The energy of thei th level of the charge state qubit@5#
increases asi 2; fewer levels affect the qubit dynamics tha
that in the pc-qubit. Hence the numberN of the higher states
involved in the qubit dynamics in real designs can be reas
ably small. As a result, the number of pulses in the previo
analysis is also reasonable.

One question to ask is whether there is any fundame
difference between the errors due to transitions to the hig
levels and those due to the fluctuations of environmen
variables. Putting it in another way: what is the differen
between the intraqubit coupling in a multilevel qubit and t
qubit-external-system coupling? In the following we w
show that theN-level qubit can be mapped into interactin
subsystems, and vice versa.

Let the initial state of anN-level qubit beuC0&5a1
(0)u1&

1a2
(0)u2&, u1& and u2& being the lowest two states. To ma

the qubit into two subsystems, we divide theN states into
two subspacesSP1 and SP2 by adding the vacuum state
uV1& and uV2& to the respective subspaces asSP1
5$uV1&,u1&,u2&% and SP25$uV2&,u3&, . . . ,uN&%. Now the
N-dimensional Hilbert space of the original qubit is embe
ded in the 3(N21)-dimensional direct product spaceSP1

^ SP2. The states in the expanded space areuC̄&
5( i , jb i , j ubi

(1)&ubj
(2)&, wherebi

(1) and bj
(2) are the bases o

the two subspaces, respectively. The initial state isuC̄0&
5(a1

(0)u1&1a2
(0)u2&)uV2& in the expanded form. The unitar

transformations in this expanded space form the gro
U„3(N21)….

Perturbation introduces couplings between differe
states. When mapped to the expanded space, the perturb
H̄I connects states in theN-dimensional subspace spann
by $u1&uV2&,u2&uV2&,uV1&u3&, . . . ,uV1&uN&%. So H̄I andH̄0
create N2-dimensional subalgebra u(N) in the expanded
space. Under the perturbation, the wave function in
expanded space can be described asuC̄&5(a1u1&
1a2u2&)uV2&1( i 53

N a i uV1&u i &, wherea i are time-dependen
parameters evolving with the perturbation.

From this analysis, the higher levels in the qubit form
effective environment that interferesstronglywith the lowest
two levels. Interaction strength and spectrum density are
major differences between this effective environment an
real one@4#. The couplings betweenSP1 andSP2 are strong
and comparable to the Rabi coupling that realizes qubit
eration. In contrast, the interactions between the environm
tal oscillators and the qubit are weak due to theO(1/AV)
factor that originates from the normalization of the extend
modes@2#. So the thermal fluctuations are not enslaved to
qubit dynamics and can be treated classically. The str
1-2
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interaction with the higher levels also explains why the er
due to leakage occurs at such a short time that a partic
strategy other than the bang-bang technique is require
correct this error. The spectrum density of a real environm
is continuous with macroscopic degrees of freedom, wh
for the higher states, the spectrum is discrete. Another th
to mention is that this effective environment only comes w
qubit operation, while the real environment affects the qu
all the time. Hence we worry about the leakage only dur
qubit operation and choose to correct the leakage by con
ling the operation process.

Note that interacting qubits can be modeled as one m
level quantum system by reversing the above mapping. T
implys that errors due to qubit-qubit interactions@3# can be
treated with the proposed method. Off-resonant effects
significant in existing NMR quantum computers, and tec
niques analogous to the ones suggested have been deve
to correct unwanted transitions@21#. Although the number of
levels grows exponentially with the number of qubits@23#,
because the two-qubit couplings in NMR are relatively we
effective decoupling procedures only require that the num
of pulses be polynomial in the number of qubits and
complexity of a single shaped pulse also be polynomia
the number of qubits.

To illustrate the general idea of dynamic pulse control,
give an example of a pulse sequence that completely can
the transitions to the higher levels withO(N) pulses. Let us
start from a three-level system with eigenvaluesv i , i
51,2,3. The energy difference between leveli and j is v i j .
An interactionHI that couples leveli and j by g i j is applied
to the qubit. When the third level is not present,g12 is the
Rabi frequency of the lowest two states. For simplicity,
ignore the diagonal couplingsg i i as g i i !v i . As will be-
come clear, the effectiveness of the designed pulse sequ
depends on the conditionug i j /v i j u!1, which is satisfied in
most qubit designs.

The Hamiltonian in the interaction picture isHint
5eiH0tH Ie

2 iH0tcos(vt1f), v being the pulse frequency
The wave functionC(t)5@u v w#T evolves according to the
equationi @]C(t)/]t#5HintC(t). When the perturbation is
weak, this equation is integrated order by order as:

C~ t !5C~0!1E
0

t

dt8Hint~ t8!C~0!

1E
0

t

dt8E
0

t8
dt9Hint~ t8!Hint~ t9!C~0!1•••. ~2!

The cosine function is used in the rf pulse instead of a sin
frequency wave. In many systems, no physical corresp
dence of the circularly polarized wave exists. For examp
the circuit of the pc-qubit is biased byz direction magnetic
flux and the perturbation is high-frequency modulation of
z flux.

Our strategy to reduce the unwanted transitions is to
vide the qubit operation into short intervals oft0 and attach
additional pulses to each operation pulse to correct er
from this short interval. The operation pulse is in resona
with v21 of the lowest two states. Besides rotating the qu
05030
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between the level 1 and 2, it brings up off-resonant tran
tions between the third level and these two levels by
couplingsg13 andg23. Then the same perturbation is applie
in two other pulses with different frequencies, amplitud
and phases asa31HI cos(v31t1f31) and a32HI cos(v32t
1f32), both for timet0, to cancel the unwanted transition
to the third level. This three-piece sequence is repea
top /t0 times to finish the qubit operation. The timet0 satis-
fies 1/v!t0!1/g i j ,i , j 51,2,3, with both 1/v21t0 and g i j t0
being small parameters of the same order. Thus we have
small parameters in this procedure. This is crucial for t
simple pulse sequence to work.

Starting with an initial wave function C(0)
5@u0 v0 w0#T, w050, after thev21 pulse, the third level has
the component

w5u0S g13* ~e2 i (v212v31)t021!

v212v31
2

g13* ~ei (v211v31)t021!

v211v31
D

1v0S g23* ~e2 i (v212v32)t021!

v212v32
2

g23* ~ei (v211v32)t021!

v211v32
D

1u0uu1v0uv , ~3!

whereuu anduv are of third order. The main components
w are second-order terms that depend on the initial condi
u0 and v0 linearly. With t0 satisfyinge2iv21t051, u and v
have third-order deviations from the desired two-level ro
tion. The other two pulses are applied to cancel thew com-
ponent. Thev31 pulse induces a resonant transition betwe
levels one and three to cancel theu0 term; thev32 pulse
induces a resonant transition between levels two and thre
cancel thev0 term. The amplitudes and phase shifts of the
two pulses can be expanded in ascending order as

a31e
if315a31

(1)eif31
(1)

1a31
(2)eif31

(2)
1•••,

~4!
a32e

if325a32
(1)eif32

(1)
1a32

(2)eif32
(2)

1•••.

The first-order coefficients cancel the second-order term
w and modify the higher-order termsuu anduv when

a31
(1)eif31

(1)
5

e2 i (v212v31)t021

i ~v212v31!t0
2

ei (v211v31)t021

i ~v211v31!t0
,

~5!

a32
(1)eif32

(1)
5

e2 i (v212v32)t021

i ~v212v32!t0
2

ei (v211v32)t021

i ~v211v32!t0
.

It turns out that thenth-order terms ofw after the correction
pulses include linear terms ofa31

(n21) and a32
(n21) and com-

plicated terms that depend ona3i
(k)eif3i

(k)
@k51, . . . ,(n22)#.

So, for anyn, a31
(n21) anda32

(n21) can be determined by th
lower-order components ofa31 and a32 to cancel thenth
order of w. As a result, transitions to the third level can b
completely erased. The parametersa31 and a32 do not de-
pend on the initial conditionu0 and v0. This is similar to
solving the wave function in the perturbation theory whe
the higher-order terms are derived after the lower-order on
1-3
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After the kth pulse sequence, withw50, the wave func-
tion is

F uk11

vk11G5F cosw̄1 s̄u 2 i sinw̄1 t̄ u

2 i sinw̄1 t̄ v cosw̄1 s̄v
G F uk

vkG , ~6!

wherew̄5g12t0 is the phase rotation of the two-level qub
the s̄ and t̄ terms are of third-order. Asw50, this is a
unitary transformation that deviates from Rabi oscillation
third order corrections. The matrix can be written asU(t0)
5exp@2i(g12sx1d01( id is i)t0#, where d i are third-order
small numbers that can be determined by known parame
and do not depend on the indexk. This is a renormalization
of the qubit operationg12 with the third level decoupled.

This correction strategy is easily generalized to theN(N
>3) level system. By applying rf pulses with frequenci
v i1 ,v i2 , i 53 . . .N, the transitions to the higher levels a
completely erased. Assuming no particular symmetry
tween the states, 2(N22) pulses are required in this proces

One may wonder why this simple pulse sequence wo
so well to correct the off-resonant transitions to the hig
states. ForN22 higher levels, to decouple these levels
to exert 4(N22) real domain restrictions on the tran
formation matrix:U1i ,U2i50, i 53, . . . ,N. Our tools are the
Hamiltonians H0 and HI that create the whole u(N)
il-

n
es

.
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algebra by commutation. Our pulse sequenceU(t0)
5P i ,bP(a ib ,f ib)exp(2i*HI cosv21t8dt8) ( i 53, . . . ,N
and b5↑,↓), P(a ib ,f ib)5exp@2i*HIa ib cos(vibt8
1fib)dt8#, contents 4(N22) free parameters. By choosin
proper pulse sequences, we can achieve the decoupling
proper pulse parameters.

In conclusion, we discussed the errors due to unwan
transitions to the higher states of a qubit during qubit ope
tion. It was shown by a group-theoretic argument that th
errors can be completely prevented in principle. Then
generalized the result to the errors due to qubit interactio
which can also be prevented when the number of coup
qubits is not too large. A simple pulse sequence that modi
the qubit dynamics and cancels off-resonant transitions
arbitrary accuracy withO(N) pulses was proposed to illus
trate the general analysis. Our results showed that the ide
dynamic pulse control@15# also works for the fast gate error
due to off-resonant transitions to the higher states of a qu
These results suggest that dynamic pulse control, toge
with conventional quantum error correcting codes, can fu
tion as a powerful tool for performing accurate quantu
computation in the presence of errors.

This work was supported by ARO through Grant No
DAAG55-98-1-0369 and DARPA/ARO under the QUI
program.
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