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Planar Hall effect in ultrathin topological insulator films
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The planar Hall effect (PHE), previously observed in Weyl and Dirac semimetals due to the chiral anomaly,
emerges with a different origin in topological insulators (TIs), where in-plane magnetic fields induce resistivity
anisotropy. In strictly two-dimensional TIs, PHE is generally suppressed due to the inability of the out-of-plane
Berry curvature to couple to the in-plane band velocity of the charge carriers. Here, we demonstrate that in
ultrathin TI films, a quasi-two-dimensional system, intersurface tunneling coupling with in-plane magnetization,
induces electronic anisotropy, enabling a finite PHE. In addition, we reveal that strong in-plane magnetization
can stabilize the thickness-dependent quantum anomalous Hall effect, typically associated with out-of-plane
magnetization. These insights advance the understanding of magnetic topological phases, paving the way for
next-generation spintronic devices and magnetic sensing technologies.
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I. INTRODUCTION

The planar Hall effect (PHE) is a magnetoresistive phe-
nomenon where an in-plane transverse voltage emerges in re-
sponse to coplanar electric and magnetic fields [1-4]. PHE has
garnered significant interest for its potential in high-sensitivity
magnetic sensors [S], magnetic random access memory de-
vices [6,7], and laboratory-on-a-chip platforms for detecting
low magnetic moments [8]. PHE has been realized across
various material platforms [3,9] including topological metals
[10] and ferromagnetic semiconductors [3], with more recent
observations in Dirac and Weyl semimetals [11], where the
chiral anomaly plays a pivotal role. In topological insulators
(TTs), PHE emerges through Dirac cone tilting and system-
induced anisotropy [12,13]. In three-dimensional TIs, PHE
can serve as a sensitive probe of Berry curvature and topo-
logical properties [1]. However, in strictly two-dimensional
systems, conventional Berry curvature-driven PHE is prohib-
ited due to the inability of out-of-plane Berry curvature to
couple to electron velocities confined to the plane [1].

Recent studies have sought to overcome the latter
constraint. Specifically, Ghorai et al. [1] demonstrated PHE in
bilayer graphene, a quasi-two-dimensional system, attributing
the effect to interlayer tunneling driven by finite interlayer
hopping. As a related development, a recent study has
reported the observation of the planar Nernst effect arising
from hidden band geometry in layered two-dimensional
materials [14]. Inspired by former studies, here we investigate
the emergence of PHE in ultrathin TI films as a quasi-two-
dimensional platform. In this regime, strong intersurface
coupling induces a hybridization gap, consistent with
experimental observations [15]. This hybridization reshapes
the electronic structure, giving rise to interesting phenomena
absent in thicker samples [16,17]. Similarly to bilayer
graphene, we attribute the emergence of PHE to intersurface
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tunneling between hybridized TI layers. As intersurface
coupling strength can be tuned by varying the film thickness
or applying strain [16], ultrathin TI films present an ideal plat-
form for controlled PHE generation. Furthermore, while Hall
responses are typically suppressed in systems lacking strong
spin-orbit coupling [1,18,19], ultrathin TIs exhibit robust
spin-orbit interactions, making them a promising candidate
for magnetic sensors and advanced two-dimensional devices.

We here demonstrate that intersurface hybridization,
coupled with in-plane magnetization, induces electronic
anisotropy, enabling a detectable PHE. Our analysis re-
veals that this coupling arises from second-order momentum
contributions within the hybridization gap, emphasizing the
nontrivial role of in-plane magnetization. By examining the
dependence of PHE on magnetization strength, orientation,
and film thickness, we chart out the interplay of magnetic and
electronic structure in ultrathin TI films, useful beyond this
work alone.

Additionally, we show that with further increasing in-
plane magnetization in this system, a quantum anomalous
Hall effect (QAHE) is found, extending its realm beyond
the conventional case of out-of-plane magnetization. QAHE
characterized by quantized Hall conductance without an ex-
ternal magnetic field [20], enables dissipationless edge current
transport—a key ingredient for low-power electronics, quan-
tum metrology, and topological quantum computation [9,21].
QAHE was first observed in magnetically doped TIs [20]
and later achieved in TI/ferromagnet heterostructures [22].
Our results delve deeper into the understanding of magnetic
topological insulators in the ultrathin limit, and add to their
potential for next-generation spintronics, quantum computing
technologies, and Hall sensors, where precise control of elec-
tronic and topological properties is paramount.

II. SYSTEM AND HAMILTONIAN

As a generic example, we consider an ultrathin Bi,Ses
film doped with magnetic atoms or subjected to an external
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TABLE I. Thickness-dependent parameters Ay, A, and vy for
ultrathin TI films (2-6 QLs). Values derived from experimental data
[15].

2QLs 3QLs 4QLs 5QLs  6QLs
Ag (eV) 0.126 0.069 0.035 0.020 0
A (eV A?) 21.8 18 10 5 0
vr (eV A) 3.10 3.17 2.95 2.99 2.98

magnetic field. This family of materials is well established for
their topological properties and rhombohedral crystal struc-
ture [23], with a unit cell comprising two Bi atoms and three
Se atoms known as a quintuple layer (QL) [15,23]. The ef-
fective low-energy Hamiltonian for the surface states of this
system can be described as [13,15,24]

Hp = Z (K )oorCro, M

kKoo'
where
hri(k') = (Ao — AkP)o, +vp(K' x 0), —0 -M.  (2)

Here, cz,a (cko) are the creation (annihilation) operators of
electrons, vp is the Fermi velocity, o are Pauli matrices for
spin, k' = (k., k;) is the in-plane momentum, and M is the
in-plane magnetization vector, induced by magnetic adatoms
or an external in-plane magnetic field. The intersurface hy-
bridization is captured by the momentum-dependent mass
term (Ag — A1k?) in Eq. (2), which models the tunneling-
induced energy splitting between top and bottom surface
states in ultrathin TI films, consistent with experimental ob-
servations [15].

For magnetically doped TIs, magnetic impurities dis-
tributed over the lattice sites produce a net in-plane magne-
tization M, with higher concentrations leading to increased
magnetization. While disorder-induced effects may be ex-
pected in magnetically doped ultrathin films, our study
considers the dilute doping regime, where the concentration
of magnetic impurities is sufficiently low to avoid strong
disorder and localization effects. Experimental reports on Cr-
or V-doped (Bi, Sb),Te; films have shown robustness of the
crystal structure at doping levels of 2%-5% [20,25], support-
ing the validity of our assumption. For an applied in-plane
magnetic field, the resulting magnetization arises from the
Zeeman exchange interaction induced by the field. Thus, the
effect of magnetic impurities or the magnetic field is included
as the Zeeman exchange term in the Hamiltonian [Eq. (2)].
The parameters Ag, Ay, and vr depend strongly on film thick-
ness. We compiled experimental data for these parameters at
various thicknesses [15], summarized in Table I. Both Ay and
A decrease with increasing thickness and vanish beyond the
5-QL thickness, marking the transition from the ultrathin to
bulk regime [15,26].

In-plane magnetization M is given by M = (M,, M,) =
(M cos @, M sin0), where 6 is the angle between magneti-
zation and the x axis. For samples thicker than 5 QLs, the
parameter A vanishes, and the presence of M only induces
a shift in the Dirac cone. However, for samples with thick-
nesses of 5 QLs or less, the second-order momentum term

from the hybridization gap shifts the Dirac cone’s origin
(0,0) - (M, /vr, —M,/vF) and introduces anisotropy in its
dispersion. This effect is evident when the Hamiltonian is
expanded around the shifted Dirac point at (M, /vg, —M,/vr),
as follows:

. AM?
Hp(k) = Ag — Ak” — " o+ vrp(k X 0),
F
2M A4 .
— (kysinf — ky, cos0)o. 3)
VF

As evident from Eq. (3), the coupling between in-plane mag-
netization and the hybridization gap not only introduces a
mass term of magnitude A;M?/v% to the Dirac cone but
also induces anisotropy in momentum space, characterized
by 2M A /vp (k, sin € — k, cos §). In the presence of in-plane
magnetization, the first term in the effective low-energy
Hamiltonian explicitly breaks time-reversal symmetry, while
the third term breaks inversion symmetry.

III. BAND STRUCTURE AND SPIN TEXTURE

We first analyze the band structure and spin texture of an
ultrathin TI with in-plane magnetization, highlighting how the
coupling between the hybridization gap and in-plane magne-
tization in the ultrathin regime affects these properties. For
the effective Hamiltonian described by Eq. (3), the energy
eigenvalues are given by

E, = y\/(Ao — AK? = D)’ 4 v2k2,
AIM?*  2MA,
+

2
Vg VF

D =

(ke sin® — ky cos @), )

where y = £ corresponds to the conduction and valence
bands. Figure 1 shows the Dirac energy band structure for
both the nonmagnetic and in-plane magnetized systems with
3-QL thickness. The contour plots of the quasienergy of the
conduction band E, are also displayed in the momentum
space. A comparison between the left and right panels of
Fig. 1 reveals that in-plane magnetization modifies the hy-
bridization gap at the I point and significantly deforms the
Fermi energy contours and Dirac energy band.

We also investigated the spin texture of the surface states
for an in-plane magnetized TI. The spin texture is the vector
field in momentum space representing the expectation values
of the spin orientations, calculated as

§ = 3G |u) = 3[{o0)F + (0)F + (02)2l,  (5)
where u; is the eigenstate of the effective Hamiltonian in
Eq. (3). Figure 2 shows the spin texture in momentum space
for the surface states in both thick (A ; = 0) and ultrathin
(Ao,1 # 0) regimes, specifically within the conduction band.
In the absence of a hybridization gap, Fig. 2(a) shows that,
at low energies, only in-plane spin components are present,
and the spin is locked to the momentum. This is linked to
the surface state Hamiltonian, which, without Ay and A,
involves only the o, and o, Pauli matrices. In the ultrathin
film regime, where Ay # 0 and A # 0, the Hamiltonian in-
cludes the o, term, leading to a spin texture [Fig. 2(b)] that
exhibits both in-plane and z-component spins. When in-plane
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FIG. 1. Contour plots of the conduction band quasienergy E in
momentum space for (a) the nonmagnetic system and (b) the system
with in-plane magnetization, for 3-QL thickness of the film. Dirac
energy band structure of an ultrathin TI (c) in the absence and (d) in
the presence of in-plane magnetization. The comparison shows that
in-plane magnetization not only modifies the hybridization gap but
also induces a significant deformation in both the Fermi energy
contours and the Dirac energy band structure.

magnetization is introduced, the spin texture is no longer
isotropic, as shown in Figs. 2(c)-2(e). The effect is demon-
strated for magnetization values of M = 0.1, 0.2 eV at angles
0 = /4 and 7 /2. The in-plane magnetization thus enables
tuning of the spin texture by adjusting either the magnitude
(M) or direction (angle 6) of the magnetization. Moreover, in
Fig. 3, we calculate the average spin components (S) along the
x and z directions as functions of in-plane magnetization M
and the angle 6. As shown in Fig. 3(a), for constant 8, increas-
ing M reduces (S;), which can be attributed to the decrease
in the hybridization gap, caused by the term —A;M?/vZ.
Simultaneously, (Sy) slightly increases. Fig. 3(b) shows that
when the magnetization magnitude is fixed and 6 is varied,
(S;) and (S) oscillate due to the anisotropy introduced by the
last term in the Hamiltonian [Eq. (3)].

IV. PHE AND QAHE IN ULTRATHIN TIs

Having understood the background, we next examine
the PHE and QAHE in ultrathin TI films with in-plane
magnetization. The PHE originates from an anisotropic
term in the Hamiltonian, which leads to a nontopological
Hall response. This effect results from the interaction of the
system’s electronic states with an in-plane magnetic field,
leading to longitudinal and transverse voltage generation.
In contrast, the QAHE arises from the intrinsic topology
of the electronic band structure and manifests through the

formation of chiral edge states. First, we investigated the
realization of PHE arising from the resistivity anisotropy
induced by in-plane magnetization in an ultrathin TI. We
adopt the Streda-Smrcka formalism [13,27,28] within the
Kubo formula to calculate the conductivity,

e

2
i =5 |40 2 Y Tk, 0) - 6k o)
k

Q

2h w
x v;G(k, w) — v;G"(k, w)v;[G"(k, w) — G (k, a))]},
(6)

where v; = dhyy/0k; represents the velocity operator, while
f(x) = [e¥M/ksT 1 1171 denotes the Fermi distribution
function. The retarded and advanced Green’s functions,
G''(k, w), take the form

G (k, @) = % Yl +ym-0lG Ak w). (7

y==%

In this formulation, the momentum unit vector is given by
ng = (—ky, ke, 0)/1K|.

To elucidate the impact of the modified band structure,
a perturbative approach is adopted, initiating with the intro-
duction of a weak, constant self-energy term, iX, at zero
temperature, thereby simulating a weak scalar potential. This
method is comprehensively described in Ref. [13]. All cal-
culations were carried out at zero temperature. The QAHE,
being topologically quantized, is sensitive to temperature and
typically observable below 1 K [20]. In contrast, the PHE,
which stems from band anisotropy, is more robust and has
been observed up to 30-50 K in similar systems [29]. We
therefore expect our predictions to remain experimentally
accessible in realistic low-temperature settings. Notably, the
anomalous Hall conductivity oy, exhibits symmetry with re-
spect to the magnetization, indicating a mechanism distinct
from the conventional Lorentz force. Figure 4 presents the
computed Hall resistivity, py, = 0,y /(0 + 0;3,), as a function
of in-plane magnetization magnitude and orientation angle 6.
The results demonstrate a clear trend: An increase in mag-
netization magnitude correlates with an increase in py,. Our
calculations predict that the planar Hall (sheet) resistivity
Pxy in ultrathin Bi;Se; films with in-plane magnetization can
reach values up to ~0.2%/¢> (ie., 6 Q), depending on the
film thickness, magnetization strength, and orientation. This
is comparable to the experimentally reported values (~10 €2)
in Bi,Se; films under large in-plane magnetic fields [12].
Such sufficiently large values of Hall resistivity support the
feasibility of experimental detection and control of the PHE
in ultrathin TIs according to our prescription.

The decrease in (S;) (in Fig. 3) reflects the suppression
of hybridization gap, while the increase in Hall resistivity (in
Fig. 4) arises from enhanced band anisotropy with stronger in-
plane magnetization. Furthermore, the Hall resistivity exhibits
oscillatory behavior as a function of 6, reflecting the influ-
ence of anisotropy. In fact, unlike Berry curvature-induced
PHE, our mechanism stems from inversion symmetry break-
ing due to hybridization-magnetization coupling, leading to
anisotropic band deformation in ultrathin TI films. The ob-
served Hall effect can be rationalized by considering the role
of spin-flip scattering. In the absence of band modifying, the
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FIG. 2. Spin texture in momentum space for surface states of a TI in the conduction band, shown for thick (A = 0) and ultrathin (A # 0)
regimes. (a) In the absence of a hybridization band gap, the spin is locked to the momentum with only in-plane components. (b) In the ultrathin
regime with nonzero band gap (here, for thickness 3 QLs; cf. Table I), both in-plane and z-component spins appear. (c)—(e) The effect of

in-plane magnetization magnitude (M = 0.1, 0.2 eV) and direction (6 = 7 /4, 7 /2) on the spin texture, demonstrating tunability.

energy dispersion Ej, remains isotropic with respect to the
momentum angle, resulting in the cancellation of the spin-flip
contribution ny, - o upon angular integration. However, the
introduction of a finite change induces an angular dependence
in Ey, proportional to M.k, — M,k,, disrupting this cancel-
lation. Physically, the inherent prohibition of backscattering
between states |k) and | — k) is lifted along the field direc-
tion, a consequence of the nonorthogonal spin orientations, s
and s_y, arising from the elliptical deformation of the Fermi
surface, as depicted in Fig. 1.

We also investigated the QAHE arising from the coupling
between intersurface tunneling and in-plane magnetization
in ultrathin TIs. In thick TIs, out-of-plane magnetization
or a mass term for the Dirac cone breaks time-reversal
symmetry, leading to QAH or Chern insulator states [9],
characterized by the topological invariant C, representing the
number of chiral edge states. In ultrathin magnetic TIs, two
energy gaps emerge: the hybridization gap, from the cou-
pling of top and bottom surface states, and the magnetic
exchange gap induced by magnetization [16,17]. The compe-
tition between these gaps determines the system’s topological
phase. When the magnetic exchange gap dominates, the QAH
state with Chern number C = *1 appears, while a domi-
nant hybridization gap results in a trivial state with C = 0.

(a)e=1/, (b) M=0.1ev
0.65 0.8
0.6
0.6
——(Sx)
@055 | = (S,)
0.4
0.45 0.2
0 0.05 0.1 0 1 2
M (eV) 0/

FIG. 3. Average spin components (S,) and (S;) as a function of
(a) magnetization magnitude M and (b) magnetization angle 6, for a
3-QL TI film.

Thus, a strong magnetic exchange gap is required for the
QAH state.

In ultrathin TIs with in-plane magnetization, the coupling
between the magnetization and surface states induces a mass

(a)
0.04
e _ TC
0.03 =6
o= TC
> T4
& 002 T
—3
0.01
0.0
0 0.1 0.2
M (eV)
(b)
0.01

0.005

0.0

-0.005

-0.01
0 /3 2m /3 s
0

FIG. 4. Calculated Hall resistivity (o,,) as a function of (a) in-
plane magnetization magnitude (3-QL film) and (b) orientation angle
6 (2-5 QL films). The plot demonstrates a direct correlation between
magnetization magnitude and p,,, while the oscillatory behavior with
respect to 0 indicates the influence of magnetic anisotropy on the
Hall resistivity.
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FIG. 5. Dependence of the hybridization gap on in-plane mag-
netization for ultrathin TIs with thicknesses of 2-5 QLs. For
magnetization values above My,, the system transitions into the QAH
phase with a Chern number C = —1, leading to a quantized Hall
conductance of —e?/h.

term —A;M?/vz in Eq. (3), acting as a magnetic exchange
gap. This reduces the hybridization gap, and when large
enough, can induce a topological phase transition into the
QAH state by closing and reopening the gap. Figure 5 shows
how the hybridization gap varies with in-plane magnetization.
The threshold magnetization (My,) for the QAH state depends
on thickness, with values of 0.234, 0.196, 0.174, and 0.188 eV
for samples with 2-5 QLs, respectively. For magnetization
above these thresholds, the system enters the QAH phase, with
chiral edge states. Due to the negative magnetic exchange gap,
the system hosts a QAH state with Chern number C = —1,
and the Hall conductance is quantized as o, = —e*/h. In
contrast to thicker TIs, a sufficiently strong in-plane magne-
tization alone can induce the QAHE in ultrathin TIs.

It is important to emphasize that, although our numerical
results are based on Bi,Se;, the effective Hamiltonian in-
troduced in Eq. (2) is generic for two-dimensional massive
Dirac systems. Consequently, our key findings regarding the
PHE and the QAHE are expected to be broadly applicable to
a wide class of similar materials, exhibiting Dirac-like surface
states and intersurface hybridization. The predicted phenom-
ena can be experimentally verified in ultrathin Bi,Se; Hall-bar
devices, either magnetically doped [20] or subjected to an
in-plane magnetic field [30]. The signatures of the predicted
features can be distinguished by measuring the angular de-
pendence of the transverse or longitudinal resistivity under
rotation of the in-plane magnetic field [31,32].

V. CONCLUSIONS

In conclusion, we have demonstrated that ultrathin
topological insulator (TI) films, characterized by strong
intersurface hybridization, exhibit a planar Hall effect
(PHE) when subjected to in-plane magnetization. PHE
stems from the magnetization-induced electronic anisotropy
in this system, overcoming the conventional restrictions
in strictly two-dimensional TIs. Such an anisotropic
transport response to coplanar electric and magnetic
fields in quasi-two-dimensional topological materials, be-
sides generating PHE, further expands the already rich
realm of magnetism-induced phenomena in topological
systems [21,33].

Furthermore, we demonstrated that a sufficiently strong
in-plane magnetization can induce an effective mass in the
Dirac spectrum, leading to a stabilized quantum anomalous
Hall effect (QAHE)—a behavior traditionally linked to the
presence of out-of-plane magnetization. Our findings thus
present an alternative mechanism for realizing such magnetic
topological phases in ultrathin TIs, beyond the established
frameworks.

Having provided deeper insights into the coupling be-
tween magnetization, hybridization, and electronic structure
in ultrathin TIs, we argue that thin TI films are a particu-
larly convenient tunable platform for exploring (magnetic)
topological phases. The here reported planar Hall response
in such systems not only contributes to fundamental under-
standing but also offers practical implications, such as the
diagnostic tool for identifying topological phase transitions
[4], distinguishing bulk versus surface conduction [34], and
providing precise control over current modulation based on
the magnitude and orientation of the magnetic field. These
features make PHE valuable for developing spin-based sen-
sors, programmable magnetoresistive logic, and platforms for
Majorana mode manipulation in quantum technology [35,36].
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