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We theoretically investigate the isothermal compressibility κT in the normal state of an ultracold Fermi gas.
Including pairing fluctuations, as well as preformed-pair formations, within the framework of the self-consistent
T -matrix approximation, we evaluate the temperature dependence of this thermodynamic quantity over the entire
BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein condensation) crossover region. While κT in the weak-
coupling BCS regime is dominated by Fermi atoms near the Fermi surface, correlations between tightly bound
Cooper-pair molecules are found to play crucial roles in the strong-coupling BEC regime. In the latter region,
besides a two-body molecular interaction, a three-body one is shown to sizably affect κT near the superfluid
phase-transition temperature. Our results indicate that the strong-coupling BEC regime of an ultracold Fermi gas
would provide a unique opportunity to study multibody correlations between Cooper-pair molecules.
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I. INTRODUCTION

A pairing interaction between fermions and the resulting
Cooper-pair formation are essential ingredients in all Fermi
superfluids [1]. Particularly in 40K and 6Li Fermi gases [2–5],
many-body quantum phenomena originating from a strong
pairing interaction have attracted much attention [6–10],
in connection to the BCS (Bardeen-Cooper-Schrieffer)-
BEC (Bose-Einstein condensation) crossover phenomenon
[11–21]: in these Fermi atomic gases, a pairing interaction
associated with a Feshbach resonance is tunable by adjust-
ing an external magnetic field [22]. Using this advantage,
one can continuously change the character of a Fermi super-
fluid, from the weak-coupling BCS-type to BEC of tightly
bound molecules, with increasing the interaction strength. In
the intermediate coupling regime, normal-state properties are
dominated by fluctuating preformed Cooper pairs, where var-
ious interesting many-body phenomena have been discussed
both experimentally [23–39] and theoretically [40–65].

Besides the pairing interaction between fermions, the BCS-
BEC crossover phenomenon also provides a unique oppor-
tunity to study interactions between Cooper-pair molecules
in the strong-coupling BEC regime [14–16,66–70]. Since the
ordinary BCS model (which can well describe 40K and 6Li
Fermi gases) only involves an interatomic interaction, such
molecular interactions are mediated by unpaired Fermi atoms,
as shown in Fig. 1(a). Indeed, this diagram is known to give an
interpair repulsion, being characterized by the s-wave molec-
ular scattering length aB = 2as [14–16,70,71], where as > 0
is the s-wave atomic scattering length in the BEC regime.
For the value of aB, Pieri and Strinati [66] pointed out that it
becomes small by about the factor three, when multiscattering
processes of the two-body molecular interaction are taken

into account. Petrov and co-workers [67,68] exactly solved
a four-fermion problem, to give aB � 0.6as. Brodsky and co-
workers [72] rederived this exact molecular scattering length
by using a diagrammatic technique. It has also been shown by
a renormalization group analysis that many-body corrections
lead to a temperature-dependent molecular interaction near
the superfluid phase-transition temperature Tc [69].

Although a pairing interaction between fermions is, of
course, essentially important in Fermi superfluids, correla-
tions between Cooper pairs also play a crucial role in the
superfluid state: in a Bose gas, the superfluid state is known to
be unstable against an attractive interaction between bosons
[73,74]. Thus the interaction must be repulsive for a Bose
superfluid to be stable. In a stable Bose superfluid, the velocity
vφ of the collective Bogoliubov phonon is directly related to
the Bose-Bose repulsion UB = 4πaB/MB as [73,74]

vφ =
√

UBNc

MB
, (1)

where Nc is the Bose condensate fraction and MB is a bo-
son mass. (We set h̄ = kB = 1 and the system volume V
is taken to be unity throughout this paper.) Thus, if an in-
teraction between Cooper-pair “bosons” was attractive, the
Fermi superfluid could not stably exist there. The observed
sound velocity in the BEC regime of a superfluid 6Li gas
agrees well with Eq. (1) with aB = 0.6as > 0 [75], which
means that the molecular interaction is fortunately repulsive
there.

In BCS-BEC crossover physics, the molecular interac-
tion in the BEC regime has so far mainly been discussed
within the two-body level [14–16,66–70]. However, as a sim-
ple extension of Fig. 1(a), we can also expect, for example,
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FIG. 1. Molecular interactions mediated by unpaired Fermi
atoms in the strong-coupling BEC regime. (a) Two-body compo-
nent. (b) Three-body component. The dashed (solid) line describes a
bound molecule (dissociated Fermi atom). The pseudospin symbols
σ =↑,↓ describe two atomic hyperfine states forming a Cooper pair.
In panels (a) and (b), incident molecules (A, B, A′, B′, C′) dissociate
into four or fix Fermi atoms, which are followed by recombination to
outgoing molecules (C, D, D′, E′, F′).

the three-body molecular interaction illustrated in Fig. 1(b),
which is mediated by six unpaired Fermi atoms. At a glance,
since molecular interactions in Fig. 1 are always accompa-
nied by virtual dissociation of molecules in the intermediate
state, the resulting interaction seems weaker for a higher-
body component. However, the importance of such multibody
molecular interactions is still unclear. Because three-body
interactions have also been discussed in various research
fields, such as nuclear physics [76,77], as well as neutron-
star physics [78], systematic studies on multibody molecular
correlations by using the high tunability of ultracold Fermi
gases would make an impact on these research fields.

The purpose of this paper is to examine how multibody
molecular interactions affect the strong-coupling properties of
an ultracold Fermi gas. For this purpose, this paper deals with
the isothermal compressibility κT . To explain the reason for
this choice, we recall that, as shown in Fig. 2, the isothermal
compressibility in an ideal Bose gas,

κB,0
T (T ) = 1

N2
B

(
∂NB

∂μB

)
T

= 1

N2
B

(
∂

∂μB

∑
q

1

e[εB
q −μB]/T − 1

)
T

, (2)

diverges at the Bose-Einstein condensation temperature TBEC

because of μB → 0 as

κB,0
T (TBEC) = 1

N2
BTBEC

∑
q

cosech2

(
εB

q

2TBEC

)
→ ∞. (3)

Here, εB
q = q2/(2MB) is the kinetic energy of a boson, NB

the number of bosons, and μB the Bose chemical potential.
This divergence at TBEC is absent in the presence of an s-wave
Bose-Bose repulsion UB > 0. Indeed, treating UB within the

FIG. 2. Isothermal compressibility in a Bose gas as a function of
temperature. κB,0

T and κB,RPA
T , respectively, show the cases of an ideal

Bose gas given in Eq. (2) and a repulsively interacting Bose gas given
in Eq. (5). In the latter, we take UBNB = 0.25TBEC and the Bose-
Bose repulsion UB is treated within the Hartree Fock RPA. NB is the
number of bosons and TBEC is the BEC phase-transition temperature.

Hartree-Fock approximation, one has

κB,RPA
T (T ) = 1

N2
B

(
∂

∂μB

∑
q

1

e[εB
q +2UBNB−μB]/T − 1

)
T

=κB,0
T (T )

[
1 − 2UB

(
∂NB

∂μB

)
T

]
. (4)

Equation (4) gives the following expression for the isothermal
compressibility in the random-phase approximation (RPA):

κB,RPA
T (T ) = κB,0

T (T )

1 + 2UBN2
BκB,0

T (T )
. (5)

Although the bare isothermal compressibility κB,0
T diverges at

TBEC, Eq. (5) converges to give (see also Fig. 2)

κB,RPA
T (TBEC) = 1

2UBN2
B

. (6)

This indicates that the isothermal compressibility near the
superfluid instability is sensitive to a Bose-Bose interaction.
Thus similar sensitivity is also expected in the BEC regime of
an ultracold Fermi gas where most Fermi atoms form tightly
bound molecules.

To include strong-coupling effects in the BCS-BEC
crossover region, this paper employs the self-consistent T -
matrix approximation (SCTMA). References [15,16] showed
that the SCTMA gives the molecular scattering length
aB = 2as. It has also been shown that the calculated κT in the
SCTMA agrees well with the observed one in a 6Li unitary
Fermi gas [32,33,57]. Thus the SCTMA is expected to be suit-
able for our purpose. We briefly note that another well-known
BCS-BEC crossover theory called the T -matrix approxima-
tion (TMA) [79] cannot deal with molecular correlations in
the normal state [80]. Using the SCTMA scheme, we show
that a three-body molecular interaction sizably affects κT

in the BEC regime. As mentioned previously, although the
SCTMA cannot reproduce the exact value of the molecular
scattering aB [67,68], this strong-coupling scheme is found to

033308-2



ISOTHERMAL COMPRESSIBILITY AND EFFECTS OF … PHYSICAL REVIEW A 106, 033308 (2022)

still provide useful information about how multibody molec-
ular interactions work in the BEC regime of an ultracold
Fermi gas.

This paper is organized as follows. In Sec. II, we explain
our formulation to evaluate κT in the SCTMA [15,16]. We
show our results in Sec. III. In the BEC regime, we evaluate
the effects of two-body and three-body molecular interactions
from the comparison of our SCTMA result with the isothermal
compressibility in an assumed weakly interacting molecular
Bose gas. We also compare our result with the recent experi-
ment on a 6Li unitary Fermi gas [34].

II. FORMULATION

We consider a two-component uniform Fermi gas, de-
scribed by the BCS Hamiltonian,

H =
∑
p,σ

ξpc†
p,σ cp,σ

−U
∑
p,p′,q

c†
p+q/2,↑c†

−p+q/2,↓c−p′+q/2,↓cp′+q/2,↑. (7)

Here, c†
p,σ is the creation operator of a Fermi atom with

pseudospin σ =↑,↓, describing two atomic hyperfine states.
The kinetic energy ξp = εp − μ = p2/(2m) − μ is measured
from the Fermi chemical potential μ, where m is an atomic
mass. −U (< 0) is a contact-type s-wave pairing interaction
between Fermi atoms, which is assumed to be tunable by ad-
justing the threshold energy of a Feshbach resonance [22]. We
emphasize that Eq. (7) has no term describing any molecular
interaction.

We conveniently measure the strength of the pairing inter-
action in terms of the s-wave scattering length as, which is
related to the bare interaction −U as

4πas

m
= − U

1 − U
pc∑
p

1

2εp

, (8)

where pc is a momentum cutoff. The weak-coupling BCS
regime and strong-coupling BEC regime are then charac-
terized by (kFas)−1 � −1 and (kFas)−1 � +1, respectively
(where kF is the Fermi momentum). The region −1 �
(kFas)−1 � +1 is sometimes referred to as the (BCS-BEC)
crossover region in the literature.

Strong-coupling corrections to single-particle properties
of the system are conveniently described by the self-energy
	(p, iωn) in the dressed Fermi single-particle thermal Green’s
function,

G(p, iωn) = 1

G0(p, iωn)−1 − 	(p, iωn)
, (9)

where

G0(p, iωn) = 1

iωn − ξp
(10)

is the bare Green’s function, with ωn being the fermion
Matsubara frequency. In the SCTMA, 	(p, iωn) is diagram-

FIG. 3. SCTMA self-energy correction 	. The solid line rep-
resents the dressed single-particle thermal Green’s function G in
Eq. (9). The dotted line is a pairing interaction −U . � is the particle-
particle scattering matrix in Eq. (12).

matically described as Fig. 3, which gives

	(p, iωn) = T
∑
q,νn

�(q, iνn)G(q − p, iνn − iωn). (11)

Here, νn is the boson Matsubara frequency and

�(q, iνn) = − U

1 − U(q, iνn)

=4πas

m

1

1 + 4πas

m

[
(q, iνn) −

∑
p

1

2εp

] (12)

is the SCTMA particle-particle scattering matrix, describing
pairing fluctuations. We briefly note that �(q, iνn) is directly
related to a molecular Bose Green’s function deep inside the
BEC regime [15,16]. In Eq. (12),

(q, iνn) = T
∑
p,ωn

G(p, iωn)G(q − p, iνn − iωn) (13)

is the pair-correlation function. Although Eq. (13) involves the
ultraviolet divergence, it is actually canceled out by the term∑

p(1/2εp) in Eq. (12) [15,16].
Here, we explain how the two-body molecular interaction

is obtained in the present SCTMA scheme [15,16]: since �

in Eq. (12) consists of the dressed Green’s function G, it
involves the diagram shown in Fig. 4(a). Then, deforming this
diagram as Fig. 4(b), and simply regarding the shaded parts
as molecular Bose propagators, one finds that Fig. 4(b) has
the same diagrammatic structure as the Hartree self-energy
correction to a Bose Green’s function shown in Fig. 4(c). This
two-body Bose-Bose interaction (≡ Ū 2-body

B ) is mediated by
four unpaired fermions A to D in Fig. 4(b) and the diagram-
matic structure is the same as Fig. 1(a). References [15,16]
evaluated this molecular interaction in the BEC regime
to give

Ū 2-body
B = 4π (2as)

2m
. (14)

Recently, the existence of a correction to Eq. (14) in the
SCTMA has been pointed out [81]. We will later discuss this
from the viewpoint of three-body molecular interaction.

We briefly note that the TMA is obtained by replacing all
the dressed Green’s function G in Eqs. (11) and (13) with the
bare one G0 in Eq. (10). The resulting TMA particle-particle
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FIG. 4. Effective two-body molecular interaction involved in the
SCTMA [15,16]. Since the SCTMA particle-particle scattering ma-
trix � in Eq. (12) consists of the dressed Green’s function G (solid
line) and the pairing interaction −U (dotted line), � involves the
diagrams shown in panel (a). Without changing the topology, this
diagram can be deformed as panel (b). Then, regarding each shaded
part in panel (b) as a molecular Bose propagator, one may view
the diagram in panel (b) as the Hartree self-energy correction to the
molecular Bose Green’s function shown in panel (c). In panel (c), the
dashed line is the molecular Bose Green’s function and the molecular
interaction Ū 2-body

B corresponds to the four fermion lines A to D in
panel (b). The diagrammatic structure giving Ū 2-body

B is the same as
Fig. 1(a).

scattering matrix does not involve the diagram in Fig. 4(a). As
a result, the noninteracting molecular Bose Green’s function
is only obtained in this scheme.

The superfluid phase-transition temperature Tc is conve-
niently determined from the Thouless criterion [82], stating
that the system achieves the superfluid instability when the
particle-particle scattering matrix � in Eq. (12) has a pole at
q = νn = 0, which gives

1 = −4πas

m

[
(0, 0) −

∑
p

1

2εp

]
. (15)

We actually solve the Tc equation (15), together with the
equation for the total number N of Fermi atoms,

N = 2T
∑
p,ωn

G(p, iωn), (16)

to self-consistently determine Tc and μ(Tc). Above Tc, we only
deal with Eq. (16) to evaluate μ(T > Tc). We briefly show in
Fig. 5 the SCTMA solutions for Tc and μ(Tc) that will be used
in evaluating κT . For computational details, see Appendix A.

Once Tc and μ(Tc), as well as μ(T > Tc), are determined,
we then evaluate the isothermal compressibility κT from the
following thermodynamic relation:

κT = 1

N2

(
∂N

∂μ

)
T

. (17)

(Note that the system volume is taken to be unity in this
paper.) Substituting the number equation (16) into Eq. (17),
one obtains

κT = −2T

N2

∑
p,ωn

G2(p, iωn)�(p, iωn), (18)

where the three-point vertex �(p, iωn) obeys the equation

�(p, iωn) = 1 − ∂	(p, iωn)

∂μ

= 1 + T
∑
q,νn

�(q, iνn)G2(q − p, iνn − iωn)�(q − p, iνn − iωn)

− 2T 2
∑
p′,ω′

n

∑
q,νn

G(q − p, iνn − iωn)�2(q, iνn)G2(p′, iω′
n)G(q − p′, iνn − iω′

n)�(p′, iω′
n). (19)

Equations (18) and (19) are diagrammatically described as
Figs. 6(a) and 6(b), respectively.

When we evaluate κT from Eq. (18), we have to
self-consistently solve Eq. (19) to determine the vertex
correction �. In this paper, to avoid this complicated
procedure, we numerically carry out the μ derivative in
Eq. (17) to obtain κT . We will use Eqs. (18) and (19) in
Sec. III B, where we examine how molecular interactions
affect κT .

III. ISOTHERMAL COMPRESSIBILITY AND EFFECTS
OF MOLECULAR INTERACTIONS

A. Isothermal compressibility in the BCS-BEC crossover region

Figure 7(a) shows the SCTMA isothermal compressibil-
ity κT in the normal state of an ultracold Fermi gas in the

BCS-BEC crossover region. As expected from the nonzero
molecular scattering length aB = 2as [15,16], the calculated
κT converges at Tc in the whole BCS-BEC crossover re-
gion, especially in the BEC regime. This is quite different
from the TMA result shown in Fig. 7(b), where κT always
diverges at Tc. In the TMA case, the divergence in the
BEC regime is due to the ignorance of the molecular inter-
action. [For more details about the singular behavior seen
in Fig. 7(b), see Appendix B.] Because of this difference,
as shown in Fig. 8, while the SCTMA well explains the
experimental result on a 6Li unitary Fermi gas, the TMA
overestimates κT , when T/TF � 0.4 (where TF is the Fermi
temperature).

Figure 9(a) shows κT (Tc) in the SCTMA. In the weak-
coupling BCS regime [(kFas)−1 � −1], system properties are
dominated by Fermi atoms, so that κT is well described by
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FIG. 5. SCTMA self-consistent solutions for (a) Tc and (b) μ(Tc ).
TF is the Fermi temperature.

that in a free Fermi gas,

κF
T (Tc) ≡ 2

N2

∂

∂μ

∑
p

1

e(εp−μ̃)/Tc + 1

= 1

2TcN2

(
∂μ̃

∂μ

)∑
p

sech2
(εp − μ̃

2Tc

)
. (20)

Here, μ̃ = k̃
2
F/(2m) is the effective Fermi chemical poten-

tial, where the effective Fermi momentum k̃F is determined
from the pole equation of the analytic-continued dressed
single-particle Green’s function G(p, iωn → ω + iδ) at ω = 0

FIG. 6. (a) Diagrammatic representation of isothermal compress-
ibility κT in Eq. (18). The solid circle is the bare density vertex and �

the three-point vertex correction. (b) Diagrammatic equation for � in
the SCTMA. � is the particle-particle scattering matrix in Eq. (12).

FIG. 7. Calculated isothermal compressibility κT in the normal
state of an ultracold Fermi gas in the BCS-BEC crossover region.
(a) SCTMA. (b) TMA. In panel (b), κT always diverges at the super-
fluid phase-transition temperature T TMA

c evaluated in the TMA. (Note
that T TMA

c does not equal Tc obtained in the SCTMA.) It diverges
positively (negatively) when (kFas )−1 � −0.79 [(kFas )−1 � −0.79].
κ0 = 3m/(k2

FN ) is the isothermal compressibility in a free Fermi gas
at T = 0.

[54,83],

k̃
2
F

2m
− μ + Re[	(k̃F, iωn → ω + iδ = 0 + iδ)] = 0, (21)

expt.

FIG. 8. Comparison of our theoretical results (SCTMA and
TMA) with the recent experiment on a 6Li unitary Fermi gas [34].
T expt

c is the superfluid phase-transition temperature which is experi-
mentally determined in Ref. [34].
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FIG. 9. (a) SCTMA isothermal compressibility κT at Tc. κF
T is

the isothermal compressibility in a free Fermi gas given in Eq. (20).
κ

B,2-body
T is the isothermal compressibility in an assumed molecular

Bose gas given in Eq. (6), where MB = 2m, NB = N/2, and UB =
Ū 2-body

B = 4π (2as )/MB. κ
B,2+3-body
T includes the effects of two-body

and three-body molecular interactions, given in Eq. (36). (b) The
number ÑB of (quasi)stable molecules at Tc.

with δ being an infinitesimally small positive number. Be-
cause the function sech2[(εp − μ̃)/2Tc] in Eq. (20) selectively
extracts the contribution around the effective Fermi level
εp = μ̃, κT (Tc) in this regime is dominated by Fermi atoms
near this effective Fermi surface.

Starting from the weak-coupling BCS regime, one sees in
Fig. 9(a) that κT (Tc) increases with increasing the strength of
the pairing interaction. This behavior seen in the BCS side
[(kFas)−1 � 0] is simply due to the well-known property that
an attractive Fermi-Fermi interaction enhances the isothermal
compressibility.

However, Fig. 9(a) shows that the increase of κT (Tc) is not
monotonic, but it exhibits a hump structure around (kFas)−1 =
0.7. Regarding this, estimating the number ÑB of (quasi)stable
molecules [84], we find in Fig. 9(b) that ÑB rapidly increases
around (kFas)−1 = 0.7. (We explain how to estimate ÑB in
Appendix C.) Thus the hump structure around (kFas)−1 = 0.7
is considered to be related to the change of dominant particles,
from Fermi atoms to Bose molecules [85].

When we simply regard the right region of this hump
[(kFas)−1 � +1] as a gas of weakly interacting N/2 Bose
molecules with the two-body molecular repulsion Ū 2-body

B in
Eq. (14), Eq. (6) with UB = Ū 2-body

B (≡ κ
B,2-body
T ) cannot ex-

plain κT (Tc), as shown in Fig. 9(a). In the next subsection, we
will show that a three-body molecular interaction resolves this
discrepancy.

B. Effects of three-body molecular interaction
on κT in the BEC regime

To examine how molecular interactions affect κT in the
BEC regime, we rewrite Eq. (18) by substituting Eq. (19)
into this equation. The resulting expression κT = ∑3

j=1 κ
( j)
T

consists of three terms, where

κ
(1)
T = − 2T

N2

∑
p,ωn

G2(p, iωn), (22)

κ
(2)
T = −2T 2

N2

∑
p,ωn

∑
q,νn

G2(p, iωn)�(q, iνn)

× G2(q − p, iνn − iωn)�(q − p, iνn − iωn), (23)

κ
(3)
T = 4T 3

N2

∑
p,ωn

∑
p′,ω′

n

∑
q,νn

G2(p, iωn)

× G(q − p, iνn − iωn)�2(q, iνn)

× G2(p′, iω′
n)G(q − p′, iνn − iω′

n)�(p′, iω′
n). (24)

Among them, κ
(1)
T + κ

(2)
T gives the ordinary RPA expression

for the isothermal compressibility in a weakly interacting
Fermi gas. Indeed, simply approximating � by the bare inter-
action −U and ignoring the last term in Eq. (19), one obtains

κ
(1)
T + κ

(2)
T � κ

(1)
T

1 − UN2

2
κ

(1)
T

. (25)

To evaluate Eq. (25) in the BEC regime, we recall that, deep
inside the BEC regime, the Fermi chemical potential μ ap-
proaches [12,14–17]

μBEC ≡ − 1

2ma2
s

. (26)

As a result, |μ| eventually becomes much larger than the
SCTMA self-energy 	 involved in the dressed Green’s func-
tion G(p, iω) in Eq. (9). In this case, one may ignore 	

compared to μ < 0 in evaluating κ
(1)
T , giving

κ
(1)
T � − 2T

N2

∑
p,ωn

G2
BEC(p, iωn)

= 1

2T N2

∑
p

sech2

(
εp + |μBEC|

2T

)
. (27)

Here, GBEC(p, iωn) has the same form as the bare Green’s
function G0(p, iωn) in Eq. (10), where the chemical potential
μ is replaced by μBEC in Eq. (26). Equation (27), as well as
Eq. (25), vanishes in the BEC limit (μBEC → −∞), so that the
isothermal compressibility in the BEC regime is dominated by
κ

(3)
T in Eq. (24).

Repeatedly substituting the three-point vertex � given in
Eq. (19) into Eq. (24), one finds that κ

(3)
T involves the dia-

grammatic series shown in Fig. 10(a). Using the fact that the
particle-particle scattering matrix �(0, 0) diverges at Tc, we
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FIG. 10. (a) Diagrams involved in κ
(3)
T . When � is regarded as the molecular Green’s function, the rectangular part being composed of four

Fermi atoms (four solid lines) and the triangular part in the first line may be interpreted as the two-body molecular interaction (= U 2-body
B ) and

the three-point vertex (= αSCTMA ) of the Bose isothermal compressibility, respectively. The diagrams in the second line involve U 3-body
B shown

in panel (b). We show in panel (c) that U 3-body
B is obtained from the three-body molecular interaction in Fig. 1(b). Molecular propagators A to

E in panel (b) correspond to those in panel (c).

approximately evaluate the first term (≡ κ
(3)
T 0 ) in Fig. 10(a) as

κ
(3)
T 0 (Tc) � α2

SCTMATc

N2

∑
q,νn

�2(q, iνn), (28)

where

αSCTMA = 2Tc

∑
p,ωn

G2(p, iωn)G(−p,−iωn). (29)

In the BEC regime, it has been shown that �(q, iνn) at Tc is
directly related to the Bose single-particle Green’s function
G−1

B (q, iνn) = iνn − εB
q as [66,86]

�(q, iνn) = Z (q, iν)GB(q, iνn). (30)

Here, the molecular mass MB in the Bose kinetic energy εB
q =

q2/2MB equals 2m and

Z (q, iνn) = 4π

m2as

⎡
⎣1 +

√
1 + −iνn + εB

q

Ebind

⎤
⎦, (31)

where Ebind = 1/(ma2
s ) is the binding energy of a two-body

bound state. Substitution of Eq. (30) into Eq. (28) gives

κ
(3)
T 0 (Tc) �α2

SCTMAZ2(0, 0)Tc

N2

∑
q,νn

G2
B(q, iνn)

� 1

4(N/2)2Tc

∑
q

cosech2

(
εB

q

2Tc

)
. (32)

In obtaining the last expression, we have approximated G
involved in αSCTMA to GBEC. Equation (32), which diverges
at Tc, is the same form as Eq. (3) with the boson number
NB = N/2.

The first line in Fig. 10(a) is the series of diagrams involv-
ing the two-body molecular interaction U 2-body

B mediated by
four unpaired fermions. Evaluating these diagrams in the same
manner as κ

(3)
T 0 , and adding them to Eq. (32), they reproduce

κ
B,2-body
T plotted in Fig. 9(a):

κ
B,2-body
T (Tc) = κ

(3)
T 0 (Tc)

1 + 2U 2-body
B N2

Bκ
(3)
T 0 (Tc)

→ 1

2U 2-body
B N2

B

. (33)

Here,

U 2-body
B = Z2(0, 0)T

∑
p,ωn

G2
BEC(p, iωn)G2

BEC(−p,−iωn)

= 4π (2as)

MB
(34)

just coincides with Eq. (14). Regarding this, we note that,
while Ū 2-body

B in Eq. (14) is obtained from the Hartree self-
energy in Fig. 4(c), U 2-body

B in Eq. (34) is extracted from the
RPA vertex correction to κT . This is a consequence of the
present consistent treatment of the SCTMA self-energy 	 and
the three-point vertex correction �.
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The above analysis indicates that the difference between
κT (Tc) in the SCTMA and κ

B,2-body
T (Tc) seen in Fig. 9(a)

comes from the second line in Fig. 10(a), where each dia-
gram has the part U 3-body

B depicted in Fig. 10(b). When one
again relates � to the molecular Bose Green’s function in the
BEC regime, U 3-body

B is found to be obtained from the three-
body molecular interaction given in Fig. 1(b), as shown in
Fig. 10(c). Because the two of six external lines are contracted
in Fig. 10(c), U 3-body

B may be interpreted as a three-body
correction to the two-body molecular interaction. Evaluating
U 3-body

B in the same manner as Eq. (34), one has, in the BEC
regime at Tc,

U 3-body
B � Z2(0, 0)T 2

c

∑
p,p′,ωn,ω′

n

G2
BEC(p, iωn)

× GBEC(−p,−iωn)�(p + p′, iωn + iω′
n)

× G2
BEC(p′, iω′

n)GBEC(−p′,−iω′
n)

= −4π (0.842as)

MB
. (35)

For the derivation of Eq. (35), see Appendix D.
We comment on the sign of U 3-body

B in Eq. (35): a two-body
interaction between molecules is usually considered to be
associated with the exchange of constituent Fermi atoms in-
volved in molecules and consequently be repulsive due to the
Pauli exclusion principle. Regarding this, Haussmann pointed
out that scattering processes contributing to the molecular
interaction can be classified into three classes [15]. The first
class is the molecular scattering by a Fermi-Fermi interaction
−U . The second class is the same as the first one except
that the outgoing molecules are exchanged. The third class
involves fermion exchange and this class gives a repulsive
interaction due to the Pauli exclusion principle. Haussmann
showed in the SCTMA that, while the third class gives
Eq. (14) (∝as), the other classes only give corrections in the
subleading order with respect to as, by considering the first-
order contribution of −U . Employing this classification, we
find that U 3-body

B in Eq. (35) belongs to the first class, because
it is not accompanied by the fermion exchange. Because of
this, the sign of U 3-body

B is not attributed to the Pauli exclusion
principle, in contrast to U 2-body

B > 0 in Eq. (34). U 3-body
B be-

comes O(as) due to the multiscattering processes with respect
to −U , which is effectively described by the particle-particle
scattering matrix � appearing in the center of Fig. 10(b),
and the resulting sign of this correction becomes negative, as
shown in Eq. (35).

Summing up the series of diagrams in both the first and
second lines in Fig. 10(a), as well as diagrams involving both
U 2-body

B and U 3-body
B (that are not explicitly shown in Fig. 10),

we reach

κ
B,2+3-body
T (Tc) = κ

(3)
T 0 (Tc)

1 + 2
[
U 2-body

B + U 3-body
B

]
N2

Bκ
(3)
T 0 (Tc)

→ 1

2
[
U 2-body

B + U 3-body
B

]
N2

B

. (36)

Figure 9(a) shows that this improved result well approaches
κT in the strong-coupling BEC regime [(kFas)−1 � +1]. This

confirms the sizable contribution of the three-body molecular
interaction to κT in this regime. We briefly note that a similar
three-body correction has also recently been discussed in a
Bose-Fermi mixture [87].

As mentioned previously, Ref. [81] has found from self-
energy analyses that the SCTMA scheme actually has a
correction to the well-known two-body molecular interaction
in Eq. (14). Our result is consistent with this statement in the
sense that this correction is just equal to U 3-body

B in Eq. (35),
being obtained from the vertex correction to the isothermal
compressibility. This is again a consequence of the consistent
treatment of the self-energy 	 and the three-point vertex cor-
rection � in our theory.

The improved molecular scattering length aB = [2 −
0.842]as = 1.158as obtained from U 2-body

B + U 3-body
B is, how-

ever, still larger than the exact value aB = 0.6as [67,68]. This
means that the SCTMA underestimates κT in the BEC regime.
Since κT in the SCTMA can explain the recent experiment
on a 6Li unitary Fermi gas [34] (see Fig. 8), the observa-
tion of κT away from the unitary limit would be helpful
to see where in the BEC side one needs to improve the
SCTMA.

Here, we compare our result (aB = 1.158as) with the
values of aB obtained by various diagrammatic approaches.
References [15,16] examined aB in the SCTMA to ob-
tain aB = 2as. Reference [81] studied the self-energy in the
SCTMA to obtain the same result as ours. Reference [66]
considered the lowest-order molecular interaction in Eq. (14),
as well as its multiscattering processes, giving aB � 0.75as;
however, the three-body correction in Eq. (35) is ignored
in this approach. Reference [72] included all diagrammatic
contributions to aB to obtain the exact value aB � 0.6as

[67,68]. Our two-body (U 2-body
B ) and three-body (U 3-body

B )
scattering processes can be seen in Figs. 4(a) and 4(b) in
Ref. [72], respectively. Although our result (aB = 1.158as)
is closer to the exact value aB � 0.6as than aB = 2as, to
further improve this, we need to include higher-order cor-
rections, as well as multiscattering processes, beyond the
SCTMA.

Before ending this section, we note that, although κ
(3)
T in

Eq. (24) also involves contributions from higher-body molec-
ular interactions U l-body

B (l � 4), their contributions are all
O(an

s ) (n � 2), so that they can be ignored compared to
U 2-body

B ∝ as and U 3-body
B ∝ as, when (kFas)−1 
 1. [Although

the corresponding diagrams are not shown in Fig. 10(a), for
reference, we show in Fig. 11 a four-body molecular in-
teraction and the corresponding diagram involved in κ

(3)
T .]

However, it is still unclear whether such higher-body molec-
ular interactions are really irrelevant or their contributions
are actually O(as) in a more sophisticated strong-coupling
theory beyond the SCTMA, which remains as our future
problem. Since the effects of multibody molecular interac-
tions, as well as their multiscattering processes, should be
all taken into account in the exact molecular scattering aB =
0.6as [72], in order to assess the importance of higher-body
molecular interactions, it would be useful to diagrammat-
ically decompose this exact calculation into contributions
from l-body molecular interactions. Such analyses might also
be helpful in improving the SCTMA so that it can deal
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FIG. 11. (a) Four-body molecular interaction. (b) Diagram in-
volving the effects of the four-body molecular interaction on κT in the
SCTMA. In panel (b), the four-body contribution U 4-body

B is obtained
from panel (a) by connecting the two outgoing molecular lines “A”
and “B” to the incident lines “C” and “D,” respectively.

with the strong BEC regime in a more quantitative man-
ner.

IV. SUMMARY

To summarize, we have discussed the isothermal com-
pressibility κT in the BCS-BEC crossover regime of an
ultracold Fermi gas above Tc. Within the framework of the
self-consistent T -matrix approximation (SCTMA), we have
computed κT in the whole BCS-BEC crossover region. Using
the property that this thermodynamic quantity is sensitive to
the strength of a Bose-Bose repulsion, we evaluated molecular
interactions in the strong-coupling BEC regime.

We showed that κT monotonically increases with de-
creasing the temperature in the whole BCS-BEC crossover
region, but still converges at Tc. In the strong-coupling
BEC regime where most Fermi atoms form tightly bound
molecular bosons, this convergence is attributed to molec-
ular interactions mediated by unpaired Fermi atoms: not
only a two-body molecular interaction, but also a three-
body one sizably affects this thermodynamic quantity. While
the former gives the molecular scattering length aB = 2as

(which is well known in the SCTMA), the latter corrects
this value to aB = 1.158as. This result is consistent with the
recent work [81], where the same modified molecular scat-
tering length is obtained from the analysis of the SCTMA
self-energy.

As a remaining future problem, although we have clari-
fied the importance of two- and three-body components of
molecular interactions in this paper, we still need to ex-
amine whether higher-body components are irrelevant or
they also sizably affect κT , when one goes beyond the
SCTMA. For this problem, it would be helpful to de-
compose the exact calculation (which gives aB = 0.6as)
into the contributions from such multibody molecular
interactions.

In this paper, we have indirectly assessed the effects of
the three-body molecular interaction through the correction
to the two-body component. Thus it would also be an inter-
esting future challenge to explore a physical quantity which is
more directly affected by multibody molecular interactions.

Since molecular correlations have so far mainly been dis-
cussed within the two-body level in ultracold Fermi gases,
our results would contribute to the further development of this
research field.
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APPENDIX A: COMPUTATIONAL METHOD
TO DETERMINE �(p, iωn) IN SCTMA

In this Appendix, we explain how to self-consistently com-
pute the SCTMA self-energy 	(p, iωn) in Eq. (11) from
Eqs. (9), (12), and (13). For this purpose, we make use of
the Fourier transform technique [16,43] in this paper: to avoid
computing the momentum and Matsubara-frequency summa-
tions in Eqs. (11) and (13), we change the variables from
“momentum and Matsubara frequency” to “real space (r) and
imaginary time (τ )” by the Fourier transformation,

f (r, τ ) = T
∑
p,ζn

eip·r−iζnτ f (p, iζn), (A1)

f (p, iζn) =
∫ 1/T

0
dτ

∫
dr e−ip·r+iζnτ f (r, τ ), (A2)

where ζn is the fermion or boson Matsubara frequency. Equa-
tions (11) and (13) are Fourier transformed as, respectively,

	(r, τ ) =�(r, τ )G(−r,−τ ), (A3)

(r, τ ) =G(r, τ )2. (A4)

Because Eqs. (9), (12), (A3), and (A4) no longer have
any summation, we can quickly compute these. Using this
advantage, we self-consistently determine the SCTMA self-
energy following the flowchart in Fig. 12. For the Fourier
transformation, we employ the spline interpolation-based
Fourier-transform technique, developed in Refs. [16,43].

APPENDIX B: DIVERGENCE OF TMA ISOTHERMAL
COMPRESSIBILITY AT Tc

The TMA self-energy 	TMA is obtained from Eq. (11) by
replacing all the dressed Green’s function G with the bare
one G0. Evaluating the TMA isothermal compressibility κTMA

T
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FIG. 12. Flowchart about self-consistent calculation of SCTMA
self-energy 	(p, iωn) in Eq. (11). The solid arrow means the op-
eration of the equation written beside the arrow. The dashed arrow
denotes the Fourier transformation in Eqs. (A1) and (A2). We numer-
ically repeat the “calculation loop” in this flowchart, until 	(p, iωn)
is self-consistently determined.

from Eq. (17), we obtain

κTMA
T = −2T

N2

∑
p,ωn

G2
TMA(p, iωn)

− 2T 2

N2

∑
p,ωn

∑
q,νn

G2
TMA(p, iωn)

×�TMA(q, iνn)G2
0(q − p, iνn − iωn)

+ 4T 3

N2

∑
p,ωn

∑
p′,ω′

n

∑
q,νn

G2
TMA(p, iωn)

× G0(q − p, iνn − iωn)�2
TMA(q, iνn)

× G2
0(p′, iω′

n)G0(q − p′, iνn − iω′
n), (B1)

where the single-particle thermal Green’s function GTMA in-
volves the TMA self-energy 	TMA and �TMA is given by
Eq. (12) with G being replaced with G0. At the TMA
superfluid phase-transition temperature T TMA

c , the gapless
particle-particle scattering matrix behaves as �TMA(q, 0) ∼
1/q2, so that the q summation in the last term in Eq. (B1), as
well as the resulting κTMA

T (T TMA
c ), always diverges over the

entire BCS-BEC crossover region.
Using this singular behavior of �TMA(q, iνn), we only re-

tain the last term in Eq. (B1), to give

κTMA
T (T TMA

c ) � αTMA
L αTMA

R

N2
T

∑
q,νn

�2
TMA(q, iνn). (B2)

Here,

αTMA
L = 2T

∑
p,ωn

G2
TMA(p, iωn)G0(−p,−iωn) (B3)

and

αTMA
R = 2T

∑
p,ωn

G2
0(p, iωn)G0(−p,−iωn) (B4)

FIG. 13. Diagrammatic representation of the last term in
Eq. (B1). The thick (thin) solid line is the TMA (bare) Green’s
function. αTMA

L and αTMA
R , respectively, represent the left and right

triangular parts in this diagram. �TMA is the TMA particle-particle
scattering matrix.

describe the left and right triangular vertex parts in Fig. 13,
respectively. The product αTMA

L αTMA
R is numerically found

to change its sign at (kFas)−1 � −0.79, leading to the sign
change of κTMA

T (T TMA
c ) seen in Fig. 7(b).

APPENDIX C: EVALUATION OF THE NUMBER ÑB

OF (QUASI)STABLE MOLECULES IN FIG. 9(b)

Deep inside the BEC regime [(kFas)−1 
 1], the particle-
particle scattering matrix �(q, iνn) in Eq. (12) is proportional
to the single-particle Bose Green’s function [15,16,66]. Al-
though this statement is, exactly speaking, only valid for the
extreme BEC limit, it is still useful to approximately estimate
the number ÑB of (quasi)stable molecules in the strong-
coupling BEC regime, by assuming a similar relation between
�(q, iνn) and the Bose Green’s function given in Eq. (30).
That is, ignoring the lifetime of molecules, we determine the
molecular excitation energy ωq from the lowest-energy pole
of the analytic continued particle-particle scattering matrix
�(q, iνn → ωq + iδ):

0 = 1 + 4πas

m

[
Re[(q, iνn → ωq + iδ)] −

∑
p

1

2εp

]
.

(C1)

Here, we have ignored the imaginary part of (q, iνn → ωq +
iδ), for simplicity.

In the TMA, as well as the strong-coupling theory devel-
oped by Nozières and Schmitt-Rink (NSR) [13,21,61], the
continuum spectrum of (q, iνn → ω + iδ), which physically
describes Fermi excitations being accompanied by the disso-
ciation of molecules, has the clear threshold energy,

ωth = q2

4m
+ 2|μ|, (C2)

in the BEC regime (where μ < 0). In this case, we can
unambiguously determine the molecular dispersion from the
isolated pole below this threshold.

In contrast, the continuum spectrum does not have such a
clear threshold in the SCTMA, because of the self-energy in
the dressed Green’s function G involved in the pair-correlation
function . Thus, in this paper, we approximately employ the
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threshold energy in Eq. (C2) and only retain poles below ωth,
in order to distinguish between molecular states and Fermi ex-
citations. Then, simply treating the molecule as a free boson,
we estimate the number ÑB of (quasi)stable molecules at Tc as

ÑB =
∑

q

1

eωq/Tc − 1
. (C3)

We briefly note that the above technique has been used
to evaluate ÑB, as well as the contribution Nscatt from the

scattering states to the number N of Fermi atoms, in the NSR
theory [61]. Within the NSR scheme, the molecular states are
stable with an infinite lifetime.

APPENDIX D: DERIVATION OF EQ. (35)

We carry out the Matsubara frequency summations of ωn

and ω′
n in Eq. (35), by substituting Eq. (30) into this equation.

Approximately setting eμ/T = 0 (because μ → −∞ in the BEC limit), one has U 3-body
B = U 3-body(1)

B + U 3-body(2)
B , where

U 3-body(1)
B = 1

16

(
8π

m2as

)2 ∑
p,p′

1

ξ 2
pξ 2

p′
�(p + p′,−ξp − ξp′ ), (D1)

U 3-body(2)
B =

(
8π

m2as

)3 ∑
p,q

nB(εB
q )

[ 1

ξp[ξp + ξq−p − εB
q ]3[ξp − ξq−p − εB

q ]
+ 1

2ξp[ξp + ξq−p − εB
q ]2[ξp − ξq−p − εB

q ]2

+ 1

4ξ 2
p [ξp + ξq−p − εB

q ]2[ξp − ξq−p − εB
q ]

− 1

4ξ 2
q−p[ξp + ξq−p + εB

q ][ξp − ξq−p − εB
q ]2

]
. (D2)

Here, nB(εB
q ) = [eεB

q /T − 1]−1 is the Bose distribution
function.

In Eq. (D1), we approximately set μ � −1/(2ma2
s ), as well

as change the variables p and p′ as p = k/as and p′ = k′/as.
Then, we have

U 3-body(1)
B = − 4πas

m

8

π2

∫ ∞

0
k2dk

∫ ∞

0
k′2dk′

∫ 1

−1
d cos θ

× 1

[k2 + 1]2

1

[k′2 + 1]2

× 1√
3
4 [k2 + k′2] + kk′ cos θ

2 + 2 − 1
, (D3)

where θ is the angle between k and k′. Numerically evaluating
the integrals in Eq. (D3), we obtain

U 3-body(1)
B � −4π (0.842as)

2m
. (D4)

For the q summation in Eq. (D2), because the Bose distri-
bution function nB(εB

q ) diverges at q = 0, we approximately

set q = 0 in this equation except for εB
q in the Bose distribution

function. Again setting μ = −1/(2ma2
s ), one obtains

U 3-body(2)
B � − 3

16

(
8π

m2as

)3 ∑
q

nB
(
ξB

q

)∑
p

1

ξ 5
p

= −15π2a4
s N

m
. (D5)

In obtaining the last expression in Eq. (D5), the molecular
number

∑
q nB(εB

q ) at Tc is approximated to half the number
N/2 of Fermi atoms (because all N Fermi atoms form Bose
molecules in the BEC limit).

While U 3-body(1)
B = O(as), U 3-body(2)

B = O(a4
s ), so that the

former is dominant in the BEC regime. Only retaining the
former, we reach

U 3-body
B = −4π (0.842as)

MB
, (D6)

where MB = 2m.
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