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The nature of the finite temperature phase transition of QCD depends on the particle density and the
mass of the dynamical quarks. We discuss the properties of the phase transition at high density, considering
an effective theory describing the high-density heavy-quark limit of QCD. This effective theory is a simple
model in which the Polyakov loop is a dynamical variable, and the quark Boltzmann factor is controlled by
only one parameter, C(u, m,), which is a function of the quark mass m, and the chemical potential . The
Polyakov loop is an order parameter of Z; symmetry, and the fundamental properties of the phase transition
are thought to be determined by the Z; symmetry broken by the phase transition. By replacing the Polyakov
loop with Z5 spin, we find that the effective model becomes a three-dimensional three-state Potts model
(Z5 spin model) with a complex external field term. We investigate the phase structure of the Potts model
and discuss QCD in the heavy-quark region. As the density varies from y = 0 to 4 = oo, we find that the
phase transition is first order in the low-density region, changes to a crossover at the critical point, and then
becomes first order again. This strongly suggests the existence of a first-order phase transition in the high-

density heavy-quark region of QCD.
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I. INTRODUCTION

The finite temperature phase transition of QCD that
occurred immediately after the birth of the Universe is
thought to be a crossover without thermodynamic singu-
larities. However, the nature of the phase transition depends
on the particle density and the mass of the dynamical quark.
It is well known that in the case of infinite quark mass, i.e.,
quenched QCD, the finite temperature phase transition is
first order, and as the mass decreases the phase transition
changes to a crossover at a critical mass, and the critical
point belongs to the three-dimensional Ising universality
class [1-6]. There has been a great deal of effort in studying
the phase transition in the light-quark region, i.e., near the
chiral limit [7-16]. Recently, there has been a lot of
discussion about whether the finite temperature phase
transition in the three-flavor chiral limit is first order in
the continuum limit, but the standard understanding is that
in the massless limit, the phase transition in two-flavor
QCD is second order, and in the case of three or more
flavors, the phase transition is first order [17]. At least for
finite lattice spacing, there is a first-order transition region
near the three-flavor quark massless limit.
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Numerical simulations of lattice QCD have shown that in
the heavy-quark region, the critical mass at which a first-
order phase transition turns into a crossover increases with
increasing density [2,18]. When investigating high-density
regions in lattice QCD simulations, a problem known as the
sign problem arises, making it difficult to study. However,
in regions where quarks are sufficiently heavy, the sign
problem is relatively less serious, making research possible.
On the other hand, the critical mass at which the first-order
phase transition turns into a crossover in the light-quark
region is also expected to increase with increasing density,
and various studies have been conducted to confirm this
[19-22]. However, the sign problem in the light-quark
region is serious, and research in this region has not
progressed very far. If the critical mass increases, it is
expected that the QCD phase transition will change from a
crossover to a first-order phase transition as density
increases, even for real quark masses, which is very
interesting.

Furthermore, if the first-order phase transition region for
light quarks continues to expand with increasing density,
the critical point should reach the studiable heavy-quark
region. In this study, we discuss whether there is a first-
order phase transition region in the heavy-quark high-
density region that is separate from the first-order phase
transition in the heavy-quark low-density region.

The fundamental properties of a phase transition are
thought to be determined solely by the symmetry broken
during the phase transition and the dimension of the space.
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In the early days of finite temperature lattice QCD, the
three-state Potts model [23], which has the same broken
symmetry, was used to discuss how the nature of the phase
transition changes when the effects of dynamical quarks are
added from quenched QCD [24,25]. When the quark mass
is sufficiently large, the hopping parameter expansion leads
to the effective action of the quark, whose leading term is
proportional to the Polyakov loop. The Polyakov loop is the
order parameter of the Z5 center symmetry that is broken at
the finite temperature phase transition of QCD. In com-
parison with the three-state Potts model, which also
experiences a phase transition due to Z; symmetry break-
ing, it has been argued that the first-order phase transition in
quenched QCD turns into a crossover due to the effects of
dynamical quarks. The Polyakov loop corresponds to the
Z5 spin, and the quark determinant corresponds to the
external magnetic field term in the spin model. In both
models, the critical point where the first-order phase
transition turns into a crossover is known to belong to
the Ising universality class.

In this study, we apply this argument, which explores the
nature of the phase transition in comparison with the spin
model, to high-density lattice QCD. There is an effective
theory that describes the heavy-quark high-density limit of
QCD [26-28]. The effective theory is a simple model in
which the Polyakov loop is the fundamental dynamical
variable and the Boltzmann factor of a quark is controlled
by only one parameter C(u, m,), which is a function of the
quark mass m,, and the chemical potential x. We show that
by replacing the Polyakov loop with a Z5 spin, the effective
model becomes a three-dimensional three-state Potts model
(Z;5 spin model) with a complex external magnetic field
term. We investigate the phase structure of the Potts model
corresponding to QCD in the heavy-quark region and how
the nature of the phase transition changes when the
chemical potential is increased. In particular, we discuss
whether there is a first-order phase transition in the heavy-
quark high-density region of QCD.

Although not discussed in this paper, the three-
dimensional Potts model can be analyzed using the tensor
renormalization group [29,30]. The tensor renormalization
group method is independent of the sign problem and is
expected to be effective for calculations of systems with
sign problems. However, the difficulty of applying it to
higher-dimensional models is a weakness of the method.
Therefore, the use of the tensor renormalization group is
also one of our motivations for constructing a three-
dimensional effective theory.

The paper is written as follows: in Sec. II, we describe
the heavy-quark high-density effective theory of lattice
QCD and the corresponding spin model. We also explain
the high-density/low-density duality in the effective theory
of heavy dense QCD, which is important in this research. In
Sec. III, we determine the critical point where the first-order
phase transition ends in the three-state Potts model, which

corresponds to heavy dense QCD. The crossover region is
discussed in Sec. IV. In Sec. V, we argue for the case of
extending the chemical potential to complex numbers.
Section VI is devoted to conclusions and future
perspectives.

II. HEAVY DENSE QCD AND
THREE-STATE POTTS MODEL

A. Hopping parameter expansion
and the effective parameter

In the heavy-quark region, we evaluate the quark
determinant by the hopping parameter expansion around
k=0,

In detM (k) =1n detM(0) +NsiteZD,,K”. (1)

n=1

These D,, can be decomposed into the number of windings
m in the time direction,

0
+ L+ N n mu/T —m/4/T
= ZZReL+ (N,,n)cosh m_>
m=1 r
~ . . (mu
—H;ZImL;(Nt,n)smh(T). (2)

In this expansion, the effect of the chemical potential
appears as above. Nonzero contributions appear when the
products of the hopping terms form closed loops in the
spacetime. Therefore, the nonzero contributions to D,
are given by n-step Wilson loops and Polyakov loops.
The latter are closed by the boundary condition, where we
impose the antiperiodic boundary condition in the time
direction for fermions. W(n) is the sum of Wilson loop—
type terms with winding number zero, and L;,(N,, n) is the
sum of Polyakov loop—type terms with winding number m
in the positive direction. L;,(N,,n) is that with winding
number m in the negative direction, and I:,;(N,,n) =
[L,\,(N,,n)]*. W(n) is nonzero only if n > 4 and n is even.
When N, is an even number, L, (N,, n) is nonzero only if n is
an even number, and the lowest-order term is L, (N,,mN,),
i.e., L);(N,, n) can be nonzero when n > mN,.

These expansion coefficients have been calculated on
configurations generated near the phase transition point in
Ref. [31] and found to have the following properties:

(1) W(n) mainly affect a shift in the gauge coupling 3,
and have almost no effects in the determination of
the phase structure.

) L,,(N,,n) for m>2 are much smaller than
lAfl (N, n).
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(3) L(N,.n) is strongly correlated with the Polyakov
loop ReQ on each configuration, i.e.,

L(N,,n) =~ L°(N,,n)c,ReQ, (3)
where l}(N,,n) =2 m [ﬁ;(N,,n) + lA‘z;(Nta”)] =
23", ReL}(N,,n), c, is a proportionality constant,
and L(N,, n) is L(N,, n) when all link fields U, ()
are set to 1, which is given in Table 2 of Ref. [31].

(4) The arguments of those complex numbers are
approximately identical [18],"

ArgiT (Ntv l’l)
2Im L (N,

~ArgQ, and
n)~L°(N,n)c,ImQ. (4)

These properties of the expansion coefficients allow us to
replace bent Polyakov loops with linear Polyakov loops €
in a relatively wide region of x where the hopping
parameter expansion is valid, i.e.,

Z (N, ne"/T”NQe"/TZLO N, n)c,k"
n= n=N,

— N1 N,
=6 x 2VNT! Qet/ Ty,

> LT(Nnn)e /T x QremT Z LY(N,.n)c,
n=N, n=N,

=6 x 2NN Qe T (5)

This means that the effect of the L:(N,,n) term contain-
ing spatial links can be incorporated into the expansion of
det M, which ignores the terms containing spatial links, by
shifting k to k.. We want to investigate the region where
u is very large. However, when yu is large, research is not
possible due to the sign problem. As a trade-off, we make
the dynamical quark heavier (reduce k) to suppress the
sign problem. In lattice QCD, the theory that approximates
it by increasing the quark mass and ignoring the spatial
link term is called the heavy dense effective theory of
QCD [26-28]. Here, we think it is worthwhile to revisit
the heavy dense effective theory and discuss QCD at very

'Note that Eq. (4) is not satisfied when ReL{ (N, n) becomes a
negative number. In the case of N, = 6, the sign of ReL (N,, n)
changes to a negative number from n = 20 [18].

high densities. By shifting the hopping parameter « to kg,
we consider that the heavy dense effective theory is valid
over a wide range of k, but for simplicity we will write
instead of «.

B. Lattice QCD with heavy quarks
at high densities

The partition function of lattice QCD with N; flavors of
quarks is

_ / DU det M(U)Vee=S:©), (6)

where U, (x) is the SU(3) link field, S,, is the action of the
gauge field, and M is the quark kernel on the lattice. We
adopt the standard Wilson fermion in this work. The
Wilson quark kernel is

3

K Z{(l - }/j)Uj(x)5y,x+}

j=1
- K(l - ]/4)U4( )e” 6) x4
— k(1 +7a) Uy (»)e ™6, 5. (7)

Mx.y = 5x,y -

where x is the hopping parameter, y is the chemical
potential, and a is the lattice spacing. The lattice size is
N3 x N,. When the quark mass is heavy and the chemical
potential is large, i.e., k = 0, ¢#* — oo, the quark kernel
can be simplified to

Mx,y = 5x,y - K(l - ]/4)U4(x)e”“5y’x+4. (8)

The temperature 7 is defined as the inverse of the length in
the time direction over which the periodic boundary
conditions are imposed, and is 7 = 1/(N;a). Since there
is no link field in the spatial direction, the quark determi-
nant can be expressed as a product of the determinants at
each spatial point X.

Taking into account the antiperiodic boundary condition
of the fermion field, the quark determinant can be written as
follows:
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—k(1 = y4)Us(X)e 0
0 I 0— k(1 —yy)Uy(X + 4)ere 0
k(1 = y4)Uy(X — d)era 0 0 I
N,—1
= Hdet [I + (ket)Ni (1 — y4)Ne H Uy(X + i4)]
e i=0
N,-1
=[] det [1+2Nr-1ereﬂ/T(1 —r) [ UG+ i4)}, ©)
X i=0

where I is the (3 x3) ® (4x4) identity matrix. Due
to the periodic boundary conditions, U, (¥ —4) = U, (X +
(N, = 1)4). Here, we introduce the parameter C =
(2k)Niet/T . Diagonalizing [[Vg' Us(% + i4) by a unitary
matrix V and expressing the quark determinant in terms of
the eigenvalues 4;(X) (i = 1, 2, 3), we get

c o=
detM = Hdet [14—5(1 S \% H Uy(X + i4)VT}
3 i=0

—H 1+ CA(2)(1 + Cha (%)) (1 + Cha ()2

(10)

Since H o "U, (% 4 i4) is an SU(3) matrix, the eigenval-
ues satisfy the following equations:

My =1, WA =Md =M =1, (11)
N,-1
M(F) + 0F) +4F) =t [ U3+ id) =3Q0) (%),
i=0
(12)

where Q(l"C)( X) is the local Polyakov loop at each spatial
point X defined as

N—1

1
ftr H Uy(3 + id).
i=0

Q(loc) ( ( 13)

Using these equations, the quark determinant becomes
detM = H{l +3C0Q100) (%) + 3C2(QI9) (¥))* + C3}2.
(14)

Let us suppose that a critical point is found and call it C,..
Since this effective theory is controlled only by

C = (2c)Nre#/T, when « is changed, the critical chemical
potential . changes as p./T =InC,. — N,In(2x). When
k = 0 (quenched limit), u, is infinite. Increasing x from 0
decreases the critical chemical potential, approaching the
critical x at 4 = 0 in the heavy-quark region.

C. High-density/low-density duality

The quark determinant of the heavy dense effective
theory can be rewritten as

detM = CﬁN?H{l +3C71(Ql) (%))

+ 3c—2s2<1°'~‘>( )+ C3)2 (15)
C is a constant parameter of the theory, and the overall
constant does not affect the calculation of the path integral.
This indicates that the effective theory is invariant under
transformations that transform C into C~' and simulta-
neously swap QU°9) and Q(°®* [26]. Since QCD has a
symmetry under the transformation that makes the link
variable U, (x) Hermitian conjugate, this symmetry of

swapping C and C~! is a symmetry between low density
and high density if we fix the mass to be heavy. When C is
infinite, the Q1°¢) and Q°°* terms become ineffective and
the quark determinant becomes a constant, which is the
same as in quenched QCD with C = 0.

If the critical point is found at C., then due to this
symmetry, there will be two critical chemical potentials ..,
with pu./T = £InC.— N,In(2«). Therefore, decreasing
the quark mass (increasing k) decreases both the large
and small critical chemical potentials. The critical chemical
potential in the high-density region may be related to the
critical point in the light-quark, low-density region.

This high-density/low-density duality is not a conse-
quence of the usual particle-antiparticle symmetry of QCD,
but rather a symmetry that emerges from the disappearance

of the U} (x) terms at high densities in the process from
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Egs. (7) to (8). In other words, it is a consequence of
particle-hole symmetry.

D. Effective three-dimensional spin model

We consider the three-dimensional three-state Potts
model [23] as an effective model of heavy dense QCD.
These two models are both three-dimensional space the-
ories and have the same broken symmetry, Z5, so they are
thought to have the same phase structure. Similar to the
early days of lattice QCD when the effect of dynamical
quarks on the finite temperature phase transition was
discussed in comparison with the Potts model [24], we
replace the Polyakov loop with a Z; spin variable. The
integral measure and gauge field action are replaced by the
spin variable, s(X),

/ PU=Y 8,U) =85S Rels(@)s (7+7)]
() Fr
(16)

Here, s(X) can take the following three states:

si=1, s,=e¥B gy =e2m/3, (17)
In the absence of an external magnetic field, this model has
Z; symmetry.

We show that the equivalent of the quark determinant is
the complex external magnetic field term. Replacing

Polyakov loops 3Q(°¢)(¥) with spins s(X),

(detM)Nr — H(l + Cs(X) + C2s*(X) + C3) N = HF()?).

(18)
If 5() = s,
FX)=(1+C+C+C)MNi=eh,  (19)
if 5(%) = 52,
F(F) = [1+C<—%+\/7§i)
rer (- ?) S RETEACD
if 5(%) = 53,
F() = {1+C(—%—\/7§1>
+c2<—%+‘/7§') +C3}2 =i (21)

Assuming the number of spins taking state s; is V; and the
total number of spins is Ng = N; + N, + N3, from the
above equations, [ [; F(X) is given by the following equation:

HF()?) = exp[N,A; + Ny(A, + i6) + N5(A, — i0)]

=exp[(A; —Ay)N| + AN + i0(N, — N3)].
(22)

Therefore, the partition function is
3
2= exp {ﬁZZRe[s(f)s*(f%—?)]
s(X) X =1

+ (A} =A))N| +i0(Ny = N3) +A)Nge | . (23)

Furthermore, from the relationship between N; and s;,
- 1
> Re[s(X)] =N, - 5 (N2 +N3).

Zlm [s(X)] = ?(Nz - N3),

2 . 1
N, = §ZRe[s(x)] + gNsitea

2 -
Ny — N5 = 7 Z Im [s(%)], (24)

we can rewrite Z as

3
2= S exp | FY SRels()s (3 + 1)
s(X) X =l
+ hZRe[s()'c')] + iqZ Im[s()_c')]} , (25)

excluding the overall constant. This is the partition function
of the three-dimensional three-state Potts model, but with
terms for real and imaginary external fields. When corre-
sponding to heavy-quark high-density QCD, the parameters
h and ¢ are real numbers and can be expressed as functions of
C as follows:

4
hngflﬂ(1+C+C2+C3)

2vn|(1-tele o 2+§(C C2)?
3°0f 27 2 4 ’

(26)
PB(e-)

Ny arctan | —————5——
1-$-+¢C°

q= 7 . (27)

In Figs. 1 and 2, we plot the trajectory in the parameter
space of (h, q) as we vary C from zero to infinity with the
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Np=2

15

0.0 0.5 1.0 15 2.0 25 3.0 3.5 4.0

h

FIG. 1. The corresponding parameters (%, ¢) of the spin model
when changing C in heavy dense QCD for Ny = 2.

Nf=3

FIG. 2. The same figure as Fig. 1 for Ny = 3.

red and blue curves. Figures 1 and 2 show the results for
two flavors and three flavors, respectively. When C =0
and C = o0, (h,q) = (0,0). For C < 1, ¢ > 0, for C =1,
g =0, and for C > 1, ¢ < 0. As explained in the previous
section, due to the symmetry of C <> C~!, this trajectory is
symmetric under the interchange of ¢ <> —¢g. This Potts
model has g <> —g symmetry. When C is small near
(h,q) = (0,0), h ~2N;C and ¢ ~ 2N;C, so the slope of
the trajectory at (h,q) = (0,0) is 1, i.e., dg/dh = 1. As C
varies from zero to infinity, this trajectory returns to the
same point with a finite length, making it easy to explore
the entire parameter space corresponding to the heavy
dense QCD.

E. Histogram of magnetization

In the previous section, we replaced the Polyakov loop
with a Z5 spin, and here we discuss its validity. Since

Qo) (%) of Eq. (15) is the trace of an SU(3) matrix, its
values are distributed within the distorted triangle in the
complex plane enclosed by the red line in Fig. 3 [32]. The
horizontal axis is the real part of Q(°°), and the vertical axis
is the imaginary part of Q(°°), On the other hand, Zj spin is
a variable that takes on the values s(¥) = 1, ¢**/3, and
e~27/3_ Although these variables at each point are quite
dissimilar, the probability distributions of their spatial
averages in the complex plane are very similar. Figure 4
shows the probability distribution of the spatial average of
spin values, i.e., the magnetization, calculated by a simu-
lation of the three-state Potts model on a 40* lattice. The
number of configurations is 200000. The value of S is
adjusted to the phase transition point for each & by the
reweighting method. The transition point is considered
to be the point where the susceptibility is maximized, and
the peak position is = 0.366967(6) for h = 0.0, =
0.366304(4) for h = 0.00051, and g = 0.366178(4) for
h = 0.0006 for N, = 403. The top left panel shows the
results calculated with / and ¢ set to zero in the Boltzmann
weight of Eq. (25). Thisisa typical probability distribution
(histogram) of a first-order phase transition. In the confine-
ment phase, the Polyakov loop values are distributed
around the origin, while in the deconfinement phase, they
are distributed around three Z; symmetric points. At the
first-order phase transition, these two phases coexist, and
the Polyakov loop values are distributed around these four
points.

In the standard Potts model with ¢ = 0, increasing the
value of & causes the phase transition to become a crossover
[24,33]. The top right panel shows the result for 4 slightly
below the critical point (2 = 0.00051), and the bottom
panel shows the result in the crossover region just above the
critical point (& = 0.0006) with ¢ = 0. These histograms in
the complex plane are very similar to the histograms of the
Polyakov loop in the heavy-quark region of QCD. See
Fig. 6 in Ref. [2]. The susceptibility and higher-order
cumulants, which are used to determine the universality
class at the critical point, are uniquely determined by the
shape of the histogram of the order parameter. Therefore,
how the shape of the histogram changes before and after the
phase transition determines the fundamental properties of
that phase transition.

To discuss spontaneous symmetry breaking in the
absence of an external magnetic field A, it is more
appropriate to focus on the local Polyakov loops or spin
values before averaging. In Fig. 3, we plot the values of the
Polyakov loop Q(°¢) (X) in the complex plane at each point
for a typical gauge field configuration. The left panel shows
the result for the confinement phase (f = 5.70) calculated
by quenched QCD simulations (A = ¢ = 0) on a 323 x 6

“Since the system has Z; symmetry, we performed a Z;
rotation to symmetrize the distribution function.
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326 lattice, B=5.70, #/a’=0.0
‘ ‘ ‘ ‘ :

05 [~

Imaginary
(e
T

Real

32’6 lattice, B=6.10, #a’=0.0
T | ! I

Imaginary
T

Real

FIG. 3. Distribution of the local Polyakov loop at each point in one configuration of quenched QCD. The left panel shows the
distribution for the symmetric phase (f = 5.70), and the right panel shows the distribution for the broken phase (f = 6.10).

lattice and the right panel shows the result for the
deconfinement phase (f = 6.10). In the confinement phase,
the distribution shows Z; symmetry, whereas in the
deconfinement phase, as shown in the right figure, the
distribution is slightly skewed toward the right. The slight
asymmetry in the distribution shown in the right figure is
barely noticeable. However, when the gauge field configu-
ration is coarse-grained using gradient flow, it becomes
clear that the symmetry is broken. In the gradient flow
method of QCD proposed in Ref. [34-36], the “flowed”
gauge field By (7, x) at flow time 7 is obtained by solving the
flow equation,

d
EB;‘I(L x) = D,Gy,(t,x)

= 0,Gy, (1. x) + f*B)(t.x) Gy, (t.x).  (28)

for quenched QCD with the initial condition Bf(0,x) =
Af(x), where Gf,(t,x) is the flowed field strength given
from Bj(t, x). Because Eq. (28) is a kind of diffusion
equation, we can regard Bf(,x) as a smeared field of the
original gauge field Aj(x) over a physical range of V8t in
four-dimensional space. We solved the discretized version
of the flow equations on lattices. Figure 5 shows the
distribution of the Polyakov loops at each point Q(°°) (%),
obtained by coarse graining the same configuration as in
Fig. 3 using the gradient flow with #/a*> =0.5. The
distribution in the confinement phase shown on the left is
symmetric, whereas the distribution in the deconfinement
phase on the right is clearly asymmetric.

On the other hand, since spin can only take on one of
three values, symmetry breaking occurs when the number

of spins that take on these three values becomes asym-
metric. Similar to the case of the Polyakov loop, when the
spin is coarse-grained using a diffusion equation,

%s(i, 1) = DV(E, 1), (29)

where D represents the diffusion coefficient. The values of
the coarse-grained spin 3(X, t) will be distributed within the
triangle shown by the red line in Figs. 6 and 7. The
diffusion equation is defined on the lattice with the lattice
spacing a as follows:

where D = DAt/a?. The initial condition is 5(X, 0) = s(%).
We plot the distribution of coarse-grained spins at each
point of typical configurations in the symmetric and broken
phases. The results for the symmetric phase at f = 0.30 are
shown in Fig. 6, and the results for the broken phase at
f = 0.40 are shown in Fig. 7. The coarse-graining time is
Dt/a? = 0.1 (left panel) and 0.5 (right panel). We adopted
a value of the diffusion constant as DAt/a*> = 0.01. The
lattice size is 323. In both the symmetric phase and the
broken symmetry phase, the results for Dt/a?> = 0.5 are
very similar to the distribution of the Polyakov loop at
each point QU°°)(X). In addition, since > :5(¥, ¢ + At) =
> 2 3(X, 1) = > 5 s(X), the spatial average of the spin values
remains unchanged even after the coarse graining. That is,
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B=0.36697 h=0.00000

B =0.36630 h=0.00051

FIG. 4. Probability distribution of magnetization in the complex plane for the three-state Potts model with g = 0. The values of # and &

are shown above the figure.

the value of the magnetization and the external magnetic
field terms in the Hamiltonian do not change under the
coarse graining. Considering these arguments, it becomes
clear that the seemingly simplistic approach of replacing
the Polyakov loop with a Z5 spin has a valid basis.
Here, we would like to draw a note about spontaneous
symmetry breaking. When symmetry is broken sponta-
neously in the absence of an external magnetic field, the
spin distribution on each configuration becomes asymmet-
ric. Figure 7 shows an example where the spin distribution
is skewed in the direction of s = /3. However, due to the
Z5 symmetry of this theory, configurations with a skewed
distribution toward the three directions of s = 1, ¢2/3, and
e >3 are always generated with equal probability.
Therefore, if no external field is applied, the expectation
value of the magnetization is always zero, even if the
symmetry is broken. The difference between the symmetric
and broken cases appears when an infinitesimal external

field is applied. In the symmetric case, the expectation
value of the magnetization remains zero, but when the
symmetry is broken, even if the external magnetic field is
infinitesimal, the expectation value changes in a direction
weighted by that external magnetic field.

In order to investigate the correspondence between
heavy dense QCD and the Potts model, we replaced
3Q0¢)(¥) with spin s(5). Let us comment on this corre-
spondence. Instead of using Q(°°)(X) — s(x)/3, we can
replace it with Q(°¢)(X) — bs(x), where b is an appropriate
real constant. Then, when C is small, the quark determinant
becomes

(det M)V — TT(1 4 3bCs(F) + 3bC2s*(%) + C*)2s

~ 1+ 6NhCY s(F). (31)
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FIG. 5.
gradient flow at t/a> = 0.5 for = 5.70 (left) and 6.10 (right).

32” lattice, P=0.30, Dr/a’=0.1
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(e
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32°x6 lattice, P=6.10, #/a’=0.5
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(]
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Distribution of the local Polyakov loop at each point in one configuration of quenched QCD after coarse graining by the

32° lattice, P=0.30, Dila’=0.5
I I

0.5

Imaginary
7

Real

FIG. 6. Distribution of spins 5(X, ) at each point in one configuration in the symmetric phase (8 = 0.30) of the three-state Potts model
after coarse graining with the diffusion equation. The left panel is Dt/a®> = 0.1, and the right panel is Dt/a*> = 0.5.

Thus, h~ g~ 6N;bC, and the slope of the trajectory at
(h,q) = (0,0) remains 1 and does not depend on b. When
h is large, Z; symmetry is completely broken, so the nature
of the phase transition cannot be discussed from symmetry
alone. Therefore, the fact that the slope near (&, ¢) = (0,0)
does not depend on b means that b is irrelevant except for
quantitative measurements of the critical point. However,
there are limitations to the value of b. If b = 1/2, then h

becomes infinity when C = 1. The effective theory with
h = oo does not correspond to QCD, therefore, b must be
less than 1/2. Furthermore, considering the probability
distribution of coarse-grained spin, we can see that prob-
lems arise when b > 1/2. Since the possible values of the
coarse-grained spin lie within the triangle in Fig. 6, if we
assign the value bs (¥, 7) to Q°°)(¥) when b > 1/2, then the
assigned value will fall outside the range of possible values
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32” lattice, P=0.40, Dila’=0.1
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32° lattice, P=0.40, Drla’=0.5
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(e
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-0.51 -
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FIG. 7. Distribution of spins 5(X, 7) at each point in one configuration in the broken phase ( = 0.40) of the three-state Potts model
after coarse graining with the diffusion equation. The diffusion time is D#/a®> = 0.1 (left) and 0.5 (right).

that Q(°°) can take, i.e., the red triangle in Fig. 3. In such
cases, the resulting effective theory will no longer be
equivalent to QCD.

III. CRITICAL POINTS WHERE FIRST-ORDER
PHASE TRANSITIONS END

A. Three-dimensional potts model
with a complex-valued external field

We study the phase structure of heavy-quark high-density
QCD by investigating the three-dimensional three-state
Potts model given by Eq. (25). We fix the hopping parameter
at a small value and then gradually increase the chemical
potential from a small value to infinity. The (h, g) param-
eters we want to investigate are the red curves in Fig. 1 for
Ny =2. When C =0, it is quenched QCD, so the phase
transition is first order. For the case where 2 # 0 and ¢ = 0,
this model has been extensively studied, and it is known that
the transition changes to a crossover behavior at h =
0.000517(7) [33]. Furthermore, it has been shown that its
critical point belongs to the same universality class as the
three-dimensional Ising model. Near C =0, & and ¢q are
approximately the same, i.e., h = 2N;C and g =~ 2N;C, so it
is expected that the first-order phase transition will change to
crossover in the region where /& and ¢ are small.

Since the Boltzmann weights of this model are complex
numbers, simple Monte Carlo methods cannot be applied.
However, if the value of ¢ is small and the fluctuations in the
complex phase are small, the reweighting method can be
used. The reweighting method is a technique that allows
us to calculate the expectation value of a physical quantity
at a point different from the simulation point, without

performing a new simulation, by multiplying a weighting
correction factor to the operator before taking the statistical
average in Monte Carlo simulations [37]. Let the Boltzmann
weight be e=5%-49)_ the original parameters be (S, A, 0),
where the Boltzmann weights are real, and the parameters
for calculating the expectation value be (f, &, ¢). Then, the
expectation value of O is given by

WZS %) O e~ (S(B.h.q)=S(Bo.10.0)) g—S(Bo-h0.0)
o
2 h Zs ) S(B.h.q)=S(Po-ho.0)) o =S(Bo.ho.0)
0./10,0

 (Oe (5P ha)=Sbo )
T (e BB RS0 0)

<O>(ﬂhq

(Bo.110,0) ) (32)
(Bo+ho,0)

We use the reweighting method to determine the location of
the critical point where the first-order phase transition ends.
Moreover, we investigate whether this critical point belongs
to the same universality class as the Ising model.

B. Finite volume scaling analysis
We expect that the singular part of the free energy f =
—L~%1n Z of the d-dimensional Ising model in a space with
side length L is expected to satisfy the following scaling
law:

L=Af (LYt LYvh, 1) = L~4f (L1, L*"h),

(33)

flt.h L7 =
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where ¢ represents the reduced temperature, and & repre-
sents the external magnetic field. The critical temperature is
t = 0. y, and y,, are the critical exponents with respect to ¢
and h, respectively. The expectation value of magnetization
(m) is the statistical-mechanical average of the spatial
average of the spins, and the magnetic susceptibility y,, is

Km(t.0,L71) = LY(m = (m))?). (34)

From the scaling law of Eq. (33), the susceptibility is
expressed as the second derivative of the free energy with
respect to £,

(6,0, L71) = L2=4F, (LYi1,0). (35)

Here, f,(x,y) = *f(x.,y)/dy>. Following convention, if
we define the critical exponents as 2y, —d =2 —# and
Ve = 1/1/,

In(1.0,L71) = L2 f5(LY*1,0). (36)

The susceptibility is at its maximum at the critical point,
t =0, and the magnitude of the peak in susceptibility
increases proportionally to L>™ and diverges as L
approaches infinity.

Moreover, we discuss Binder cumulant B, to find the
critical point [38],

<43, (37)

Here, (m?), = ((m — (m))?) and (m*), = ((m — (m))*) -

3((m — (m))?)? are the second-order and fourth-order
cumulants, respectively. Using the scaling law,

_ LY f4(L71,0) Ja(L1,0)
N __Ja\= »E)
B4(t,O,L )_(Lzyh}.Z(Lytt,O))z—i_:;_(]Z(L)rtl,o))z_l_:;’

(38)

where f4(x,y) = 0*f(x.,y)/dy*. This quantity exhibits no
volume dependence (L dependence) at the critical point
where t = 0. In other words, when we calculate and
plot B, as a function of ¢ for different volumes, we find
that for values of L above a certain threshold, the curves
of B, intersect at a single point, which represents the
critical point.
We calculate the magnetization,

m =

R SRS (39)

by Monte Carlo simulation of the three-dimensional three-
state Potts model while varying the spatial volume L>. The
standard Metropolis algorithm is used. For each parameter,

h=0.00047

----- 3d Ising
—— L=40
—}— L=50
101 —— L=60
—— L=70
—— L=80
84 —— L=90

12 A

<

. l“!:._!r:ri!!ﬁi‘:a‘

0.3662 0.3663 0.3664

B

FIG. 8. S dependence of the Binder cumulant at 2 = 0.00047.

0 T
0.3660 0.3661 0.3665

g=0
2.2

—— 3d Ising
¢ L=40
¢ L=50

2.0 1 4 L=60
+
¢
¢

L=70
L=80

1.8 L=90

0.00050 0.00055 0.00060

h

0040 0.00045

1.2
0.0

FIG. 9. Binder cumulant at the 3, as a function of / on lattices
with L from 40 to 90.

the number of independent configurations is set to 200000.
We first determine the f at which the phase transition
occurs, denoted as f,., for various &, and then calculate
the Binder cumulant at the . on lattices with side lengths
L from 40 to 90. Figure 8 shows examples of the j
dependence of the Binder cumulant near the critical point.
The point where B, is lowest is ... In Fig. 9, we plot B, at
p.. calculated for various /4 and L. The coefficient g of the
imaginary part of the external field term is used to satisfy
Egs. (26) and (27) with N; = 2 for each h. It can be seen
that B, as a function of /4, calculated for all L, intersects at a
certain h. The point i at which the L dependence
disappears is the critical point 4,.

In the vicinity of the critical point, by performing a
Taylor series expansion of f(L"¢,0) in B, with respect to
L't, we obtain the following equation:
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TABLE 1. Fitting parameters of the Binder cumulant.

q=0 qg#0
By, 1.607(11) 1.601(6)
h. 0.000519(5) 0.000479(3)
v 0.628(4) 0.624(3)
A 2.71(6) 3.01(1)
x%/dof 1.402 1.805

£4(0,0

By(1,0,L7") = L)Z +3+ALYY + O(2).  (40)

(/2(0,0))

A is a proportionality constant. Assuming t = h — h,, we fit
the data as the fitting function

By(h,L) = By, + A(h — h.)L'", (41)
where the fit parameters are By, h., v, and A. The fitting
results are summarized in Table I. The dashed lines show
the fit functions obtained by fitting the data for each L. The
goodness of fit is y*/dof = 1.805. We also analyzed the
case of the standard Potts model where ¢ is set to zero—
the “g = 0” column shows the results for ¢ = 0, and the
“q # 0” column shows the results corresponding to heavy
dense QCD. By, is the Binder cumulant at the critical point,
a quantity that is uniquely determined for each universality
class. Our result, B,. = 1.601(6), is consistent with the
result of the three-dimensional Ising model, B,. = 1.601
[39]. Moreover, the critical exponent v = 0.624(3) is
slightly different from the value of v = 0.630 for the
Ising model, but considering systematic errors, this value
can be said to be consistent. This means that the model we
have investigated belongs to the same universality class as
the three-dimensional Ising model.

The results for ¢ = 0, which is the standard three-state
Potts model, are consistent with previous studies [33].
Table I shows that the result for the critical point h. =
0.000479(3) of the model corresponding to heavy dense
QCD is smaller than that for ¢ = 0. Converting to the
parameter C of heavy dense QCD, C at the critical point is
C. = 1.195(7) x 107*. Since h is small at the critical point,
q is also small because g ~ h, and the reweighting method
works well.

Furthermore, we calculate the magnetic susceptibility y,,
by Monte Carlo simulation while varying the spatial
volume L3. A reweighting method is used to account for
the effect of finite g. Examples of the f dependence of
susceptibility near the critical point are shown in Fig. 10.
The susceptibility peak is located at ., and the height of
the peak increases as L increases. By performing a Taylor
expansion of the derivative of the free energy Eq. (36)
around the critical point ¢ = 0, with respect to L'/*1, we
obtain the following scaling law:

h=0.00047
3000
—— L=40
—— L=50
2500 —+— L=60
—— L=70
—— L=80
20001 —— L=90

> 1500+
1000+

500+

0.3663

B

0.3662

0.3661

0.3660 0.3664 0.3665 0.3666

FIG. 10. p dependence of the magnetic susceptibility at
h = 0.00047.
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..
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FIG. 11. Scaling plot of the magnetic susceptibility on lattices
with L from 40 to 90.

Im(t,0,L7Y)L=21 = £,(0,0) + BtL'* + O(1?), (42)

where B is a proportionality constant. Assuming t = h — h,,
the scaling plot, (h—h,)L'* vs y,,L7>*", is shown in
Fig. 11. Inthis plot, the critical exponents v and 7 are those of
the Ising model, and the critical point /.. is the result obtained
from the fit of B,. From Fig. 11, we can see that the data are
aligned in a straight line near the critical point. The dashed
line is a linear fit to the data near the critical point. This
scaling plot also shows that the phase transition of this
model, which corresponds to heavy dense QCD, belongs
to the same universality class as the three-dimensional
Ising model.
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IV. CROSSOVER REGION AT HIGH DENSITY
A. Avoiding the sign problem

We compute physical quantities in the crossover region
by the reweighting method. When the coefficient g of the
imaginary part of the external field term is large and the
volume is large, the sign problem is severe. The imaginary
terms are expressed as the number of spins,

G s = g G (Vo - N = (@

Using the reweighting method, the magnetization (m),, and
the energy (F) o incorporating the complex external field,
are

(Ecos(q))o

Cosad)ly Y

<I’I’l> :<mCOS(Q¢)>O
T (cos(q9))o

Here, the magnetization is

1 1 3N, 1
Ny - = — 4
Nsite ( : 2 (N2 - N3)> (ZNSite 2) ’ ( 5)

and the energy operator is defined by

and (E),=

m =

3
E ==Y " Re[s(¥)s*(X+1). (46)
X i=1

Introducing probability distribution functions for Ny,
N,, and N3, W(N{,N,, N3), the magnetization can be
rewritten as

- YN, NN, c0s(qh)W(N |, Ny, N3)
YN, NN, COS(qP)W(Ny, Ny, N3)

(m) g (47)

As seen in Eq. (45), m depends only on N. Also, since ¢
depends only on N, — N3, we first sum over N; in Eq. (47).
Then, if we assume that N, and N5 are distributed
randomly, the distribution functions for N, and N; can
be assumed to be Gaussian, i.e.,

ZW(NI’NZ,N3) X e_ﬁ<N2_N3)’
Nl

ZmW(Nl,szNS) oc TN, (48)
Ny

where a; and a, are appropriate constants. A typical
example of the distribution of > W(N,,N,,N3) as a
function of N, — N3 is shown in Fig. 12. The distribution
appears to be Gaussian [40,41]. If N, is large enough that
#/Nge = (vV/3/2)(N, — N3)/Nge can be considered a
continuous variable, we get the following equation:

B=03 h=0.1

600 -

500 A

400 A

300 1

200 A

100 A

0-
_800 —-600 —-400 -200 O 200 400 600 800
N7 — N3

FIG. 12. Probability distribution of N, — N5 at # = 0.3 on a 323
lattice.

_3

N ZNZ»N3 cos [q@(N2 —N3)] e Towm
3

D NN, COS [‘I@(Nz _N3)] e 'on

(m),

(N,=N3)

Therefore, if we write (m), = (m)oe/9, f,(q) is a
function proportional to g*>. A similar argument can be
made for (E), by introducing the probability distribution
function W(N,N,,N3,E) for Ny, N,, N3, and E. We
denote (E), = (E)oe/@). If we assume that the complex
phase is Gaussian distributed, fz(q) is a function propor-
tional to g>.

We plot examples of the ¢ dependence of f,,(¢) and
fe(q) in Figs. 13 and 14, respectively. The simulations are
performed on a 16* lattice. The left figure shows the results
when /£ is small, which causes serious sign problems, while
the right figure shows the results when £ is large, which
causes no sign problems. The vertical dashed lines shown
in Figs. 13 and 14 represent the parameter g corresponding
to heavy-quark QCD. The horizontal axis is g*> and both
figures are consistent with being proportional to ¢> within
statistical error. In the region of ¢ where the statistical error
is large, even a slight change in # causes these center values
to bend above or below the straight line, so even assuming a
fourth-order or higher function, this calculation was unable
to determine the coefficient of ¢*.

If the sign problem is serious, the values of f,,(g) and
fEe(q) at the desired ¢ cannot be calculated because the
statistical error becomes too large. Therefore, to calculate the
magnetization and energy, we fit the data at small ¢
assuming that they are proportional to g2, and then extrapo-
late the values of f,,(¢) and f£(g) up to the desired ¢.
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FIG. 13. g dependence of f,,(g). The left panel shows the results for (8, 1) = (0.30,0.1), where the sign problem is severe, and the

right panel shows the results for (4, ) = (0.36,0.1), where the sign problem does not occur.
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FIG. 14. ¢ dependence of f£(q). The left and right panels show the results for (3, h) = (0.30,0.1) and (0.36,0.1), respectively.

B. Energy and magnetization at large /2 and ¢

We use the reweighting method to calculate the expect-
ation values of the energy and magnetization in the
presence of a complex external field whose partition
function is given by Eq. (44). Since we found that
the spatial volume dependence is small in the three-
dimensional three-state Potts model except near the critical
point, we perform Monte Carlo simulations using a
relatively small lattice size Ny, = 16°. The sign problem
in the reweighting method becomes more serious as the
volume increases, but it is not so serious at that lattice size.
The number of independent configurations is 1000000 for
each parameter.

The expectation value of the magnetization, which is the
order parameter, is shown in Fig. 15. The horizontal axis is

p and h is set to 0.0,0.1,0.5, and 1.0. The results when the
complex external field coefficients 4 and ¢ are given by
Egs. (26) and (27) with N; = 2 are shown by crosses, and
for comparison, the cases where g =0 are plotted by
circles. First, it can be seen that the effect of the imaginary
part of the external field, i.e., the term proportional to g, is
small. In other words, using the extrapolation approxima-
tion of ¢? in the reweighting method does not significantly
affect the quantitative results. When 4 becomes larger than
the critical point determined in Sec. III and /4 is further
increased, the change becomes milder. Figure 15 shows that
the phase transition point . decreases as h increases, and
eventually the phase transition itself disappears. Similarly,
we plot the expectation value of the energy density,
& = E/Nge, in Fig. 16. As with the magnetization, the
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FIG. 15. Magnetization as a function of # and % on a 16> lattice.

001 ¢ ¢ h=0g=00
x4 { h=1.0 g=0.0
b 4

_054 $ . ¥ h=1.0 g=0.794315

. . { h=05g=00

x . . ¢ % h=05 g=0.444115
~1.0 4 x x { h=0.1g=0.0

; % h=0.1 g=0.0975605
S
~1.5 ° X
X

L] .

—2.04{ x ° x . X .
x ° o
x
x ° X, °
-25 x ° X x
. b3 X o
X 5 X % X g .
X % x
_30- *xox X ¥ x K §
0.1 0.2 0.3 0.4 0.5 0.6

FIG. 16. Energy density as a function of # and & on a 163
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change in the energy density becomes slower as h
increases, and eventually the phase transition disappears.

C. Comparison with heavy dense QCD

When the hopping parameter « in QCD is small, C is a
monotonically increasing function of y1, i.e., C = (2k)Nret/T.
When C is increased from C = 0, the phase transition is first
order up to the critical point, after which it becomes a
crossover. Since & increases up to C =1, as C increases
further the change in the order parameter becomes milder and
eventually the phase transition disappears. After C =1, h
becomes smaller and the phase transition becomes stronger
as C approaches the second critical point. Once the critical
pointis passed, the phase transition is first order up to infinity.

In Sec. III B, we found the critical point is C, = 1.195(7) x
1074, At the same time, C. = 1/[1.195(7)] x 10*is also the
critical point. Since the critical chemical potential is given by
u./T =InC.— N,In(2«), increasing x decreases p.. When
the quark mass is reduced (when « is increased), the smaller
U quickly becomes zero, but it is interesting to see how the
larger u. changes.

The critical point, where C is very large, is related to the
filling of space with quarks. When C is infinite, the number
of quarks reaches a maximum and fills space. In heavy-
quark high-density QCD, when C is infinite, the quark
determinant becomes a constant, which is the same as in
quenched QCD. Therefore, heavy dense effective theory
has symmetry under the transformation from C to 1/C.
However, the critical point in the large C region is not
thought to be directly connected to the critical point in
finite-density QCD for physical quark masses, which is of
experimental interest. This is because the critical point at
that physical point is not expected to be at a density where
quarks fill space. Furthermore, the situation where space is
filled with quarks is related to the Ng.. If the physical
volume is fixed and the lattice spacing is changed, the N
changes, so the critical point in the large C region depends
on the lattice spacing.

If C is small, the quark determinant in heavy dense
QCD is

detM ~ [ ][1 +3¢Q1) (%))

~ H exp [6CQI°)(X)] = exp(6CN: Q),  (50)

where Q is the Polyakov loop. An approximation that
ignores the complex phase part of detM allows
Monte Carlo simulation. In Ref. [42], we performed
Monte Carlo simulations for the lattice action,

S=S5,+Reln det M = 6pN3N,P+6CNIReQ,  (51)

where P is the plaquette. We found that as C increases, the
f at which the phase transition occurs decreases, and the
change in the expectation value of the plaquette becomes
sharper. The reason for this sharp change is the behavior in
the strong coupling region where £ is small. In the case of
this lattice action, in the strong coupling region, the
plaquette behaves as follows up to O(f?):

B, P
(P) = 187 216° (52)
Over a relatively wide range where /3 is small, the behavior
of the plaquette expectation value is consistent with this
equation [42]. The effect of the Q term in the action only
appears in terms O(B"~!) and above. The strong coupling
region is the confinement phase, and as C increases, /3 at the

074515-15



SHINJI EJIRI and MASANARI KOIIDA

PHYS. REV. D 113, 074515 (2026)

phase transition point decreases. Therefore, when (P) is
small, the phase transition occurs and (P) becomes a large
value in the deconfinement phase, so the change in (P)
becomes steeper as C increases. Although we must add the
effect of the complex phase of det M, this behavior suggests
the existence of a new singularity.

On the other hand, in the three-state Potts model, no new
singularities appear with increasing C or h. In the Potts
model, the quantity corresponding to the plaquette in QCD
is the expectation value of —1 times the energy, but in the
small f region, the energy behaves quite differently from
the plaquette. The result of the strong coupling expansion
up to the first order in f and the second order in £, g is the
following equation:

<E> _3 2 3 2 9 2 9 2.2
N a9 Tqhmgha —3ha
333, 33, 189 183
- o __hZ__h 2__h2 2 .
+ﬂ< PRI 167 " 64 ">

(53)

See the Appendix for details. The zeroth-order term of f in
(E) varies depending on & and ¢ to approach the value of
the deconfined phase, and 4 acts to weaken the phase
transition even in the region where f is small. In the process
of simplifying from the heavy dense QCD to the three-state
Potts model as the effective theory, the property of the rapid
change of the plaquette seems to have been lost.

V. PHASE STRUCTURE WITH COMPLEX
CHEMICAL POTENTIAL

Finally, we consider the case where the chemical
potential is complex, p = pg + iy;. If we define real
parameters as C = (2«)Vie#*/T, the quark matrix of the
heavy dense QCD becomes

detM:H{l+3C€i”I/TQ(IOC)<)?)—|—3C262i”‘/T(Q(10C)()?>)*
+ C3dimITY2, (54)

As in Sec. II D, we can construct the corresponding three-
state spin model, but no simple formula is obtained. We,
therefore, discuss the important but simple cases yu;/T =
27/3 and p;/T = n/3. Although the real u case is not much
different from p = 0, interesting singularities appear for
complex .

QCD has the Z; center symmetry under the trans-
formation from Q(°9)(¥) to ¢>7/3Q°¢)(¥), except for the
quark determinant. The quark determinant for y;/T =
27/3 is obtained by replacing Q1°°)(¥) in det M for uy, =
0 with e27/3Q(°°)(%). Here, if we consider 27/3Q(°¢)(¥)
as a new QU (%), the theory itself does not change [43].
When considering the corresponding spin model, if we

B =0.36712 h = —0.00050

FIG. 17. Probability distribution of the magnetization of the
three-state Potts model with 2 = —0.0005 and ¢ = 0.

consider e?7/3QU°°)(%) as s(x), the effective model is
the same.
When u;/T = n/3, the quark determinant is

detM = JJ{1 + 3Ce3Q(9) (%) + 3C?e>/3(Q0) (¥))*

+ 332
— H{l — 3Ce—27i/3010c) ()_é)

4 3C2(€—2m'/3g(loc) ()—C’))* _ C3}2_ (55)

Using Z; symmetry, we consider the phase-transformed
Polyakov loop, e=2#/3Q(1°¢)(X), as a spin s(x), and carry
out the same discussion as in Sec. II D, the spin model
corresponding to u;/T = /3 is obtained by replacing C in
Egs. (25), (26), and (27) with —C. When C is small near
(h,q) =(0,0), h and ¢ behave as h~—-2N;C and
g ~ —2N;C. h changes in the negative direction.’

We show the histogram of the magnetization in the
complex plane measured at (3, h) = (0.36712, —0.0005)
on a 16 lattice in Fig. 17, which changes from the
histogram for (%, ¢) = (0,0) to that for 4 in the negative
direction by the reweighting method with ¢ = 0. The two
peaks at Re(m) < 0 become larger. Since the heights of the
peaks are the same, the partition function is the sum of the
contributions of the two peaks. Because ¢ is nonzero, the
Boltzmann weights have complex phases, and the partition
function Z is zero at the point where the difference in
complex phase between the two peaks is exactly an odd

The three-state Potts model in the presence of a negative
external field is investigated in Ref. [44].
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FIG. 18. |Z(B.h.q)/Z(B.h,0)|* as a function of / for various j3.

multiple of z. This is called the Lee-Yang singularity
[45,46]. At the point where Z =0, the free energy
diverges.

We calculate the ratio of the partition functions at g # 0
and g = 0 by simulations [47]

Z ,h7 ]
‘% = [{exp(i6)) ..0)]

— \/<cos 9>(2ﬂ,h,0) + <Sin 9>%ﬂ,h.0) (56)

with 0 = g > - Im[s(X)]. (- )., means the expectation
value measured at (53, h, ¢). Because Z(f, h,0) > 0, if the
ratio is zero, then Z(f, h,q) = 0. We use h and ¢ when
C in Egs. (26) and (27) is replaced by —C. We plot
|Z(B,h,q)/Z(B,h,0)]> measured on a 16 lattice in
Fig. 18 for various . When # > 0.365, singularities where
Z = 0 appear periodically.

The fact that a singularity appears only when £ > 0.365
can be understood as follows. When 4 = 0, in the sym-
metric phase with small f, the distribution peak is at the
origin, while in the broken phase with large f, three peaks
with Z3 symmetry appear. At the first-order phase transition
point, the distribution function has four peaks: one for the
symmetric phase and three for the broken phase. When 7 is
decreased from i = 0, the probability distribution for the
imaginary axis direction does not change, but the proba-
bility along the real axis increases in the negative direction

because of the weight e” D ReB] Ag g result, in the
broken phase (# = 0.370, 0.375) and near the first-order
phase transition ( = 0.365), two peaks become larger and
of the same height, as shown in Fig. 17. As |g| increases,
the complex phase difference between the two peaks
becomes larger. At the point (h, g) where the difference
between these complex phases € is an odd multiple of 7, Z
becomes zero. As f increases, the distance between the two

peaks increases, and, therefore, the interval of ¢ (or k)
where Z = 0 becomes narrower, as shown in Fig. 17.
Furthermore, since 6 is proportional to the volume, increas-
ing the spatial volume narrows the interval of g at which
Z = 0. This singularity corresponds to the Roberge-Weiss
singularity in finite-density lattice QCD [43]. On the other
hand, in the symmetric phase (f = 0.355, 0.360), there is
only one peak in the histogram, so Z does not become 0
and decreases exponentially as (A, g) increases.

VI. CONCLUSIONS AND OUTLOOK

We discussed the phase structure of dense QCD with
heavy dynamical quarks through the effective theory of the
three-state Potts model. When we perform a hopping
parameter expansion for the quark determinant, the proper-
ties of the expansion coefficients allow us to include the
effect of the spatial link field in the Polyakov loop term,
which is made up of only the link field in the time direction,
by shifting « to k.. We then discuss an effective theory for
investigating high-density regions, ignoring the spatial link
field. Furthermore, we corresponded high-density QCD to
the three-dimensional three-state Potts model with the same
symmetry breaking.

The Potts model has a complex-valued external field, and
we investigated the phase transition with parameters
corresponding to heavy dense QCD. At low densities,
the transition is first order, but as the density increases, the
transition changes to a crossover at a critical point,
weakening the transition. As the density increases further,
a critical point appears, and above that point, the transition
becomes first order. The critical point belongs to the three-
dimensional Ising universality class.

In the heavy-quark high-density limit, the quark deter-
minant becomes a constant, the same as in quenched QCD.
Therefore, the high-density limit of QCD becomes a first-
order phase transition. In the high-density limit, quarks fill
up space. The second critical point at high densities is
thought to be related to this filling of space with quarks. If
this is the case, it is likely unrelated to the first-order phase
transition at finite density that is of interest in experiments.
We were interested in whether singularities would appear in
the region where & is large. However, we found that
singularities do not appear when the external field is large
in the three-state Potts model with a complex external field
examined in this study.

The three-state Potts model, which corresponds to high-
density QCD and which we have introduced here, is a
three-dimensional theory, so it is easy to analyze, and in
particular, it can be analyzed using the tensor renormaliza-
tion group, which does not have a sign problem. The Potts
model has the same broken symmetry as QCD in the heavy-
quark region, and so the behavior of the order parameters is
also very similar. Studying this effective model may
contribute to QCD.
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APPENDIX: HIGH-TEMPERATURE EXPANSION
OF THE THREE-STATE POTTS MODEL

At high temperatures, assuming f is small, we expand Z
up to first order in f,

3
Z= Z [1 +ﬂz ZRe(s(f)s*(J? +1) + O(ﬂz)} exp
R T il

x {h;Re(s()?)} + iqgjlm(s(i))}

= [V 4 3PN o V29 + O(), (A1)
where
f=e"+2e"2cos (? c]>, (A2)
g=e"—e"—2e"?cos (? q) +2e7" cos (V3q).
(A3)

> sz means the sum of the values of s(X)=
{1, 7/3,¢*/3} at each point ¥. The magnetization is

calculated by differentiating the partition function with
respect to A,

1 o
—Z

"= Nsite oh

1 — _
v | e =2

X (eh —e 2 cos (é q) >
2
3
+3pf72 <2e2h + e — 2 cos <—\£_ q)

—2¢~h cos(\@q))] . (A4)

Expanding to the first order in f and the second order
in h, g,

125 35 31 39
— __h2 2 _h2 - 2 Zh Z 2
" ﬂ( 02" TRt TR T +8q>

3 1 1 1 1
—— @ - +—hg> +-h+-q* A5
a T T et T TR (A35)
Similarly, the energy density can be calculated. The
results up to first order in f and second order in h, ¢

are as follows:

E 183 189 33 33 3
— __h2 2__h 2__h2 =~ 2_ =
N ﬂ( TR A TR A 2>
9022 9, 5 3,53,
32hq Shq 4h +4q. (A6)
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