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Emergent quasiperiodic order in Bose-Bose mixtures induced by spin-dependent periodic potentials

Abid Ali®,"? Pei Zhang,” Hiroki Saito®,? and Yong-Chang Zhang ®>"
' First Affiliated Hospital of Xi’an Jiaotong University, Xi’an 710049, People’s Republic of China

MOE Key Laboratory for Nonequilibrium Synthesis and Modulation of Condensed Matter, and Shaanxi Key Laboratory of Quantum
Information and Quantum Optoelectronic Devices, School of Physics, Xi’an Jiaotong University, Xi’an 710049, People’s Republic of China

3Department of Engineering Science, University of Electro-Communications, Tokyo 182-8585, Japan
® (Received 15 February 2026; accepted 16 June 2026; published 6 July 2026)

We study the ground-state and low-lying metastable phases of repulsive binary Bose-Einstein condensates
confined in twisted, spin-dependent periodic optical lattices. For balanced mixtures, weak intercomponent
interactions yield a fourfold momentum-space symmetry dictated by the lattice geometry. Increasing the coupling
strength leads to the emergence of additional momentum peaks that combine with the lattice-induced structure to
produce an eightfold rotationally symmetric pattern, signaling quasiperiodic order. At intermediate interactions,
global phase separation suppresses this quasicrystalline state; however, at stronger coupling, local phase sepa-
ration gives rise to a long-lived metastable phase in which the eightfold symmetry is restored. In this regime, a
secondary ring of dominant momentum peaks appears at smaller wave vectors, indicating longer-wavelength
density modulations and a crossover from lattice-dominated to interaction-driven quasicrystalline order. In
contrast, imbalanced mixtures form partially miscible density clusters with eightfold-symmetric quasiperiodic
patterns only at intermediate coupling, while stronger interactions drive global phase separation and perma-
nently destroy quasicrystalline order. Real-time simulations demonstrate that these quasiperiodic structures are
dynamically stable and experimentally accessible. Our results show that quasicrystalline order can emerge in
binary condensates without explicitly quasiperiodic lattices and reveal population balance as a key ingredient for

stabilizing quantum quasicrystals.

DOI: 10.1103/zt4j-57hp

I. INTRODUCTION

Quasicrystals (QCs) exhibit long-range order without
translational periodicity while supporting rotational symme-
tries forbidden in periodic crystals, such as fivefold, eightfold,
and higher-order symmetries [1-3]. Since their discovery, they
have challenged the conventional framework of crystallogra-
phy and provided a setting for studying nonperiodic order.
Originally observed in solid-state systems, QCs have since
been investigated in a wide range of contexts, including exotic
quantum states of matter [4-9] and engineered systems such
as photonic and topological structures [10-19], as well as
quantum transport [20,21] and quantum computation [22].
Despite this progress, a central question is whether QCs can
emerge as thermodynamic ground states or whether their sta-
bility requires entropy or external constraints. Addressing this
question requires controllable platforms in which interactions
and external potentials can be tuned independently.

Ultracold atomic gases provide a versatile platform for
simulating many-body physics in a highly controllable man-
ner, where optical lattices enable the engineering of effective
lattice Hamiltonians [23]. This high degree of control has
enabled the exploration of a wide range of ordered quantum
phases, including proposed realizations of quasicrystalline
structures in cold-atom systems [24-28]. In this context,
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realizations of quasicrystalline order in cold-atom systems
can be broadly classified into two approaches. The first is
direct imprinting, where quasiperiodic order is externally
imposed through optical potentials with engineered symme-
tries. This approach has been demonstrated experimentally
using multibeam interference patterns that generate eightfold-
symmetric optical lattices; Bose-Einstein condensates (BECs)
are then loaded into such lattices [29,30]. In these systems,
however, quasicrystalline order is externally enforced rather
than arising spontaneously from the intrinsic dynamics of the
system.

Beyond externally imposed quasiperiodic structures, a
second route addresses the spontaneous emergence of qua-
sicrystalline order driven by intrinsic interactions. In this
direction, several theoretical mechanisms have been proposed,
including dipolar Bose gases with spin-orbit coupling, where
competing interaction-induced length scales stabilize multiple
quasicrystalline ground states [31]; systems with soft-core
or Lifshitz-Petrich-type interactions supporting cluster qua-
sicrystals with finite superfluidity [32]; Raman-assisted lattice
schemes generating effective higher-dimensional quasicrys-
talline order [33]; and cavity-mediated long-range interactions
leading to self-organized quasicrystalline phases [34]. Re-
cently, the effects of quasicrystalline confinement in dipolar
Bose gases have been studied in Ref. [35], where a va-
riety of modulated and super quasicrystalline phases were
reported. Despite these developments, most proposals rely on
engineered interactions, external driving, or cavity-induced
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feedback. A minimal and experimentally accessible route to
spontaneous quasicrystalline order in quantum gases therefore
remains an open problem.

In this work, we propose and analyze a mechanism for
emergent quasicrystalline order in a binary BEC subjected to
two-dimensional spin-dependent periodic potentials. Such lat-
tices can be realized experimentally using optical fields with
controlled wave numbers and polarizations [36—43]. Unlike
previous approaches, no quasiperiodic structure is imposed
externally. Instead, each component experiences a distinct
periodic lattice, leading to competing lattice-induced density
modulations and intercomponent interactions that introduce
multiple characteristic length scales. This competition drives
the system across regimes of phase mixing and separation
and, under appropriate conditions, results in the formation of
quasicrystalline order.

Our approach differs from direct-imprinting schemes,
where quasiperiodic structure is imposed by external poten-
tials. Instead, quasicrystalline like order emerges from the in-
terplay between intercomponent interactions and component-
dependent periodic lattices. This mechanism is conceptually
related to QCs formation in soft-matter systems, where com-
peting length scales play a central role [44-50]. We study a
binary BEC in the superfluid regime. Our results provide a
route toward interaction-driven QCs in ultracold atomic gases
and establish a feasible framework for exploring their ground-
state properties.

By analyzing the ground-state behavior of this binary BEC
system, we find that atom-atom contact interactions can lead
to remarkable quasicrystalline density profiles within the pe-
riodic background potentials. For imbalanced mixtures, we
show that the two components are partially overlapped even
though g1» > g; this occurs due to density modulation within
each component, which alters the global mixing energy.
This partially miscible phase self-organizes into quasiperi-
odic modulated density clusters exhibiting eightfold rotational
symmetry. In the case of a balanced mixture (i.e., when the
two components have the same particle number), aperiodic
density modulations emerge, accompanied by an immiscible-
miscible phase transition.

The rest of this paper is organized as follows. In Sec. II,
we describe the system using coupled Gross-Pitaevskii equa-
tions with a spin-dependent periodic potential. In Sec. III, we
present numerical results for both balanced and imbalanced
mixtures, focusing on the ground-state density profile. In
Sec. IV, we exhibit real-time dynamics of the binary system.
Finally, Sec. V summarizes the key findings.

II. THEORETICAL MODEL OF THE BINARY BECS

The model considered here describes a quasi-two-
dimensional binary BEC [51] in the mean-field regime with
tight confinement along the axial direction (4 < fiw,), sub-
jected to spin-dependent two-dimensional periodic potentials.
Within the mean-field approximation, the system is character-
ized by the macroscopic wave functions W; and W;, whose
dynamics are governed by the coupled Gross-Pitaevskii (GP)

equations
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For simplicity, we set m; = m, = 1 and /i = 1, with m; and
my denoting the atomic masses of components 1 and 2,
respectively. The wave functions are normalized such that
fdr|‘~11j(r,t)|2 = Nj, where N; is the number of atoms in
component j = 1, 2. The interaction coefficients are obtained
from the three-dimensional scattering lengths a;; by project-
ing onto the ground state of the tightly confined direction,
yielding

3D 2
gjj/ _ 4 h ajjr

= — ; 2
8= xl. mvarl @

where [, = /i/(mw,) is the harmonic oscillator length [51].

The external potential acting on the condensates consists of
a spin-dependent periodic lattice and a circular confinement
trap. The periodic potentials are given by

Vi(x, y) = Uj(cos>(kx) + cos>(ky)), (3a)
Va(x',y') = Us(cos?(kx') + cos? (ky')), (3b)

where (x, y') denotes a coordinate system rotated by an angle

0 relative to (x, y):
x' cosf —sinf\[x
(y/> - (sin@ cos 6 ><y> @)
Here U; = —U, = U defines the lattice depth for the two
components.

To confine the condensates within a finite region, we intro-
duce a soft circular trap,

Vi —R
Virap(r) = ?0(1 + tanh _ ’), (5)

Wy

where r = \/x2 +y2, Vp is the trap amplitude, R, is the trap
radius, and w; characterizes the smoothness of the trap edge.
The circular trap serves two important purposes in the context
of the twisted bilayer potential: (i) It confines the conden-
sate within the finite numerical domain, preventing the wave
function from interacting with the simulation boundaries and
thereby avoiding edge effects, and (ii) it preserves the ro-
tational symmetry of the system, ensuring that the rotated
lattice does not induce distortions in the density peaks in
momentum space due to asymmetric boundary interactions.
This form provides a nearly flat potential in the central region
with smoothly varying edges, allowing the atomic density to
remain uniform at the center while minimizing reflections and
other numerical artifacts at the boundaries.

The two components correspond to different hyperfine
states of the same atomic species (e.g., |F =1,mp = 1)
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FIG. 1. (a) Schematic illustration of two independent periodic
optical lattice potentials, V; for component 1 and V, for component 2.
Panels (b) and (c) show the corresponding spatial profiles of V| and
V, along the x and y directions, highlighting the relative orientation
of the square lattices. This configuration enables independent ma-
nipulation of atoms in different spin components via spin-dependent
optical lattices.

and |[F =2, mp =0) in ¥Rb), where F and my are the
angular momentum and projection quantum numbers in the
87Rb ground-state manifold. The spin-dependent periodic
potentials Vi (x, y) and V,(x', y") for component 1 and 2, re-
spectively, with a fixed rotation angle 6 = 7 /4, are applied
as shown in Fig. 1(a). These potentials are state selective via
the ac Stark shift at tune-out wavelengths: Atoms in state |1)
experience only V| (x, y), while atoms in state |2) experience
only V,(x, y'). This has been demonstrated experimentally in
bilayer optical lattices [43]. This configuration creates a moiré
pattern analogous to twisted bilayer systems, but here the two
layers correspond to different hyperfine states of the same
atomic gas rather than physically separated 2D materials.

It is worth highlighting that this twisted bilayer square
lattice setting differs from the eightfold rotationally sym-
metric optical potentials used in Refs. [26,29,35], even
though the latter are similarly generated by the superposi-
tion of two square lattices with a relative rotational angle of
/4. In the configurations considered in Refs. [26,29,35], a
single-component BEC is subjected to overall quasiperiodic
confinements with eightfold rotational symmetry. However,
the two-layer potentials V; » discussed in this work are spin-
dependent and applied to different hyperfine states of the
same atomic species, with each state experiencing only one
periodic square optical lattice. In the following, we will
demonstrate that the interplay between these periodic external
confinements and the atom-atom contact interactions can lead
to symmetry breaking, resulting in emergent quasiperiodic
order in the BEC density profiles. This behavior contrasts
sharply with the quasicrystallization predicted and observed

in Refs. [26,28,29,35], which is solely induced by the external
quasiperiodic potentials.

III. GROUND-STATE PROPERTIES

We consider a two-dimensional binary BEC subjected to
spin-dependent periodic potentials and a soft circular trap-
ping potential, as described in Eq. (5). The imaginary-time
propagation of Eq. (1) is employed to determine the ground
state, where the imaginary unit i is replaced with —1 using
a pseudospectral method [52]. Numerically, the system is
discretized on a uniform Cartesian grid with spatial resolution
dx =dy = 2m/64 and a time step dt = 0.001. The circular
trap ensures smooth confinement within the simulation box,
minimizing boundary artifacts while maintaining a nearly uni-
form density in the central region. We add a small random
number of amplitude 107> to each mesh point of the initial
state at # = 0 to break symmetry.

Throughout the simulations, we use dimensionless quan-
tities. We normalize length, energy, and wave functions as
¥ =kr, E = mE/(W*k*), and ¥; = ¥,/ /ng, where 7 /k is
the spacing of the periodic potential and ny = N/A is the
average areal density. Here N = N; + N, is the total number
of atoms and A is the area of the two-dimensional system.
The dimensionless trapping potential and interaction coeffi-

cients are Vigp = mVigap/(1°k?), V; = mV;/(W*k*), and g, =
mnog,;/(h*k*). We assume equal intracomponent interac-
tions, g11 = g» = g = 15. In the following, the tildes are
omitted for simplicity.

After setting up the system as described, we first examine
the case of a balanced mixture, where the populations of com-
ponents 1 and 2 are equal. Figure 2 shows the corresponding
ground-state density profiles |\, |2 and |W,|?, which exhibit
QCs density patterns arising from the combined effects of
the intercomponent interaction g, and the spin-dependent
periodic optical lattice potentials V; and V,. The external
potentials act independently on each component, while the in-
teraction strength g, determines the degree of spatial overlap
between them.

In Fig. 2(a), the real-space density distributions follow the
underlying square-lattice geometry, with component 2 rotated
according to the potential V>(x’,y’). As the intercomponent
interaction g, increases, the coupling between the two lay-
ers strengthens and progressively distorts the original lattice
order. For sufficiently strong coupling (e.g., g;o = 10.5), the
periodic density modulations are replaced by quasiperiodic
patterns in both components, as illustrated in Fig. 2(c). The
middle panels of Fig. 2 show the density profiles along y = 0,
where both components exhibit quasiperiodic modulations
that become increasingly pronounced with growing gj».

At weak coupling (gj, = 1.5), the momentum-space dis-
tributions exhibit four low-intensity peaks per component,
consistent with the 7 /4 rotation between the two square lat-
tices. These lattice-related peaks set the dominant modulation
length scale imposed by the optical potentials. As g, in-
creases, the four primary peaks become more pronounced,
and at g;» = 10.5 [Fig. 2(c)] weak secondary peaks appear,
diagonally in component 1 and off-diagonally in component
2; these secondary peaks signal the onset of quasicrystalline
correlations, although their intensity is still small. With a
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FIG. 2. Ground-state density distributions of components 1 and 2 in a balanced binary BEC. The intracomponent interactions are fixed at
g1 = g»n = g = 15, with lattice depth U = 1.2. The circular box trap parameters are Vy = 50, R, = 157, and w, = 2. The middle panels show
line profiles along y = 0, |¥;(x, y = 0)|?, while the bottom panels display the corresponding momentum-space distributions. Panels (a)—(f)
correspond to intercomponent interaction strengths g, = 1.5, 6, 10.5, 15.15, 15.25, 15.35, and 15.65, respectively. Each real-space panel spans
a spatial domain of (327 )?, and each momentum-space panel spans (37)>.

further increase to g1, = 15.15 [Fig. 2(d)], the secondary
peaks strengthen and, together with the four lattice-induced
peaks, produce eight distinct peaks that define a clear eight-
fold rotational symmetry.

With further increasing intercomponent interaction
strength, the balance between mixing and segregation
changes qualitatively. At g, = 15.25 [Fig. 2(e)], the
two condensates start to separate into extended domains;
nevertheless, the momentum distributions of both components
still display a clear eightfold rotational symmetry. Upon
slightly increasing the coupling to g, = 15.35 [Fig. 2(f)],
global phase separation becomes dominant, accompanied
by a noticeable reduction in the intensity of the secondary
momentum peaks. At even stronger coupling, g, = 15.65
[Fig. 2(g)], the system forms fully separated macroscopic
domains, and the secondary peaks vanish entirely, leaving no
signature of quasicrystalline order in the ground state. This
evolution from fourfold lattice-induced symmetry at weak
coupling to eightfold rotational symmetry at intermediate
coupling provides direct evidence of quasicrystalline order in
a binary BEC realized here without the need for an externally
imposed quasiperiodic lattice [26,29,35].

Thus, the quasicrystalline order occupies a stable window
Agip = 4.75, from g, &~ 10.5 to the onset of global phase
separation at g, & 15.25. The observed patterns arise from

a superposition of the two spin-dependent periodic potentials
mediated by g, which drives quasicrystalline order. To un-
derstand the phase separation threshold, we recall the standard
miscibility condition for a homogeneous binary BEC with-
out external potentials: g11g2 — g7, > 0 for miscibility, and
g118» — gz12 < 0 for phase separation. With g;; = g = g =
15, this predicts a threshold at g; = g = 15. In our system,
however, the spin-dependent lattice potentials break transla-
tional symmetry and induce density modulations, shifting the
effective threshold to g;» & 15.25. This lattice-induced shift
arises because the spin-dependent periodic potentials modu-
late the local density in each component, thereby modifying
the global mixing energy.

In contrast, Fig. 3 presents the energies of the ground and
metastable states as a function of the intercomponent inter-
action strength gj,. Figures 3(a) and 3(b) correspond to the
ground state, whereas Figs. 3(c)-3(f) show distinct metastable
configurations that evolve differently as gj, is increased.
These metastable states are characterized by locally phase-
separated regions with alternating, finely modulated density
patterns.

Notably, the momentum-space distributions correspond-
ing to the real-space configurations in Figs. 3(b) and 3(c)
exhibit an abrupt disappearance of eightfold symmetry as a
consequence of global phase separation. In contrast, for the
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FIG. 3. Energies of the ground and metastable states as a function of the intercomponent interaction strength g, for the balanced mixture.
Solid lines indicate the energies of the respective states. Insets show the real-space density distribution of component 1 for each case. Other
parameters are the same as in Fig. 2. Real-space densities are plotted over a spatial domain of (327)2, and the corresponding momentum-space
distribution for the case shown in panel (f) is displayed in panel (g), spanning (27 ).

locally phase-separated configurations shown in Figs. 3(d)—
3(f), the alternating, finely modulated density regions lead to
a reemergence of eightfold symmetry in momentum space,
accompanied by sharper and more intense secondary peaks.
Figure 3(g) displays the momentum-space distribution corre-
sponding to the real-space density in Fig. 3(f), demonstrating
that quasicrystalline order can persist robustly in metastable
states. Nevertheless, these configurations do not correspond
to the true ground state of the system.

The reemergence of eightfold symmetry in the metastable
configuration [Fig. 3(f)] is driven by a change in the char-
acteristic length scale of density modulation. For weak and
intermediate interactions, momentum peaks are determined
primarily by the underlying lattice vectors, reflecting lattice-
dominated quasicrystallinity. At stronger coupling (e.g.,
g12 = 16), a second ring of eight dominant peaks emerges
at smaller momenta, while the original outer ring remains
visible. These inner peaks correspond to longer-wavelength
real-space modulations induced by local phase separation.
The coexistence of the two momentum-space rings thus
signals a crossover from a lattice-controlled to an interaction-
dominated quasicrystalline regime.

Next we consider a density-imbalanced mixture at fixed
total average density, where component 1 contributes a frac-
tion 0.1 of the total density and component 2 the remaining
fraction 0.9. Focusing on the repulsive regime with g1, > g,
Figs. 4(a) and 4(b) show that for g;, = 15.15 and 15.3 (with
g = 15), the two components coexist and form partially mis-
cible density clusters arranged in an quasiperiodic pattern
exhibiting clear eightfold rotational symmetry.

The density profile along y = 0, corresponding to Fig. 4(a),
clearly reveals quasiperiodic density modulations similar to

those observed in experiments employing eightfold quasiperi-
odic optical lattices [30]. Increasing the intercomponent
repulsion to g1, = 15.9 drives a transition from the partially
miscible eightfold quasicrystalline state to a fully phase-
separated configuration, as shown in Fig. 4(c). In this regime,
the minority component is expelled from the central region
and accumulates near the edges of the circular trap, while the
majority component occupies the inner region and develops a
periodic modulation [the density profile along y = 0 in the
bottom panel of Fig. 4(c)]. This spatial segregation marks
the breakdown of the partially miscible quasicrystalline order,
with the eightfold rotational symmetry abruptly disappearing
in momentum space, as evident in Fig. 4(f).

A characteristic feature of the imbalanced regime is seen
in the minority component, shown in Fig. 4(e), which exhibits
pronounced low-momentum peaks. In contrast, the majority
component shows only weak Fourier signatures of the eight-
fold quasicrystalline structure. This behavior arises from the
combined effect of the spin-dependent optical lattice (U =
1.2) and the intercomponent interaction g, in the presence
of a 45° twist between the lattice geometries, which together
determine the effective quasicrystalline structure.

Due to the strong density imbalance, the majority com-
ponent (carrying 90% of the total density) responds only
weakly to this combined lattice—interaction-induced structure.
Within the GP framework, interaction-induced smoothing
further suppresses higher-order Fourier components, leaving
only low-contrast eightfold signatures in its momentum dis-
tribution, located near +2 [lower panel of Fig. 4(e)].

Through the intercomponent mean-field coupling
g12|W,|? Wy, this weak spatial modulation of the majority
component acts as an effective potential for the minority
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FIG. 4. Ground-state density distributions of an imbalanced bi-
nary BEC in a spin-dependent periodic lattice. Panels (a)—(c) show
the system for increasing intercomponent interactions g, = 15.15,
15.3, and 15.9, respectively. The bottom panels display line profiles
along y =0, |V;(x,y = 0)%, and the corresponding momentum-
space distributions. For moderate g, in panels (a) and (b), the
condensates form partially miscible quasicrystalline density clusters
with eightfold rotational symmetry, whereas for stronger g;, in panel
(c), the components undergo global phase separation and the qua-
sicrystalline signature disappears. Other parameters are the same as
in Fig. 2. Each real-space panel spans a spatial domain of (327)?,
and each momentum-space panel spans (37 ).

component. In this regime, the back-action of the minority
component on the majority is negligible to leading order,
so the minority component evolves in an effectively
static background set by the majority density. This leads
to enhanced imprinting of the spatial modulation and a
corresponding redistribution of spectral weight in momentum
space.

This behavior is consistent with the real-space density
of the minority component in Fig. 4(b), where an eightfold
modulation develops over a characteristic length scale. In
Fourier space, a central single blob appears at k ~ 0, reflecting
the condensate fraction, together with eight finite-k peaks.
These consist of axial peaks at (£0.81,0) and (0, £0.81)
and diagonal peaks at (£0.56, £0.56), as shown in Fig. 4(e).
The dominant axial peaks at k ~ 0.81 set the primary
real-space modulation scale, corresponding to a wavelength

A ~ 8, consistent with the spacing observed in Fig. 4(b). Ad-
ditional peaks at (42, 0) and (0, £2) reflect the underlying
twisted lattice geometry and associated eightfold correlations.
In the balanced case, by contrast, comparable densities in
both components produce strong mutual back-action and self-
consistent mean-field dressing, which redistributes spectral
weight more symmetrically and yields quasicrystalline peaks
of nearly equal intensity, as shown in Fig. 2(d).

Comparing balanced and imbalanced mixtures highlights
a fundamental difference in how the two systems respond
to increasing intercomponent interactions. In both cases, suf-
ficiently strong coupling initially drives the system into a
globally phase-separated state, accompanied by the disap-
pearance of quasicrystalline order, as shown for the balanced
mixture in Fig. 2(g) and for the imbalanced mixture in
Fig. 4(c).

Upon increasing the intercomponent interaction, the sys-
tem develops qualitatively different stationary solutions
within the mean-field framework. All results are obtained
by solving Eq. (1) using imaginary-time propagation. Start-
ing from different initial conditions allows convergence to
distinct local minima of the energy functional, where the
lowest-energy solution is identified as the ground-state and
higher-energy solutions are classified as metastable states. To
construct Fig. 3, each stationary solution is then continued
as a function of the intercomponent interaction strength g»,
and its energy per particle is evaluated. The resulting curves
represent branches of stationary mean-field solutions (ground
and metastable) rather than a thermodynamic phase diagram
or a dynamical parameter ramp.

In the balanced mixture, an unexpected re-emergence of
quasicrystalline order is found along one of these metastable
branches. The corresponding density profiles reorganize into
a locally phase-separated configuration [Fig. 3(f)], while the
momentum distribution [Fig. 3(g)] recovers a pronounced
eightfold rotational symmetry. This state lies at higher energy
than the corresponding ground-state solution at the same in-
tercomponent interaction strength g».

In sharp contrast, the imbalanced mixture shows no such
recovery. Even at larger values of g, the system remains
globally phase separated, and the quasicrystalline peaks do
not reappear in momentum space. The minority component
is too dilute to form the alternating local domains required
to reconstruct eightfold ordering. These results demonstrate
that population balance plays a crucial role. In balanced bi-
nary condensates, reentrant quasicrystalline order appears in
metastable stationary solutions of Eq. (1) (Fig. 3), but such
order is absent in the corresponding ground state (Fig. 2). By
contrast, in imbalanced systems, global phase separation sets
in, and quasicrystalline signatures vanish upon increasing the
intercomponent interaction strength g, (Fig. 4).

To quantify the spatial overlap between the two conden-
sates in the balanced and imbalanced case, we define the
normalized overlap parameter

/ dr [ W, ()2 |8, (r)]?

O = .
J U dr e ([ dr [w2m)4)

(6)
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FIG. 5. Phase diagram of the balanced binary BEC in the
(g12, U) plane, obtained from the overlap parameter O defined in
Eq. (6). The black square marks the parameters of Fig. 2(e), cor-
responding to a quasicrystalline phase (QC I) where the system
begins to segregate into large spatial domains while retaining eight-
fold symmetry in momentum space. The black star indicates the
globally immiscible phase shown in Fig. 2(f), where O =0 and
quasicrystalline order is lost. The black circle denotes the metastable
quasicrystalline regime (QC II) of Fig. 3(f), where density modu-
lations reemerge and the momentum distribution recovers eightfold
rotational symmetry despite local phase separation.

By definition, O = 0 corresponds to completely separated
components, while larger values indicate stronger spatial
mixing.

Figures 5 and 6 show the phase diagrams obtained by
evaluating O as a function of the lattice depth U and the
intercomponent interaction strength g».

In the balanced mixture (Fig. 5), the black square marks the
parameters used in Fig. 2(e), corresponding to the transition
from QC I to the globally phase-separated state. The black
star indicates the parameters of Fig. 2(f), where the overlap
vanishes (O = 0), signaling full phase separation. The black
circle denotes the parameters of Fig. 3(f), corresponding to
QC 11, in which density modulations reappear and the mo-
mentum distribution restores eightfold rotational symmetry
despite local phase separation.

In the imbalanced mixture (Fig. 6), two distinct regimes
are observed: a QC phase, in which the components remain
partially miscible and occupy overlapping regions, and an
immiscible phase, where the minority component is expelled
toward the edges of the trap. The black square indicates the
parameters of Fig. 4(b), where the density self-organizes into
a quasiperiodic pattern exhibiting eightfold rotational symme-
try. The black circle corresponds to Fig. 4(c), representing a
fully phase-separated state in which the eightfold symmetry
is lost and the momentum distribution no longer displays
quasicrystalline features.

The disappearance of QC order with increasing g, is a
crossover. This is reflected in the smooth evolution of the

0.8

Immiscible Phase 0.4

0.2

0
15.2 154 15.6 15.8 16 16.2
g12

FIG. 6. Phase diagram of the imbalanced binary BEC in the
(g12, U) plane, obtained from the overlap parameter O. The black
square marks the coexistence phase exhibiting quasicrystalline order
[Fig. 4(b)], while the black circle indicates the fully immiscible phase
[Fig. 4(c)].

overlap parameter O and the gradual loss of eightfold rota-
tional symmetry in momentum space.

IV. REAL-TIME EVOLUTION OF DYNAMICS

We analyze the real-time dynamics of binary BEC in spin-
dependent periodic lattices following a quench of the lattice
potential. The system is initialized at # = 0 in a uniform state
v, =1/ V2 with small random perturbations. This uniform
state is the ground state for the potential strength (U = 0).
We then abruptly turn on the spin-dependent periodic lattice
potential to a strength of U = 1.2. In Fig. 7 (balanced mix-
tures with g, = 16.5), initial fluctuations develop into four
lattice-induced peaks in momentum space by ¢ = 0.2, with
low-intensity secondary peaks emerging diagonally in compo-
nent 1 and off-diagonally in component 2. By r = 0.5, these
secondary peaks grow in intensity and, together with the pri-
mary lattice-induced peaks, form a clear eightfold rotationally
symmetric pattern, which persists at later times despite local
phase separation, although the outer peaks slightly decrease
in intensity. In imbalanced mixtures (g, = 15.15, Fig. 8),
the minority component develops eight prominent peaks by
t = 0.4, while the majority shows four dominant peaks with
weaker secondary peaks. By r = 1.0, both components exhibit
eightfold symmetry and quasiperiodic density clusters, but
at + = 5.0, the symmetry is partially distorted as minority
peaks weaken and majority outer peaks reduce to four. This
comparison demonstrates that quasicrystalline order is robust
in balanced mixtures but more fragile in imbalanced ones,
highlighting the stabilizing role of population balance.

V. CONCLUSION

We have investigated the formation of QCs ground states
in two-component BEC loaded into spin-dependent periodic
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FIG. 7. Real-time evolution of a balanced binary BEC in a spin-dependent periodic lattice following a quench of the lattice potential
from U =0 to U = 1.2. The system is initialized at = 0 in a uniform state |W;| =1/ /2 with small random fluctuations, corresponding
to the ground state at U = 0. The intercomponent interaction strength is g, = 16.5. All other parameters and the sizes of the real- and

momentum-space panels are identical to those in Fig. 2.

optical lattices. The interplay between intercomponent inter-
actions and component-dependent lattice potentials produces
quasiperiodic modulated density patterns, with the miscible-
immiscible transition strongly shaping the overall structure.

In balanced mixtures, weak intercomponent interactions
give rise to fourfold symmetry in momentum space for each
component, reflecting the underlying lattice geometry and
the relative twist of w /4. As g1, increases, secondary peaks
appear diagonally in component 1 and off-diagonally in com-
ponent 2. These peaks combine with the four lattice-induced
peaks to form eightfold rotational symmetry, signaling the
emergence of quasicrystalline order. At stronger interactions,
global phase separation suppresses this symmetry in momen-
tum space. Upon further increasing g;,, local phase separation
develops, the density patterns reemerge, and the eightfold
symmetry is restored in a long-lived metastable state, demon-
strating the robustness of quasicrystalline order in balanced
mixtures.

In imbalanced mixtures, partially miscible density clusters
form at intermediate g;,, arranging into eightfold rotationally
symmetric QCs patterns. At larger intercomponent interac-
tions, global phase separation occurs and the quasicrystalline

signatures vanish permanently. Real-time simulations confirm
that these quasiperiodic structures are dynamically stable and
experimentally accessible.

In contrast to single-component BECs, where quasicrys-
talline order typically requires explicitly quasiperiodic poten-
tial with fivefold, eightfold, or higher rotational symmetry, our
results demonstrate that binary condensates in spin-dependent
periodic lattices can spontaneously form quasicrystalline
phases without any quasiperiodic confinement. The com-
petition between intercomponent interactions and external
periodic potentials drives this emergent order, providing
a highly tunable platform to explore quantum QCs and
their fundamental properties, including excitation spectra
[53], quantum transport [21], and potential applications in
quantum simulation and computation [22].
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