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Lifetime measurement of the muonic atoms of enriched Si isotopes
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Background: A muonic atom, composed of a negative muon and an atomic nucleus, undergoes two primary
decay processes: muon decay and muon nuclear capture. The branching ratio between these two processes can
be determined from the measured lifetime of the muonic atom. While past research has examined the general
trend of muon capture rates across different elements, experimental and theoretical investigations into the isotope
dependence of the lifetime remain limited.

Purpose: The present study aims to measure the lifetimes of the muonic atom of isotopically enriched silicon
isotopes.

Methods: The experiment was conducted at the muon facility in the Material and Life Science Facility (MLF),
J-PARC. A muon beam was stopped in various target materials, including isotopically enriched **%Si. The
lifetimes of the muonic atoms were measured by detecting decay electrons using a SR spectrometer. The decay
spectra were analyzed by fitting with multiexponential functions to account for contributions from the target
nucleus and surrounding materials.

Results: For the first time, the lifetimes of the muonic atom of isotopically enriched 252*3°Si were measured.
Additionally, seven other targets were studied to validate the experimental method and analysis procedure.
The results were compared with theoretical models such as Primakoff, Goulard-Primakoff, and the recently-
developed microscopic and evaporation model (MEM).

Conclusions: The Primakoff and Goulard-Primakoff formulas, while reproducing certain aspects of the isotope
dependence, require further refinement. The comparison with MEM calculations constrains the axial vector (g)
and induced pseudoscalar (gp) coupling constants. The present experiment establishes a method for measuring

the lifetimes of the muonic atom and will contribute to future systematic investigations.

DOL: 10.1103/v17z-rzp8

I. INTRODUCTION

A muonic atom consists of a negative muon and an atomic
nucleus. The muon at the lowest atomic state (1s state) under-
goes either muon decay or muon nuclear capture. The muon
decay, also known as a decay-in-orbit or Michel decay, is a
conversion of the muon to an electron, an electron antineu-
trino, and a muon neutrino, expressed as

uo—e + 0.+ v, @))]

Muon nuclear capture [1], also known as ordinary muon cap-
ture or muon nuclear absorption, is a conversion of the muon
and a proton inside the nucleus to a neutron and a muon
neutrino, the elemental process of which is expressed as

w +p—n+vy,. 2)
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The capture rate of the muon capture reaction varies de-
pending on the nucleus forming the muonic atom. In general,
the capture rate increases for heavier nuclei due to an in-
creased overlap of the muon and nuclear wave functions. The
muon capture rates (Acqp) are deduced by measurements of a
mean lifetime of the muonic atom (Tyoa1) aS
! = Acap + 27 (3)

Ttotal Tu+

where t,+ is the lifetime of the positive muon, viz.
2.1969811(22) us [2], and Q is a Huff factor [3], which takes
into account a reduction in the muon decay rate due to the
atomic binding energy. A comprehensive study of the cap-
ture rates was conducted, with most results summarized in
Ref. [4]. However, these measurements focused primarily on
natural abundance targets, and data on the capture rates for
isotopically enriched targets are still limited. A significant iso-
tope dependence of the muon nuclear capture rate was pointed
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out by some measurements in the past [5—11]. In general, the
capture rate decreases with an increase in the mass number of
isotopes, because of the Pauli exclusion principle on the muon
capture process [12]. As the neutron number increases, more
neutron orbitals are filled, making it more difficult for a proton
to transform into a neutron at higher levels by muon capture.

Several theoretical calculations have been conducted for
the muon nuclear capture rate. The Primakoff [12] and
Goulard-Primakoff [13] formulas have frequently been used
to estimate the capture rate. Although these formulas provide
a good overall approximation, they are less accurate in pre-
dicting the isotope dependence of the capture rate, particularly
due to the lack of experimental data for isotopically enriched
targets [14]. Recently, a microscopic and evaporation model
(MEM) was developed to describe the comprehensive muon
nuclear capture process, including muon capture, direct and
pre-equilibrium processes, and particle evaporations from a
compound nucleus [15]. The calculation reveals a strong de-
pendence of the capture rate on the axial vector and induced
pseudoscalar coupling constants (g4 and gp, respectively).
Due to the significant dependence on these constants, the cap-
ture rate calculated by MEM also has considerable uncertainty
on the capture rate. Several other theoretical calculations have
also been performed [16—19]. However, these theories primar-
ily focused on the global systematics of muon capture and did
not discuss the detailed isotope dependence.

The present experiment was motivated by our previous
measurement of production branching ratios of residual nu-
clei by muon capture on enriched Si isotopes [20]. As the
branching ratio of each residual nucleus was given as the
number per muon nuclear capture, the capture probability
(Peap = Tiotal Acap) 18 necessary to obtain the absolute branch-
ing ratio. The isotope dependence of P, for 28.29.305j has not
been known to date, and the Primakoff and Goulard-Primakoff
formulas do not accurately predict isotope dependence of Peyp
[4-9]. Therefore, in the present experiment, we have mea-
sured Peyp, or equivalently, the mean lifetimes for 28.29.30gj,

II. EXPERIMENT

The experiment was performed at the D1 area at the muon
science facility (MUSE) in the Materials and Life Science Fa-
cility (MLF) in J-PARC [21]. A proton beam from the Rapid
Cycling Synchrotron (RCS) with an energy at 3 GeV irradi-
ated a rotating graphite target to produce pions. The primary
beam had a double-pulse structure with a 25 Hz repetition and
a power of approximately 900 kW. The negative muon beam,
a decay product of negative pions, was transported through the
D-beamline. The beam momentum was selected to 32 MeV /¢
to maximize the number of muons stopped at the target and
minimize that at the air and target case. The beam was then
delivered to the D1 area, where the experimental apparatus
was installed. The muon beam intensity was approximately
3 x 10* sec™.

Figure 1 shows a schematic view of the experimental setup
at the D1 area. The muon beam passed through a lead colli-
mator with a hole size of 40 mm in diameter and irradiated a
target. The targets were located approximately 65 mm down-
stream of the exit of the lead collimator. A total of ten targets

Backward Kalliope Forwards Kalliope
detectors (20 units) detectors (20 units)
Lead collimater h

Acrylic case

| Powder samﬂ&

— Silver mask

Vacuum window Silver plates

FIG. 1. Schematic of the experimental setup at the D1 area in
MLF MUSE at J-PARC (not to scale). The negative muon beam is
delivered from the left side of the figure. The beam passes through the
lead collimator and stops at the target placed at the center of the £SR
spectrometer. A total of 40 units of the Kalliope detectors surrounds
the target to detect the decay electrons for the lifetime measurement.
The detectors are arranged with cylindrical symmetry around the
beamline.

was measured in the present experiment, as listed in Table I.
The main goal of the present study is to measure the lifetimes
of the muonic atom of three isotopically enriched Si targets of
28.29.308i. The enriched targets had been used in our previous
study, and details of the target form, size, weight, chemical
purity, and target enrichment are given in Table I. The targets
were in metal chippings form encapsulated in an acrylic case,
as schematically illustrated in the inset of Fig. 1. The effective
thickness of the targets was approximately 1.0 g/cm?. The
primary source of uncertainties in the lifetime measurement
in the present setup was the muon decay electrons from the
light elements of carbon (C), nitrogen (N), and oxygen (O),
as discussed in the next section. The silver plates were used
to avoid stopping the muon beam in the acrylic case. A silver
mask with a hole size of 12 mm in diameter and a thickness
of 0.5 mm was placed on the upstream side of the case,
and a silver backing plate with a thickness of 0.5 mm was
installed on the downstream side of the samples. To evaluate
the effect of the chipping form of the target in the acrylic case,
natural abundance silicon ("Si) samples of a self-supported
metal plate and a powder form in the same acrylic case were
also measured. In addition to the Si targets, the lifetimes of
the muonic atoms of "'Mg and ?’Al, which have a similar
lifetime to silicon isotopes, were measured to evaluate the
reliability of the measurement. For 2’ Al, both a self-supported
plate and a plate in the acrylic case were measured to evaluate
the effect of the target case. In a " Ag sample measurement,
the lifetimes of background components of the measurements
were evaluated. The »Mn target was measured to evaluate
the reliability of lifetime measurement in the range between
the lifetime of silicon isotopes and silver. Those targets had
an energy loss equivalent thickness of the enriched Si targets
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TABLEI. List of the target nucleus, target form, size and weight, measurement time, Huff factor (Q) taken from Ref. [4], measured lifetime

of the muonic atom (7,,), and capture rate (Ac,p).

Target Lifetime (ns) Capture rate (us™")
Nucleus Form Size (mm) Weight (g) Time (h) Huff factor Present Suzuki et al. [4] Present
8gje Powder in case $15.0 x 2.8 0.500 2.02 0.992 743.9(50) 0.893(9)
2siP Powder in case ¢15.0 x 2.8 0.500 2.05 0.992 794.2(35) 0.808(6)
30sje Small pieces in case  ¢15.0 x 2.8 0.500 2.10 0.992 859.0(27) 0.713(4)
natgjd Self-supported plate ~ ¢50 x 1.96 9.00 1.45 0.992 751.6(10) 756.0(10) 0.8790(18)
natgjd Powder in case ¢15.0 x 2.8 0.550 1.06 0.992 749.8(28) 756.0(10) 0.882(5)
R\ i Self-supported plate 50 x 50 x 2.0 8.54 0.43 0.995 1065.5(20) 1067.2(20) 0.4856(18)
ENG Self-supported plate 50 x 50 x 2.0 13.6 0.98 0.993 863.7(10) 864.0(10) 0.7059(13)
LN Plate in case $14.8 x 1.0 0.451 0.94 0.993 862.5(81) 864.0(10) 0.707(11)
3Mn® Chippings in case ¢15.0 x 2.0 2.127 0.49 0.976 230.3(45) 232.5(20) 3.90(8)
ntAge Plate in case $14.8 x 0.3 0.544 2.87 0.925 87.0(5) 87.0(15) 11.07(7)

2Chemical purity and isotope enrichment of the %S target are 99.3218% and 99.93%, respectively.
bChemical purity and isotope enrichment of the °Si target are 99.990% and 99.25%, respectively.
°Chemical purity and isotope enrichment of the *°Si target are 99.8981% and 99.64%, respectively.
dChemical purity of the "Si targets are 99.99999% and 99+% for plate and powder form, respectively.
°Chemical purity of the " Mg, >Mn, and " Ag targets are 914+%, 99.94+% and 99.98%, respectively.
fChemical purity of the %’ Al targets are 99+% and 99.999% for with and without case, respectively.

and were used to verify the validity of the experimental and
analysis procedures.

The lifetime of the muonic atom was measured by detect-
ing the decay electrons using a uSR spectrometer based on
Kalliope detectors [22]. The spectrometer consisted of a total
of 40 units of the Kalliope detectors. Each unit of the Kalliope
detectors was comprised of 16 pairs of plastic scintillators.
A coincidence of each pair defined an electron event of the
muon decay. A zero-field correction was applied to avoid
the muon spin relaxation and rotation affecting the measured
lifetime. The residual magnetic field at the center of the spec-
trometer was less than 10 mG. The data acquisition system
was triggered by the reference timing of the synchrotron. As
the Kalliope detector system can obtain signals until 1 Mcps
without saturation [23], the dead time was negligible in the
present experiment with a negative muon beam. The timings
of the electron event were stored from —7 to 57 us with respect
to the timing of the beam arrival [24]. The measurement times
for each target are listed in Table I.

III. ANALYSIS

The lifetimes of the muonic atom for each target were
deduced by fitting the decay spectra. These spectra were
produced by summing up the timings from all 40 Kalliope
detector units. The timing spectra are shown in Figs. 2 and 3.

Backgrounds in the spectra were evaluated using a Ag
metal plate target in the acrylic case, as shown in Fig. 2. Due
to the double pulse structure of the beam, two peaks were ob-
served in the timing spectra, along with two peaks at an earlier
timing than the muon beam, where electrons contaminated the
beam scattered at the target and surrounding materials. The
time origin of the spectrum is defined as approximately 40 ns
after the end timing of the second pulse. The spectrum was
fitted by log-likelihood method using the following function

consisting of three exponentials:

fot) = a1e™/™  aze™!/™0 4 aze!/ ™,

“

where T, is the lifetime of the "t Ag muonic atom, Tcno is the
lifetime of the muonic atom of air and the acrylic case, 7y, is
a long-lived background, and a; (i = 1, 2, 3) are coefficients.
The lifetimes of these three components were well separated
and could be deduced by the free fitting. The second term
originated from the events where the muon stopped in the
air or the acrylic case, which constitutes approximately 2%
of the total count. The air and acrylic contain carbon (C),
nitrogen (N), and oxygen (O). Because their lifetimes are
similar (¢ = 2026.3(15)ns, w = 1906.8(30) ns, and 7o =
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FIG. 2. Decay spectrum of a Ag metal plate target in an acrylic
case. A red solid, a green dotted, a yellow dash-dot, and a purple
dash-dot-dot lines represent the fit function, a Ag decay, air and case
decay, and a long-lived background, respectively. The inset figure is
an enlarged view of the same spectrum (with different binning)
around the beam irradiation timing.
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FIG. 3. Decay spectra of 2$2308i, mtSj ntpMg 27 Al, and 3Mn. A red solid, a blue dashed, a green dotted, a yellow dash-dot, and a purple
dash-dot-dot lines represent the fit function, a sample decay, a Ag decay, air and case decay, and a long-lived background, respectively.

1795.4(20) ns [4]), the decay curve was represented with a
single exponential with an averaged lifetime (tcno). The Teno
value was determined to be 1.94(8) us. The quoted uncertainty
contained the statistical uncertainty from the fitting (0.05 ps)
and the systematic uncertainty. The systematic uncertainty
originates from variations in the ratio of muons stopped in
the air and acrylic case, which depends on the shape of the
target. Hence, an additional systematic uncertainty of 0.03 us
was estimated in Tcno, Which is used in subsequent analyses.
The third term of Eq. (4) represents the long-lived background
which was not related to the muon decay. Although the exis-
tence of such backgrounds has been known for a long time,
its origin has remained unclear. It might be attributable to
neutrons from the primary beam dump. The 1, value was
deduced from the fitting to be 25.8(16) us. The shape (de-
cay constant) of the long-lived background was independent
of the targets, so we used the same value for all targets.
Since the events before the beam arrival were negligible, a
constant term was not included in the fitting function. The
lifetime of the muonic Ag was deduced to be 87.0(5) ns.

Figure 3 shows decay spectra measured with nine targets.
The lifetimes of each target were deduced by fitting the fol-
lowing function:

fit) = age™ /™ + fo(t), )

where 1, is the lifetime of the muonic atom of the target
measured. Coefficients, a; (i = 0, 1, 2, 3), are the parameters
to be fitted with 7, . If the target was a self-supported metal
plate without using the Ag masks and backing plate, the decay
component of Ag was omitted in the fitting, i.e., a; = 0.
For the self-supported metal targets, Tcno Was deduced in-
dependently from the Ag sample measurement as discussed
above. The primary background contribution, the second term
of Eq. (4), was attributed to air, which contains less carbon.
The lifetime of 1.88(5) us was used based on the composition
of air and the muonic lifetime of nitrogen and oxygen. The
muon stopping probability in the air was estimated to be
approximately 1% using the GEANT4 toolkit [25-27]. This
value was consistent with the stopping rate deduced from
fits to data obtained with the self-supported metal targets.
Note that the hyperfine splitting of muon 1s state of 2’ Al can
affect the lifetime of the muonic 2’ Al. Nevertheless, this effect
was not considered; the decay curve was fitted with a single
exponential function following the same analysis procedure as
in Ref. [4].

The uncertainty in the lifetimes was estimated using the
Monte Carlo method. In this method, the fixed parameters
(Tag> Tcno, and Tpg) and fitting range were randomly varied
within their respective uncertainties. The timing spectrum was
then fit 500 times, resulting in a distribution of 7., values.
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FIG. 4. Comparisons of the lifetime of "™Si measured in the
present study and previous one [4]. The red shaded area indicates
the adopted value of 751.4(10) ns.

The standard deviation of this distribution was taken as the
final uncertainty in 7,,. Table I summarizes the obtained
lifetimes for each target.

IV. RESULTS

Table I summarized the measured lifetime and correspond-
ing capture rates, calculated using Eq. (3). The Huff factors
used in the conversion were taken from Ref. [4] and are
included in the table. In this study, the lifetimes of isotopi-
cally enriched 2%2%-3Si were obtained for the first time. The
lifetimes of ™Mg, >’Al, Mn, and "‘Ag were found to be
consistent with previous measurement [4], confirming the re-
liability of our experimental setup and data analysis. However,
the lifetime of "Si deviated from the previously reported
value. To investigate the effect of the different forms of the
targets and the acrylic case, we measured two "Si targets: a
self-supported metal plate and a powder form encapsulated
in the acrylic case. Both targets yielded consistent results,
confirming that the shapes of the target did not influence
the measured lifetime. Additionally, the lifetime of ™Si was
also deduced from that of the enriched targets obtained in the
present study. A Monte Carlo calculation was used to create
the decay curve of ™ Si by summing the timing spectrum
of enriched Si, weighted by the natural abundance [28]. By
fitting this simulated decay curve, the average lifetime of " Si
was deduced to be 749.7(48) ns, consistent with our mea-
surements as illustrated in Fig. 4. While our adopted value of
751.4(10) ns, an uncertainty-weighted average of the present
results, deviates from the previous value of 756.0(10) ns, the
reason for this discrepancy remains unclear.

V. DISCUSSIONS

In this study, we have obtained the muon nuclear capture
rates of ten targets. As the present study was the first inves-
tigation of muonic lifetime using the uSR spectrometer at
MLE, we first discuss the measurement precision. Table II de-
tails the systematic breakdown of the uncertainty. Propagated

TABLE II. Systematic breakdown of the uncertainty. The units
of all values in the table are ns.

Propagated uncertainty

Target Lifetime Ty Tag Tono Teg Range  Total
8Si 7439 201 044 461 085 032 50
2si 7942 185 039 2.89 091 035 3.5
308 859.0 196 043 162 1.08 0.16 2.7
natSj (plate) 751.6  0.77 0.68 020 020 1.0
"tSi (in case)  749.8 226 035 140 0.80 0.18 2.8
naitMg 1065.5 1.96 039 027 036 2.0
2T Al (plate) 863.7 0.94 0.04 023 0.10 1.0
YAl (incase)  862.5 3.19 043 7.58 098 034 8.1
3Mn 2303 3.57 0.66 254 042 096 4.5

uncertainties from each parameter were estimated using the
Monte Carlo method by keeping other parameters fixed. The
statistical uncertainty on t,, for most targets was approxi-
mately 1-2 ns. For targets in acrylic cases, the propagated
uncertainty from tcno dominated the total uncertainty. For
the self-supported metal plate targets, namely "Si, "*Mg,
and ?’Al, the statistical uncertainty dominated the total un-
certainty, with uncertainties propagated from Tcno and Tyg
having a minor impact on the overall precision. The present
results demonstrate the potential of our method to measure the
lifetimes of various nuclei with a precision of 1-2 ns within a
few hours of measurement.

Table III compares the capture rate obtained in the present
study with theoretical calculations. The capture rates for

TABLE III. Comparisons of capture rate (A, in unit of us~h)
between experimental value and theoretical calculations. The capture
rate calculated by Primakoft [12] and Goulard-Primakoft [13] formu-
las (Afle and Ag};, respectively) together with calculated Z; values
are listed. For the natural abundance targets, a weighted average of
the mass number and Z by their isotopic aboundance [28] is used to
calculate Primakoft’s formulas. The capture rates calculated by other

: th
theories (Acap) are also shown.

Expt. Primakoff Others

Nucleus Acap e Afap AS}; Ag;p

28g;j 0.893(9) 12.386 0.875  0.921 0.968 [16]

0.823 [17]

0.789 [18]

0.892 [19]
2si 0.808(6) 12.382 0.767  0.791
0si 0.713(4) 12.379 0.665  0.673
nat G 0.8794(18)* 12.385"  0.863  0.907

Mg 0.4856(18) 10.837°  0.489  0.511 0.612[16]

0.454 [17]

Al 0.7059(13)*  11.622 0.589  0.606 0.698 [16]
3Mn 3.90(8) 19.379 3.542  3.567
natAg 11.07¢7)  27.883% 12.095 12.117

#Average of two experimental data in Table I.
"Weighted average of Z.;; by the natual abundance of each isotopes
[28].
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FIG. 5. Isotope dependence of the capture rates for muonic Si
comparing with theoretical calculations. Closed circles represent the
experimental values from the present study, and open symbols are
theoretical calculations. The data for "™ Si is also plotted at an average
mass number of 28.11.

natSi and ?’Al in the table were calculated by taking an
uncertainty-weighted average of two experimental data. The
isotope dependence of the capture rate for the silicon isotopes
is illustrated in Fig. 5. The data for "Si is also plotted at an
average mass number of 28.11. The experimental capture rates
decrease linearly with increasing mass numbers. This constant
rate of decrease indicates that the capture rate is not influenced
by the odd-even effect of the neutron number.

The isotope dependence of the capture rate was compared
with the Primakoff [12] and Goulard-Primakoff [ 13] formulas,
which are currently the only theoretical expressions available
for comparison with experimental data in isotope dependence.
The Primakoff formula is given by

A-Z
Acap(A,Z)zzg‘ffxl[l—&( I )} (6)

where Z.r represents an overlap of the wave functions be-
tween the muon and nucleus, and A and Z are the mass number
and the atomic number of the target nucleus, respectively.
While most previous studies and applications [4,14,27,29,30]
have taken the Z.; values from original work by Ford and
Wills [31], we use Z. obtained by a theoretical calculation
explained below. The parameters X; and X, are coefficients
obtained from a global fit of the experimental data, where
X, = 1705~ ! and X, = 3.125 taken from Ref. [4] were used
in the following calculation. Equation (6) was later modified
to introduce higher order corrections by Goulard and Pri-
makoff [13] as

4 A A—-27
Acap(Av Z) = ZeffGl 1+ Gzi — G3 27
G A—7 n A—-27 7
24 8AZ )|’

where the parameters G; = 261 s7l, G, = —0.040, G; =
—0.26, and G4 = 3.24 were taken from TRIUMF data [4].

The capture rate is predominantly influenced by two ef-
fects: an overlap of the wave functions between the muon and
the nucleus, and the Pauli exclusion effect, which is expressed
as Zgr, and parameters of X, and G 3 4 in the Primakoff and
Goulard-Primakoff formulas, respectively.

To investigate the isotope effect on Z., we performed a
microscopic calculation using the definition proposed by Ford
and Wills [31] as

Zhy = ma f (FP + G pa(r)dr,  (8)
0

where ag = 2.559 x 10% fm is the Bohr radius for muons
[32], pcn(7) is the charge density distribution of the nucleus,
and F(r) and G(r) are the radial component of the upper and
lower components of the Dirac spinor of the muon in the 1s
orbital, respectively. Note that the normalization of the Dirac
spinor is

/0 {[F()P + [G(HPYdr = 1. )

The charge density distribution pc,(r) was calculated by us-
ing the Skyrme Hartree-Fock-Bogoliubov calculation [33,34]
with assuming the spherical symmetry, where pcn(7) of
odd-mass nuclei was calculated using the equal filling ap-
proximation without considering the blocking or the time-odd
component. The SGII effective interaction [35] and the
volume-type pairing with the 60 MeV cutoff in the Hartree-
Fock equivalent energy [36] were used for the particle-hole
and particle-particle channel, respectively [37]. The Coulomb
potential formed by o, (r), the vacuum polarization formed
by the point charge [38,39], and the reduced mass calculated
based on the AME2020 [40,41] were considered for F'(r) and
G(r) [15].

Table III lists the calculated Z.i values. For the silicon
isotopes, the calculated Z.s is slightly larger than the orig-
inal value of Z.; = 12.22 [31]. Because this constant value
was used to deduce parameters of X;, and Gy 234 in the
Primakoff and Goulard-Primakoff formulas [4], respectively,
absolute values of the calculated capture rates by these formu-
las may be changed by reevaluating the parameters using our
Zesr values. Thus, the isotope dependence of the capture rate
is discussed with relative values normalized to that of 2Si.
While the reductions of Ay, are 9.54(12)% and 20.18(23)%
for 2%Si and 3°Si, respectively, the corresponding reductions
in ZZ, are 2 orders of magnitude smaller of 0.10% and 0.22%.
Thus, the effect of Z.r on the isotope dependence of Ay is
negligible for the Si isotopes, in contrast to an Eu isotope case
[8]. The significant isotope effect from Z.¢ between STEugg
and "*Eug, might be due to the large change in nuclear defor-
mation in the region of the neutron number from 82 to 92. In
the case of the Si isotopes, the quadrupole deformation param-
eters (B,) were experimentally deduced from the E2 transition
probability between ZT and O;S to be 0.407(7) and 0.315(7)

for 28Si and Si, respectively [42]. The nuclear deformation
affects Z.g through a root-mean-squere charge radius (7yps) of
pch through Eq. (8). The experimenatal ry,s were 3.1224(24)
and 3.1336(40) fm in Ref. [43] and our calculated 7, of
pen were 3.15 and 3.16 fm for 28Si and *°Si, respectively.
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The calculated ryys iS consistent with the experimental val-
ues, although the calculation assumed spherical symmetry.
Therefore, we conclude that the isotope dependence of Ay
for the Si isotopes is not explained by that of Z.

The Pauli exclusion effect was expressed in the term with
the parameter X, and G, 34 in the Primakoff and Goulard-
Primakoff formulas, respectively. While the absolute capture
rates calculated by the Primakoff formula underpredict ex-
perimental data, the isotope dependence is reasonably well
reproduced, as shown in Fig. 5. The Goulard-Primakoff for-
mula overestimates the capture rates of 2®Si and "'Si, while it
underestimates those of 2°Si and *°Si. The inadequacy of both
Primakoff and Goulard-Primakoff formulas in accounting for
the isotope effect has also been previously pointed out in
Refs. [4,14]. A reevaluation of these Primakoff’s formulas is a
worthwhile direction for future research, and the experimental
method established in this study offers an opportunity for
systematic measurements.

Capture rates obtained by other theories [16—19] are also
listed in Table III. The global systematics of the experimental
capture rates and comparisons with those theories are out of
the scope of the present study and are discussed in a separated
publication [14].

The measured isotope dependence of the muon capture rate
was also compared with a microscopic and evaporation model
(MEM) calculation [15]. In this model, the wave function of
the muonic atom was calculated using the same method as that
used to calculate Z¢r. The muon capture rates were calculated
using the second Tamm-Dancoff approximation [44] with ef-
fective interactions of SkO’ [45] and SGII [35]. Calculated
capture rates strongly depend on the axial vector and induced
pseudo-scaler coupling constants (g4 and gp, respectively),
as well as the choice of effective interaction. As the capture
rate calculated by MEM has large ambiguity due to the un-
certainties in g4 and gp in medium, possible combinations of
the parameter set of g4 and gp were deduced to reproduce
the measured capture rates. Note that the values of g4 and gp
presented in this study are at zero momentum transfer, namely
2a(g* = 0)and gp(¢* = 0), respectively. Due to the limitation
of the MEM calculation to even-even nuclei, we discuss 22Si
and °Si hereinafter.

Figure 6 shows a variation of the muon capture rates by
changing g4 and gp using the SKO’ and SGII effective inter-
actions. The solid lines represent the calculated capture rates
for a given gp value as functions of g4. The range of g4 was
set to 1.0-1.3 and 0.7-1.3 for SkO’ and SGII, respectively,
which include the value of free nucleon (g4 = 1.27) and typ-
ical quenched value (g4 = 1.0) [46]. The range of gp was
set to cover the range to reproduce the experimental result
with the given g4 range, including the free nucleon value with
the muon capture on the hydrogen of gp(g*> = 0) = 12.1(8)
[47] and other previous investigations [1,48,49]. The muon
capture rates are raised with increasing g4 and decrease with
increasing gp in all cases. The experimental results of capture
rates are also shown in Fig. 6 with the red lines. By taking
an overlap between the experimental values and calculated
ones, parameter sets of g4 and gp, which reproduce the ex-
perimental muon capture rates, were obtained, as illustrated
in Fig. 7. In the figure, the lines represent the (g4, gp) set

LI () S (SKO") LIE(0) i (SG

0.9F

F g=-20
0.8 &

E g,=8.0

07
F g =180
0.6f

0.5k . . ‘
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Capture rate (us?)
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FIG. 6. The variation of the muon capture rate with changing g4
and gp for 28Si and *°Si using SkO’ and SGII effective interactions.
The black-solid lines represent the calculated capture rates for a
given gp value as functions of g4. The red-solid lines and red-shaded
areas represent the experimental capture rates and their 1o uncertain-
ties, respectively.

constrained by experimental results, and the 1o uncertainties
of the experimental values are shown with colored shade. The
Goldberger-Treiman relation, which expresses the relation
between g4 and gp based on the assumption of Partially Con-
served Axial Current (PCAC) and the pion-pole dominance of
the induced pseudoscalar form factor, yields gp(0)/g4(0) =
10.2 [50], as shown by the black solid line in the figure.

The g4 values smaller than that of free nucleon of 1.27 are
required to reproduce the experimental results with the given
range of gp, suggesting the quenching of g4. When comparing
the parameter set between 23Si and *°Si with the same effec-
tive interactions, there were no overlapping of parameter sets,
indicating the isotope dependence of quenching on both or
either of g4 and gp. The larger quenching of g4 was required

8i (SGII)
#Si (SGIN)
2w si (SKO")
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FIG. 7. The parameter sets of g4 and gp, which reproduce the
experimental muon capture rate for 2Si and **Si using SkO’ and
SGII effective interactions. The shaded areas represent the 1o uncer-
tainties of the experimental values. The black-solid line shows the
Goldberger-Treiman relation of gp/g4 = 10.2.
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for 3°Si than 28Si when gp was fixed, consistent with the trend
discussed in Refs. [46,51-53]. A comparison of constrained
(g4, gp) regions for two effective interactions, SkO’ and SGII,
revealed that the calculation using SkO’ reproduced the cap-
ture rate with smaller quenching than that using SGII. This
discrepancy can be understood by different energy distribu-
tions populated by muon capture. The excited states calculated
with SkO’ distribute at higher energies compared to SGII, and
phase spaces available for muon neutrinos in the final state are
limited. This results in the smaller muon capture rate of SkO’
than SGII [44], leading to the smaller quenching.

VI. CONCLUSION

We have measured the lifetimes of the muonic atom using
a uSR spectrometer at the muon facility in MLF, J-PARC. In
this study, the lifetimes of isotopically enriched 2%2*-39Si were
obtained for the first time. The lifetimes of "*Mg, 2’ Al, Mn,
and "™Ag were also measured and found to be consistent
with previous measurements, confirming the reliability of the
experimental method and analysis procedure.

We compared the isotope dependence of the lifetimes
for 282%-30Si with the Primakoff and Goulard-Primakoff for-
mulas, utilizing newly calculated Z.; values. The isotope
dependence of Z. is negligibly small and does not explain
that of the capture rate. While the absolute lifetimes calcu-
lated by the Primakoff formula exceed our experimental data,
the isotope dependence is reasonably well-reproduced. The
Goulard-Primakoff formula accurately predicts the lifetimes
of 28Si and "Si but fails to reproduce those of >°Si and *Si.

Through a comparison of our experimental results on
28.308i with the recent microscopic and evaporation model
(MEM) using two effective interactions (SkO’ and SGII), we
constrained the axial vector (g4) and induced pseudoscalar
(gp) coupling constants of the weak interaction. The con-
strained values of g4 are found to be smaller than the free
nucleon value of 1.27, suggesting the quenching of g4 in the
MEM calculation. The amount of quenching exhibits isotope
dependence between 28Sj and 3°Si. Furthermore, the choice of

effective interaction also influences the required quenching of
g4 and gp.

The present experiment establishes a method for measur-
ing the lifetimes of the muonic atom at MLF in J-PARC,
opening up a new possibility for systematic investigations of
capture rates. The reevaluation of the muon capture rates with
the Primakoff and Goulard-Primakoff formulas will provide
better estimation in general-purpose simulation codes such as
GEANT4 [27], PHITS [29], and FLUKA [30]. The systematic
study of the capture rate will contribute to a further under-
standing of the quenching of g4 and gp of the nuclear medium.
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