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Recently, a non-Hermitian Anderson impurity model with one-body loss has been studied in [K. Yamamoto
et al., Phys. Rev. B 111, 125157 (2025)], and it has been demonstrated that the renormalization effect gen-
erated by strong correlations counterintuitively changes the nature of dissipation into an emergent many-body
dissipation that causes a Kondo breakdown. In a closely related context, it is also known that two-body loss in
a non-Hermitian Kondo model triggers the Kondo breakdown. To elucidate the essence of these phenomena,
we study the Anderson impurity model with a non-Hermitian complex hybridization as an effective model that
provides a simple understanding of the Kondo breakdown. Using the slave-boson mean-field theory, we show
that this model can explain the Kondo breakdown with a single complex parameter. Furthermore, we provide the
exact Bethe ansatz solutions that support the results obtained by the slave-boson mean-field theory.

DOI: 10.1103/w6zs-kb6m

I. INTRODUCTION

The Kondo effect has been of central interest in condensed
matter physics as it reflects renormalization effects essential
in strongly correlated phenomena [1-3]. The Anderson im-
purity model (AIM) is known to capture the basic properties
of an impurity spin interacting with itinerant fermions via
the hybridization coupling [4—6]. This model exhibits rich
physical properties unique to strongly correlated systems, e.g.,
in the conductance of a quantum dot in and out of equilib-
rium [7-12]. Importantly, the renormalization effect describes
a crossover from the Kondo regime to the valence fluctua-
tion regime, where many-body effects are gradually smeared
and charge fluctuations govern the dynamics [13-15]. Such
an interplay between the impurity fermion and the itinerant
fermions offers an ideal platform to investigate many-body
physics and has been experimentally studied not only in con-
densed matter [16—20] but also in ultracold atoms [21-23].

On another front, non-Hermitian (NH) systems have been
actively investigated in open quantum systems [24-26]. In
particular, rapid progress in dissipation engineering with ultra-
cold atoms [27-43] has offered the possibility to explore NH
many-body phenomena [44-63]. Recently in Ref. [64], the
NH-AIM with one-body loss has been studied to investigate
the impact of dissipation on the Kondo effect by incorporating
the effect of valence fluctuations. Intriguingly, in the Kondo
regime, Ref. [64] has demonstrated that the single-body

*Contact author: kazuki-yamamoto@omu.ac.jp

2469-9950/2026/114(6)/065118(17)

065118-1

dissipation is renormalized to zero and generates an emergent
many-body dissipation, which induces the Kondo breakdown
signaled by a vanishing resonance width. Such a result is
counterintuitive because the one-body loss typically shortens
the lifetime of the impurity, while the Kondo breakdown
rather means that the lifetime is infinitely enhanced.

The Kondo effect in ultracold alkaline-earth atoms has
been widely explored in theory [65-87] and the Kondo Hamil-
tonian has been realized in experiments though the direct
observation of the Kondo resonance is not yet achieved
mainly due to thermal fluctuations [22,23]. In this context,
the NH Kondo model has been investigated [88-91], where
non-Hermiticity arises from two-body loss caused by inelas-
tic scattering between a ground-state atom and a metastable
excited-state atom [22,23]. Such two-body loss induces a
breakdown of the Kondo effect associated with an anomalous
reversion of the renormalization group flow [88]. The Kondo
breakdown induced by non-Hermiticity offers a prototypical
phenomenon in the strong correlation effects on NH quantum
impurity physics. However, since the specific form of dissi-
pation differs between the NH-AIM with one-body loss [64]
and the NH Kondo model with two-body loss [88], the core
mechanism behind the Kondo breakdown is still elusive.

In this paper, we study the AIM with the NH complex
hybridization and demonstrate that the renormalization effect
of the complex hybridization gives a simple mechanism of
the Kondo breakdown. We first analyze the model by means
of the NH generalization of the slave-boson (SB) mean-field
theory and elucidate that the model can describe the Kondo
breakdown with a single complex parameter, in contrast to
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the case of one-body loss. We also employ the second-order
perturbation theory and show that the Kondo breakdown in-
duced by the complex hybridization is relevant to that of the
NH Kondo model with two-body loss. Moreover, we obtain
the exact Bethe ansatz results that support the transition point
obtained by the SB mean-field theory.

The rest of this paper is organized as follows. In Sec. II,
we introduce the NH-AIM with a complex hybridization and
apply the NH-SB theory. We also give numerical and ana-
lytical results for the effective ground state of the NH-AIM.
Section III presents the relation between the NH-AIM and the
NH-Kondo model by means of the second-order perturbation
theory. Section IV is devoted to the exact Bethe ansatz results
for the Kondo breakdown. Finally, we summarize the results
in Sec. V.

II. NON-HERMITIAN SLAVE-BOSON
MEAN-FIELD THEORY

In this section, we introduce the NH-AIM by generalizing
the hybridization coupling to a complex value of NH type
and apply the NH-SB mean-field theory. Then, we give both
numerical and analytical results by solving the self-consistent
equations for physical parameters.

A. Model and implications from the noninteracting case

The AIM includes an on-site Coulomb interaction U at an
impurity site and a coupling to itinerant fermions. Here, we
study the case of a single impurity. Recently, NH generaliza-
tion of the Kondo problem has been studied with the AIM and
the Kondo model, and it has been shown that non-Hermiticity
causes the breakdown of the Kondo effect [64,86-91]. In
this paper, we propose that an essential aspect of the Kondo
breakdown in NH systems can be understood by using the
NH-AIM with a complex hybridization, which is defined by

Hey = Z €kChy Cho + ZEdnda
ko o

+ Ungrngy + Z[deczgcda + Ve ckol, (1)
ko

where c;, and ¢, denote annihilation operators for fermions
at an impurity site and in a fermion reservoir, ng, = cZoch
is the particle number operator at the impurity site, E; is
the impurity level, and Via and Vy are the complex hop-
ping amplitudes [92]. In Eq. (1), we write Vi = Ve and
Via = Viae " by using a gauge transformation cx, — gy e
associated with the U(1) symmetry of the Hamiltonian. We
then assume that Vg = Vi, takes a complex value, which
makes the Hamiltonian (1) non-Hermitian.

The motivation to introduce the model in Eq. (1) is twofold.
First, it shows the Kondo breakdown qualitatively similar to
that in the NH-AIM with one-body loss [64] by a simpler
mechanism, as shown in Sec. II C. Second, it reduces to the
NH Kondo model with two-body loss studied in Ref. [88]
in the Kondo limit (see Sec. III). Thus the NH-AIM (1)
with a complex hybridization serves as an effective model
that enables a simple understanding of the Kondo breakdown
induced by non-Hermiticity. We note that Eq. (1) can be

also derived from the Lindblad master equation [24] (see
Appendix A).

Though the precise form of Vi, and V;; would be model-
dependent, the physics studied below is determined only by
V? = ViuVak = ViaVar. We assume that V does not depend on
momentum, which holds if V is k-independent. Thus, in the
following calculations, we tune the parameter V =V, — iV
with real V; and V', whose effects are reflected in the complex
hybridization A = 7 pV?. Physically, the imaginary part V
reflects the phase mismatch between Vi and V., and there-
fore controls the strength of non-Hermiticity of the model.
Here, we have assumed that the density of states is given by a
constant value p = 1/(2D) with a cutoff D.

To understand the phenomena induced by the complex
hybridization, it is helpful to study the noninteracting case
U = 01in Eq. (1). The impurity Green function is calculated
as [64]

1
€4in—Eq— Y, [V?/(e+in— el
1

T e —Eg+iA—V2P doell/(e — )]’ @

Ggf’u:o (€)=

where n — +0 and P stands for the principal value. We find
that the width of the impurity level is given by

A =Re[A]l =np(Vy —V?). 3)

Here, we have ignored the contribution from
2VoVP Y ,[1/(e — )] in Eq. (2) by assuming that the
density of states p is constant with the large bandwidth D,
and that € is close to the Fermi energy. In the Hermitian
limit V =0, A’ is positive and the impurity fermion has
a finite lifetime due to the tunneling into the reservoir.
However, when the non-Hermiticity is introduced, A’ in
Eq. (3) decreases as V is increased and vanishes at V =V,
where the lifetime of impurity fermions diverges. From this
result, we can see a unique role of the complex hybridization
in NH systems: while the phase factors of Via and V cancel
out in A for the Hermitian case, the phase mismatch in the
NH case leads to the suppression of the resonance width.
Such an enhancement of the impurity lifetime induced by
non-Hermiticity captures the key mechanism of the Kondo
breakdown in the interacting case as shown below. We note
that the divergence of the impurity lifetime occurs only when
V = Vp, and we obtain the negative A’ for V > V; in Eq. (3),
which may indicate the unstable Kondo state that was studied
in Ref. [64].

B. Method

We employ the SB theory for the AIM in the strong corre-
lation limit (U — o00), which was first developed by Coleman
[13—-15]. We briefly summarize the NH generalization of the
SB theory [64] to the NH-AIM with complex hybridization
(see Appendix B for details). The calculations are similar
to those for the case of one-body loss studied in Ref. [64].
However, we note that the imaginary part of the impurity
level arises only from the renormalization effect in the cur-
rent model, while it is initially introduced in the model as
one-body loss in Ref. [64]. As we will see later, this difference
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in the model enables us to simplify the understanding of the
renormalization effects induced by strong correlations in the
NH impurity phenomena.

In the NH SB mean-field theory, we introduce the complex
SB field b and the complex Lagrange multiplier A, the latter of
which enforces a constraint on the total particle number at the
impurity site. Then, the NH-AIM with the Lagrange multiplier
is written as

Her(R) = Z €xCy, Cho + ZEdd;da + Z[deczabfda
ko o ko

+ Vard begs1 + (Z did, +b'b— 1), 4)

from which we can read off that the impurity level is renor-
malized to a complex value E; + A. The SB fields b and b
are introduced as ¢;, = b'd,, and C;G = d;b with a constraint
> . did, + b'h = 1. Here, d,, is the new fermion operator in
the restricted Hilbert space spanned by [1) = d;|§2), ) =

dI|Q), and |0) = bT|Q2), where |Q) is a vacuum state. For
this model, the retarded (advanced) NH Green function of an
impurity fermion is given by

GRY (w) = [w— Ej F A" (AR £ ImI)], )

where the upper (lower) sign is for the retarded (advanced)
Green function. Here, we have defined four important physical
quantities. The first one is the real part of the renormal-
ized impurity level E/, = E; + Rei, and the second one is
the imaginary part of the renormalized impurity level —ImA
(whose sign is reversed for later convenience). The latter
can be regarded as effective single-body dissipation, since
the imaginary part of the impurity level arises in the effec-
tive Hamiltonian derived from the Lindblad equation with
one-body loss [64]. The remaining two quantities are the
renormalized resonance widths AbRe FImA and the renor-
malized peak position E) + Albm of the NH impurity Green
function with AR® = ReA;, and A)™ =ImA,, where A, =
b} A is the renormalized complex hybridization. Here, we note
that by is defined via the U(1) transformation of the SB field
b as shown in Appendix B. These parameters are determined
from the following self-consistent equations (SCEs) for the
effective ground state (see Appendix B for details):

- A
A+—1n|:

(E; £ AI™)* + (AR F Im7)’ }
T

(D +E, + A’ 4 (AR £ ImJ)’

26Nl [ E; A

+ —| tan —

bid ARe £ Imi

D+E,+ A" .

—tan ! | ——2L—1 i, = Fil, 6
(TET) I
where the cutoff D is introduced to ensure convergence. Be-
low, we analyze a crossover from the Kondo regime to the
valence fluctuation regime by solving Eq. (6) with changing

the impurity level E;. Here, we note that all mean-field vari-
ables are completely determined from Eq. (6).

(a) 0.318 (b) 000
0316 -0.02
1< 0314 -0.04
é 0.312 § -0.06
0.310 -0.08
0.308 -0.10
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FIG. 1. (a) Real and (b) imaginary parts of A as a function of
the imaginary coupling V. The parameters are setto D = 1 and V) =
0.45.

C. Numerical results

We numerically solve the SCEs (6) and investigate how
the renormalization effect appears in the physical parameters.
First, we summarize our main findings. From the numerical
solution, we obtain the following results.

(1) Kondo breakdown. The renormalized complex hy-
bridization A; induces a quantum phase transition from the
Kondo phase to the unscreened phase. This is character-
ized by the vanishment of the renormalized resonance width
AR £ ImA.

(2) Simplification of the renormalization mechanism. In
the Kondo regime for the deep impurity level with |E;| >
Ao = 7 pVg, the real and the imaginary parts of the renormal-
ized impurity level, E [/1 and ImJ, are almost pinned to zero,
and Ay is the only complex renormalized parameter. This fact
distills the key insights into the microscopic mechanism of the
Kondo breakdown.

(3) Crossover to the valence fluctuation regime. As the
impurity level E; is raised, the Kondo regime crossovers to the
valence fluctuation regime, where charge fluctuations gradu-
ally become dominant.

In Fig. 1, to highlight the renormalization effect in the NH-
AIM, we show the dependence of the complex hybridization
A on the imaginary coupling V. For the parameter region
shown in Fig. 1, the real part of A is suppressed as V is
increased, but it remains nonzero as V < V; (see Sec. 11 A).
As shown below, the correlation effect renormalizes Re A and
ImA into A}fe and —A})m, respectively, leading to the Kondo
breakdown.

The numerical solutions of the SCEs (6) are shown in
Fig. 2. By comparing Figs. 1(a) and 1(b) with Figs. 2(e)
and 2(f), we find that the complex hybridization is strongly
renormalized due to the correlation effect and that the renor-
malization effect significantly depends on the value of E;. We
first investigate the Kondo resonance that emerges for deep
impurity level E; (e.g., see the blue curve for E; = —0.9).
In Figs. 2(a) and 2(b), we find that the resonance widths
AbRe T ImJ are suppressed by the NH hybridization V. This
decrease of the resonance width demonstrates that the Kondo
effect is suppressed by non-Hermiticity. If V is further in-
creased, the system exhibits a quantum phase transition from
the Kondo phase to the unscreened phase near V =~ 0.08,
which is signaled by the vanishing resonance width. We re-
mark that the critical value of V is quite different from that in
the noninteracting case due to the strong correlation effect (see
Sec. I A). We also note that the critical value of V depends
on Vp. Similar breakdown phenomena have been intensively
studied in NH quantum impurity systems [64,81-91].
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FIG. 2. Numerical solutions of the SCEs (6). [(a) and (b)] Resonance width for the retarded and the advanced Green functions. [(c) and
(d)] Imaginary and real parts of the renormalized complex impurity level (the imaginary part is reversed for convenience). [(e) and (f)] Real
and imaginary parts of the renormalized complex hybridization. [(g) and (h)] Peak position for the retarded and the advanced Green functions.
For the deep impurity level E,;, we see in (a) and (b), the suppression of the Kondo effect characterized by the decrease of the renormalized
resonance width. In (c), we find that —ImA is almost pinned to zero for the deep impurity level E,, which highlights that the renormalized
hybridization A, is the only renormalized complex parameter that describes the Kondo breakdown. The values of E; are shown in (f). The

other parameters are set to the same values as those in Fig. 1.

Remarkably, as shown in Fig. 2(c), the imaginary part of
the renormalized complex impurity level almost stays zero
for the deep impurity level, which reflects the Kondo ef-
fect. As such an imaginary impurity level can be regarded
as a single-body dissipation, this fact demonstrates that the
complex hybridization does not evoke emergent single-body
dissipation. Accordingly, in Fig. 2(d), the real part of the
renormalized impurity level E, is pushed up to be just around
the Fermi level E} =0, for the deep impurity level. Im-
portantly, as shown in Figs. 2(e) and 2(f), we find that the
complex hybridization A, is renormalized to a finite value
satisfying

[TmAl, |E;| < |Apl. (7

This demonstrates that, though we have originally introduced
two complex parameters A, and A in the SB mean-field the-
ory, the hybridization A, is the only complex parameter for
describing the NH Kondo effect.

We emphasize that, in Ref. [64], the resonance width is
suppressed by one-body loss, which induces three nonzero
complex quantities: the Lagrange multiplier A, the renormal-
ized complex hybridization Ap, and the one-body loss rate
of an impurity fermion. However, in the current complex
hybridization model, —ImA is pinned to zero, and the one-
body loss term is absent by definition. This indicates that the
suppression of the Kondo effect is characterized solely by
the renormalized complex hybridization A,. Thus the current
complex-hybridization model simplifies the mechanism of the
Kondo breakdown and serves as a prototypical model for
describing the NH Kondo effect.

In addition, for the deep impurity level E;, we find in
Fig. 2(d) that E}, is decreased by the imaginary hybridization
V and crosses the Fermi level to become a negative value for
large non-Hermiticity, while it is always located just above the
Fermi level in the Hermitian limit. Also, we see in Figs. 2(g)
and 2(h) that the behavior of the renormalized peak positions
for the retarded and the advanced Green functions is roughly

reversed with respect to the horizontal axis. Reflecting that
—ImA and E ', are almost pinned to zero in the Kondo regime
as shown in Figs. 2(c) and 2(d), AE"‘ in Fig. 2(e) and A})m in
Fig. 2(f) exhibit the behavior qualitatively similar to Age —
Im2 in Fig. 2(a) and E; + A}Im in Fig. 2(g), respectively. We
note that AJ™ does not vanish at the phase transition point in
the Kondo regime though AbRe vanishes [93].

When the impurity level E; is raised, the valence fluctua-
tion gradually governs the dynamics, and the Kondo effect is
smeared. As shown in Fig. 2(c), the renormalized single-body
dissipation is enhanced as we increase the non-Hermiticity
V for shallow impurity level E; (e.g., see the yellow curve
for E; = —0.2). Then, we see in Fig. 2(d) that the real part
of the renormalized impurity level E) is ramped up as E,
is raised, and the value seems not very sensitive to V. Also,
in the valence fluctuation regime in Figs. 2(a) and 2(g), the
resonance width A,lfe —ImA is enhanced as V is increased,
and the peak position E, + A]™ is far above the Fermi level.
These results demonstrate that the emergent single-body dis-
sipation, which is generated by the renormalization effect of
the complex hybridization, gradually dominates the physics
as the impurity level E; is raised. Accordingly, the resonance
width AR® +ImA for the advanced Green function shown
in Fig. 2(b) gradually decreases with increasing V in the
valence fluctuation regime, and the peak position E;, — AJ™
in Fig. 2(h) is increased far above the Fermi level with
increasing V.

D. Analytical results

Next, we analytically obtain the complex energy scale in
the Kondo regime by evaluating the resonance width for the
deep impurity level E;. We call this energy scale the NH
Kondo scale, which can be interpreted as a generalization
of the Kondo temperature to the NH realm. The calculation
proceeds with evaluating the SCEs (6) under the assumption
that the cutoff D is much larger than the energy scale of the
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FIG. 3. Comparison between TN analytically obtained from
Eq. (12) (dashed curves) and the resonance width Age — ImA (solid
curves) obtained from the numerical calculation of the SCEs (6). For
the deep impurity level E,, both results agree well. The parameters
are set to the same values as those in Fig. 1.

other parameters as

mA <(E;, + A 4 (AR ¥ Imxf)
D2

Imh +
b4

2ReA E/ + Alm
+ 20 ! (u) FAR —0, (8

T ARe £ Ima
~ 2 ~\2
. ReA E’ £+ AIm)" 4+ (AR = ImA
wei 1 B m(u )+ (o i)
T

2ImA E, + Alm
tan71 (u
T

Im
ARe T Imi) A =0. C)
Then, assuming that the resonance widths A,‘}e T Imi are
much smaller than Ay =7 ,oVOZ, which is the width of the
impurity level in the limit of U — 0 and V — 0 in Eq. (1),
we arrive at the following equations from Eq. (8) + Eq. (9)
xReA /ImA and Eq. (8) — Eq. (9) xImA /ReA as

Re - 7ImAE, 7ReAE,
A FImi ~ Dcos 2AR exp A (10)

nImAEd) (nReAEd> (11
~ ex _ ,
21A)2 PA A

where we have used the fact that the impurity level E; should
be deep enough in the Kondo regime. Equations (10) and (11)
suggest that [ImA[, |E;| < |Ap|, which supports the numeri-
cal results in the Kondo regime obtained in Sec. II C. Finally,
we obtain the NH Kondo scale as

E, + A]™ ~ FDsin (

) E
TN~ ARe L jAI™ = Dexp (%) (12)

which is the form of the analytic continuation of the Kondo
temperature [3] to complex parameters, and therefore Eq. (12)
can be regarded as a generalized complex energy scale that
characterizes the NH Kondo effect.

In Fig. 3, we compare the numerical results for the reso-
nance width AR® — Im2 and the analytical results for TN =
Re7M. We find that the analytical results for TN agree
with the numerical results for AbRe —ImA quite well in the
Kondo regime for the deep impurity level E;. We also find that

150
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*Po two-body |
WO-DOody 10SS

FIG. 4. Schematic illustration of the Kondo model implemented
with ultracold atoms. In the case of alkaline-earth atoms, the ground
state ' Sy and the metastable state * Py are trapped in a state-dependent
optical lattice and serve as itinerant fermions and localized impuri-
ties, respectively. Interorbital spin-exchange interactions have been
experimentally observed, where two-body loss is caused by inelastic

collisions between the stable 'S, state and the metastable 3Py state
[22,23].

a phase transition occurs when the renormalized resonance
width A}}e — ImA vanishes at

TN =0, (13)

I (l)——i (14)
™Mz~ E;’

which is consistent with the numerical results shown in Fig. 2.
Though Eq. (13) indicates an infinite set of solutions as
Im(1/A) = (1 4 2m)/E; (m € Z), physical solutions corre-
spond to negative m [see Fig. 1(b)], and Im(l/&) > —1/E;
does not induce the stable Kondo states [64]. Thus the Kondo
breakdown only occurs when Eq. (14) is satisfied. We note
that the resonance width becomes negative in the strong dis-
sipation regime beyond the phase transition, and this raises
an issue concerning the analyticity of NH Green functions as
shown in Appendix C.

or

III. RELATION TO THE NON-HERMITIAN KONDO
MODEL WITH TWO-BODY LOSS

The NH-AIM with the complex hybridization reduces
to the NH Kondo model with two-body loss proposed in
Ref. [88]. The Kondo model with two-body loss due to inelas-
tic scattering is schematically shown in Fig. 4. In ultracold
alkaline-earth atoms, itinerant fermions in the ground state
and localized fermions in the excited state undergo inelas-
tic scattering and are lost into the surrounding environment
(vacuum), and such two-body loss has been experimentally
observed [22,23]. The NH Hamiltonian is obtained when we
focus on a surviving impurity atom under the assumption that
impurity atoms are independent of each other [88]. In the
following, we show that the NH Kondo model with the com-
plex Kondo coupling is obtained by applying a second-order
perturbation theory with respect to Vi and V,y in the NH-AIM
(1) [94].

Because the doubly degenerate ground-state wave function
at Veg = Vg = 0 is given by ¥, = ), ¥y, where ¥y rep-
resents the Fermi sea of reservoir fermions, we start from
Y, and consider the second-order processes with respect to
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Via and V., where a state with a single impurity fermion is
retrieved. We consider the U — oo limit and omit the doubly
occupied impurity site in the virtual processes. By assuming
that the impurity level E; is sufficiently deep |Eg4| > Ao,
the effective Hamiltonian is written in the ng; = Za Nge = 1
sector as

H,ff = I'Iimp + He)n (15)

€

where Hip, denotes the potential scattering term and Hex
stands for the spin exchange interaction, given by

Himp = ZVk dde )(C £ Ckt + Ck k), (16)
K
ex = Z Vk dde [(C ’ CkT k'\Lcki’ )SZ
K
+ ck,Tcle_ + C;:,LCMSH, (17)

respectively. Here, we have introduced the impurity spin op-
erators as

S. = 3(ehrear — clycay), (18)
S =cjpcals (19)
S_=c}car. (20)

Equation (15) is rewritten as

r v T
Heff—z—]\,s,;ckfgw N ka ! Owato S, (21)

which is nothing but the spin-exchange interaction term with
the potential scattering term in the NH Kondo Hamiltonian
with two-body loss [88]. Here, N; is the number of sites, o
is the three-component Pauli vector, and S is the impurity
spin vector. From Egs. (16) and (17), we find that the spin-
independent complex scattering rate ¥ and the complex Kondo
coupling J are given by

~ Vz
PO (22)
2N, 2E,
J V2
~ — (23)
2Nv Ed

where we have assumed that V2 ~ V,.,V, and €raey 18 ig-
nored by assuming that it is close to the Fermi energy. We find
that the range of real and imaginary parts of V used in Fig. 1
gives ReJ < 0 and ImJ > 0, which actually corresponds to
the parameter region for the Kondo breakdown with two-body
loss studied in Ref. [88].

Both the NH-AIM with complex E; induced by one-body
loss [64] and that with the complex hybridization obtained
in the current study reduce to the same NH Kondo Hamil-
tonian with the complex Kondo coupling. This means that
different effective Anderson models can capture the same
Kondo breakdown. Therefore, though both NH-AIMs with the
complex E; and the complex hybridization can describe the
Kondo breakdown, the latter is much simpler to explain the
renormalization mechanism as detailed in Sec. II C. Finally,
recent numerical renormalization group analysis has shown
that the phase diagrams of the NH-AIM with the complex

hybridization and the NH Kondo model with two-body loss
have the same structure, which supports the robustness of our
study [91].

IV. NON-HERMITIAN KONDO BREAKDOWN: EXACT
BETHE ANSATZ RESULTS

In this section, we give exact Bethe ansatz results for the
Kondo breakdown that support the NH-SB mean-field results
obtained in Sec. II. The AIM was shown to be exactly solvable
both for symmetric and asymmetric cases [5,6,95-102]. Here,
we generalize the exact solution of the infinite-U AIM for the
ground state [103—105] to NH systems, where several studies
have shown that the Bethe ansatz method is still applicable to
NH quantum many-body problems [51,52,88,106—111].

Let us assume that the scattering by the impurity is of
s-wave type, which allows us to map the three-dimensional
problem in Eq. (1) to a chiral one-dimensional problem. Then,
by linearizing the energy dispersion of itinerant fermions
around the Fermi energy as €, = k [103], we obtain the S-
matrices of the NH-AIM in the infinite-U limit, from the
analytic continuation of those in the Hermitian limit [103],
as

ki — k; + 2iAP;

S;i = ~
! ki — kj — 2iA

) (24)
where P;; is an operator that exchanges ith and jth particles.
When hnearlzlng the energy dispersion, we take the energy
unit to be vp = 1, where vy is the Fermi velocity. Then, the
complex hybridization is given by A = V?/2, and the pa-
rameters in the Hamiltonian should be translated to correctly
reflect their dimensions. In the Bethe ansatz formalism, all the
interaction effects are incorporated via the quasimomentum
k;, which takes a complex value due to the complex hybridiza-
tion A in general Here, the energy of the system is given
by E = Z j=1 kj, where N is the total particle number of the
system. The S- matrlces in Eq. (24) take the same form as the
NH generalization of those for a one-dimensional Fermi gas
with an attractive §-function interaction [103,112] and satisfy
the Yang-Baxter equation as S SiSi; = Si;SiSjx. Hence, we
can construct the nested Bethe equations for the NH-AIM as
M
etk —E)) =[]tk =) (1< j<N), (25
a=1
M N

Ag — A
]_[z( 5 ﬁ) [Tt —kp). A <a<M). 26)

B(Fa) J=1

Here, we have introduced #(x) = (x — iA)/(x 4+ iA), L is the
length of the system, and M is the number of the charge
degrees of freedom corresponding to the bound states with
the quasimomentum kf = A, £ iA, where we redefine k; as
kE for charge excitations. We note that k¥ becomes complex
even in the Hermitian limit. Similarly, N —2M stands for
the number of unpaired spins with the quasimomentum k;.
Here, ), and k; take complex values due to non-Hermiticity.
We remark that the non-Hermiticity should be sufficiently
weak so that it does not change the sign of Imk;. A similar
condition has been employed in the previous studies on NH
many-body systems [46,51], and physically, this corresponds
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to the assumption that the bound states are not broken due to
dissipation.

To proceed, we first rewrite Eqs. (25) and (26) to ob-
tain Bethe equations for N — 2M unpaired spin states and
M bound states. For N — 2M unpaired spins, we can em-
ploy Eq. (25) directly. For M bound states, we first multiply
Eq. (25) for kT with each other, obtaining

M
. M — E4 Ao — A

2ihg L o l—[ o B
H — | = t

B(a)
X 1k — )tk — A 27

To calculate the second line in the right-hand side of Eq. (27),
we use Eq. (26), which is rewritten as

N

L= ] tGa—k)tOu—kDtha — k). (28)
j=2M+1

Finally, we arrive at the nested Bethe equations respectively
for N — 2M spin modes and M charge modes as

where 2M +1 < j <N in Eq. 29) and 1 <o <M in
Eq. (30). Equations (29) and (30) are rewritten by taking the
logarithm as

M
kiL+0(k; — Eq) =2l + Y 0k — %), (31)
a=1
M
)Wx_Ed )”a_)“ﬂ
2AaL+9< . >=2nla+ﬂ§)9< 5 )

N
+ Y t0a—k)). (32)

j=2M+1

where we have introduced the phase shift as 6(x) =
2tan~!(x/A). Here, the quantum number / ; that characterizes
N — 2M spin excitations takes half-odd integers (integers)
for even (odd) M, and J, for M charge excitations becomes
integers (half-odd integers) for even (odd) N — M.

Next, we introduce distribution functions of charge and
spin excitations to characterize physical quantities. We first
consider the case where quasimomenta k for spin modes are
distributed over the region (—oco —iQ_, Q)., and rapidities
A for charge modes span the range (—oo — iB_, B).. Here,

M
WL g . o (X,Y). denotes a complex path that connects X and Y in
etk — Ea) = lj[lt(kj ha); (29) the complex plane and is determined so that the real part
aA; of the energy E is minimized. In the Hermitian limit, the
oliral ¢ ha — Eq — 1—[ t Ao — Ap zero magnetization is realized in the Q — —oo limit with
2 Flia) 2 Q_ — 0, and the Kondo limit is achieved for B — oo with
B_ — 0; however, introduction of non-Hermiticity can make
N the complex paths (—oo — iQ_, Q). and (—oo — iB_, B). de-
x l_[ t(ho —kj), (30) viate from the real axis. Accordingly, we can rewrite Egs. (31)
j=2M+1 and (32) in the thermodynamic limit as
|
e A k) + / ’ (\)d (33)
_ = —0 ,
2w wLlk—Eg2+ A2 " oin Lk =) + A7)
1 2A B 2A Q
—+ = =a()) +/ ——0o (M)d) +/ — p(k)dk,
7 wL[(A — Eq)* + (2A)%] —oo—iB_ T[(A = 1')2 + (2A)?] —oo—ig_ T[(h —k)? + A?]
(34)

where p(k) [0 (A)] represents the distribution function for spin
(charge) modes, and the contour integration along the com-
plex path [,  is denoted as [, ; for readability. We find that
the distribution functions are separated into the host part and
the impurity part that involve O(1) and O(1/L) contributions,
respectively. In the following, we use superscripts (i) and (c)
to represent the impurity and host parts. Then, the energy
density of the system is expressed as

B

E [
— = / kp(k)dk + 2 / ro(M)dr,  (35)
L —00—iQ_ —00—iB_

and we obtain the particle number density as

N e B
7= / o(k)dk + 2 / oc(M)dr.  (36)

co—iQ_ —o0—iB_

(

Finally, the magnetization density of the system is represented
as

M, 1 (¢
= k)dk. 37
7 =3 /wiQ p(k) (37)

By using Eqgs. (33)—(37), we can in principle calculate phys-
ical quantities such as the energy and the spectrum of
elementary excitations.

Though it is difficult to solve the Bethe equations (33)
and (34) for general cases, we can evaluate several im-
portant quantities for the Kondo breakdown with the help
of them. We focus on the excitation energy AE with re-
spect to a small change AS, of magnetization, where AE
D,[€(Q)]7'(AS.)? and D[e(Q)] is the density of states at
the quasi-Fermi point. By decomposing the density of states
in AE into the host and impurity parts, we determine the
Kondo breakdown from the inverse of the impurity part of the
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density of states as Re[DW[e(Q)] '] = 0, where DV [e(Q)] !
is proportional to the NH Kondo scale in the Kondo limit. We
find that

0z

Dy[e(Q)] = e

_ pQ)
e=c(0) =0 €@
where €(k) is the dressed energy that incorporates the in-
teraction effect in the spin excitation energy, and z(k;) =
I;/L. Since €' (k) = 27 p©) (k) is derived from the Bethe equa-
tions in the current case (see Appendix D), we obtain

P(Q)
im _—
——o0=i0- 27 p‘(Q)

where we have focused on the zero magnetization sector.
Then, Eq. (39) is calculated in the Kondo limit as

_ 0z 0k
T 0k e

(38)

DY@ = (39)

DV[e(Q)] o e F (40)

whose reciprocal is the NH Kondo scale given in Eq. (12)
(see Appendix D for the detailed calculation). Here, E; =
ER +iE} is the renormalized complex impurity level. As |E]|
is small compared to |E}}| in the Kondo limit, the condition
for the Kondo breakdown that emerges at Re[DW[e(Q)]7'] =
0 < Im(wE;/2A) = —m /2 is estimated as

I <l)——i (41)
MR TR

which reduces to the result in Eq. (14) obtained from the
SB mean-field theory, except for the renormalization of the
impurity level. This supports the SB mean-field results of the
Kondo breakdown induced by the complex hybridization.

V. CONCLUSIONS

In this paper, we have studied the NH-AIM with a complex
hybridization as a unified framework for understanding the
Kondo breakdown in NH systems. Based on the SB mean-
field theory, we have shown that the simplified mechanism
underlying the Kondo breakdown is captured by a single com-
plex hybridization parameter, which governs the suppression
and eventual vanishing of the Kondo resonance. We have
further demonstrated that the transition point obtained from
the mean-field analysis is supported by the exact Bethe ansatz
solution, confirming the robustness of the Kondo breakdown.
In addition, we have clarified that the present model reduces
to the NH Kondo Hamiltonian with two-body loss by apply-
ing the second-order perturbation theory, which means that
the present model is useful to obtain a simple understanding
of the previously studied Kondo breakdown. As the Kondo
effect in open quantum systems is one of the actively studied
research topics in recent years [75—79], our result deepens the
understanding of dissipative impurity phenomena.
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APPENDIX A: MICROSCOPIC DERIVATION OF EQ. (1)
FROM THE LINDBLAD EQUATION

In this Appendix, we derive the NH-AIM in Eq. (1) from
the Lindblad equation. Our system is directly relevant to ul-
tracold atoms in open quantum systems, whose Markovian
dynamics under dissipation is described by the Lindblad equa-
tion [24,114,115]. Let us consider the time evolution of the
density matrix p given by

dp y B
2 _iH, 1=~ LiL,, p} —2L,pL}),
= —ilH, pl = ;({ iL,. p} pLY)

= —i(Hgp — pHe/If) +vy ZLGK’L;’ (AD

where H is the AIM, ¢y, is the fermionic annihilation oper-
ator at the origin, and the Lindblad operator L, = cos + Cio
describes the collective loss of an itinerant fermion and an
impurity fermion, and an effective NH Hamiltonian is given
by Hy =H — éy >, LiL, [44,115]. Such an NH Hamil-
tonian is typically realized when we focus on the short-time
dynamics, where no quantum jump is detected [64]. We note
that an experimental setup for similar collective loss was
proposed for ultracold atoms in the context of asymmetric
hopping in NH systems by employing postselections [116].
The NH contribution to H is calculated as

i f iy +
_Ey ZL(LLU = — m Z(ckacd” + czcckg)
o VS ko
i i T
= 57 D (€00 + ChoCac),  (AD)

where N is the number of sites, and the first term on the
right-hand side is nothing but the NH contribution to the
hybridization term. Then, H; reduces to the NH-AIM (1)
ignoring the imaginary potential in the second term on the
right-hand side of Eq. (A2), by assuming that it does not
affect the results [116]. This means that we can tune the
complex hybridization that causes the Kondo breakdown by
introducing the collective one-body loss in ultracold atoms.

APPENDIX B: FORMULATION OF THE NON-HERMITIAN
SLAVE-BOSON MEAN-FIELD THEORY

In this Appendix, we summarize the formulation of the
NH SB mean-field theory and obtain the self-consistent equa-
tions for the renormalized physical quantities. Since the
calculations closely follow those for the one-body loss case
studied in [64], we refer the readers to that work for more
detailed calculations. We focus on the infinite-U limit in the
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NH-AIM (1), where the double occupancy at the impurity
site is prohibited. Importantly, in the NH-SB theory for the
NH-AIM, both the SB field and the Lagrange multiplier
should be, in general, complex-valued due to non-Hermiticity.

We proceed with the calculation by applying the path-
integral formalism to the NH-AIM with the Lagrange
multiplier in Eq. (4). To analyze the effective ground state
of H.g with the smallest real part of energy, let us define the
partition function in NH systems as

z=) et =3 (e B, ),
n

n

(B

where |E,)r and |E,); are the right and left eigenstates of
H.¢ with eigenenergy E,, satisfying the biorthonormal relation
L{En|Ey)R = Smn, and B is the real parameter that character-
izes the statistical weight of eigenstates. We take the 8 — oo
limit at the end of the calculation to focus on the quantum
phase transition and not to suffer from the problem that arises
from finite 8. The partition function considered in our study
describes the energy eigenstate with the smallest real part of
the energy in the 8 — oo limit, which can experimentally be
realized by adiabatically introducing dissipation to the ground
state in the Hermitian limit. Then, we express the partition
function with a constraint and the action as

7 = /D[lﬁ,¢,5, b, Ale~S,

B
S = / df{ Zéka(f)(ar + 6k)cka(.’:)
0

ko

(B2)

+ Y do(t)(0: + Eq + A)dy (1)

+ Y WkaCro (1)) (T) + Vardo (T)b(T o (T)]
ko

+b(1)(3; + X)b(T) — i}. (B3)

Here, vy and v are the Grassmann variables for the set of
Fermi fields. To obtain the saddle-point solution with respect
to the Bose fields b and A, we first integrate out the Fermi
fields and get

Z= / Db, b, Ae™ . (B4)
By taking the derivative of the effective action Seg with re-
spect to b and A, the saddle-point conditions are given by

8Sett . ﬁ B . 3 . -
81;(1') o L<5[7(T)>R—(8r+)»)b(t)+%: deL(CkgdU>R =0,

(B5)
> =Y 1{didy)r + b(r)b(r) — 1 = 0. (B6)
Ry

8Seit <as
Sh L \6X

We emphasize that, due to the complex parameters b, b, %, and
Via» the expectation value (- - - )g = Tr[- - - e #Her]/Z for the
fixed b, b, and A with the use of Eq. (B3) takes a complex
value in general. Though the total particle number at the
impurity site is conserved due to the constraint in Eq. (B6), a
local operator such as dg d, does not commute with Heg, and

therefore, its expectation value L(d;dg) r can mathematically
become complex.

Hereafter, we focus on the effective ground state of the
NH-AIM, where the mean field described by the Bose field is
static. When the T dependence of the Bose field is considered,
the mean field shows nontrivial imaginary-time dynamics,
but we do not consider such a situation. We note that the
expectation values L(c,tgdg) r and L(dgda) g are independent
of T because they are described by the equal-time limit of the
Green functions, which have the time-translation symmetry
even in NH systems as explained in Appendix C. Then, the
SCE:s are given by

Mo+ Viarlc),do)r =0, (B7)
ko
> ldids)r+ b = 1. (B8)

g

Here, we remark that the above mean-field treatment spon-
taneously breaks the U(1l) symmetry of the Hamiltonian
generated by the transformation b — be” and d, — dye”,
and accordingly, the Bose fields are written as

b = bye”?, (B9)

b= bye ™. (B10)
Though we are not studying b itself in the current study, this
is introduced to emphasize that b and b are not complex con-
jugate to each other for by € C in NH systems. We note that
Egs. (B9) and (B10) are reminiscent of the superfluid order pa-
rameters in the NH BCS theory [44,117,118], and we indeed
see some similarities in the behavior between Eqs. (B9) and
(B10) and superfluid gaps in the phase transition as discussed
in Sec. II C.

Next, we evaluate the expectation values given in Egs. (B7)
and (B8). We here explain the calculation of L(d;dg) r, and
that of |, (cjm dy)g will be performed in a similar manner. With
the use of the path integrals, we find that (d; d,; )R is rewritten
as

pldd)r = B Y &G (i), (B11)

Wy

where 17 — 40 limit is implicitly indicated, w, = (2n +
1) /B with n € Z is the Matsubara frequency for fermions,
and the NH Matsubara Green function GY (iw,) reads

Gy (iwy) = [iwy — Eq — % — 2;;(@”)]". (B12)

Here, the self-energy of the impurity fermion is given by

27 (iw,) = Vb5 Y i, — &)™
k

(B13)

To proceed, we have to take the sum over the Matsubara fre-
quency in Eq. (B11) with the contour integrations, for which
we have to analytically continue the impurity self-energy to

the complex-w plane as
2] (w) = —iApsgn(Imw), (B14)

where A, = b(z)A, and we have performed the summation
over k by assuming a constant density of states of reservoir
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fermions. Importantly, in Eq. (B14), we find that the non-
Hermiticity originates from both the complex SB field by and
the complex hybridization A, the latter of which is assumed
to take a real value in Ref. [64]. We arrive at the retarded
(advanced) NH Green function given in Eq. (5) by the ana-
lytical continuation iw, — w = in in Eq. (B12). In Sec. II, we
assume that

AR FImk > 0, (B15)

which is smoothly connected to the Hermitian case in the
V — 0 limit [14]. If either one of Eq. (B15) is not preserved
with increasing non-Hermiticity, the phase transition with the
breakdown of the Kondo effect occurs [64]. Finally, with the
use of the detailed form of L(d;da) g and L(c,deg) g after the
contour integrations, we arrive at the SCEs (6) in the 8 — o0
limit. We note that, due to the non-Hermiticity in A, both the
logarithmic term and the tan~! term in Eq. (6) contribute to
the real and imaginary parts of the SCEs [119].

APPENDIX C: LEHMANN REPRESENTATION
FOR THE NON-HERMITIAN GREEN FUNCTION

In Sec. II, we have analyzed the NH Green functions in
many-body systems by using the path-integral formalism on
the basis of the analytic continuation of parameters. How-
ever, in NH systems, such analytic continuation sometimes
breaks down as seen in previous studies, e.g., beyond the weak
dissipation regime upon phase transitions [44,64,106,108]. In
Hermitian quantum many-body systems, the Lehmann repre-
sentation of the Green function plays a fundamental role in
relating the imaginary-time Green function to the retarded and
advanced Green functions via analytic continuation [120]. In
this Appendix, we construct the Lehmann representation for
the NH Green function. We then demonstrate that the analytic
continuation from the Hermitian case does not hold in the
retarded and advanced Green functions when their analyticity
in the half-complex-w» plane breaks down due to the Kondo
breakdown. We note that the NH Lehmann representation has
been recently obtained in Ref. [121] for the coupled-cluster
Green function, but we rather focus on the breakdown of
analytic continuation of the conventional Lehmann represen-
tation [120].

J

, 1
Go(r—1)=—%

m,n

We first introduce the single-particle Green function for an
impurity fermion in the NH-AIM (1) as

G, (t,7') = —p{Trlcas (T)c) (T )Drs

where 7 is the imaginary time, 7; stands for the t-product
given by

Ti[cao (T)c) (T)]

= O(t — T)car (T)Ch (7)) — O (T — 7)) (T))cus (7).
(C2)

Here, 65 (x) is the Heaviside unit-step function. The expecta-
tion value is defined as

(CI)

1 .
g = E'1"r[e—ﬂ(1‘1eff—/LM) o]

=’}

1

== L(Ex| - |Epge PETEM - (C3)

where |E,)g and |E,), are the right and left eigenstates of H.g
with eigenenergy E, and satisfy the biorthonormal relation as
L{Em|En)R = 8pun- Also,

== Tr[e—ﬁ(Heff—ﬂM)L (C4)
is the partition function with the real statistical weight param-
eter 8 and the complex parameter ft, which is introduced as an
analytical continuation of the equilibrium chemical potential.
In Eq. (C4), M is the particle-number operator with eigenvalue
M, (note that the NH-AIM conserves the total particle number
and that H.i¢ and M have simultaneous eigenstates). In addi-
tion, we have introduced the Heisenberg representation for the
NH system as

T (Hetr—tM) —T(Her —AM)
,

Cio(T) =€ Cdoe (C5)

_T(Heﬂ‘_p-M)' (C6)
By employing the cyclic property of the trace together with
Egs. (C3), (C5), and (C6), we find that the NH Green func-
tion (C1) has the time translational symmetry as G, (7, ') =
G,(t — 1/,0) = G,(tr — 1’). Next, by inserting the biorthog-
onal completeness relation ), |E,)r.(E,| = 1 into Eq. (C1),
we obtain the Lehmann representation for the NH Green func-
tion as

Heg—aM) T
CZU(T)ZeT( i — L )cdge

e PETIMD[G, (1 — ') (Ey|cas (D Em)RL(Emlc], (T En)r

- QH (7:/ - T)L (Enlcza(f/”Em)RL (Em|cd0 (T)|E11>R]

1 Py PO
=—— Y e PETIG, (x — )BT I (B g | Epre (Enlcl, |En)r

m,n

E,—E,—p)(t'—
— Oy (t' — 1)e WED (B, leh |En)RL{En|Cao | En)R].

The Fourier transform of the NH Green function is defined by

G, (1) = %Zeiiwero(iwl)»

p
Ga(iwz)=/ "G, (T)dr,
0

(C7)

(C8)

(C9)
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which leads to

. 1 gy f° _Eih +
Golio) = —— Y _ e PEiMD / dre T e EnEntT (E 1o | En)RiAEm|Chy |En)R
= 0

m,n

1 BUE, i )e(iwl+En_Em+ﬂ)ﬂ — s
=—= ) e P E,|cao |E Eulc) |E
g Z ia)l +En — Em + ﬂL< n| da| m>RL( m| dg| n>R

m,n

e_ﬂ(Em_ﬂva) + e_ﬂ(En_,aMn)

1 T
E — i) +E, —E, + /1 L(En|cd0'|Em>RL(Em|Cdg|En>Rs (C]O)

where we have used M,, = M, + 1 and w; = (2] + 1) /B (I € Z). Here, we note that foﬂ e dx = (e*f — 1)/« holds for an
arbitrary complex number .

At first sight, it seems that no issue occurs in the Lehmann representation for the NH Green function, but a problem arises
when it comes to the real-time representation. Let us define the retarded NH Green function as

GR(t,1") = —ibu (t — t")1.{{cao (1), ) (€ )))k

Oy —1") BB —AM e —i(E —E— (1t N
=) e PETIMI [ E BT (B g |E) Ri(EmlCl, |En)R

m,n
+ e EnT B (Bl |En)ReAEmlCao | En)R]. (CI1)
where we have used the definition of the real-time Heisenberg representation given by
Cdo (t) — ei(Heff*ﬁM)ICdUe*i(Heff*ﬁM)t , (C12)
C:;a (1) = ei(Heﬂ'_,aM)lC;Eae_i(Heff_ﬂ«M)[' (C13)

If the Lehmann representation in the frequency space were given by the analytic continuation as in the Hermitian system as

G, (i) —— GR(w), (C14)
lw—>w+in
we could obtain
1 e PE—IMy) 4 o—PBE,~M,) .
GR(w) == Eylcao |En) i Emlc |En) s C15
HOE=DD ST E —E it L Erlue | Endr(Enlcy, |En (C15)

m,n

where in = +i0 in the denominator would be omitted due to the complex quantities E,, E,,, and fi. However, this procedure
contains a problem coming from the analyticity of the retarded and advanced Green functions. We recall that, in the Hermitian
system, the retarded (advanced) Green function is analytic in the half-upper (lower) complex-w plane. However, the complex-
valued energy E, can break this analyticity in the strong dissipation regime beyond the Kondo breakdown in the NH-AIM [64],
where the resonance width becomes negative. Then, the right-hand side of Eq. (C15) cannot be identified as the well-defined
retarded Green function that reflects the analyticity of the Fourier transform of Eq. (C11). Mathematically, this means that the
complex path in the integration of the Fourier transformation cannot be deformed onto the real axis as the path crosses the poles
of the integrand. Therefore, though the Lehmann representation for G, (iew;) is well-defined in NH systems, that for GR(w) is
not given by the analytic continuation (C14) in general, and Eq. (C15), which is the analytic continuation of the conventional
Hermitian Lehmann representation to complex parameters, no longer holds in NH systems. To formulate the complete Lehmann
representation in NH systems, it seems that we need a different concept to recover the analyticity of retarded and advanced Green
functions, but it is beyond the scope of this paper.

APPENDIX D: CALCULATIONS OF THE NESTED BETHE EQUATIONS

In this Appendix, we give the detailed calculations of the nested Bethe equations and obtain the condition for the Kondo
breakdown. First, we separate the formulas (33) and (34), where p(k) [0 ()] represents the distribution function for spin (charge)
modes, into the host part denoted by the superscript (c) and the impurity part represented by the superscript (i). By introducing

(©) _
wO=g (D1)
o) = SR (D2)
w[(k — Eg)? + A?%]
O = <, (D3)
T
o)) = (D4)

(A — Eg)? + QA2
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and defining the integral of the function f (k) multiplied by the Lorentzian function as

nk
O = —cy Y Ds
[tnnson fﬂ[(?»—)»/)z-i-(nA)z]f( ) (D3)
where n is a positive integer, Eqs. (33) and (34) read

1 co+iB, oo-+iBy

P + o) = () + f [1]0(dA — f [1]0 G (D6)
—o00—iB_ B
1 . co+iBy 00+iB Q
o0+ pol =0+ [ 12haeGha - [T 2haethai 4 [ Uihetoak. @)
—oco—iB_ B —oo—iQ_

where quasimomenta k for spin modes are distributed over the region (—oo — iQ_, Q),, and rapidities A for charge modes span
the range (—oo — iB_, B).. Here, we have rewritten the integral by separating the large |B| part by introducing the complex
quantity B to focus on the Kondo limit later.

In the following, we simplify Eqgs. (D6) and (D7) by using the Fourier transform. The Fourier transform for a function f (k)
of complex quasimomentum k is introduced as

o0
flw) = f e fkydk = / ¢ fk)dk, (D8)
C —00

where we have used that the complex path C = (—00 — ia_, 00 + iay ). can continuously be deformed onto the real axis if it
does not cross the poles of the integrand. We also note that, as the imaginary part of k is finite, the convergence of the Fourier
transform is guaranteed. By performing the Fourier transformation in Eq. (D7), we obtain

co+iBy 0 N
e—ZA\w\eik/wa ()\-/)d)\./ + / €_A|w|€ikw,0(k)dk, (D9)

—00—iQ_

59 () + %ag“(m =6 () +e M5 () - /B

where 6, (w) = 28(w) and &, (w) = eiFiv =280l We rewrite Eq. (D9) as

00+iB B o o B )
R(w)e™ o () )dN —/ S(w)e*® p(k)dk. (D10)

—o0—iQ_

- - I _4
0(w) = oéfc)(w) + —Gs(‘)(a)) + /
L B

Here, the following quantities are introduced for readability: 6S(°)(a)) = ~éc)(a))/ 1+ 6’25“”‘), 6S(i)(a)) = 5(§i)(a))/ (1+
e 28loly = B0 B(), R(w) = e‘m“‘"/(l + e 280l and S(w) = e Alel/(1 4 e 2Ally, Finally, by performing the inverse
Fourier transform in Eq. (D10), we arrive at the Bethe equation for the charge degrees of freedom as
0 oco+iBy 1.
o(A) + / S, —k)p(k)dk — / RO — VYo (W)dX = a9 () + Za;”(x), (D11)
—o00—iQ_ B
where 09 (1) = 1/27 and 6P (A) = R(A — Ey).
To calculate Eq. (D6), we substitute Eq. (D11) into the second term on the right-hand side of Eq. (D6) and proceed with the
calculation with the help of the Fourier transform, obtaining
0 co+iBy 1.
o= [ RG=Kpwrak — [ =G = o0 + 100 (D12)
—00—iQ_ B
where we find that o (k) = 0 and p{’(k) = S(k — E;). By decomposing Egs. (D11) and (D12) into the host part and the
impurity part, we arrive at

. 0 . ootiBy .
pV (k) — f Rk — KNpW(kdk' — [ Stk — VoD Wdr = Stk — Ey), (D13)
—00—iQ_ B
> 0 0o+iB+
p k) — / Rk — K)p O (k" dk' — / Stk — Mo ©W)dxr =0, (D14)
—0c0—iQ_ B
. 0" . oo+iBy .
oD+ / SO —k)pVk)dk — / RO — oD )d) = RO — Ey), (D15)
—00—iQ_ B
> (4] co+iB+ 1
@) + / SO —k)p© (k)dk — / RO — Mo ©MWyd) = —. (D16)
—00—iQ_ B 2

Equations (D13)—(D16) are useful to describe key physical quantities for the impurity physics. For example, the particle
number density of the impurity is given by

Nd oo+iBy )
—~=1- / oD W)dx, (D17)
L B
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and the magnetization density of the impurity and that of the host are respectively represented by

MP 1 e )
- =3 p M (k)dk, (DI8)
L 2 —00—iQ_
MZ(C) 1 © (c)
== 0@ (k)dk. (D19)
L 2 —oo—iQ

Importantly, Dgi)[e(Q)] given in Eq. (39), which is obtained from Eq. (38), is calculated with the use of Egs. (D13)—(D16). To
see this, we first show the relation €’(k) = 27 p© (k). The formal solution of the distribution function p(k) is written as

(Y] (Y]
p(k) = po(k) + / RP (k, k) po (K )dk' = / [8(k — k') + R (k, k)] po (K )dK, (D20)
—00—iQ_ —00—iQ_
and similarly, o () is represented as
B B
o(A) = op(M) + / RO, Map(W)dN = / [8(x — X))+ RO, A)]oo(W)dA, (D21)
—o0—iB_ —o0—iB_

where po(k) = p(()c)(k) + p(()i)(k)/L, oo(L) = aéc)()») + oéi)()\)/L, and the kernels R (k, k') and R“)(x, }') are introduced. By
substituting Egs. (D20) and (D21) into Eq. (35), the energy density of the system is rewritten by incorporating terms coming
from the chemical potential fz and the magnetic field H as

— i1 —_— 7 Q B
E — N — gupHM; :/ eo(k)p(k)dk+/ Ko(A)a (A)dA

L 00—iQ-_ —0o—iB_
(9] (9]
= / dk / dk'eo(k)[8(k — k') + R (k, k')] po (k')
—00—iQ_ —00—iQ_
B B
+ f dx f dN ko(M)[8(A — ') + RO (A, M)]op())
—o0—iB_ —o0—iB_
(9] B
= / e(k)po(k)dk + / Kk (M)oo(A)d A, (D22)
—00—iQ_ —00—iB_

where we have used Egs. (36) and (37). Here, €p(k) =k — i — %guBﬁ and ko(A) = 21 — 21 are defined by using the g-factor
and the Bohr magneton pp. Dressed energies € (k) for spin excitations and « (A1) for charge excitations are introduced to satisfy

(9]
e(k) = / [8(k — k') + RV (k, k')]eo(k)dK', (D23)
—o00o—iQ_
B
k(A = / [ — A)) + RO, A)ko(W)dN . (D24)
—0o0—iB_

We find that e€(k) and «(A) obey the equations of the same form as p(k) in Eq. (D20) and o(A) in Eq. (D21), respec-
tively. This means that nested Bethe equations for e€(k) and «(X) are obtained by replacing py(k), op(}r), p(k), o (1) by
€o(k), ko(1), €(k), k(1) in Egs. (33) and (34) as

B

i
co(k) = e(k) + /foo?i& T Az]K(k)d)», (D25)
s 24 e
o=t [ R /oo,»Q_ T (20

By differentiating Eqgs. (D25) and (D26) with respect to k and A with the use of €y(k) =k — i — %g/LBI-? and ko(A) = 21 — 24,
we obtain

1 €k) B A K (L)

w T /_oo_,-g, Ak — P 1 A7 22 (D27)
1 _ K/()x) B 2A K/()\./) ) 0 A 6/(k)
x " 2w [m,ig, AP b 2w Y /oo,»g kP + &7 2 (D28)

where we have performed the partial integration with the help of the fact that excitation energies are zero at quasi-Fermi points
as €(Q) = 0 and «(B) = 0. Then, we find that Eqs. (D27) and (D28) are in the same form as the host part of Egs. (33) and (34)

065118-13



YAMAMOTO, NAKAGAWA, AND KAWAKAMI PHYSICAL REVIEW B 114, 065118 (2026)

including the driving terms. Thus we obtain €’ (k) = 2w p© (k) and «’(A) = 270 © (1), which reflect that itinerant fermions are
free fermions.
We now analyze Eq. (39) with Egs. (D13)-(D16), which is calculated as

T(Q-Ey) 7(0-1) kg

R S s diske s oW e 4 [P dre R D)

DYe(@)]= lim 24 : 8 :
s O —00—iQ_ 27 fBoo+zB+ d)»ﬁen%”o’(c)(k) 27 fBoo+zB+ d)\@iﬁo‘(c)()\,)

, (D29)

where we have used the asymptotic form S(Q) = sech(w Q/2A)/4A ~ exp(mQ/2A)/2A for Q — —oo — iQ_, and the distri-
bution function for the charge excitations satisfies

00+iB
a®) — f RO — Ao D) Ydr = RO — Ey), (D30)
B

© ety PNV |
c©() — R(. = 100 0)dx = . (D31)
B T

We now evaluate the NH Kondo scale, which is proportional to DV[e(Q)]~! in the Kondo limit. As the second term in Eq. (D29)
can be ignored compared to the first term in the Kondo limit, Eq. (D29) is evaluated as

_7Ey
e 27 nEy

cotiB, R =ae %,
27 [T dhe 250 © (L + B)

DPle(Q)] =

(D32)

where we have introduced the shifted impurity level as E; = E; — B and o as the normalization constant, respectively.
Equation (D32) is nothing but the inverse NH Kondo scale given in Eq. (40). We remark that, in the condition for the Kondo

breakdown Re[DD[e(Q)]7'] = 0, the contribution coming from o' can be ignored compared to that from 5% for the large
value of |E§ |. Thus we obtain Eq. (41) as the condition for the Kondo breakdown.
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