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Impact of stealthy hyperuniform magnetic impurity configurations on bulk magnetism
in a two-dimensional Heisenberg model
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We investigate an antiferromagnetic quantum Heisenberg model on a square lattice with high-spin mag-
netic impurities to clarify how random and stealthy hyperuniform impurity configurations influence the bulk
magnetic properties. Stealthy hyperuniform configurations are generated using generalized cost functions that
interpolate between square-lattice-like and triangular-lattice-like arrangements. Using linear spin-wave theory
for the mixed-spin model, we demonstrate that triangular-lattice-like arrangements yield a larger average
staggered magnetization than both random and square-lattice-like cases. This enhancement originates from
sublattice effects: while the square-lattice-like configuration enforces nearest-neighbor impurities to occupy
opposite sublattices due to its bipartite structure, the triangular-lattice-like arrangement allows same-sublattice
nearest-neighbor pairs, thereby strengthening cooperative magnetic enhancement.
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I. INTRODUCTION

Quantum spin systems have been intensively studied since
the discovery of high-temperature superconductivity and are
known to exhibit a wide variety of magnetic phases driven by
quantum fluctuations. In particular, mixed-spin systems have
attracted growing interest since they host magnetic properties
that do not arise in uniform-spin models. Indeed, exist-
ing compounds such as magnetite Fe;O4 [1], spinel ferrites
MFe;04 (M = Co, Mg, Mn, Zn, etc.) [2], double perovskite
compounds [3], and mixed-spin chain compounds R,BaNiOs
(R = Nd, Pr) [4-6] provide representative realizations of
such mixed-spin systems. Previous theoretical studies have
largely focused on single-impurity problems [7-12] or ideal-
ized periodic systems [13—27], whereas the impact of impurity
configurations has received less systematic attention.

More recently, high-entropy oxides, characterized by the
random intermixing of multiple magnetic ions, have attracted
broad attention since they exhibit strong compositional dis-
order and provide a prominent experimental platform for
studying mixed-spin systems [28—32]. These compounds have
been extensively studied for their magnetic behavior [33,34],
reversible energy storage capabilities [35-37], exceptionally
high dielectric constants [38], electrostatic charge transfer
[39], and catalytic performance [40]. Although the mag-
netic ions in high-entropy oxides are randomly distributed,
some of them are known to exhibit antiferromagnetic order
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[41,42]. These materials highlight the importance of under-
standing how spatially inhomogeneous spin configurations
influence magnetic order. However, the randomness inherent
in high-entropy oxides limits systematic control of spatial cor-
relations. Thus, it is highly desirable to systematically clarify
how the spatial configurations of magnetic ions (impurities)
affect magnetic properties.

The concept of hyperuniformity [43,44] provides a useful
and systematic framework for classifying point distributions
based on their long-range behavior. The point configuration is
called hyperuniform if its local variance in a spherical window
of radius R grows more slowly than the window volume for
large R. The periodic and quasiperiodic point configurations
are hyperuniform, and their order metrics, which measure the
degree of the regularity of the point configuration, have been
examined [43—47]. Disordered hyperuniform point patterns
have been actively investigated in recent years [48-52] and
are known to appear in a variety of fields such as soft matter
[53,54], solids [55,56], active matter [57], biology [58], and
cosmology [59]. A particularly useful subclass is the stealthy
hyperuniform (SHU) system, characterized by the structure
factor S(k) = 0 for 0 < |k| < K [60-62], where K is a cer-
tain cutoff parameter. It remains unclear whether the unique
geometric correlations of SHU structures can induce local
magnetic ordering in mixed-spin systems that is distinct from
that in random configurations. So far, the SHU structures are
known to influence physical properties in photonic materials
[63-67], and their impact on quantum spin systems remains
largely unexplored [68].

In our study, we consider an antiferromagnetic quantum
Heisenberg model on a square lattice with high-spin mag-
netic impurities as a minimal theoretical setting. Using linear
spin-wave theory, we take quantum fluctuations into account
and study how their configurations affect the bulk staggered
moments. We find that the average staggered magnetization is
strongly affected by whether nearest-neighbor impurity pairs
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FIG. 1. Antiferromagnetic quantum Heisenberg model with
higher-spin impurities. Shaded areas represent the supercells. The
coordinate of a lattice site is expressed as R; +§,,, where R;
is the coordinate of the ith supercell and §,, is the relative coordinate
of the mth site within the supercell.

occupy the same or opposite sublattices, leading to either
enhancement or suppression of the local magnetic moments
depending on their relative positions. In contrast to random
and square-lattice-like SHU arrangements, triangular-lattice-
like SHU impurity configurations exhibit a larger staggered
magnetization.

The paper is organized as follows. In Sec. II, we first
introduce the mixed-spin antiferromagnetic Heisenberg model
on a square lattice, and explain the spin-wave theory for
evaluating magnetic properties. The procedures for generating
SHU point patterns are also given. In Sec. III, we present
the numerical results, analyzing the staggered magnetization
for different impurity configurations. Finally, conclusions are
given in Sec. IV.

II. MODEL AND METHODS

We consider the two-dimensional antiferromagnetic quan-
tum Heisenberg model on a square lattice, which is described
by the Hamiltonian

H=J)"5;-S;. 1)
(ij)

where S; denotes the spin operator at site i. Here, J is the anti-
ferromagnetic exchange coupling constant and the summation
runs over all nearest-neighbor pairs (i ).

In this paper, we study the effect of higher-spin magnetic
impurities embedded in a conventional antiferromagnet on
a square lattice with uniform spins S = 1/2, as shown in
Fig. 1. Since the square lattice is bipartite, the lattice sites are
divided into A and B sublattices, such that nearest-neighbor
sites belong to different sublattices. We introduce magnetic
impurities with spin S = 2; that is, the local spin magnitude
is taken as S; = 1/2 for the host sites, and S; = 2 for the im-
purity sites. To ensure that the antiferromagnetically ordered
ground state is realized without a net uniform magnetization,
the magnetic impurities are introduced in equal numbers on
each sublattice. For the numerical calculations, we consider a
spin system with N = L x L sites as a supercell, and construct
a periodic structure by repeating this supercell, where L is an
even number. Periodic boundary conditions are imposed with

a period Ln, where n is a positive integer representing the
number of supercells along each direction. In the following,
the coordinate of a site is represented as R; + §,,, where R;
is the coordinate of the ith supercell and §,, is the relative
coordinate of the mth site within the supercell.

To examine magnetic properties in the mixed-spin system,
we use linear spin-wave theory based on the 1/S expansion.
Specifically, we employ the Holstein-Primakoff transforma-
tion [69], where the spin operators are expressed for the
sublattice A,

S% =Sy —al dim, )

S;:,, =y 2Sm - aj'-maim Aim =~/ 2Sm Aims (3)

and for the sublattice B,
Sin = —Sm + @} dim, €

S5 = ahy VBn — atam = By O

where afm(a,-m) creates (annihilates) a boson at the mth site in
the ith supercell.
Furthermore, we use the Fourier transform as

1
im = = Y _ g explieyk - (Ri +8,,)], (6)
n k

where €,, = +1(—1) when the site m belongs to the sublat-
tice A (B) and the wave vector is defined as k = (ky, k,) =
(2nne/(Ln), 27n,/(Ln)) with n, =0,1,2,...,n -1 (a =
x, y). To leading order, the Hamiltonian Eq. (1) reads

B /’l Ak aj
ez ey )G o

where @y = (ay; ara -+ agy)'. The diagonal matrix £ is given

as

1
T = 58 Y, S, ®)
IeNN(m)

where NN(m) denotes the set of nearest-neighbor sites of site
m, and

1 i€ k-d
B =5 D VSuSue ™t ©)

deNN(m—n)

where d is the displacement vectors from site m to a nearest-
neighbor site n.

To diagonalize the quadratic bosonic Hamiltonian in
Eq. (7), we perform a Bogoliubov transformation:

aj Uy U;: bk
L] = 1
(@)= (2 )G) "

where by = (by1 byy -+ - biy)' and by, (bzm) denotes the an-
nihilation (creation) operator of the quasiparticle, and u and
v are the N x N matrices. Details of the diagonalization
procedure are given in the Appendix. Then, we obtain

H =" mbf,bim- (1)
km

where wy,, is the quasiparticle excitation energy.
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Taking the expectation value with respect to the ground
state of the Hamiltonian Eq. (11), we obtain the magnetization
at site m within a unit cell given by

(55 = en [sm - z<a;,,,akm>]

k

L 2
=em[sm—<§) / dk;|(vk>mn|2}, (12)

where (A) is the expectation value of A. Using this local
magnetization, the spatially averaged staggered magnetization
is given as

1 .
Map =+ %:em(s;m). (13)

Diagonalizing the spin Hamiltonian, we examine bulk mag-
netic properties of an infinite system constructed by pe-
riodically repeating the supercell. For the clean spin-1/2
antiferromagnetic system on the square lattice, the staggered
magnetization Mar = my(~ 0.3034), which serves as a base-
line for evaluating the effects of impurities.

A. Spatial configurations of magnetic impurities

In this study, we discuss how the spatial configurations of
the magnetic impurities affect bulk magnetic properties in the
mixed-spin model. The magnetic impurities in the supercell
are specified by r?’), where £ and y denote the site and sublat-
tice indices, respectively. The structure factor is then defined
by [70]

2

1
Sty =+ ;py(k) : (14)
MOED IS (15)
4

where N’ is the number of magnetic impurities in the super-
cell, and p, (k) is the Fourier transform of the coordinates of
the magnetic impurities in the sublattice y. When periodic
boundary conditions are imposed on the supercell, the al-
lowed component of k is given by k, = 2mn, /L with integers
ng(@ = x,y).

To generate a point pattern with a certain structure factor,
we introduce the objective function ® (= 0), given by

O({r), ) =Y VEISU) — S K, (16)
k

where Sireei (k) is the target structure factor, and V (k) is the
window function. By minimizing the objective function with
respect to {r“} and {r®®}, one can obtain the point pattern
corresponding to the target structure factor.

In this study, we focus on the SHU point patterns, which
are characterized by S(k) =0 for 0 < |k| < K. The target
structure factor and window function are given as

Starget(k) = 07 (17)

Vg (k) = 0(K — |k)), (18)

where K is a positive number and 6(x) is the Heaviside step
function. It is known that when K increases, points tend to
separate from each other, and the nearest-neighbor interpoint
distance becomes larger and more uniform. For sufficiently
large K, long-wavelength density fluctuations in the point
pattern are suppressed over the constrained range of wave
vectors, and the configuration within the finite supercell devel-
ops an increasingly uniform, triangular-lattice-like ordering.
This behavior is qualitatively analogous to that observed in
stealthy hyperuniform point patterns generated in continuous
space, where small-wave-number density modes are similarly
constrained [71].

To discuss how the configuration of magnetic impurities
affects the bulk magnetization, we also consider an alternative
objective function which confines the magnetic impurities to
a single sublattice y. The objective function is defined as

@, ({r"}) = > _ Vi, (OIS, (k) = Surga ), (19)
k

where S, (=21 p,| 2/N') is the structure factor for the mag-
netic impurities in the sublattice y. Using this definition, one
can consider the total cost function as

UV=(1-0)P+c)y o, (20)
Y

where c is a constant. When ¢ = 0 and K is large, minimizing
the cost function drives the magnetic impurities to separate
from each other, resulting in a triangular-lattice-like spatial
configuration. The impurity configuration for ¢ = 0 and K =
1.2 is referred to as the configuration (I). When ¢ = 1/2, and
K and K, are large, the cost function additionally favors spa-
tial separation among impurities within the same sublattice. In
this case, the resulting impurity arrangement becomes square-
lattice-like. The impurity configuration forc = 1/2, K = 1.1,
and K4 = Kp = 0.8 is referred to as configuration (II). Con-
figurations (I) and (II) are schematically shown in Fig. 2. This
cost function allows us to account for not only the stealthiness
of the magnetic impurities as a whole but also the stealthiness
of impurity distributions within each sublattice.

Before discussing the effects of impurity configurations,
we first examine how a single magnetic impurity affects
the magnetic properties of the § = 1/2 quantum Heisen-
berg model. To this end, we consider the S = 1/2 quantum
Heisenberg model with L = 16, into which two isolated § = 2
spins are introduced as magnetic impurities. This allows us
to maintain a zero total uniform magnetization within spin-
wave theory while focusing on the local physics of a single
impurity. By using Eq. (12), we obtain the magnetic moment
for each site. The local magnetization profile around one of
the magnetic impurities is shown in Fig. 3(a). We find that
the magnetic moment at the S = 2 impurity site is renor-
malized down to approximately 1.47, which is significantly
smaller than the value ~1.8 obtained for a quantum Heisen-
berg antiferromagnet with a uniform spin § = 2 [72]. This
substantial reduction reflects quantum fluctuations originating
from the surrounding S = 1/2 spin background. In contrast to
the S = 2 impurity spins, the moments for the surrounding
S =1/2 spins become larger due to quantum fluctua-
tions. In fact, enhanced magnetic moments are observed
in the vicinity of the impurity, particularly on nearby sites
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FIG. 2. (a) SHU impurity configurations (I). Large red and blue
circles represent impurities in the sublattices A and B, respectively.
The gray circles represent S = 1/2 host spins. (b) Structure factor
S(k) of the configuration (I). Dashed line indicates the boundary of
the window function. (c) SHU impurity configurations (II) and its
structure factors (d) S(k), (e) Sa(k), and (f) Sz(k).

belonging to the same sublattice as the impurity site. In con-
trast, when the nearest-neighbor sites of the impurity belong to
the opposite sublattice, the magnetic moments remain nearly
unchanged. This behavior is clearly illustrated in Fig. 3(b),
where the magnetization on the same sublattice exhibits a
strong distance dependence from the impurity, whereas that
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FIG. 3. (a) Local magnetization profile around an isolated mag-
netic impurity. A red circle denotes the S = 2 spin. The magnitude
of the magnetic moment is represented by the density plot, with
red (blue) corresponding to the same (opposite) sublattice as the
impurity site. (b) Squares (circles) represent the magnitudes of the
local magnetization in the same (opposite) sublattice as an isolated
impurity as a function of the distance £ from the impurity site.

on the opposite sublattice shows only a weak dependence.
Thus, a higher-spin impurity generates sublattice-dependent
magnetic correlations extending over several lattice spacings
[7,8,12]. This observation implies that the relative sublattice
positions of multiple impurities should play an important role
in determining the magnetic properties when a finite impurity
concentration is introduced.

III. CONFIGURATION DEPENDENCE
IN THE MAGNETIZATION PROFILE

In this section, we focus on dispersed impurity config-
urations in the system with L = 16, fixing the impurity
concentration at 10/256. Magnetization profiles for the ran-
dom and SHU configurations (I) and (II) are shown in
Figs. 4(a)-4(c). When the magnetic impurities are spatially
well separated, local magnetic structures similar to those in-
duced by a single impurity as discussed above emerge in the
vicinity of each impurity. Namely, sublattice-dependent mag-
netic correlations develop locally around individual impurity
sites. We therefore focus on how these local responses com-
bine to form cooperative magnetic correlations. In the system
with randomly distributed impurities, both the distances
between impurities and the sublattices of nearest-neighbor im-
purities depend on the local spatial arrangement. As a result,
magnetic correlations are locally enhanced in some regions,
while they are suppressed in others, as shown in Fig. 4(a).
However, in the SHU impurity configuration, the distances be-
tween nearest-neighbor impurities are nearly uniform. In this
case, the sublattice arrangement of nearest-neighbor impuri-
ties becomes the dominant factor controlling the cooperative
magnetic response. In configuration (I), the impurity distri-
bution becomes more uniform and shows a tendency toward
a triangular-lattice-like arrangement, reflecting the suppres-
sion of long-wavelength density fluctuations. In this case,
nearest-neighbor impurity pairs sometimes belong to the same
sublattice, which strongly enhances magnetic correlations be-
tween these impurities, as shown in Fig. 4(b). This leads to
an overall enhancement of the magnetization. By contrast,
in configuration (II), the magnetic impurities are located on
square-lattice-like sites. In this case, magnetic correlations are
not cooperatively enhanced since nearest-neighbor impurity
pairs belong to distinct sublattices, as shown in Fig. 4(c).

The above results for the systems with dispersed impurity
configurations suggest that the sublattice structure of nearest-
neighbor impurities plays an important role in enhancing
magnetic correlations throughout the system. Motivated by
this result, one might expect that the larger staggered magne-
tization is realized in the clustered structure. To examine this
expectation, we consider two clustered configurations with the
same impurity concentration. Local magnetization profiles are
shown in Figs. 4(d) and 4(e). When all magnetic impurities are
clustered, enhanced magnetization appears only in the vicinity
of the cluster, while little enhancement is observed away from
it, as shown in Fig. 4(d). This behavior indicates that the
large magnetic moments in the cluster, composed of S =2
spins, tend to partially screen each other due to quantum fluc-
tuations, resulting in suppressed magnetic correlations away
from the cluster. Similar suppressions are clearly observed
when two adjacent magnetic impurities are introduced into the
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(b)

(e)

FIG. 4. Magnetization profiles of the spin system on a 16 x 16 square lattice with 10 impurities arranged in (a) a random configuration,
(b) configuration (I), and (c) configuration (II). Panels (d) and (e) show the results for systems with clustered impurity configurations. Red
(blue) circles denote S = 2 spins on sublattice A (B). The magnitude of the local magnetic moment is represented by the density plot, with red

(blue) corresponding to sublattice A (B).

spin system. In this case, their magnetic moments are strongly
reduced ~1.2, and little enhancement is observed outside the
S = 2 dimer (not shown). This is analogous to the well-known
fact that a magnetic dipole produces only a tiny magnetic field
at long distances. Therefore, this clustered impurity configu-
ration leads to a small bulk staggered magnetization.

By contrast, in a clustered system where each cluster is
composed of impurities belonging to only one sublattice,
magnetic correlations are cooperatively enhanced both in-
side and around the clusters, as shown in Fig. 4(e). This
leads to a significantly larger bulk staggered magnetization
of Mar = 0.39. These results demonstrate that clustering
alone is not sufficient to maximize the average staggered
magnetization; rather, the sublattice-dependent arrangement
of impurities is essential for achieving cooperative mag-
netic enhancement across the system. Next, we examine
the statistical properties of the bulk staggered magnetization
over independent impurity configurations. Figure 5 shows
the histogram of the staggered magnetization in quantum
spin systems with randomly distributed impurities and SHU
configurations (I) and (II). We find that the staggered mag-
netization is widely distributed for the random impurity
configurations since the magnetic properties strongly depend
on the specific impurity realization. The average value is
Mar = 0.3729 with a standard deviation o = 0.0041. By
contrast, in the SHU configurations, the distances between

N
(3
(e}

200

Probability density

0.36

FIG. 5. Normalized histograms of the average sublattice mag-
netization Mur for random and SHU impurity configurations.
Comparison between random point patterns (blue, 100 samples) and
SHU configuration (I) (green, 40 samples). Dashed lines indicate
the corresponding mean values. Comparison between random point
patterns (blue, 100 samples) and SHU configuration (II) (red, 40
samples).

nearest-neighbor impurities are nearly identical, and all sam-
ples share similar structural properties. Configuration (I)
nevertheless exhibits a larger sample-averaged staggered mag-
netization with Mar = 0.3759 and o = 0.001. In the system
with SHU configuration (II), where the square-lattice-like im-
purity arrangement is realized, the staggered magnetization is
much more narrowly distributed, with Map = 0.3735and o =
0.0004. These results can be understood as follows. In the
triangular-lattice-like configuration, impurities are arranged
at nearly uniform distances, and nearest-neighbor pairs are
not constrained to belong to opposite sublattices. This allows
same-sublattice impurity pairs to form, leading to a cooper-
ative enhancement of the average staggered magnetization.
In contrast, the square-lattice-like configuration, despite its
nearly uniform impurity spacing, enforces opposite-sublattice
nearest-neighbor pairs due to its bipartite structure. Conse-
quently, such cooperative enhancement does not occur. In
the random configuration, short-distance impurity pairs may
appear on either the same or opposite sublattices. Because
these enhancing and suppressing effects occur with compa-
rable probability, they statistically compensate each other,
resulting in an average magnetization similar to that of the
square-lattice-like configuration.

We clarify how the average sublattice magnetization corre-
lates with spatial configurations among S = 2 impurity spins.

Here, we define a quantity characterizing the spatial con-
figuration of the § = 2 impurities as

2 N eeexp| - (MY
FUD = S @Z,-;Ele] exp[ 2( 2) } @1)

where r; is the coordinate of the ith impurity, N, is the total
number of S =2 impurities, and r;; = |r; — r;|. The quan-
tity takes larger values when spins belonging to the same
sublattice, both with magnitude S = 2, are located close to
each other, reflecting strong short-range alignment within the
sublattice. Conversely, if spins with S = 2 from different sub-
lattices are close to each other, their contributions partially
screen out, resulting in smaller values. Thus, this quantity
serves as a measure of the averaged staggered magnetization
induced by the impurity configuration.

Figure 6 presents a scatter plot of this quantity obtained
from independent samples for the random configurations, and
the SHU configurations (I) and (II). First, we find that the
values calculated for various impurity distributions collapse
onto a single curve. This fact indicates that the curve captures
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FIG. 6. Relationship between the average sublattice magnetiza-
tion Mar and the quantity F({r}) [see Eq. (21)]. Blue, green, and
red circles represent the results for random configurations, configu-
rations (I) and configuration (II).

the dominant dependence of the magnetic response on the
impurity configuration, in the sense that the results for both
random and stealthy hyperuniform impurity distributions are
approximately collapsed onto the same curve. As Map in-
creases, this quantity increases monotonically. Therefore, the
curve F mainly summarizes the dependence of the magnetic
response on Mar. Moreover, it is immediately seen that con-
figuration (I) yields systematically larger average values than
configuration (II), reflecting the stronger short-range correla-
tions among same-sublattice impurities in configuration (I).
This behavior is consistent with the fact that the averaged
staggered magnetization is enhanced when impurities on the
same sublattice are located close to each other. Although the
present study is limited to relatively small system sizes and
a single impurity density, the observed correlation between
My and F ({r}) suggests that the quantity provides a useful
quantification of local spin correlations and can serve as a
complementary tool for characterizing the spatial structure
of mixed-spin systems. Overall, our results indicate that the
magnetic properties can be systematically characterized from
the spatial arrangement of magnetic impurities, which may
serve as a guideline for designing systems with enhanced
magnetic moments.

IV. CONCLUSIONS

We have investigated the effects of spatial impurity config-
urations in a mixed-spin antiferromagnetic Heisenberg model
on a square lattice. By systematically comparing random and
stealthy hyperuniform impurity arrangements within linear
spin-wave theory, we demonstrated that stealthy hyperuni-
form configurations lead to a markedly reduced variance in
the distribution of the staggered magnetization, indicating
more uniform magnetic responses across impurity realiza-
tions. Moreover, we demonstrated that triangular-lattice-like
stealthy hyperuniform configurations yield a larger average
staggered magnetization than both random and square-lattice-
like arrangements. This enhancement originates from the
sublattice dependence of nearest-neighbor magnetic impuri-
ties: impurities located on the same sublattice cooperatively
enhance local magnetic moments, whereas those on op-
posite sublattices suppress them. Our results highlight the
importance of controlled spatial correlations in impurity

configurations and demonstrate that hyperuniform structures
provide a powerful framework for engineering magnetic prop-
erties in mixed-spin quantum systems.
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APPENDIX: DETAILED CALCULATION
FOR THE BOGOLIUBOV TRANSFORMATION

In this Appendix, we give the detailed calculation for
choosing the matrix given in Eq. (10) in the Bogoliubov
transformation. First, we define

o R (A1)
\alow )
Goemp=|" M (A2)
where H, is the matrix given in Eq. (7), and
P =diag(1,...,1,—1,...,—1). (A3)
——
N N

We consider the following eigenvalue problem, which is nec-
essary to diagonalize Eq. (A2):

~ Wlm

Hy Wy = T‘lfkm- (A4)
Here, we introduce a generalized inner product, which al-
lows us to diagonalize the equation given in Eq. (A2). This
generalized inner product is necessary because the standard
inner product does not always guarantee the orthogonality or
normalization of the eigenvectors:

Wi © Whw = W, PWyy, (A5)
which satisfies
Pk © Wiew )" = Vg 0 Yo,
Win © (HeWio ) = (HWiom) © Wi (A6)

Since the generalized inner product defined in Eq. (AS) does
not fix the magnitude of the vectors, proper normalization and
orthogonality condition must be imposed as follows:

(Sm,mH if Wg,.m > O»

\I"km o \llkm’ = (A7)

_8m,m/a if Wk.m < 0.

Regarding the eigenvalues wg,,, the Hamiltonian in Eq. (A2)
always has real eigenvalues that are either positive or negative.
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To demonstrate this, we introduce the operator C to represent
complex conjugation and define the block matrix M as

0 FE
where E is the identity matrix. Then, we have
AL(CM W) = —CMH Wiy = =52 (CM W), (A9)

This shows that CM ¥y, is also an eigenvector of Hj with
eigenvalue —wy,, /2, demonstrating the symmetric structure of
the eigenvalues. We also define a set of eigenvectors of H as
Vk, which is given by

Vie= Wity oy Wiems - -, Wiy
CMyy, ...,.CMyy, ..., CMWyy). (A10)
which is a2N x 2N matrix. By using Eq. (A7), Vj satisfies the

following generalized normalization and orthogonality condi-
tion

V,PVi = P. (A1)

To perform the final step of the diagonalization procedure,
we introduce the relation between Vi and 2, where 2 is
the diagonal matrix of eigenvalues obtained from the final
diagonalization of H; in Eq. (Al):

Qp = diag| w1, ..., OkN, Wkt - .., OkN (A12)
N N
The relation between Vj and €2 is then given by
ViS4 P = Hi V. (A13)

Since we also require an explicit matrix form of the Bogoli-
ubov transformation matrix in Eq. (10), we choose the matrix

Uy as
Ur = PVP. (A14)
We can determine the form of Uy based on Eq. (A10):
u vy
U, = < * ") (A15)
Uk U
For convenience, we rewrite the vectors in Eq. (10) as
ay
Ar = ] (A16)
a;
by
Iy = ) (A17)
b
k

where a; and by, are bosonic operators, so U must satisfy a
condition that preserves the bosonic commutation relations of
Ay and I'y. This condition is expressed as

U, PUy = UyPU, = P. (A18)

This choice of the form of Uy in Eq. (A14) is made specif-
ically to ensure that Eq. (A18) is automatically satisfied. By
substituting Egs. (10), (A2), and (A11)-(A18) to Eq. (7), we
can diagonalize the Hamiltonian H as

AjH{ Ay = T U/ H,U;T
= I} PV, PH PPV PTy
=T, %Ik (A19)

By using Eq. (A14), we can derive the final diagonalization
relation Eq. (A19) and also compute Eq. (12) in numerical
calculations.

[1] E. J. W. Verway, Electronic conduction of magnetite (Fe;O4)
and its transition point at low temperatures, Nature (London)
144, 327 (1939).

[2] D. S. Mathew and R.-S. Juang, An overview of the structure and
magnetism of spinel ferrite nanoparticles and their synthesis in
microemulsions, Chem. Eng. J. 129, 51 (2007).

[3] S. Vasala and M. Karppinen, A,B'B”Og¢ perovskites: A review,
Prog. Solid State Chem. 43, 1 (2015).

[4] V. Sachan, D. J. Buttrey, J. M. Tranquada, and G. Shirane,
Neutron-scattering study of magnetism in Nd,BaNiOs, Phys.
Rev. B 49, 9658 (1994).

[5] A. Zheludev, J. M. Tranquada, T. Vogt, and D. J. Buttrey,
Magnetic excitations and soft-mode transition in the quasi-
one-dimensional mixed-spin antiferromagnet Pr,BaNiOs, Phys.
Rev. B 54, 6437 (1996).

[6] A. Zheludev, J. M. Tranquada, T. Vogt, and D. J. Buttrey,
Magnetic excitations and soft-mode transition in Pr,BaNiOs,
Europhys. Lett. 35, 385 (1996).

[7] V. N. Kotov, J. Oitmaa, and O. Sushkov, Magnetic impurity in
the two-dimensional Heisenberg antiferromagnet, Phys. Rev. B
58, 8495 (1998).

[8] V. N. Kotov, J. Oitmaa, and O. Sushkov, Local magnetic
impurities in the two-dimensional quantum Heisenberg antifer-
romagnet, Phys. Rev. B 58, 8500 (1998).

[9] K. H. Hoglund and A. W. Sandvik, Impurity effects at finite
temperature in the two-dimensional S = 1/2 Heisenberg antifer-
romagnet, Phys. Rev. B 70, 024406 (2004).

[10] K. H. Hoglund and A. W. Sandvik, Susceptibility of the 2D
spin—% Heisenberg antiferromagnet with an impurity, Phys. Rev.
Lett. 91, 077204 (2003).

[11] A. Liischer and O. P. Sushkov, Long-range dynamics of mag-
netic impurities coupled to a two-dimensional Heisenberg
antiferromagnet, Phys. Rev. B 71, 064414 (2005).

[12] S. Shinkevich, O. F. Syljudsen, and S. Eggert, Spin-wave cal-
culation of the field-dependent magnetization pattern around
an impurity in Heisenberg antiferromagnets, Phys. Rev. B 83,
054423 (2011).

[13] M. Fujii, S. Fujimoto, and N. Kawakami, Magnetic and critical
properties of alternating spin chain with S = 1/2, 1 in magnetic
fields, J. Phys. Soc. Jpn. 65, 2381 (1996).

[14] S. K. Pati, S. Ramasesha, and D. Sen, Low-lying excited states
and low-temperature properties of an alternating spin-1-spin-

024403-7


https://doi.org/10.1038/144327b0
https://doi.org/10.1016/j.cej.2006.11.001
https://doi.org/10.1016/j.progsolidstchem.2014.08.001
https://doi.org/10.1103/PhysRevB.49.9658
https://doi.org/10.1103/PhysRevB.54.6437
https://doi.org/10.1209/epl/i1996-00124-7
https://doi.org/10.1103/PhysRevB.58.8495
https://doi.org/10.1103/PhysRevB.58.8500
https://doi.org/10.1103/PhysRevB.70.024406
https://doi.org/10.1103/PhysRevLett.91.077204
https://doi.org/10.1103/PhysRevB.71.064414
https://doi.org/10.1103/PhysRevB.83.054423
https://doi.org/10.1143/JPSJ.65.2381

ASAKURA, YAMAMOTO, AND KOGA

PHYSICAL REVIEW B 114, 024403 (2026)

1/2 chain: A density-matrix renormalization-group study, Phys.
Rev. B 55, 8894 (1997).

[15] A. K. Kolezhuk, H.-J. Mikeska, and S. Yamamoto, Matrix-
product-states approach to Heisenberg ferrimagnetic spin
chains, Phys. Rev. B 55, R3336 (1997).

[16] A. K. Kolezhuk, H.-J. Mikeska, K. Maisinger, and U.
Schollwock, Spinon signatures in the critical phase of the 1, %
ferrimagnet in a magnetic field, Phys. Rev. B 59, 13565 (1999).

[17] F. C. Alcaraz and A. L. Malvezzi, Critical behaviour of mixed
Heisenberg chains, J. Phys. A: Math. Gen. 30, 767 (1997).

[18] S. Brehmer, H.-J. Mikeska, and S. Yamamoto, Low-temperature
properties of quantum antiferromagnetic chains with alternating
spins and, J. Phys.: Condens. Matter 9, 3921 (1997).

[19] S. Yamamoto, S. Brehmer, and H.-J. Mikeska, Elementary ex-
citations of Heisenberg ferrimagnetic spin chains, Phys. Rev. B
57, 13610 (1998).

[20] A. Koga, S. Kumada, N. Kawakami, and T. Fukui, Mixed-spin
ladders and plaquette spin chains, J. Phys. Soc. Jpn. 67, 622
(1998).

[21] S. Yamamoto and T. Fukui, Thermodynamic properties
of Heisenberg ferrimagnetic spin chains: Ferromagnetic-
antiferromagnetic crossover, Phys. Rev. B 57, R14008 (1998).

[22] A. Koga, S. Kumada, and N. Kawakami, Quantum phase tran-
sitions in two-dimensional spin systems with ladder, plaquette
and mixed-spin structures, J. Phys. Soc. Jpn. 68, 2373 (1999).

[23] T. Sakai and S. Yamamoto, Critical behavior of anisotropic
Heisenberg mixed-spin chains in a field, Phys. Rev. B 60, 4053
(1999).

[24] A. Koga and N. Kawakami, Phase diagram for two-dimensional
spin systems with ladder, plaquette and mixed-spin structures,
J. Phys. Soc. Jpn. 69, 1834 (2000).

[25] Y. Takushima, A. Koga, and N. Kawakami, Magnetic double
structure for § = 1 and § = 1/2 mixed-spin systems, Phys. Rev.
B 61, 15189 (2000).

[26] S. Yamamoto and T. Sakai, Multiplateau magnetization curves
of one-dimensional Heisenberg ferrimagnets, Phys. Rev. B 62,
3795 (2000).

[27] A. Koga and J. Nasu, Residual entropy and spin fractional-
izations in the mixed-spin Kitaev model, Phys. Rev. B 100,
100404(R) (2019).

[28] C. M. Rost, E. Sachet, T. Borman, A. Moballegh, E. C. Dickey,
D. Hou, J. L. Jones, S. Curtarolo, and J.-P. Maria, Entropy-
stabilized oxides, Nat. Commun. 6, 8485 (2015).

[29] A. Sarkar, R. Kruk, and H. Hahn, Magnetic properties of high
entropy oxides, Dalton Trans. 50, 1973 (2021).

[30] R. Witte, A. Sarkar, R. Kruk, B. Eggert, R. A. Brand, H. Wende,
and H. Hahn, High-entropy oxides: An emerging prospect for
magnetic rare-earth transition metal perovskites, Phys. Rev.
Mater. 3, 034406 (2019).

[31] A. Mao, H.-X. Xie, H.-Z. Xiang, Z.-G. Zhang, H. Zhang, and
S. Ran, A novel six-component spinel-structure high-entropy
oxide with ferrimagnetic property, J. Magn. Magn. Mater. 503,
166594 (2020).

[32] A. R. Mazza, E. Skoropata, Y. Sharma, J. Lapano, T. W.
Heitmann, B. L. Musico, V. Keppens, Z. Gai, J. W. Freeland,
T. R. Charlton, M. Brahlek, A. Moreo, E. Dagotto, and T. Z.
Ward, Designing magnetism in high entropy oxides, Adv. Sci.
9, 2200391 (2022).

[33] A. Mao, H.-Z. Xiang, Z.-G. Zhang, K. Kuramoto, H. Yu, and
S. Ran, Solution combustion synthesis and magnetic prop-

erty of rock-salt (Cop,Cuy,Mg,,Nip,Zng,)O high-entropy
oxide nanocrystalline powder, J. Magn. Magn. Mater. 484, 245
(2019).

[34] P. B. Meisenheimer, T. J. Kratofil, and J. T. Heron, Giant en-
hancement of exchange coupling in entropy-stabilized oxide
heterostructures, Sci. Rep. 7, 13344 (2017).

[35] D. Bérardan, S. Franger, A. K. Meena, and N. Dragoe, Room
temperature lithium superionic conductivity in high entropy
oxides, J. Mater. Chem. A 4, 9536 (2016).

[36] A. Sarkar, L. Velasco, D. Wang, Q. Wang, G. Talasila, L. de
Biasi, C. Kiibel, T. Brezesinski, S. S. Bhattacharya, H. Hahn,
and B. Breitung, High entropy oxides for reversible energy
storage, Nat. Commun. 9, 3400 (2018).

[37] N. Qiu, H. Chen, Z. Yang, S. Sun, Y. Wang, and Y. Cui, A
high entropy oxide (Mg, ,Coy>Ni»Cug,Zn(,0) with superior
lithium storage performance, J. Alloys Compd. 777, 767 (2019).

[38] D. Bérardan, S. Franger, D. Dragoe, A. K. Meena, and N.
Dragoe, Colossal dielectric constant in high entropy oxides,
Phys. Status Solidi RRL 10, 328 (2016).

[39] Z. Rak, C. M. Rost, M. Lim, P. Sarker, C. Toher, S. Curtarolo,
J.-P. Maria, and D. W. Brenner, Charge compensation and
electrostatic transferability in three entropy-stabilized oxides:
Results from density functional theory calculations, J. Appl.
Phys. 120, 095105 (2016).

[40] H. Chen, J. Fu, P. Zhang, H. Peng, C. W. Abney, K. Jie, X. Liu,
M. Chi, and S. Dai, Entropy-stabilized metal oxide solid solu-
tions as CO oxidation catalysts with high-temperature stability,
J. Mater. Chem. A 6, 11129 (2018).

[41] J. Zhang, J. Yan, S. Calder, Q. Zheng, M. A. McGuire, D. L.
Abernathy, Y. Ren, S. H. Lapidus, K. Page, H. Zheng, J. W.
Freeland, J. D. Budai, and R. P. Hermann, Long-range antifer-
romagnetic order in a rocksalt high entropy oxide, Chem. Mater.
31, 3705 (2019).

[42] Y. Pu, D. Moseley, Z. He, K. C. Pitike, M. E. Manley, J. Yan,
V. R. Cooper, V. Mitchell, V. K. Peterson, B. Johannessen,
R. P. Hermann, and P. Cao, (Mg,Mn,Fe,Co,Ni)O: A rocksalt
high-entropy oxide containing divalent Mn and Fe, Sci. Adv. 9,
eadi8809 (2023).

[43] S. Torquato and F. H. Stillinger, Local density fluctuations,
hyperuniformity, and order metrics, Phys. Rev. E 68, 041113
(2003).

[44] S. Torquato, Hyperuniform states of matter, Phys. Rep. 745, 1
(2018).

[45] C. E. Zachary and S. Torquato, Hyperuniformity in point pat-
terns and two-phase random heterogeneous media, J. Stat.
Mech.: Theory Exp. (2009) P12015.

[46] C. Lin, P. J. Steinhardt, and S. Torquato, Hyperuniformity
variation with quasicrystal local isomorphism class, J. Phys.:
Condens. Matter 29, 204003 (2017).

[47] A. Koga and S. Sakai, Hyperuniformity in two-dimensional
periodic and quasiperiodic point patterns, Phys. Rev. E 109,
044103 (2024).

[48] P. J. D. Crowley, C. R. Laumann, and S. Gopalakrishnan,
Quantum criticality in Ising chains with random hyperuniform
couplings, Phys. Rev. B 100, 134206 (2019).

[49] J. E. Karcher, S. Gopalakrishnan, and M. C. Rechtsman, Effect
of hyperuniform disorder on band gaps, Phys. Rev. B 110,
174205 (2024).

[50] D. Chen, R. Samajdar, Y. Jiao, and S. Torquato, Anoma-
lous suppression of large-scale density fluctuations in classical

024403-8


https://doi.org/10.1103/PhysRevB.55.8894
https://doi.org/10.1103/PhysRevB.55.R3336
https://doi.org/10.1103/PhysRevB.59.13565
https://doi.org/10.1088/0305-4470/30/3/003
https://doi.org/10.1088/0953-8984/9/19/012
https://doi.org/10.1103/PhysRevB.57.13610
https://doi.org/10.1143/JPSJ.67.622
https://doi.org/10.1103/PhysRevB.57.R14008
https://doi.org/10.1143/JPSJ.68.2373
https://doi.org/10.1103/PhysRevB.60.4053
https://doi.org/10.1143/JPSJ.69.1834
https://doi.org/10.1103/PhysRevB.61.15189
https://doi.org/10.1103/PhysRevB.62.3795
https://doi.org/10.1103/PhysRevB.100.100404
https://doi.org/10.1038/ncomms9485
https://doi.org/10.1039/D0DT04154H
https://doi.org/10.1103/PhysRevMaterials.3.034406
https://doi.org/10.1016/j.jmmm.2020.166594
https://doi.org/10.1002/advs.202200391
https://doi.org/10.1016/j.jmmm.2019.04.023
https://doi.org/10.1038/s41598-017-13810-5
https://doi.org/10.1039/C6TA03249D
https://doi.org/10.1038/s41467-018-05774-5
https://doi.org/10.1016/j.jallcom.2018.11.049
https://doi.org/10.1002/pssr.201600043
https://doi.org/10.1063/1.4962135
https://doi.org/10.1039/C8TA01772G
https://doi.org/10.1021/acs.chemmater.9b00624
https://doi.org/10.1126/sciadv.adi8809
https://doi.org/10.1103/PhysRevE.68.041113
https://doi.org/10.1016/j.physrep.2018.03.001
https://doi.org/10.1088/1742-5468/2009/12/P12015
https://doi.org/10.1088/1361-648X/aa6944
https://doi.org/10.1103/PhysRevE.109.044103
https://doi.org/10.1103/PhysRevB.100.134206
https://doi.org/10.1103/PhysRevB.110.174205

IMPACT OF STEALTHY HYPERUNIFORM MAGNETIC ...

PHYSICAL REVIEW B 114, 024403 (2026)

and quantum spin liquids, Proc. Natl. Acad. Sci. USA 122,
e2416111122 (2025).

[51] J. Jeon, H. Ikeda, and S. Sakai, Delocalization induced by
enhanced hyperuniformity in one-dimensional disordered sys-
tems, Phys. Rev. B 113, L020201 (2026).

[52] C. Vanoni, J. Karcher, M. C. Rechtsman, B. L. Altshuler, P. J.
Steinhardt, and S. Torquato, Effective delocalization in the one-
dimensional Anderson model with stealthy disorder, Phys. Rev.
Lett. 136, 150404 (2026).

[53] L. Berthier, P. Chaudhuri, C. Coulais, O. Dauchot, and P.
Sollich, Suppressed compressibility at large scale in jammed
packings of size-disperse spheres, Phys. Rev. Lett. 106, 120601
(2011).

[54] R. Kurita and E. R. Weeks, Incompressibility of polydis-
perse random-close-packed colloidal particles, Phys. Rev. E 84,
030401(R) (2011).

[55] Y. Zheng, L. Liu, H. Nan, Z.-X. Shen, G. Zhang, D. Chen, L.
He, W. Xu, M. Chen, Y. Jiao, and H. Zhuang, Disordered hype-
runiformity in two-dimensional amorphous silica, Sci. Adv. 6,
eaba0826 (2020).

[56] J. B. Llorens, 1. Guillamén, I. G. Serrano, R. Cérdoba, J. Sesé,
J. M. De Teresa, M. R. Ibarra, S. Vieira, M. Ortuflo, and H.
Suderow, Disordered hyperuniformity in superconducting vor-
tex lattices, Phys. Rev. Res. 2, 033133 (2020).

[57] M. Huang, W. Hu, S. Yang, Q.-X. Liu, and H. P. Zhang, Circular
swimming motility and disordered hyperuniform state in an
algae system, Proc. Natl. Acad. Sci. USA 118, €2100493118
(2021).

[58] Y. Jiao, T. Lau, H. Hatzikirou, M. Meyer-Hermann, J. C. Corbo,
and S. Torquato, Avian photoreceptor patterns represent a disor-
dered hyperuniform solution to a multiscale packing problem,
Phys. Rev. E 89, 022721 (2014).

[59] A. Gabrielli, M. Joyce, and F. S. Labini, Glass-like universe:
Real-space correlation properties of standard cosmological
models, Phys. Rev. D 65, 083523 (2002).

[60] S. Torquato, G. Zhang, and F. H. Stillinger, Ensemble theory
for stealthy hyperuniform disordered ground states, Phys. Rev.
X'5,021020 (2015).

[61] R. D. Batten, F. H. Stillinger, and S. Torquato, Classical
disordered ground states: Super-ideal gases and stealth and
equi-luminous materials, J. Appl. Phys. 104, 033504 (2008).

[62] O. Leseur, R. Pierrat, and R. Carminati, High-density hy-
peruniform materials can be transparent, Optica 3, 763
(2016).

[63] M. Florescu, S. Torquato, P. J. Steinhardt, and P. M. Chaikin,
Designer disordered materials with large, complete pho-
tonic band gaps, Proc. Natl. Acad. Sci. USA 106, 20658
(2009).

[64] L. S. Froufe-Pérez, M. Engel, P. F. Damasceno, N. Muller, J.
Haberko, S. C. Glotzer, and F. Scheffold, Role of short-range
order and hyperuniformity in the formation of band gaps in
disordered photonic materials, Phys. Rev. Lett. 117, 053902
(2016).

[65] W. Man, M. Florescu, K. Matsuyama, P. Yadak, S. Torquato,
P. Steinhardt, and P. Chaikin, Experimental observation of
photonic bandgaps in hyperuniform disordered material, in Pro-
ceedings of the Conference on Lasers and Electro-Optics (Optica
Publishing Group, Washington DC, 2010), p. CThS2.

[66] W. Man, M. Florescu, E. P. Williamson, Y. He, S. R.
Hashemizad, B. Y. Leung, D. R. Liner, S. Torquato, P. M.
Chaikin, and P. J. Steinhardt, Isotropic band gaps and freeform
waveguides observed in hyperuniform disordered photonic
solids, Proc. Natl. Acad. Sci. USA 110, 15886 (2013).

[67] K. Asakura, K. Yamamoto, and A. Koga, Elliptical-rod ge-
ometries enhance photonic band gaps in disordered stealthy
hyperuniform photonic crystals, J. Phys. Soc. Jpn. 95, 024711
(2026).

[68] A. Bose and S. Torquato, Quantum phase transitions in long-
range interacting hyperuniform spin chains in a transverse field,
Phys. Rev. B 103, 014118 (2021).

[69] T. Holstein and H. Primakoff, Field dependence of the intrinsic
domain magnetization of a ferromagnet, Phys. Rev. 58, 1098
(1940).

[70] O. U. Uche, S. Torquato, and F. H. Stillinger, Collective coor-
dinate control of density distributions, Phys. Rev. E 74, 031104
(2006).

[71] O. U. Uche, F. H. Stillinger, and S. Torquato, Constraints on
collective density variables: Two dimensions, Phys. Rev. E 70,
046122 (2004).

[72] M. Takahashi, Modified spin-wave theory of a square-lattice
antiferromagnet, Phys. Rev. B 40, 2494 (1989).

[73] https://doi.org/10.5281/zenodo.18770905

024403-9


https://doi.org/10.1073/pnas.2416111122
https://doi.org/10.1103/mmw9-lvzd
https://doi.org/10.1103/nl7n-bqn4
https://doi.org/10.1103/PhysRevLett.106.120601
https://doi.org/10.1103/PhysRevE.84.030401
https://doi.org/10.1126/sciadv.aba0826
https://doi.org/10.1103/PhysRevResearch.2.033133
https://doi.org/10.1073/pnas.2100493118
https://doi.org/10.1103/PhysRevE.89.022721
https://doi.org/10.1103/PhysRevD.65.083523
https://doi.org/10.1103/PhysRevX.5.021020
https://doi.org/10.1063/1.2961314
https://doi.org/10.1364/OPTICA.3.000763
https://doi.org/10.1073/pnas.0907744106
https://doi.org/10.1103/PhysRevLett.117.053902
https://doi.org/10.1073/pnas.1307879110
https://doi.org/10.7566/JPSJ.95.024711
https://doi.org/10.1103/PhysRevB.103.014118
https://doi.org/10.1103/PhysRev.58.1098
https://doi.org/10.1103/PhysRevE.74.031104
https://doi.org/10.1103/PhysRevE.70.046122
https://doi.org/10.1103/PhysRevB.40.2494
https://doi.org/10.5281/zenodo.18770905

