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Mitigating detuning-induced systematic errors in entanglement-enhanced metrology
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Quantum sensing leverages nonclassical resources to enhance precision. In particular, Greenberger-Horne-
Zeilinger (GHZ) states can, in principle, attain the Heisenberg limit that surpasses the standard quantum
limit. While many studies have examined how open-system noise—typically modeled with Lindblad master
equations—degrades GHZ-based metrology, coherent control imperfections during state preparation and readout
have received less attention. Here, we analyze the effect of detuning between actual and nominal spin frequencies
in a GHZ-state preparation scheme employing a frequency-selective pulse. We show that detuning induces
coherent, systematic error that prevents GHZ sensing from reaching the Heisenberg limit. To mitigate this effect,
we design a composite-pulse protocol that compensates for detuning-induced errors and improves the sensitivity
under the effect of coherent error.
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I. INTRODUCTION

Precise measurement plays a central role in modern tech-
nology [1,2]. Magnetic-field measurements in particular find
broad application in physics [3], materials science [4], chem-
istry [5], and biology [6]. A typical magnetometer employs
N-spin probes [7]. The applied magnetic field modifies the
spin Hamiltonian; after an exposure time, the spins accu-
mulate a field-dependent relative phase [8–10]. Reading out
this phase, one can estimate the field strength with suitable
protocols.

When estimating the field strength with N independent,
identically prepared spins, the standard deviation typically
scales as O(N−1/2), known as the standard quantum limit
(SQL) [11–13]. In contrast, if the N spins are entangled
into a Greenberger-Horne-Zeilinger (GHZ) state, the stan-
dard deviation can scale as O(N−1), the Heisenberg limit
[11]. GHZ-based sensing is powerful in the ideal, noiseless
limit, but its performance degrades under stochastic noise that
induces decoherence during exposure to the target field. In
particular, under time-homogeneous (Markovian) noise, GHZ
protocols cannot surpass the SQL [11,14]. When the noise is
time inhomogeneous so that the leading-order decoherence is
quadratic in the exposure time (short-time Zeno regime), an
optimally timed GHZ protocol can beat the SQL and achieve
a sensitivity scaling of O(N−3/4), which is called the Zeno
limit [15–17].

The impact of diverse noise processes on GHZ sensing
has been extensively analyzed. By contrast, the effect of con-
trol imperfections during GHZ-state preparation and readout
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on the achievable sensitivity has received far less attention.
Such imperfections typically manifest as systematic (bias)
errors. Unlike stochastic noise, which primarily inflates es-
timator variance and slows the decay of standard deviations,
systematic errors can bias the estimator and prevent its con-
vergence to the true value [18,19]. It is therefore crucial
to quantify and mitigate their impact. Although systematic
errors are ubiquitous in experiments, a broadly applicable
mitigation framework remains elusive; most prior studies treat
decoherence [20–22] rather than control errors.

We consider the experimentally accessible GHZ sensing
protocol used in Refs. [23,24]. In this approach, a global con-
trol pulse is applied simultaneously to N spins with frequency
selectivity to prepare the GHZ probe state. Fluctuations in
parameters of apparatuses and pulses induce coherent mis-
rotations, so each spin deviates from its target state; as
a result, the prepared state approaches a superposition of
spin-coherent product states rather than an ideal GHZ state.
Reference [24] further showed that for a certain class of
pulse imperfections, e.g., uniform amplitude miscalibration,
the protocol can still exhibit O(N−1) scaling, and under time-
inhomogeneous dephasing, it can attain a sensitivity scaling
of O(N−3/4). However, Ref. [24] did not analyze the effect
of pulse-frequency deviations, which is called detuning. As
shown below, detuning introduces a coherent, systematic bias
into the above GHZ sensing protocol and, as the number of
spins increases, significantly hinders the convergence of the
estimator to the true value.

We quantify the impact of detuning on GHZ-based sensing.
Moreover, to mitigate this effect, we propose a compensa-
tion method based on composite pulses, originally developed
in nuclear magnetic resonance (NMR) [25–28]. Composite
pulses replace a single target rotation with an appropriately
designed sequence of rotations that cancels leading-order
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control errors. They are widely used for robust control
[29–33]. Recently, an application of composite pulses to
quantum sensing was also proposed [34]. In this paper, we
introduce a composite-pulse sequence tailored to GHZ-state
preparation and evaluate its performance.

The remainder of this paper is organized as follows: Sec. II
briefly reviews quantum sensing and the effects of systematic
errors. In Sec. III, we introduce the sensing scheme used in
Refs. [23,24] and evaluate how detuning affects its perfor-
mance. Furthermore, we provide a composite pulse sequence
that compensates for the effect of detuning. In Sec. IV, the per-
formance of our proposal is numerically evaluated. Section V
is devoted to a summary of this paper.

II. REVIEW OF QUANTUM SENSING AND EFFECTS
OF SYSTEMATIC ERRORS

Quantum sensing is formally treated as a parameter esti-
mation problem, where a parameter � encoded in a quantum
state ρ� is estimated via measurements. Let �̃ be an estima-
tor constructed from measurement outcomes. We denote the
statistical expectation value over the measurement results by
〈·〉. The estimation precision is quantified by the mean-square
error (MSE), defined as

EMS(�̃) = 〈(�̃ − �)2〉. (1)

The MSE can be decomposed into the statistical variance and
the systematic bias:

EMS(�̃) = Var(�̃) + [b(�)]2, (2)

where Var(�̃) = 〈(�̃ − 〈�̃〉)2〉 represents the fluctuation
around the mean and b(�) = 〈�̃〉 − � represents the
bias [35].

For unbiased estimators where b(�) = 0, the MSE reduces
to the variance. The ultimate precision limit of any estimator
�̃ is governed by the quantum Cramér-Rao bound (QCRB):

Var(�̃) � 1

MFQ(ρ�)
, (3)

where M is the number of repetitions and FQ(ρ�) is the quan-
tum Fisher information, which depends solely on the probe
state and its evolution [36]. When a specific measurement
(positive operator-valued measure) is performed, yielding out-
comes s with probability P(s|�), the precision is further
bounded by the classical Cramér-Rao bound:

Var(�̃) � 1

MF (�)
� 1

MFQ(ρ�)
, (4)

where F (�) = ∑
s P(s|�)[∂� ln P(s|�)]2 is the classical

Fisher information (see Ref. [37] for a comprehensive review).
A rigorous approach to quantum metrology involves simul-

taneously optimizing the initial probe state, the measurement
basis, and the estimator to saturate the QCRB. However, in
this work, we do not delve into such global optimization. In-
stead, we focus on a specific, well-established class of sensing
protocols—utilizing GHZ states. In the ideal noiseless limit, a
measurement saturating the QCRB and achieving the Heisen-
berg limit scaling O(N−1) for N spins has been found. Our
primary objective is to address a critical practical limitation of
this scheme: its vulnerability to control errors. As indicated by

Eq. (2), systematic errors [b(�) �= 0] introduce a constant bias
term to the MSE which cannot be suppressed by increasing M.

As a concrete example, we consider spin-based magnetom-
etry, in which a magnetic field is encoded as a phase on spins
(or qubits) during an exposure period. The state space of a spin
is spanned by two vectors {|g〉, |e〉}. We introduce the Pauli
matrices (σ0, σx, σy, σz ) through their actions as

σ0|g〉 = |g〉, σ0|e〉 = |e〉,
σx|g〉 = |e〉, σx|e〉 = |g〉,
σy|g〉 = i|e〉, σy|e〉 = −i|g〉,
σz|g〉 = −|g〉, σz|e〉 = |e〉, (5)

where σ0 is the two-dimensional identity matrix. We as-
sume that the target magnetic field is directed to the z axis
and its strength is � with appropriate normalizations. The
Hamiltonian of a spin exposed to the magnetic field is given
as

H = �

2
σz. (6)

We initially prepare the spin in the superposition state
|+x〉 := (|g〉 + |e〉)/

√
2. After being exposed to the magnetic

field, the state becomes

|ψ (�)〉 = ei�t/2

√
2

(|g〉 + e−i�t |e〉), (7)

where t is the exposure time. Then, we perform the projective
measurement Py± = (σ0 ± σy)/2. The probability of obtain-
ing the outcome y+ is given as

Py+ = 〈ψ (�)|Py+|ψ (�)〉 = 1

2
+ sin(�t )

2
≈ 1

2
+ �t

2
, (8)

where we assume �t � 1. As Py+ has information on the field
strength �, we can estimate � through Py+ by repeating the
above process.

We assign the value 1 to the outcome y+ while assigning
0 to y−. Let s j ∈ {0, 1} denote the outcome in the jth exper-
iment. We repeat the experiment M times and calculate the
following quantity:

S =
M∑

j=1

s j/M. (9)

If M is sufficiently large, this value converges to Py+. We can
define an estimator �̃ of the field strength � as

�̃ = 2S − 1

t
, (10)

and �̃ → � for large M. The root-mean-square error (RMSE)
of �̃ from the true value � is calculated as√

EMS(�̃) =
√

〈(�̃ − �)2〉 = 2

t

√
Py+(1 − Py+)

M
. (11)

By increasing the number of experiments M, which here
corresponds to the number of spins utilized in estimation,
the standard deviation decreases, following the scaling law
O(M−1/2). As demonstrated below, when the GHZ sensing
scheme with N spins is performed, the exposure time t in
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Eq. (11) is effectively replaced by Nt . This yields the scaling
law O(N−1), corresponding to the Heisenberg limit.

Let us explain the generalized setup [18,19]. We consider
M experiments, each of which yields an outcome of 1 with
probability P1 and 0 with probability 1 − P1. We assume that
the probability P1 is described by

P1 = x + y� (12)

as a function of �, the parameter to be estimated. Then defin-
ing the estimator �̃ in the same way as in the above example,
we obtain

〈�̃〉 = �,

√
EMS(�̃) = 1

y

√
P1(1 − P1)

M
. (13)

However, the situation changes when the process is subject to
unknown systematic errors. In this case, the actual probability
P′

1 is

P′
1 = x′ + y′�, (14)

where x′ (y′) differs from x (y) while we assume that the
outcomes are generated by the ideal probability P1. Hence,
the estimator (10) has an incorrect average:

〈�̃〉 = y′� + x′ − x

y
. (15)

Note that we now take the statistical average according to the
actual probability P′

1. Consequently, the RMSE behaves as√
EMS(�̃) = 1

y

√
P′

1(1 − P′
1)

M
+ (��y + �x)2, (16)

where �x = x′ − x and �y = y′ − y. We observe that this
does not converge to zero at the limit of M → ∞:

lim
M→∞

√
EMS(�̃) = 1

y
|��y + �x| = |b(�)|. (17)

III. ERROR-ROBUST GHZ SENSING

A. Ideal case

As a starting point, we examine the conventional GHZ
sensing scheme. This scheme achieves the Heisenberg limit
by employing the GHZ state as the initial state. The GHZ state
of N spins is defined as

|GHZ〉 = 1√
2

⎛
⎝| gg · · · g︸ ︷︷ ︸

N

〉 + | ee · · · e︸ ︷︷ ︸
N

〉
⎞
⎠. (18)

When the spins comprising this state are subjected to a uni-
form magnetic field, as given in Eq. (6), the state evolves into
the following form:

|GHZ′〉 := eiN�t/2

√
2

(|gg · · · g〉 + e−iN�t |ee · · · e〉). (19)

We measure this state by the projection operator
P1 = |GHZy〉〈GHZy| and P0 = 1 − P1, where |GHZy〉 =
(|gg · · · g〉 + i|ee · · · e〉)/

√
2. The probability of obtaining the

outcome 1 is given as

P1 = |〈GHZy|GHZ′〉|2 ≈ 1

2
+ N�t

2
, (20)

where we assume N�t � 1. According to Eq. (13), we can
achieve the Heisenberg limit O(N−1). It is worth noting that
this measurement and estimator saturate the QCRB in the
ideal noiseless limit, provided that the accumulated phase is
small.

In the conventional GHZ sensing scheme, one must per-
form a measurement with respect to the |GHZy〉〈GHZy| basis,
which is typically challenging to realize experimentally. To
overcome this, Ref. [24] proposed a practical GHZ sensing
scheme that circumvents the need for direct |GHZy〉〈GHZy|
measurements. Here, the system consists of a controllable
spin c that is collectively coupled to N memory spins m. The
Hamiltonian of the system is

H (t ) =ωc
σ (c)

z

2
+ ωm

J (m)
z

2
+ g

σ (c)
z J (m)

z

4

+ λ
J (m)

x

2
cos(ωt − φ). (21)

In this notation, the superscripts in parentheses specify the tar-
get spin of each operator: (c) corresponds to the controllable
spin, whereas (m) corresponds to the memory spins. The col-
lective spin operators J (m)

z,x are defined by J (m)
x,y,z = ∑N

i=1 σ (m,i)
x,y,z ,

where σ (m,i)
x,y,z acts on the ith spin among the memory ones. The

first two terms in Eq. (21) correspond to the spin frequencies,
the third term describes the coupling between the controllable
spin and the memory spins, and the last term represents the
pulse applied to the memory spins. The pulse strength λ is
set to unity, and other parameters such as ωm,c, g, and time
t are normalized with respect to this value. We assume that
the parameters of (ω, φ) in the last term are controllable. The
resonance frequencies of the memory spins are assumed to be
identical.

We take the initial state to be |g〉c ⊗ |g · · · g〉, where the
controllable spin is written on the leftmost side. A resonant
pulse is first applied to the controllable spin, resulting in the
following state:

|�0〉 = 1√
2

(|g〉c + |e〉c) ⊗ | ggg · · · g︸ ︷︷ ︸
N

〉

= 1√
2
|g〉c ⊗ |g · · · g〉 + 1√

2
|e〉c ⊗ |g · · · g〉. (22)

We assume that this pulse is ideal, introducing no error, and
that it does not influence the memory spins because the fre-
quency detuning satisfies |ωc − ωm| 
 1.

Next, we apply a pulse to the memory spins. To analyze
their behavior, we rewrite Hamiltonian (21) in the rotating
frame defined by the first three terms:

H̃ (t ) = |g〉c〈g| ⊗ H̃−(ω, t ) + |e〉c〈e| ⊗ H̃+(ω, t ),

H̃±(ω, t ) := J (m)
x cos(ω±t ) − J (m)

y sin(ω±t )

2
cos(ωt − φ),

(23)

where ω± = ωm ± g/2. This Hamiltonian does not induce
transitions of the controllable spin.
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Under the condition ωm, g 
 1, the partial Hamiltonians
H± during this pulse can be approximated as

H̃+(ω+, t ) ≈ H̃res := 1
4

(
J (m)

x cos φ + J (m)
y sin φ

)
,

H̃−(ω+, t ) ≈ 0, (24)

where we perform the rotating-wave approximation. The
validity of this approximation, including the impact of coun-
terrotating terms, is discussed in Sec. A 1. Setting φ = −π/2
and (normalized) pulse duration 2π , we obtain the following
state after the pulse:

|�1〉 = 1√
2

(|g〉c ⊗ |g · · · g〉 + |e〉c ⊗ |e · · · e〉). (25)

It should be noted that the basis states |e〉 and |g〉 are now
defined in the rotating frame. For simplicity, we omit the
explicit notation, as this distinction does not influence the
result.

Next, we subject the state to the target magnetic field. The
following additional Hamiltonian describes the effect of this
field:

Hmag = �

2
J (m)

z . (26)

The state evolves to

|�2〉 = 1√
2

(
ei N�t

2 |g〉c ⊗ |g · · · g〉 + e−i N�t
2 |e〉c ⊗ |e · · · e〉).

(27)

We then apply a pulse with ω = ω−. With this choice of
frequency, the partial Hamiltonians H± take the following
form:

H̃+(ω−, t ) ≈ 0, H̃−(ω−, t ) ≈ H̃res. (28)

When we set φ = −π/2 and choose a pulse duration of 2π ,
the resulting state is

|�3〉 = 1√
2

(
ei N�t

2 |g〉c ⊗ |e · · · e〉 + e−i N�t
2 |e〉c ⊗ |e · · · e〉)

= 1√
2

(
ei N�t

2 |g〉c + e−i N�t
2 |e〉c

) ⊗ |e · · · e〉. (29)

In the above protocol, we assume that the target magnetic field
is decoupled during both the state-preparation and readout
processes.

We measure the controllable spin using the basis of |±y〉 =
(|e〉c ± i|g〉c)/

√
2. The probability of obtaining |+y〉, which

we define as outcome 1, is expressed as

P+y ≈ 1

2
+ N�t

2
, (30)

where we assume N�t � 1. Reference [24] showed that this
sensing protocol can achieve the Heisenberg limit even in
the presence of certain pulse errors in the memory spins.
However, as we will demonstrate, detuning errors introduced
below prevent the scheme from attaining the Heisenberg limit.

B. Sensing with detuning error

In the above derivation, we assumed identical resonance
frequencies for all memory spins. In reality, each frequency

may exhibit a small deviation from the ideal value, ex-
pressed as ωm + δi, with i labeling the spin. We call this
deviation detuning, and the corresponding Hamiltonian is
given as

H̃ ′(t ) = |g〉c〈g| ⊗ H̃ ′
−(ω, t ) + |e〉c〈e| ⊗ H̃ ′

+(ω, t ),

H̃ ′
±(ω, t ) := J (m)

x cos(ω±t ) − J (m)
y sin(ω±t )

2
cos(ωt − φ)

+
N∑

i=1

δi
σ (m,i)

z

2
(31)

in the rotating frame. Consequently, when we tune ω = ω±,
the partial Hamiltonians H̃ ′

± are approximated as

H̃ ′
+(ω+, t ) = H̃ ′

−(ω−, t ) ≈ H̃res +
N∑

i=1

δi
σ (m,i)

z

2
,

H̃−(ω+, t ) = H̃+(ω−, t ) ≈
N∑

i=1

δi
σ (m,i)

z

2
. (32)

We assume that detuning is unknown but constant throughout
the whole process while varying across different spins.

We reconsider the sensing protocol in the presence of de-
tuning. Beginning with the state (22), a pulse characterized by
ω = ω+, φ = −π/2, and duration 2π is applied, leading to
the following state in the rotating frame:

|�1,δ〉 = 1√
2

(
eiπ�|g〉c ⊗ |g · · · g〉 + |e〉c ⊗ |ψ1 · · · ψN 〉),

(33)

where � = ∑N
i=1 δi and

|ψi〉 = |e〉 − 2iδi|g〉 + O
(
δ2

i

)
. (34)

We next expose this state to the target magnetic field. In
this process, detuning also affects the dynamics. The corre-
sponding Hamiltonian is given by

Hmag = �

2
J (m)

z +
N∑

i=1

δi
σ (m,i)

z

2
. (35)

Under this Hamiltonian, the time evolution of the state is
described as

|�2,δ〉 = 1√
2

ei (N�+�)t
2 eiπ�|g〉c ⊗ |g · · · g〉

+ 1√
2

e−i (N�+�)t
2 |e〉c ⊗ |ψ ′

1 · · ·ψ ′
N 〉, (36)

where

|ψ ′
i 〉 = |e〉 − iei(�+δi )tδi|g〉 + O

(
δi

2
)
. (37)

We then apply a pulse with ω = ω−, φ = −π/2, and duration
2π , after which the state evolves into |�3,δ〉:

|�3,δ〉 = 1√
2

ei (N�+�)t
2 eiπ�|g〉c ⊗ |ψ1 · · · ψN 〉

+ 1√
2

e−i (N�+�)t
2 e−iπ�|e〉c ⊗ |ψ ′′

1 · · · ψ ′′
N 〉, (38)
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where

|ψ ′′
i 〉 = |e〉 − iei(�+δi )t e2iπδiδi|g〉 + O

(
δ2

i

)
. (39)

We measure the controllable spin by {|±y〉 = (|e〉c ±
i|g〉c)/

√
2}. The probability of obtaining |+y〉 is

P+y ≈ 1

2
(1 + (2π + t )�) + N�t

2
+ O(δ2), (40)

where δ2 denotes all possible products from δi’s, such as δ2
i

and δiδ j . Also, we use N�t � 1 and 1 − |〈ψi|ψ ′′
i 〉| = O(δ2

i )
in the derivation.

A systematic error arises from �. The impact of this error
is determined by the distribution of the δi’s. For uniform
detuning δi = δ; then the statistical average and the RMSE
of the estimator �̃ are given by

〈�̃〉 ≈ � +
(

2π

t
+ 1

)
δ,

lim
M→∞

√
EMS(�̃) =

(
2π

t
+ 1

)
|δ|. (41)

These results indicate that the estimator fails to converge to
the true value �, which represents a significant limitation to
achieving accurate sensing.

Note that the dynamics |g〉 → |ψi〉 under the effect of de-
tuning does not degrade sensing precision up to O(δ) because
1 − |〈ψi|ψ ′′

i 〉| = O(δ2
i ). By contrast, the effect of detuning

in the other processes, such as |g〉 → eiπ�|g〉 and |ψ ′
i 〉 →

e−iπ�|ψ ′′
i 〉, has a more critical influence. Therefore, compen-

sating for the contributions from the latter processes is rather
essential for improving sensing accuracy.

A key assumption in our protocol is that the target magnetic
field remains decoupled during the state-preparation and read-
out processes. If the target magnetic field were always present
simultaneously with detuning, we could not distinguish the
target magnetic field from detuning.

C. Composite pulse sequence

Here, we focus on the state-preparation process that in-
volves the ω+ pulse and modify the pulse sequence. We
assume that the pulse strength λ is limited by physical con-
straints. This assumption is necessary; otherwise, the crucial
condition g 
 1 (= λ) would no longer hold. We also fix the
pulse strength throughout the protocol to avoid errors from
its variation. Relaxing this constraint would allow a simpler
and more efficient protocol than that described below (Ap-
pendix B).

First, note that if we apply only ω+ pulses, errors in the
dynamics of |g〉c ⊗ · · · cannot be compensated. The dynamics
of this component depends on the pulse duration and not on
the pulse details. Therefore, it is necessary to switch from
ω± to ω∓ at some point in the pulse sequence. The condition
to be satisfied when exciting the ground state tensored with
|e〉c is

|e〉c ⊗ |g · · · g〉 → |e〉c ⊗ |ξ1ξ2 · · · ξn〉,
|ξi〉 = |e〉 − 2iαδi|g〉 + O(δ2),

|g〉c ⊗ |g · · · g〉 → e−i δi t
2 |g〉c ⊗ |gg · · · g〉 + O(δ2). (42)

Here, t denotes the duration of exposure to the magnetic field
(not the duration of pulses), and α is an arbitrary constant of
order O(1). The vector |ξi〉 is not necessarily equal to |ψi〉.
To compensate for the effect of detuning during the exposure
process, it is necessary to include the phase factor e−iδit/2.

By straightforward but lengthy calculations, we can show
that the following pulse sequence satisfies the above condi-
tions with α = 1:

(i) ω = ω−, φ = φ1, s/2 = arcsin[(π + t/2)/8],
(ii) ω = ω−, φ = φ1 + π , s/2 = 2 arcsin[(π + t/2)/8],
(iii) ω = ω−, φ = φ1, s/2 = arcsin[(π + t/2)/8],
(iv) ω = ω+, φ = −π/2, s/2 = π ,
(v) ω = ω−, φ = φ1, s/2 = arcsin[(π + t/2)/8],
(vi) ω = ω−, φ = φ1 + π , s/2 = 2 arcsin[(π + t/2)/8],
(vii) ω = ω−, φ = φ1, s/2 = arcsin[(π + t/2)/8],

where φ1 is an arbitrary pulse phase and s represents the
duration of each pulse. The factor of 1/2 of s originates from
the factor of 1/4 of the pulse strength in H̃res. The fourth
ω+ pulse is sandwiched between two identical composite
ω− pulses, both of which implement the identity operation
when δi = 0. These ω− pulses are applied to “accumulate”
the effects of detuning enough to cancel out those in the other
processes. The exposure duration t is restricted to be less than
2(8 − π ) owing to the property of the arcsin function. Here, t
is normalized by the pulse strength. Consequently, weakening
the pulse strength increases the actual exposure time, which
may improve the estimation of �. However, this also amplifies
the effect of detuning during the exposure.

The state after this operation is

|�CP
1,δ〉 = 1√

2
e−i �t

2 |g〉c ⊗ |g · · · g〉

+ 1√
2
|e〉c ⊗ |ψ1 · · · ψN 〉 + O(δ2). (43)

Exposing this state to a target magnetic field with detuning,
we obtain the following state:

|�CP
2,δ〉 = 1√

2
ei N�t

2 |g〉c ⊗ |g · · · g〉

+ 1√
2

e−i (N�+�)t
2 |e〉c ⊗ |ψ ′

1 · · · ψ ′
N 〉 + O(δ2). (44)

Furthermore, the similar pulse sequence

(i) ω = ω+, φ = φ1, s/2 = arcsin[(π + t/2)/8],
(ii) ω = ω+, φ = φ1 + π , s/2 = 2 arcsin[(π + t/2)/8],
(iii) ω = ω+, φ = φ1, s/2 = arcsin[(π + t/2)/8],
(iv) ω = ω−, φ = −π/2, s/2 = π ,
(v) ω = ω+, φ = φ1, s/2 = arcsin[(π + t/2)/8],
(vi) ω = ω+, φ = φ1 + π , s/2 = 2 arcsin[(π + t/2)/8],
(vii) ω = ω+, φ = φ1, s/2 = arcsin[(π + t/2)/8]

satisfies

|e〉c ⊗ |ψ ′
1ψ

′
2 · · · ψ ′

N 〉 → ei δi t
2 |e〉c ⊗ |ψ ′′

1 · · ·ψ ′′
N 〉 + O(δ2),

|g〉c ⊗ |gg · · · g〉 → |g〉c ⊗ |ψ1ψ2 · · · ψN 〉 + O(δ2).
(45)
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Thus, by applying this pulse sequence after the exposure to
the target magnetic field, the state evolves to

|�CP
3,δ〉 = 1√

2
ei N�t

2 |g〉c ⊗ |ψ1ψ2 · · · ψN 〉

+ 1√
2

e−i N�t
2 |e〉c ⊗ |ψ ′′

1 ψ ′′
2 · · · ψ ′′

N 〉 + O(δ2). (46)

We measure the controllable spin using the basis {|±y〉 =
(|e〉c ± i|g〉c)/

√
2}, and the probability of obtaining |+y〉 is

given by

P+y = 1

2
+ N�t

2
+ O(δ2). (47)

Within this perturbative regime, the systematic error described
in Eq. (40) is eliminated. An analytical evaluation for contri-
butions of higher-order terms is provided in Sec. A 2.

IV. PERFORMANCE OF THE PROPOSED
PULSE SEQUENCE

Here, we evaluate the performance of the proposed com-
posite pulse sequence. To provide a fair comparison between
the composite-pulse protocol and the conventional one re-
ported in Ref. [24] under detuning, we carefully take into
account the time budgets of each protocol.

We fix the total time T allowed for the estimation of the
target magnetic field. The number of trials M is given as
M = T/τ , where τ denotes the duration of a single trial that
contains state preparation, exposure, and readout. For both
protocols, a larger τ theoretically provides a better result, and
thus, τ = T is the best choice. However, this assumption is
unrealistic because, in practice, the available time τ is always
constrained by decoherence. Therefore, even if the probe is
ideally isolated from the environment, we assume that each
run is limited to at most the coherence time of the probe
system, and we set τ to this coherence time. Such an approach
was also discussed in previous research [38].

The time for one trial τ needs to be apportioned among the
state preparation tsp, exposure tex, and readout tro. Note that,
for the sake of clarity, we use tex here to represent the expo-
sure time, replacing the notation t used in previous sections.
Let the maximum pulse strength be λmax = 1. In the conven-
tional protocol, it is desirable to allocate as long an exposure
time as possible. Hence, pulses with the maximum strength
λmax = 1 are applied during both state preparation and read-
out, so that these processes are completed in the shortest
possible time. The exposure time for the conventional protocol
is then t conv

ex = τ − 4π because a π pulse with strength λmax =
1 requires a duration of 2π for each of the state preparation
t conv
sp and readout t conv

ro .
In the proposed composite-pulse protocol, the durations

of state preparation and readout become comparable to the
exposure duration. Hence, it takes more time to implement
this pulse sequence than the conventional protocol. According
to the pulse sequence, the durations for state preparation tCP

sp ,
exposure tCP

ex , and readout tCP
ro need to satisfy the following

ratio relation:

tCP
sp : tCP

ex : tCP
ro = 10π : 2(8 − π ) : 10π, (48)

where we set the maximum nondimensional exposure time to
be 2(8 − π ). To apportion τ among them while keeping this
ratio, we use pulses weaker than λmax, whose strength is

λCP = 20π + 2(8 − π )

τ
. (49)

Here, τ must be longer than 20π + 2(8 − π ) to implement the
composite pulse; note that the maximum pulse strength is set
to λmax = 1. Thus, the ratio of tCP

ex and t conv
ex is

η := tCP
ex /t conv

ex =
τ 2(8−π )

20π+2(8−π )

τ − 4π
. (50)

We compare the performance of both protocols under a fixed
duration τ . In the following analysis, we assume that the
coupling strength g is sufficiently large that the rotating-wave
approximation is valid.

A. Analytical trade-off analysis

Before presenting the numerical results, we analytically
estimate the condition under which the proposed composite-
pulse protocol outperforms the conventional one. The perfor-
mance is quantified by the MSE of the estimator �̃, which
consists of the statistical variance and the square bias:

EMS(�̃) = Var(�̃) + [b(�)]2. (51)

As discussed in Eq. (11), for GHZ sensing with N spins and
exposure time tex, the statistical variance scales as

Var(�̃) ≈ 1

M
(
Ntex

)2 , (52)

where we approximated P(1 − P) ≈ 1/4 for the maximum
variance case.

In the conventional protocol (represented by “conv”), the
exposure time t conv

ex is maximized within the coherence time τ .
However, it suffers from a systematic bias linear in detuning
δ. According to Eq. (41), the bias in the conventional protocol
is approximately δ itself when t conv

ex is sufficiently large. Thus,
the MSE is

EMS,conv ≈ 1

M
(
Nt conv

ex

)2 + δ2. (53)

In contrast, the composite-pulse protocol (denoted by "CP")
suppresses the bias to O(δ2), which we assume to be neg-
ligible for this comparison. However, the composite-pulse
sequence consumes a significant portion of the coherence
time, reducing the available exposure time to tCP

ex < t conv
ex

[Eq. (50)]. The MSE is given by

EMS,CP ≈ 1

M
(
NtCP

ex

)2 . (54)

The composite-pulse protocol provides a better esti-
mate when EMS,CP < EMS,conv, which leads to the following
condition:

1

M
(
NtCP

ex

)2 <
1

M
(
Nt conv

ex

)2 + δ2. (55)
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Solving for N , we obtain the critical number of spins beyond
which the proposed method becomes advantageous:

N >
1

δt conv
ex

√
M

√
1

η2
− 1, (56)

which reveals the trade-off between the compensation for bias
and increase in the statistical error represented by η. In this
regime, the systematic bias dominates the error budget of
the conventional protocol, making the bias-cancellation capa-
bility of the composite pulse essential for achieving higher
sensitivity.

B. Numerical evaluation

First, we consider the simplest case, in which detuning is
homogeneous among the spins. We evaluate the performance
of the protocol using the relative uncertainty ε, defined as the
root-mean-square error normalized by the true value:

ε =
√

〈(�̃ − �)2〉/�. (57)

Figure 1 shows the relative uncertainty of the GHZ sensing
schemes with and without the composite pulse sequence. As
shown in Fig. 1, the relative uncertainty of the conventional
protocol under detuning is even far from the SQL for both
cases of δ = � [Fig. 1(a)] and δ = 0.1� [Fig. 1(b)]. The
performance of the conventional protocol initially follows the
Heisenberg scaling but eventually deviates from it. Mean-
while, the composite-pulse protocol achieves a performance
close to the Heisenberg scaling O(N−1) over a broader region
than the conventional one, albeit with an offset caused by the
longer durations of state preparation and readout. It should
be noted, however, that even when we employ the composite
pulse, the scaling ultimately deviates from the Heisenberg
limit, owing to higher-order detuning effects. In Fig. 1(a),
we observe a significant decrease in the uncertainty of the
conventional protocol around N = 200. This behavior arises
from higher-order contributions of detuning. This leads to an
oscillatory behavior of the relative uncertainty in the large-N
regime. As a result, periodic recurrences to the Heisenberg
scaling appear. However, we do not exploit these points as
their locations depend on the value of detuning, which is
unknown. Up to this point, we have assumed that the pulse
strength remains fixed throughout the protocol. However, if a
change in the pulse strength during the protocol is allowed, the
relative uncertainty can be improved by employing a simple
composite pulse (see Appendix B for details).

Let us now consider a more realistic case in which detuning
varies among the spins. Figure 2 presents the results obtained
with the same parameters as in Fig. 1, except for the detuning
δi. The detuning δi is randomly sampled from the following
intervals: [0,�] [Fig. 2(a)] and [0, 0.1�] [Fig. 2(b)].Even in
these cases, the composite-pulse protocol yields uncertainty
close to the Heisenberg scaling over a wider region than the
conventional protocol. We also observe that the composite
pulses suppress fluctuations caused by detuning, resulting in
more stable sensing performance.

FIG. 1. The relative uncertainty ε with respect to the number of
spins N . In both panels, the thin blue line represents the relative
uncertainty of the normal protocol under detuning, while the thick
red line represents the relative uncertainty for the case where we
employ the composite pulse sequence to prepare the GHZ state.
The thick orange dashed line indicates the relative uncertainty for
the case where we use a composite pulse with changeable pulse
strength, which is explained in Appendix B. The green dashed line
shows the Heisenberg scaling as a reference. We set the parameters
as M = T/τ = 106, τ = 100π , and � = 0.00001. The detuning is
set to (a) δi = δ = 0.00001 = � and (b) δi = δ = 0.000001 = 0.1 �

for all i. All parameters are normalized by λmax.

V. DISCUSSION AND SUMMARY

In this paper, we evaluated the effect of unknown detun-
ing error on the sensing using Greenberger-Horne-Zeilinger
states. While ideal GHZ sensing achieves the Heisenberg limit
beyond the standard quantum limit, the resonance frequency
of each spin may slightly deviate from its ideal value in
practice, leading to detuning errors. We showed that detuning
during state control prevents GHZ sensing from reaching the
Heisenberg limit. The resulting precision scaling could fall
significantly below even the standard quantum limit, posing
a serious obstacle to accurate sensing. To address this issue,
we proposed a composite pulse sequence for controlling the
GHZ state, which compensates for the first-order effect of
detuning. Our approach improves the sensitivity under the
effect of detuning and remains effective even when detuning
varies across spins.

We employed a frequency-selective pulse to generate the
GHZ state. Alternatively, one may generate the GHZ state
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FIG. 2. The relative uncertainty ε with respect to the number of
spins N . In both panels, the thin blue line represents the relative
uncertainty of the normal protocol under detuning, while the thick
red line represents the relative uncertainty for the case where we
employ the composite pulse sequence to prepare the GHZ state. The
thick orange dashed line is the relative uncertainty for the case where
we use a composite pulse with changeable pulse strength, which is
explained in Appendix B. The parameters are set to M = T/τ = 106,
τ = 100π , and � = 0.00001. The detuning δi is randomly sampled
from the intervals (a) [0, �] = [0, 0.00001] and (b) [0, 0.1 �] =
[0, 0.000001] for all i. All parameters are normalized by λmax.

directly by the coupling between the controllable spin and
the memory spins, without a frequency-selective pulse. This
can be faster than applying the pulse because we assumed in
this paper that the pulse strength is sufficiently weaker than
the coupling strength. In this case, deviation in the coupling
strength can cause systematic error. It will be worthwhile
to analyze its impact and whether we can utilize composite
pulses to mitigate this deviation, such as the pulse sequence
proposed in Ref. [39].

We remark on the optimality of GHZ states for sensing. In
this work, we focused on single-parameter estimation using
GHZ states, assuming the direction of the magnetic field is
known a priori. However, in a more general setting where
both the magnitude and direction of the field are unknown, the
problem becomes multiparameter estimation, for which GHZ
states are not necessarily optimal [40–43]. Furthermore, while
GHZ states achieve the Heisenberg limit in the asymptotic
limit of many repetitions, optimal states for estimation with
finite repetitions can differ from it, as discussed in Ref. [44].

Although our current analysis is centered on the standard
GHZ protocol, the issue of systematic errors arising from
control imperfections, such as detuning, is ubiquitous. We
expect that the principle of our mitigation strategy—using
composite pulses to cancel coherent errors—can be extended
to the preparation and readout of these more complex opti-
mal states. Investigating the robustness of multiparameter and
finite-repetition sensing protocols against systematic control
errors and applying composite pulses to mitigate them repre-
sent an intriguing direction for future research.

Another crucial aspect for experimental implementation is
the certification of the generated quantum state. Even with
robust control sequences, verifying that the prepared state is
indeed close to the target GHZ state is essential for guar-
anteeing sensing precision. Recent studies proposed feasible
schemes for state verification, such as the efficient protocols
developed for multipartite entanglement [45,46]. Integrating
these certification methods with our composite-pulse protocol
would allow for a complete validation of the sensing pro-
cess, confirming that the systematic errors are suppressed and
high-fidelity GHZ states are successfully produced even under
detuning.

Finally, we discuss the relationship between our method
and recently developed quantum error mitigation (QEM)
techniques for metrology [22,47–49]. QEM approaches aim
to reduce systematic bias primarily through postprocessing
of measurement data. However, most QEM approaches in
metrology focus on mitigating bias caused by the parameter
uncertainty of stochastic noise channels. To apply standard
QEM protocols effectively to coherent errors like detun-
ing, one typically employs techniques such as Pauli twirling
(randomized compiling) [50] to convert coherent errors into
stochastic Pauli noise. However, this strategy introduces two
types of overheads: the additional gate operations required
for twirling, which may introduce further errors, and the
sampling overhead inherent to QEM, where the statistical
variance increases to compensate for the bias. In contrast, our
composite-pulse approach suppresses systematic bias at the
physical Hamiltonian level, prior to the measurement process.
This “active” cancellation ensures that the raw data are high
quality, avoiding both the hardware complexity of twirling
and the sampling overhead of probabilistic error cancellation.
Crucially, these paradigms can be complementary. Applying
our composite-pulse protocol to suppress the leading-order
coherent errors significantly reduces the error rate, thereby
lowering the cost of any subsequent QEM protocols required
to eliminate residual higher-order errors.
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APPENDIX A: VALIDITY OF APPROXIMATIONS

In this appendix, we quantitatively justify the two major
approximations employed in our analysis: the rotating-wave
approximation (RWA) and the perturbative treatment of
detuning.

1. Rotating-wave approximation

In the main text, the time evolution of the system during
pulses is described by the Hamiltonian in Eqs. (23) and (31).
When applying a pulse to the state |�0〉 in Eq. (22), for exam-
ple, we employ the effective Hamiltonians in Eq. (24). These
Hamiltonians are derived under the RWA. To justify this,
we trace the derivation of these Hamiltonians from the full
Hamiltonian and evaluate the impact of the terms neglected in
the RWA.

For simplicity, we treat the approximation of Eq. (23) by
Eq. (24) when the pulse frequency ω is set to ω+, but the same
discussion is valid for the other cases. The full Hamiltonian
(23) is rewritten as

H̃ (t ) = |g〉c〈g| ⊗ V CRT
− + |e〉c〈e| ⊗ (H̃res + V CRT

+ ), (A1)

where H̃res is given in Eq. (24) and V CRT
± represents the coun-

terrotating terms:

V CRT
+ = 1

4

[
J (m)

x cos(2ω+t − φ) + J (m)
y sin(2ω+t − φ)

]
,

V CRT
− = 1

4

[
J (m)

x cos(2ωt − φ) + J (m)
y sin(gt − φ)

]
. (A2)

The validity of replacing H̃ (t ) with Eq. (24) is determined
by the ratio of the pulse strength to the driving frequency.
According to time-dependent perturbation theory, the cor-
rection from V CRT

± (such as the Bloch-Siegert shift) scales
as O(1/ω+), O(1/ω), and O(1/g), where all parameters are
normalized by λ. Consequently, the error introduced by the
RWA is strictly bounded by these orders. When ω and g are
sufficiently large (
1), these RWA errors are significantly
smaller than the errors caused by detuning δ, which we aim
to mitigate.

2. Validity of perturbative expansion

We justify the neglect of higher-order terms of the detuning
δ in Eq. (47). First, we rewrite the final state |�CP

3,δ〉 generated
by the protocol as

|�CP
3,δ〉 = 1√

2
|g〉c ⊗ |χ1 · · ·χN 〉 + 1√

2
|e〉c ⊗ |χ ′′

1 · · · χ ′′
N 〉,
(A3)

where |χi〉 and |χ ′′
i 〉 are the states of the ith memory spin.

Contributions of � and higher-order terms of δ are incorpo-
rated into these states, unlike the case of |ψi〉 and |ψ ′′

i 〉 in the
main text. We rewrite P+y in the main text as P(�, �δ), and it
is given by

P(�, δ1, . . . , δN ) = 1

2
+ 1

2
Im

(
N∏

i=1

fi(�, δi )

)
, (A4)

where fi(�, δi ) = 〈χi|χ ′′
i 〉. Assuming uniform detuning

δi = δ, this reduces to P(�, δ) = 1
2 + 1

2 Im[ f (�, δ)N ]. Al-

though this is the simplest case, the following discussion is
straightforwardly extended to the case of different δ.

To analyze the contribution of higher-order terms, we
parametrize the dependence on � and δ using a scalar variable
s ∈ [0, 1]:

g(s) := P(s�, sδ). (A5)

According to Taylor’s theorem, there exists a ζ ∈ [0, 1] that
satisfies the following equality:

P(�, δ) = g(1) = g(0) + g′(0) + 1
2 g′′(ζ ), (A6)

where the prime symbol denotes differentiation with respect
to s. As our protocol cancels the first-order error with respect
to δ and the first-order dependence on � yields the signal,
we have g′(0) = N�t/2. The limitation of our approximation
corresponds to the Lagrange remainder term g′′(ζ ).

We bound g′′(ζ ) by evaluating the derivatives of the unitary
operators. Using the product rule and the triangle inequality,
the remainder term is bounded for any s by

|g′′(s)| � N | f ′′(s)|| f (s)|N−1 + N (N − 1)| f ′(s)|2| f (s)|N−2,

(A7)

where f (s) := f (s�, sδ). Note that the function f (1) is the
inner product 〈χi|χ ′′

i 〉, and therefore, f (s) is rewritten as

f (s) = 〈g|U †
g (s)Ue(s)|g〉, (A8)

where Ug,e is the whole dynamics with the parameters (s�, sδ)
of each memory qubit when it couples with the ground and
excited states of the control qubit, respectively. The right-hand
side is bounded from above by the operator norm (denoted by
|| · ||op) as

|〈g|U †
g (s)Ue(s)|g〉| � ||U †

g (s)Ue(s)||op = 1. (A9)

Note that the operator norm of unitary operators is 1.
The derivatives of f (s) satisfy

| f ′(s)| � ||[U †
g (s)]′||op + ||[Ue(s)]′||op,

| f ′′(s)| � ||[U †
g (s)]′′||op + ||[Ue(s)]′′||op

+ 2||[U †
g (s)]′||op||[Ue(s)]′||op, (A10)

where we use ||AB||op � ||A||op||B||op for any matrices A and
B. We explicitly derive the bounds for the derivatives of the
unitary operators Uα (s) (α ∈ {g, e}). The unitary operators Uα

are schematically given by

Uα (s) = T exp

(
−i

∫ τ

0

[
HCP

α (t ) + sH�,δ (t )
]
dt

)
, (A11)

where T represents the time-ordered product and τ is the
duration of a single trial. The first term HCP

α (t ) represents
the composite-pulse Hamiltonian during the state-preparation
and readout procedures, and HCP

α (t ) = 0 during exposure. The
second term H�,δ (t ) represents the effects of � and δ:

H�,δ (t ) =
{
δ

σz

2 ,

(� + δ) σz

2
(A12)

during state preparation and readout and during exposure,
respectively. The derivatives of the unitary operator Uα (s)
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satisfy

∥∥∥∥dkUα

dsk

∥∥∥∥
op

�
(∫ τ

0

∥∥H�,δ (t )
∥∥

opdt

)k

�
[

1

2
(|�| + |δ|)τ

]k

.

(A13)

Combining Eqs. (A7), (A10), and (A13), we obtain the upper
bound of the remainder term g′′(ζ ) as

|g′′(ζ )| � [Nτ (|�| + |δ|)]2 (A14)

for any ζ . Hence, our approximation of neglecting higher-
order terms of � and δ is valid when |�| + |δ| � 1/Nτ .

Although the above bound is exact, the actual contribution
of higher-order terms is likely smaller. Note that in f (�, δ),
the variables always appear in the form of i� and iδ, which
is a basic property of quantum dynamics. This implies that
the function f (s�, sδ) contains imaginary coefficients for
odd powers of s and real coefficients for even powers of s.
As P depends on Im( f N ), purely real second-order terms
(proportional to s2, such as δ2 and �δ) do not contribute to
P. Thus, the dominant systematic error is expected to arise
from third-order terms in � and δ, indicating a wider validity
range.

APPENDIX B: PROTOCOLS WHEN MORE METICULOUS
PULSE CONTROL IS ALLOWED

We analyze the scenario in which the pulse strength
is tunable. The maximum pulse strength is normalized to
λmax = 1. As we normalize all parameters by the maximum
pulse strength, applying a pulse of strength λ effectively
rescales the detuning as δ/λ. Using this observation, we can
tune the pulse strength to compensate for unknown phase
shifts throughout the process. During the state preparation,
we apply the following composite pulse with variable pulse
strength:

(i) ω = ω−, φ = −π/2, λ = 4π/(t + 2π ), s/2 = π/λ,
(ii) ω = ω+, φ = −π/2, λ = 4π/(t + 2π ), s/2 = π/λ,
(iii) ω = ω−, φ = −π/2, λ = 1(= λmax), s/2 = π/λ,

where t is the exposure time. After the interaction with the
magnetic fields, the readout process is performed in a manner
similar to the state preparation by applying the following
pulses:

(i) ω = ω−, φ = −π/2, λ = 1, s/2 = π/λ,
(ii) ω = ω+, φ = −π/2, λ = 4π/(t + 2π ), s/2 = π/λ,
(iii) ω = ω−, φ = −π/2, λ = 4π/(t + 2π ), s/2 = π/λ.
Note that each pulse in the state preparation and readout

processes is simply a π pulse, as sλ/2 = π for each case.
A straightforward calculation shows that this pulse sequence
cancels the effect of detuning on the probability Py+ up to first
order. Consequently, we obtain the same result as in Eq. (47).
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