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Information geometry is a mathematical framework that elucidates the manifold structure of the probability
distribution space (p space), providing a systematic approach to transforming probability distributions (PDs). In
this study, we utilized information geometry to address the inverse problems associated with reconstructing
PDs from experimental data. Our initial finding is that the Kullback-Leibler divergence, often considered
nonmetric owing to its asymmetry, can serve as a valid metric under specific geometric conditions on the
manifold. Based on this finding, we formulated the manifold-based gradient descent (MBGD) method, which
was employed to visualize the internal structures—represented as PDs—of two types of systems: those with
static constituent elements and those with dynamic state transitions. Through the application of MBGD, we
successfully reconstructed the underlying PDs for both types of systems, outperforming the standard gradient
descent methods that neglect the manifold structure of p space. Therefore, the present results demonstrate the
essentiality of accounting for the manifold structure of p space in the inverse problems of reconstructing PDs.
The ability of MBGD to accurately reconstruct PDs for systems with dynamic state transitions underscores its

potential to provide valuable physical insights by visualizing internal structures.
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I. INTRODUCTION

Information geometry [1] is a framework that reveals the
manifold structure inherent in the probability distribution
space (p space). According to Chentsov’s invariance theorem
[2], the Fisher information metric is the unique Riemannian
metric on p space [3,4]. Nagaoka and Amari further demon-
strated that this metric endows p space with a dually affine
manifold structure [5,6]. Naturally, this manifold structure
results in the Kullback-Leibler (KL) divergence [7], serv-
ing as a canonical (albeit asymmetric) divergence between
probability distributions (PDs) [8,9]. Since these fundamental
mathematical principles define how PDs evolve or should be
transformed, i.e., how they move on p space, information
geometry is now recognized as a fundamental tool not only
in information science [10,11] but also in various branches of
physics [12], including phase transitions [13-16], complexity
[17-19], nonequilibrium statistical mechanics [20-22], and
quantum mechanics [23-27].

Despite the invaluable utility of information geometry, its
application to inverse problems involving the reconstruction
of PDs from experimental data remains largely unexplored.
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First, we briefly describe the physical definition of the in-
verse problem. The direct problem is defined as the forward
mapping that converts a source PD, which characterizes the
internal structure of the system, into observables [28,29].
Then, the inverse problem is defined as the reverse of the
direct problem; it aims to reconstruct the hidden internal
distribution from the experimental data of the observables
[Fig. 1(a)]. In these problems, the forward mapping A is a
functional of the PD expressed as

A: / Km, p(x))dx = y(m), (1)

where y(m), p(x), and K(m, p(x)) denote the observable, the
PD, and the kernel, respectively. The variables m and x repre-
sent the coordinates in the data space of observables and in the
internal distribution space, respectively. The inverse problem
holds significant implications across various physical domains
[30-50]. Systems in these applications can be broadly cate-
gorized into two types: (1) those whose constituent elements
remain static and (2) those whose elements undergo state
transitions. Systems falling into the former category are of
particular interest in engineering applications, such as shape
characterization of synthesized nanoparticles [30,31]. From a
physics perspective, type (2) systems pose a greater challenge
and hold more significance. In these systems, reconstructing
PDs requires an understanding of the physical properties of
the system elements, while the resulting outcomes contribute
to refining this understanding. Such applications are in high
demand in soft matter physics [32-43].
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FIG. 1. Schematic of the inverse problem reconstructing of the
probability distribution p from experimental data. (a) Schematic of
the inverse problem in physics. (b) Iterative transformation of p
from p° under an objective functional ®(p). (c) Geometry of the
transformation path from point O to A in the p space. (d) Geometry
of the gradient descent in the p space.

The inverse problem of reconstructing a PD is formulated
as follows: Assuming that the distribution space x can be
divided into n discrete states, (X, ..., X,), within each of
which the value of kernel K is almost constant, the PD can
be represented by a vector p = (py, ..., py). This discretiza-
tion corresponds to the projection of a single PD model to a
point in p space [Fig. 1(b)]. Similarly, the observables can be
also represented as a vector Y = (y(1), ..., y(M)), with M
data points. Let Y (p) = (y(p, 1), ..., y(p, M)) be the calcu-
lated observables through the forward mapping of p, and let
YEXP = (yBXP (1), ..., yEXP(M)) represent the experimental
data. We define an objective functional as ® (Y(p)||YEXP),
which evaluates the discrepancy between the model and the
experimental data [hereafter, designated as ®(p)]. The goal
of the inverse problem is to find the optimal p by minimiz-
ing ®(p) [Fig. 1(b)]. The key task in this inverse problem
lies in the transformation of p during minimization, which
must adhere to two constraints: the normalization condition
of PD, that is, ) ., p; = 1, and the non-negativity of the
probability values. These constraints render the minimization
process unstable, making the direct reconstruction of PDs
from experimental data using the objective functional ®(p)
a difficult task. Therefore, various domain-specific algorithms
have been developed for different applications. However, most

approaches require parameter tuning by domain specialists.
To achieve wide applicability, a universal approach based on
a mathematical understanding of p space is essential.

Based on insights from information geometry, the
constraints for PD, which mathematically correspond to
Chentsov’s invariance, transform p space into a manifold.
Therefore, if transformations of PDs during the minimiza-
tion process can be conducted to follow this manifold
[Fig. 1(b)], the constraints will be automatically satisfied.
Such manifold-based transformations would stabilize the min-
imization process and thereby enable the reconstruction of
true PDs. However, the exact form of such transformations
remains unclear, as defining a physical quantity to act as a
distance on p space poses a challenge. In this study, we found
that the KL divergence, typically considered nonmetric owing
to its asymmetry, can satisfy the properties of a distance under
specific geometric conditions. Such condition corresponds to
an infinitesimal displacement along the exponential geodesic
(e-geodesic) connecting two PDs [Fig. 1(c)]. This finding
suggests that in the vicinity of a point on p space, the man-
ifold can be locally approximated as a Euclidean space. This
approximate Euclidean space allows for the formulation of the
gradient descent on p space [Fig. 1(d)] as follows:

Alnp = -1V, ®(p) +C, 2)

where Inp=(npy, ...,Inp,), C=-In>._, pi
exp(—td®/ap;)), and t denotes the step size. Unlike
standard gradient descent methods, the left-hand side of
Eq. (2) does not correspond to the Euclidean displacement
Ap, but rather to the displacement along e-geodesic, Aln p.
This signifies how PDs should be transformed on the
manifold. Hereafter, we refer to Eq. (2) as a manifold-based
gradient descent (MBGD) method.

To validate our findings on the KL divergence and the
MBGD method built upon it, we conducted reconstruction
simulations using model systems. When developing algo-
rithms for inverse problems, it is necessary to evaluate not
only their effectiveness in minimizing the objective func-
tional but also their accuracy in the reconstruction of the
underlying distribution that generates the experimental data
[28,29,31,37]. However, in practice, the true distribution is not
directly observable in general, making it challenging to assess
the reconstruction accuracy using real data. Consequently,
validation studies for algorithms often employ simulations
using pseudoexperimental data generated from a synthesized
pseudotrue model system. In this study, we used a particle
size distribution (PSD) in solution as the model system, which
corresponds to a type (1) system. We performed simulations
in which the PSDs were reconstructed from small-angle x-ray
scattering (SAXS) data [Fig. 3(a)]. This model system al-
lowed for a comparison between the standard gradient descent
and MBGD in terms of convergence behavior and accuracy
in reconstructing the true distribution. The outcomes of our
study unequivocally support our theoretical findings on the
KL divergence, underscoring the significance of incorporating
the manifold structure of p space in solving inverse problems.
Furthermore, we delved into a method for assessing the inher-
ent ill-posedness in inverse problems.

Based on the results obtained from the PSD model system,
we applied the MBGD method to a type (2) system in which
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the constituent elements undergo state transitions. Protein
conformational ensembles were selected as an example of
such soft matter systems. Most proteins adopt multiple confor-
mational states, and the equilibrium between these states, that
is, the conformational ensemble, is crucial for their biological
functions [51-57]. While molecular dynamics (MD) simula-
tions are commonly utilized to investigate these ensembles
[58], the accuracy of MD is limited by the approximate na-
ture of the molecular force fields [59]. Consequently, inverse
problem approaches that refine MD-derived ensembles using
experimental data are gaining importance [35,36,60]. The re-
sults presented in this study demonstrate that applying MBGD
to such inverse problems provides a powerful framework for
visualizing the components of soft matter systems.

II. THEORY

A. Proof of the geometric condition under which
KL-divergence serves as a distance

Here, we define two nearby points O and A in the p space
(or on the manifold), and consider the transformation from p°
to p? [Fig. 1(c)]. The superscripts represent the points on the
manifold hereinafter. Our primary objective here is to identify
a local coordinate system and transformation path that satisfy
the geometric conditions of the Euclidean space.

(1) An affine coordinate system can be established.

(2) For any point « on the path, the distance from point O,
d(OJ|@), can be defined, satisfying the following conditions:

(a) Positivity and symmetry: d(Oll«a) = d(«||O) = 0.

(b) Pythagorean theorem: d(Ol|«) + d(O||8) = d(«||B).

(¢) Triangle inequality: +/d(Ofa)+ /d(O]|B) >
Vd(allB).

The information geometry reveals that the manifold struc-
ture of p space is a dually flat space [5,6], characterized by the
Fisher information metric [3,4]:

9 B] - ( 9 )( 9 )
galm— — =) pi\ —Ip )| —Inp;]. (O
(3Mj 8,ka> Z y Gy

i=1

where /0, denotes the tangent vector regarding the local
coordinate system p. In the dually flat manifold, mutually

dual affine coordinate systems exist, 8 = (6y, ..., 6,_1) and
=, ..., Nu—1), expressed as follows:
9,’ = ll’l(pl/pn ) and ni = pi. (4)

0 and n are called exponential-connection and mixture-
connection coordinate systems, respectively. In these coordi-
nate systems, the Fisher information metric becomes

o0\ _, )
8n 391" 877]‘ — 0ij-.

Since only @ and » are dual affine coordinate systems on
the manifold of p space, the use of either of them is necessary
for the Euclidean space condition (1). Here, 7 is selected as
a coordinate system, resulting in the introduction of the KL
divergence [7-9], which is defined as follows:

i

n (o]
Di
DOlla) = pPIn e 6)
i=1

for the two points O and «. D is non-negative and quantifies
the difference between the two distributions p© and p*.

Here, we assume that point « lies on the e-geodesic [61]
connecting points O and A [Fig. 1(c)]. Since e-geodesic is an
affine line with respect to 6, the point « and tangent vector v
along this line can be expressed as

07 =67 +s(6} —6°)0<s< 1) and

n—1 P

A 0
v= (9,- 0; )891" @)
respectively. For the Euclidean space condition (1), the trans-
formation along an e-geodesic is essential. Furthermore,
we consider the displacement from O to A, Ap* =p? —
p®, to be infinitesimal, enabling the disregard of third- or
higher-order terms. Consequently, the KL divergence D(O||«)
approximately functions as a distance metric for any point o«
on the e-geodesic between O and A. This point is demon-
strated below by proving distance condition (2).

Since ), Ap¥ =0 owing to the normalization condi-
tion, the second-order approximation of the Taylor expansion
of the KL divergence (refer to Appendix A) becomes
" (Ap® 2
D) ~ D(@]0) =" %

i=1

>0, ®)

thereby satisfying condition (a) [62]. Furthermore, a point 8 is
introduced, located on the geodesic mixture [9] (m-geodesic)
connecting points O and B [Fig. 1(c)]. The m-geodesic is an
affine line with respect to . This indicates that point § and
tangent vector @ along this line can be expressed as

nf = ap +1(nf =)0 <1 < 1) and
n—1
o=y (1% —nD)a/on, )
i=1
respectively. When the e- and m-geodesics are orthogonal at
point O, the inner product of the tangent vectors v and ,
g.(v, w), becomes 0. Therefore, by substituting Egs. (3)—(9)
into the aforementioned orthogonal relation, the Pythagorean
theorem (b) can be obtained [61]:

D(a||B) = D(Olla) + D(O|I8)

(Appendix B). When the e- and m-geodesics are not orthogo-
nal, the sum of the square roots of the KL divergence becomes

(10)

I (ap) " (Apf)’
\/D(O||(x)+\/D(O||’3)_ Ew-{- ;W
" (aps = Aapp)’
> \Api = api)
\izn 2p?
~ /D(a|B), (11)

satisfying triangle inequality (c). Based on Egs. (8), (10), and
(11), any infinitesimal change along the e-geodesic connect-
ing two points satisfies Euclidean distance conditions (2).
Next, the reverse relationship is observed. When the Eu-
clidean space conditions are satisfied on the line connecting
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points O and A, the line becomes e-geodesic. Consider a set of
points, denoted as set €2, whose KL divergences from point A
have the same value with D(O||A). Since the Euclidean nature
is maintained between points O and A, with point O being a
member of set €2, both the set and point A hold Euclidean
properties. In Euclidean space, a set of points equidistant
from the center forms a hypersphere, with the normal vector
on the surface pointing toward the center. Analogously, set
Q2 also forms a hypersphere, with any normal vector on the
surface pointing toward the center, point A. Therefore, the ith
component of the line connecting points O and A becomes

9DO[A) _

{=V4D(O[|A)}; = — o,

o2 —6°.  (12)

A comparison between Eqs. (12) and (7) reveals that the
line is e-geodesic.

B. Formulation of MBGD

We formulated the gradient descent method in p space
(MBGD) based on the geometric condition under which the
KL divergence serves as a metric. In this formulation, we
assume that the geometry of the gradient descent path in a
general Euclidean space (Appendix C) holds true between
two points on the approximate Euclidean path. We utilize
the n coordinate system to describe the p space, with y* and
n**! representing the model PDs after the kth and (k + 1)th
transformations through the gradient descent, respectively
[Fig. 1(d)]. Furthermore, let I'* be the contour of ®(») passing
through 5* and let Q%! be the hypersphere centered at y**!
with radius @', a parameter that needs to be determined.
As demonstrated in the gradient descent path within the gen-
eral Euclidean space (refer to Appendix C), the relationship
between two points on the path can be described by the geo-
metric connection between contour I'* and hypersphere Q%+,
which are tangents at point *. In other words, #* represents
the extremum at Q! [Fig. 1(d)]. Analogously, the gradient
descent for p space can be determined by identifying the
extremum of the Lagrangian expressed as follows:

L") = (") + (@' =Dk + 1[k))/z.  (13)

The extremum can be determined by solving V”kL(ﬂk )=0
using Eq. (12), resulting in

A = —1V,d. (14)

One advantage of Eq. (14) is its simplicity in determining
the normalization constant. This can be shown by rewriting
Eq. (14) in the form of Eq. (2). From Eq. (4), each component
of Eq. (14) becomes

P od
Alnpi+ 17— = Alnp,+ 7 . (15)
opi d

1 n

Equation (15) is valid for all 1 < i < n—1. Therefore, the
right-hand side can be regarded as the normalization constant
C. Consequently, the normalization condition following the
transformation establishes the formulation for C, which sim-
plifies Eq. (15) to Eq. (2).

(@) Nonconvex (b)  Convex
concave
Flat
minimum
true PD p-space Increase of
experimental
data
Sharp
minimum
— |

truePD P-Space

FIG. 2. Schematic of the relation between the uniqueness of the
minimum and shape of the objective functional. (a) Nonconvex func-
tional. (b) Convex functional: flat (upper) and sharp (lower) minima.

C. Ill-posedness of the objective functional

In addition to the difficulties associated with the treatment
of PDs as reconstruction targets, a typical challenge in inverse
problems is their ill-posed nature. This issue arises when the
uniqueness of the minimizer of the objective functional is
compromised. This uniqueness can be assessed by examin-
ing the shape of the objective functional [63-65], whether
nonconvex or convex, as shown in Fig. 2. In the case of a
nonconvex objective functional, multiple minima may exist,
making it challenging to determine the minimum correspond-
ing to the true PD [Fig. 2(a)]. This situation results in an
ill-posed inverse problem, where the solution to which min-
imization converges depends on the initialization point in p
space, that is, the initial PD model.

In contrast, a convex functional, characterized by a positive
definite or semidefinite Hessian, has a unique minimum where
the true PD may be located [Fig. 2(b)]. In this case, regardless
of the initial model utilized, the minimization process is likely
to converge to this unique minimum. However, the accuracy of
the resulting optimal PD may still be influenced by the shape
of the minimum, whether flat or sharp (strictly convex). In the
case of a flat minimum [upper panel in Fig. 2(b)], the true
PD would be surrounded by other solutions with the same
objective functional value, making it difficult to determine
which one corresponds to the true PD. In contrast, in the
case of a strictly sharp minimum [lower panel in Fig. 2(b)],
where the Hessian is positive definite, the minimization pro-
cess converges to a unique PD. Therefore, the sharpness of the
minimum in a convex functional can serve as an indicator of
the degree of ill-posedness of the inverse problem. In practice,
this sharpness is typically characterized by the number of
nonzero eigenvalues of the Hessian [65].

Here, we show that the objective functional ®(p) is convex
when the experimental data are given as expectation values
of observables with respect to the probability distribution.
Various types of experimental data can be classified under this
case; in particular, many instances where the data are derived
from spectroscopic or scattering measurements of soft-matter
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systems fall into this category [32-43]. Let Y; = (yi(1), ...,
vi(M)) represent the observables for the ith state. Then, the
mapping A in Eq. (1) takes the form of a Fredholm integral
equation of the first kind, expressed as

ADY " piyi(m) = y(p, m). (16)

i=1

In this case, the corresponding inverse problem becomes
linear. Since experimental errors are typically Gaussian, the
negative log-likelihood of a model p given experimental data

YEXP reduces to x? functions:
M n 2
X2 _ i Z (Z,’=1 piyi(m) — yEXP(m)) a17)
M~ (@™ (m))? ’

where oFXP(j) denotes the error of the jth observable. This
function is widely utilized to evaluate the disparity between
models and experimental data [66,67]. Utilizing x> as the
objective functional ®(p) results in a Hessian expressed as
follows:

P0(p) _ 1 g~ yilmy;(m)
Ipidp;  2M A= (G EXP ()}

(H);; = (18)

Equation (18) shows that the Hessian takes the form of a
Gram matrix, which is positive definite, or at least positive
semidefinite, at any point in p space. Therefore, the convexity
of the objective functional is ensured in the present case. Then,
the remaining issue concerns the sharpness of the minimum
of the objective functional. To address this point, in subse-
quent reconstruction simulations using the model systems, we
investigated the change in sharpness with decreasing recon-
struction accuracy. The sharpness of the objective functional
was assessed through the number of nonzero eigenvalues,
A;(i=1, ..., n),of its Hessian.

III. RESULTS

When developing algorithms for inverse problems, it is
essential to evaluate their accuracy in reconstructing the un-
derlying distribution that generates the experimental data
[28,29,31,37]. To validate our findings on the KL divergence
and MBGD method based on it, we conducted simulations
using pseudoexperimental data generated from a synthesized
pseudotrue system. As such a pseudotrue system, we em-
ployed a PSD in solution [Fig. 3(a)], which corresponds to
a type (1) system (Sec. IT A). Reconstructing PSDs is a well-
known inverse problem [30,31], and SAXS data have been
proven to be effective for such problems through studies uti-
lizing Monte Carlo simulation approaches [31]. Furthermore,
we investigated the relationship between the ill-posedness of
the inverse problem and sharpness of the objective functional
using the PSD system (Sec. II B).

Then, as an application example of MBGD to a
type (2) system—where constituent elements undergo state
transitions—we addressed the inverse problem of recon-
structing protein conformational ensembles from SAXS data.
Building on the simulation results from the PSD system, we
initially assessed the feasibility of the approach using a pseu-
dotrue ensemble generated by coarse-grained MD (CGMD)

(a)

2D scattered
pattern
>
2R
|
Incident Sample
X-ray cell
Scattered
X-ray
(b) Peak1  — Pseudo () — Pseudotrue
4 -true 20- — Initial
—Initial — Peak 1
Ry Peak 2 _ Peak 2
x,] S
= / \ =107
1. £
\V4
G T T T T T T T ¥ 0_
40 60 80 100
R IA

0.0 01 0.2 0.3 0.4 0.5
(0.5) (1.6) (2.7)

Q(QRgl4r) IA"

FIG. 3. Setup of the simulations that reconstruct particle size
distribution from pseudoexperimental SAXS data. (a) Schematic of
the SAXS measurement for PSD in solution [30,31]. (b) Pseudotrue
(red) and initial uniform (blue) PSDs. The particles at the peaks in
the small and large R areas are referred to as Peak 1 (green) and Peak
2 (brown). (c) SAXS data for the pseudotrue PSD, initial PSD, Peaks
1 and 2.

simulations [68] (Sec. II C). Finally, we applied the MBGD
method to the experimental SAXS data for Streptacidiphilus
Jjiangxiensis glucosamine kinase (SjGlcNK) [69], which un-
dergoes significant conformational changes upon substrate
binding, utilizing both all-atom MD (AAMD) and CGMD
simulations (Sec. II D).

A. Reconstruction simulation of particle size
distribution from SAXS data

First, we outline the setup for the PSD reconstruction sim-
ulations. In these simulations, we assumed a dilute solution
in which interparticle interference could be neglected. For
a pseudotrue PSD, p"™e¢(R), which represents a PD over the
particle radius R, we utilized a model comprising a mixture
of two Gaussian functions [Fig. 3(b)]. While this Gaussian
mixture model may not be realistic as a PSD [31], it allows
for a more straightforward interpretation of the validation
simulation results [Figs. 4(e), 5(a), and 5(d)]. The p"™¢(R)
was discretized by grouping particles within each 0.2 A bin
along R into a single-size state (n = 1100 states). The SAXS
data I;(Q) for the ith particle size R; were calculated using the
scattering function of a sphere, I;(Q) = [ApV j,(OR;)/OR; 1
(Q = 4m sin6/x, where A and 26 represent the wavelength
of the incident X-ray beam and scattering angle, respectively)
[Fig. 3(c)]. V is the volume of a particle. Ap represents the
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FIG. 4. Results of the simulations that reconstruct PSD using MBGD (cyan), GD (green), and LGD (blue). The minimization processes
monitored through (a) x? and (b) MRE. (c) Progress of forward (pink) and backward (black) KL divergences, D(k||k + 1) and D(k + 1|[k),
respectively, during the process by MBGD. (d) Comparisons of the pseudoexperimental SAXS data (red) and those obtained using MBGD,
GD, and LGD. The residuals between the pseudoexperimental and calculated data were evaluated using z(Q) = {IA*¢(Q) — IFXP(Q)}/0 (Q)
(lower). (e) Comparison of the pseudotrue PSD and those reconstructed using MBGD. The lower panel shows the binwise MRE averaged
over 1000 reconstruction calculations performed with different initial models. (g) Comparison of the pseudotrue PSD and those reconstructed
using GD and LGD. The lower panel shows the binwise MRE averaged over 1000 LGD calculations. Results for GD are not shown in the
lower panel, as the GD calculations yielded identical reconstructions regardless of the choice of the initial model. (g) Minimization processes
projected on the landscape of the objective functional in a two-dimensional space, where the coordinates correspond to the PSD values at Peaks
1 and 2. The star and circle represent the initial and final points of the process in this space, respectively. The color represents the x2 value

(right bar).

electron density contrast between the particle and solvent,
and was set as 1 for simplicity. Subsequently, the pseu-
doexperimental SAXS data, IFXP(Q), were determined as
expectation values with respect to p"™¢(R), and thus expressed
as I¥XP(Q) = Y"1, p™°(R)I:(Q). Furthermore, the SAXS
data calculated from p(R) during the minimization process
are expressed as I“AL€(Q) = Y7, p(R)I;(Q). For theoretical
simplicity, noise was not introduced into /¥XF(Q), resulting in

a complete minimization yielding an x? value of 0 [Eq. (17)].
In the subsequent data plots, dependencies on both Q and
QRg/4rr are represented, where R, represents the radius of
gyration of the particle estimated from I5XF(Q) using Guinier
approximation [70], allowing for discussions independent of
the particle size. For the simulations, we utilized SAXS data
up to Q@ =0.5A""(QR/Am = 2.69 and M = 245), which
aligns with the typical upper limit of Q accessible in standard
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FIG. 5. Dependencies of the minimization and reconstruction accuracies on the amount of pseudoexperimental SAXS data. The amount of
the data was reduced by decreasing the upper limit of OR,. (a) Dependencies of the minimization processes on the initial PSD models when the
SAXS data up to OR, = 2.69 were utilized. These processes are projected on the landscape of the objective functional as well as in Fig. 4(e).
The star and circle represent the initial and final points in these processes, respectively. (b) Dependencies of the minimized x? value on the
amount of the pseudoexperimental SAXS data. (c) Dependencies of the reconstruction accuracy monitored by MRE on the amount of the data.
(d) Dependencies of the minimization processes on initial PSD models, when the SAXS data up to OR, = 0.48 were utilized. (¢) Distributions
of the eigenvalues of the Hessian of the objective functional. The upper limits of OR, are 2.69 (cyan), 1.34 (orange), 0.48 (green), and 0.21
(pink). The black dashed line represents the lower bound for the nonzero eigenvalues. (f) Dependencies of number of nonzero eigenvalues on
the amount of data. The red dashed line represents the limit, below which the reconstruction accuracy becomes worse than 10%.

SAXS experiments. We adopted a uniform distribution as the
initial PSD p°(R). In addition, to examine the dependence
of the reconstruction on the initial model, we performed cal-
culations using 1000 randomly generated Gaussian mixture
models as the initial PSDs (Supplementary Method S5 and
Fig. S1(a) of the Supplemental Material [71]). The accuracy
of p(R) was assessed using the model recovery error (MRE)
[37], which is expressed as MRE = "7 |p(R;) — p™(R;)|.
The complete reproduction of p'™¢(R) yielded an MRE value
of 0.

In the reconstruction simulation of the PSD system ini-
tiated from the uniform distribution, our MBGD method
successfully minimized the objective function and accurately
reconstructed the pseudotrue PSD, showcasing its theoretical
validity (cyan curves in Fig. 4). The excellent ability of the
MBGD to minimize the objective functional was validated
by the fact that the x? value approached zero asymptotically
[Figs. 4(a) and 4(d)]. In terms of accurate reconstruction, the
MRE converged to within 0.1% [Fig. 4(b)], showing nearly
complete reproduction of the pseudotrue PSD by MBGD [the
upper panel in Fig. 4(e)]. The calculations initiated from the
different Gaussian mixture models likewise achieved a com-
parable level of reconstruction accuracy [the lower panel in
Fig. 4(e)], indicating negligible uncertainty in the reconstruc-
tions. From a practical perspective, MBGD is computationally
efficient, requiring only a few seconds to reach 10000 steps,

during which the MRE falls below 1%. These results demon-
strate the effectiveness of our manifold-based approach in the
inverse problem of reconstructing PDs.

The evolution of the KL divergence during the minimiza-
tion process also supports our theoretical finding that the
KL divergence serves as a metric when the transformation
of the PD is an infinitesimal displacement along an expo-
nential geodesic. The equivalence between the forward and
backward KL divergences D(k||k + 1) and D(k + 1||k), re-
spectively, was maintained throughout this process [Fig. 4(c)].
Furthermore, both of the KL divergences were equal to the
second-order approximation Y _, (Apj_")2 /Zp? (Fig. S2(a)
in the Supplemental Material [71]), confirming the validity
of the approximation in Eq. (8). To intentionally violate this
geometric condition, we increased the step size 7, and be-
yond a certain threshold, the equivalence deteriorated and
the minimization process failed (Figs. S2(b)-S2(d) in the
Supplemental Material [71]). Furthermore, for values of t
below threshold, Eq. (8) remains valid. These outcomes fur-
ther validate our findings regarding KL divergence. From a
practical perspective, the upper bound for 7 calculated from
the aforementioned geometric condition (Note S1 in the Sup-
plemental Material [71]) provides a good estimate of the
actual upper bound (Figs. S2(b)-S2(d) in the Supplemental
Material [71]). Moreover, when t exceeded this upper bound,
the calculation diverged within the first 100 minimization
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steps (Figs. S2(e)-S2(f) in the Supplemental Material [71]).
Therefore, the appropriateness of a chosen value of t can be
assessed with negligible computational cost. Consequently, by
performing a few short test calculations in the vicinity of the
estimated upper bound, one can select an optimal value of ©
that avoids divergence without unnecessarily slowing down
the MBGD computation due to an excessively small step size
(Note S1 in the Supplemental Material [71]).

To further assess the indispensability of our manifold-
based approach, we performed reconstruction simulations
using conventional gradient descent, assuming a Euclidean
geometry in either p or Inp spaces. These two formulations
are expressed as follows:

Ap x =tV ®(p), (19)
and
Alnp ¢ =TV}, @(p). (20)

Hereafter, we refer to Egs. (19) and (20) as the the gradient
descent (GD) and log-weight gradient descent (LGD) meth-
ods, respectively. In these methods, we adopted the Lagrange
multiplier method to satisfy the constraints imposed on p, as
well as those of other studies [35,36]. Although both GD and
LGD reduced the x? value [Fig. 4(a)], they failed to accurately
reconstruct the pseudotrue PSD [Figs. 4(b) and 4(f)]. This
failure was independent of the choice of the initial model, and
the reconstructed PSDs exhibited substantial variability, indi-
cating uncertainty in the reconstructions [the lower panel in
Fig. 4(f)]. Since the pseudoexperimental data here includes no
noises, a correct method, such as MBGD, would be expected
to achieve complete reproduction. Furthermore, even in their
ability to minimize the x? values, both methods are inferior to
MBGD. These behaviors of GD and LGD were independent
of step size 7.

To ascertain the reason for the failure of Euclidean-based
approaches, such as GD and LGD, in achieving accurate re-
construction, we examined how these three methods differ in
their minimization process on the landscape of the objective
functional [Fig. 4(g)]. To facilitate this analysis, we repre-
sented the landscape in a two-dimensional space, with the
two coordinates corresponding to the PSD values at Peaks 1
and 2 [Fig. 3(b)]. The landscape was visualized by scanning
the parameters of the mixture Gaussian model. As shown in
Fig. 4(g), the minimization process in the MBGD success-
fully converged to the global minimum of the landscape. In
contrast, the GD process became stuck before reaching the
well containing the global minimum. In the LGD, the process
initially approached the well but eventually diverged in an
unintended direction. From a mathematical perspective, the
gradient descent was formulated assuming that the objective
function behaves like a potential function, generating a gra-
dient field that directs the descent toward a minimum [72].
Therefore, the observed behaviors of the GD and LGD pro-
cesses on the landscape demonstrate that by disregarding the
manifold structure of the p space, these methods compromise
the potential-function nature of the objective functional. In
contrast, only the MBGD method, which properly considers
the manifold structure, maintains this property. Consequently,
the incorporation of manifold structure of p space is essential

for inverse problems of reconstructing PDs from experimental
data.

B. Evaluation of the ill-posedness of the inverse problem

As shown theoretically in Sec. II C, the objective functional
becomes convex when the experimental data are presented as
expectation values of observables with respect to the PD, such
as IFXP(Q). The convexity of the objective functional ensures
a unique minimum, leading to results that are independent of
the initial PD model [Fig. 2(b)]. Indeed, in the reconstruction
simulations, utilizing a sufficient amount of SAXS data up to
OR, /47 =2.69(Q =0.5 A1), the MBGD calculations con-
sistently converged to the true PSD regardless of the choice of
the initial PSD models [Fig. 5(a)]. This outcome validates the
theoretical consideration regarding convexity. As discussed in
Sec. I1C, the ill-posedness in the present inverse problem can
be reframed as a concern about the sharpness of the minimum
of the objective functional.

Subsequently, we explored how the sharpness of the min-
imum was affected by reducing the amount of information
contained in the pseudoexperimental SAXS data (the amount
of SAXS data). The results, demonstrating the independence
of minimizations from the initial PSD, indicate that the
objective functional is sufficiently sharp to yield a unique
and well-defined minimum when using SAXS data up to
OR,/4m = 2.69. This implies that the SAXS data within
this data range contain sufficient information for a unique
PSD reconstruction. However, as the upper limit of OR, /47
was gradually decreased, thereby reducing the amount of
SAXS data utilized, both the minimization and reconstruction
performance deteriorated accordingly [Figs. 5(b) and 5(c),
respectively]. Then, the reconstruction accuracy deteriorated
rapidly; the MRE exceeded 10%, when the upper limit fell
below OR,/4mw = 0.48. Notably, this limit approximately
corresponds to the position of the first dip in the scattering
function of the particle corresponding to Peak 1 [Fig. 3(c)],
indicating that at least the first oscillation must be observed
as the spacing between the dips is inversely proportional to
the particle size. These findings suggest that reducing the
amount of information contained in the experimental data
flattens the minimum of the objective, thereby increasing
the ill-posedness of the problem. When utilizing SAXS data
up to OR,/4w = 0.48, the minimization process was stuck
near the edge of the well containing the pseudotrue PSD,
and the reconstruction results depended on the initial PSD
models [Fig. 5(d)]. Nevertheless, the reconstruction accuracy
remained below 10%, which was still better than that achieved
by GD or LGD using SAXS data up to OR, /47 = 2.69.

Next, to quantitatively evaluate the ill-posedness of the
reconstruction, we examined the changes in the eigenvalue
distribution of the Hessian with the reduction in the amount
of SAXS data [Fig. 5(e)]. A clear correlation is observed
between the number of nonzero eigenvalues and ill-posedness
[Figs. 5(c) and 5(f)]. When using SAXS data up to QRg/4rr =
2.69, which provided a strictly sharp minimum of the objec-
tive functional, 44 nonzero eigenvalues were observed. This
number decreased as the amount of SAXS data decreased,
falling below 10 for OR,/4w < 0.38. In this regime, the re-
construction failed with an accuracy worse than MRE = 20%.
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FIG. 6. Setup of the simulations that reconstruct protein conformational ensemble from pseudoexperimental SAXS data. (a) Transferrin as
a model system. The crystal structures of the holo and apo forms are presented in the upper and lower panels, respectively (PDB IDs: 1A8E
and 1BPS, respectively). The domain distance Rcy represents the distance between the mass centers of the two domains. (b) Schematic of
the SAXS measurement for protein conformational ensembles in solution [75,76]. (c) Protein conformational ensembles can be represented as
PDs on Rcy in the case of transferrin, showing the pseudotrue (pink), uniform (green), and force-field-based (blue) PDs. (d) Comparisons of
the SAXS data (upper panel) among these PD models. The residuals were evaluated using z(Q) (lower). (e) Distribution of the eigenvalues of
the Hessian of the objective functional. The red dashed line represents the lower bound for the nonzero eigenvalues.

Consequently, the number of nonzero eigenvalues can serve
as a valuable indicator for assessing the ill-posedness, even in
inverse problems of PD reconstruction.

C. Reconstruction simulation of protein conformational
ensembles from SAXS data

Next, we conducted simulations in which protein con-
formational ensembles were reconstructed from the pseudo-
experimental SAXS data. As a model system, we utilized
transferrin comprising two domains [73,74] [Fig. 6(a)].
Through AAMD and CGMD simulations (see Supplementary
Methods S1 and S2, respectively, in the Supplemental Mate-
rial [71]), we observed that the primary motion of transferrin
is shown to be an open-close movement between the domains
(domain motions) (Note S2 in the Supplemental Material
[71]). In addition, the SAXS data of transferrin predominantly
depended on the aforementioned open-close motion, allowing
for the simplification the objective functional (Notes S3 and
S4 in the Supplemental Material [71]). The red dashed line
represents the lower bound for the nonzero eigenvalues of

the ensemble as a one-dimensional PD based on the distance
between the domains, Rcy [Fig. 6(a)], as well as the PSD sys-
tem. To discretize a PD, p(Rcm), we grouped conformations
within each bin of 0.2 A along Rcy into a single confor-
mational state, as substantial variations in SAXS data were
observed among states of this size (Note S4 in the Supple-
mental Material [71]). The resultant number of states became
65. Hereafter, we employed multiple G6 CGMD simulations
(Methods S2 in the Supplemental Material [71]) to generate
model ensembles for the reconstruction simulations, for the
following two reasons. First, since the structural information
provided by SAXS data is of low resolution [75,76], the
scattering profiles computed from CGMD ensembles are in
good agreement with both experimental SAXS data and those
calculated from AAMD simulations [77]. Second, CGMD is
capable of generating multiple ensembles with distinct pop-
ulation distributions, making it particularly suitable for the
present reconstruction simulations.

As a pseudotrue PD in reconstruction simulations, we
generated a model PD with the primary populations located
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at open conformational states [Fig. 6(c)]. Two types of PD
models were prepared as initial PDs for the reconstruc-
tion simulations: nonphysical PDs and force-field-based PDs
generated by CGMD. As nonphysical PDs, we employed
a uniform distribution [green curve in Fig. 6(c)] and 1000
randomly generated Gaussian mixture models (Method S5
and Fig. S1(b) in the Supplemental Material [71]). As force-
field-based PDs, we generated 100 distributions using CGMD
with the same physical parameters as those used for the
pseudotrue PD. To obtain PDs with different population char-
acteristics, we varied the parameters of the multiple G6 model
(Method S5 and Fig. S1(c) in the Supplemental Material
[71]). As a representative force-field-based PD, a distribution
predominantly populated in the closed conformational states
is shown in Fig. 6(c). The uniform PD assumes a lack of
prior knowledge regarding the physical principles governing
protein motions, whereas the force-field-based PD utilizes
the same physical parameters as the pseudotrue PD but with
different populations. Despite the limitations of molecular
force-field accuracy, protein motions can be computationally
reproduced to some extent using MD simulations [58]. The
use of the force-field-based PD as the initial ensemble virtu-
ally mimics this situation.

In the subsequent reconstruction simulations, the SAXS
data calculated from the pseudotrue PD (Method S3 in the
Supplemental Material [71]) were utilized as the pseudoex-
perimental data, with the x? function serving as the objective
functional. The experimental errors necessary for the calcu-
lation of x? were determined based on the analyses on the
SAXS biological data bank [78] (Method S4 in the Sup-
plemental Material [71]). Because experimental SAXS data
IFXP(0) represent the rotational and conformational averages
of single-molecule x-ray scattering [Fig. 6(b)], they can be
expressed as expected values [55,75,76]. This renders the
objective functional convex. Significant differences in the
SAXS data were observed among the pseudotrue, uniform,
and force-field-based PDs [Fig. 6(d)], underscoring the ef-
fectiveness of SAXS in ensemble reconstruction. Notably,
the number of nonzero eigenvalues of the Hessian of the x>
function reached 14 when utilizing data up to OR,/4m =
0.90(Q =0.5 /0\") [Fig. 6(e)]. Based on the results of the
reconstruction simulations using the PSD system (Fig. 5),
while this number is deemed adequate for reconstructing the
PD over Rcy, it may fall short of achieving complete recon-
struction.

Consistent with the PSD system, the MBGD calculation
applied to the conformational ensemble of transferrin suc-
ceeded in both reducing the x? value [Figs. 7(a) and 7(c)]
and reconstructing the pseudotrue PD [Figs. 7(b) and 7(d)]
when employing the pseudoexperimental SAXS data up to
OR,/4w = 0.90. We also conducted reconstruction simula-
tions for other proteins exhibiting domain motions, namely,
Mycobacterium tuberculosis EPSP synthase (MtEPSPS) [79]
and guanylate kinase (GK) [80,81] (Notes S5 and S6, re-
spectively, in the Supplemental Material [71]). For these
proteins, the MBGD calculation consistently succeeded in re-
constructing the pseudotrue PDs. Furthermore, as in the PSD
system, the equivalence between the forward and backward
KL divergences was maintained throughout the minimiza-

tion processes for all these systems, thereby reaffirming the
validity of the approximation in Eq. (8) (Note S7 in the Sup-
plemental Material [71]).

However, the calculation results demonstrated a depen-
dence on the initial PDs, likely stemming from the limited
number of 14 nonzero eigenvalues. Initiating the MBGD cal-
culations from nonphysical PDs yielded reconstructed PDs
with an MRE of approximately 5% and variability in the range
of 1%-30%, which is considered satisfactory [Fig. 7(d)].
In contrast, when initiated from force-field-based PDs, the
calculations led to near-complete reconstructions with neg-
ligible uncertainty, achieving MRE values below 1% and
variability in the range of 1%-5% [Fig. 7(e)]. In line with
its superior reconstruction accuracy, the latter calculation
yielded SAXS data that closely matched the pseudoexperi-
mental data [Fig. 7(c)]. The reconstruction simulations for
other proteins provided consistent results: superiority of the
force-field-based PD as the initial input (Notes S5 and S6
in the Supplemental Material [71]). These results indicate
that the current inverse problem of reconstructing the PDs
of protein domain motion from SAXS data is inherently ill-
posed. Nevertheless, for the one-dimensional domain motions
of transferrin and MfEPSPS, the MBGD calculations initiated
from a uniform PD succeeded in achieving reconstruction
accuracies exceeding 10% (Fig. 7(d) and Fig. S7(e) in the
Supplemental Material [71]). Moreover, utilizing a force-
field-based PD as the initial input can lead to near-complete
reconstruction.

Next, we investigated the robustness of the reconstruc-
tion accuracy with respect to the flatness of the objective
functional. Through reconstruction simulations with reduced
amounts of pseudoexperimental SAXS data of transferrin
(upper panel in Fig. 8), we assessed the number of nonzero
eigenvalues of the Hessian of the objective functional (lower
panel in Fig. 8) necessary to achieve reconstruction accuracy
surpassing MRE = 10%. Remarkably, the force-field-based
PD model significantly improved the robustness of the re-
construction accuracy. When the uniform PD was used as the
initial input, the required number of nonzero eigenvalues was
nine. In contrast, when the force-field-based PD was used,
the required number was only four, which was significantly
smaller than that required for the PSD system. Consistent
results were also obtained for MfEPSPS that undergoes one-
dimensional domain motions: the required number of nonzero
eigenvalues for the uniform and force-field-based PDs as the
initial inputs were 10 and 3, respectively (Fig. S7 in the
Supplemental Material [71]).

However, the required number depends on the complexity
of protein motion, as exemplified by the case of GK, which
undergoes two-dimensional domain motion (Note S6 in the
Supplemental Material [71]). While the MBGD calculation
initiated from a force-field-based PD succeeded in achieving
reconstruction accuracy exceeding MRE = 10%, the calcu-
lation initiated from a uniform PD failed to achieve such
reconstruction (Figs. S9 and S11 in the Supplemental Material
[71]), even though the number of nonzero eigenvalues for the
SAXS data was 12 (Fig. S10(e) in the Supplemental Mate-
rial [71]). These results indicate that the information content
contained in SAXS data alone is insufficient for visualiza-
tion of two-dimensional domain motions in the absence of a
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FIG. 7. Results of the simulations reconstructing conformational ensemble of transferrin from its pseudoexperimental SAXS data using
the MBGD method. The green and blue represent the results for MBGD, which were initiated from the uniform and force-field-based PDs.
Minimization processes monitored through (a) x> and (b) MRE. (c) Comparisons of the pseudoexperimental SAXS data (red) and those
obtained using MBGD. Residuals between the pseudoexperimental and calculated data evaluated using z(Q) (lower). (d) Comparison of the
pseudotrue PD and those reconstructed using MBGD calculation initiated from nonphysical PD models. The lower panel shows the binwise
MRE averaged over 1000 reconstruction calculations performed with different initial models. (¢) Comparison of the pseudotrue PD and those
reconstructed using MBGD calculation initiated from force-field-based PD models. The lower panel shows the binwise MRE averaged over

100 reconstruction calculations performed with different initial models.

force-field-based PD. One possible approach to address such
insufficient number of eigenvalues is to combine multiple sets
of experimental data that provide complementary informa-
tion about the targe PD. To examine the effectiveness of this
approach, we performed an MBGD calculation using pseu-
doexperimental double electron-electron resonance (DEER)
data, which provide an information on the distance between
a pair of amino-acid residues, in addition to the SAXS data
(Note S8 in the Supplemental Material [71]). While DEER
data for a single pair of amino-acid residues alone provide
little information on two-dimensional domain motions, inte-
grating them with SAXS data results in a drastic increase
in the number of nonzero eigenvalues, from 12 to 85 (Fig.
S15(c) in the Supplemental Material [71]). This enhancement
reflects the fact that DEER data encode information on do-
main motions that is distinct from that captured by SAXS
(Fig. S15(d) in the Supplemental Material [71]), demonstrat-
ing that the increase in information content due to additional
experimental data is synergistic rather than additive. As a
consequence of the increased information content, even the
MBGD calculation initiated from the uniform PD achieved
reconstruction accuracy exceeding 10% (Fig. S16 in the Sup-
plemental Material [71]). These results also indicate that, for

a two-dimensional PD, an experimental information content
corresponding to on the order of 80 nonzero eigenvalues is
sufficient to render the minimum of the objective functional
sharp.

D. Application of MBGD to experimental SAXS
data of SjGIcNK

Finally, we applied the MBGD method to actual experi-
mental SAXS data to elucidate the conformational ensembles.
Prior to the application, we examined the effect of experimen-
tal noise on MBGD reconstruction using pseudoexperimental
SAXS data for transferrin (Note S9 in the Supplemental Ma-
terial [71]). The procedure employed in the application here
is based on the results of that assessment. The target sample
was SjGIcNK, an enzyme that catalyzes the phosphorylation
of D-glucosamine (GIcN) [69]. SjGIcNK is composed of the
N-terminal cap, intermediate, and C-lobe domains [Fig. 9(a)].
ATP binds to the active site located in the cleft between the
intermediate and C-lobe domains, whereas GlcN binds to the
C-lobe domain. X-ray crystallographic analyses revealed that
the binding of ATP and GlcN induced domain-closure motion
in SjGIcNK [upper panel in Fig. 9(b)], indicating significant
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conformational flexibility. We conducted 2-us AAMD sim-
ulations to explore the conformational space of SjGIcNK.
Principal component analysis (PCA) [82] revealed that the
first and second principal components (PCs) corresponded
to the open-close and twisting motions of the C-lobe do-
main relative to the intermediate domain, respectively, in both
the AAMD and CGMD trajectories [Fig. 9(b)]. The twisting
motion of the second PC was not observed in the crystal-
lographic analyses [69]. The PMF map indicated that the
AAMD simulations explored a wider range of conformational
space compared with that of the crystal structures [Fig. 9(d)].
We first conducted the MBGD calculation using the AAMD-
derived ensemble as the initial input. However, this approach
resulted in minimization failure and a reconstructed ensemble
with density discontinuities at its edges (Note S10 and Fig.
S20 in the Supplemental Material [71]). Such discontinuities
indicate insufficient conformational sampling by MD simu-
lations (Note S9 and Fig. S18 in the Supplemental Material
[71]). Therefore, to broaden the sampling range, we con-
ducted CGMD simulations using 36 representative structures
extracted from the AAMD ensemble as reference confor-
mational states (AA + CGMD) [Fig. 9(e)]. The MBGD
calculation utilizing this AA + CGMD-derived ensemble
as the initial input successfully reproduced the experimen-
tal data [Fig. 9(c)] and reconstructed an ensemble with no
discontinuities [Fig. 9(f)], indicating that the AA + CGMD
simulations provided sufficiently broad sampling. Further-
more, the number of nonzero eigenvalues of the Hessian
of the objective functional was nine. Based on the results
of the reconstruction simulations presented in the previous
section, this number suggests a reconstruction accuracy that
surpasses MRE = 10%. It is noteworthy that the experimental
SAXS data could not be explained without the twisting motion

identified by AAMD. This result indicates that the realistic
motions provided by AAMD are essential for accurate ensem-
ble reconstruction.

The ensemble reconstructed by MBGD revealed that
71.2% of the population was distributed around the closed
conformations observed in the crystal structure of the holo
form, even in the absence of substrates. This indicates a
population shift mechanism [83] for substrate recognition by
SjGlcNK. Furthermore, a substantial population was observed
at conformations where the active-site cleft was more open
than that in the crystal structures of the apo form, referred as
a “dropped-jar” conformation hereafter [Figs. 9(i) and 9(j)].
To validate the populations of these dropped-jar conforma-
tions, we conducted the MBGD calculation starting from an
ensemble that excluded populations of these conformations.
The results showed a reconstructed ensemble with disconti-
nuities (Note S10 and Fig. S22 in the Supplemental Material
[71]), demonstrating that the experimental data could not be
considered without dropped-jar conformations. Notably, the
closed and dropped-jar conformations were separated by a
free-energy barrier not observed in the AAMD-derived en-
semble, highlighting the need for improvements in the force
field. Nevertheless, AAMD remains indispensable, as it can
sample regions of the conformational space that are inacces-
sible by crystallographic analyses or CGMD alone.

The subsequent question concerns the reasons for the func-
tional necessity of the dropped-jar conformations. A closer
look at the conformational changes in the active-site cleft
[Figs. 9(k)-9(n)] can provide some clues. The cleft of the
substrate-bound structure was so narrow that the catalytic
residue D118 and two magnesium ions were sandwiched be-
tween the phosphate groups of the bound ATP [Fig. 9(k)].
However, this sandwichlike structure was maintained in the
half-closed crystal conformation of the apo form [Fig. 9()].
Consequently, the binding of ATP to the clefts of these crystal
structure conformations would likely be difficult owing to the
prevention of ATP access by the sandwichlike structure. In
contrast, the clefts in the dropped-jar conformations were suf-
ficiently wide to allow ATP access [Figs. 9(i) and 9(j)]. Based
on these observations, we hypothesized that the dropped-jar
conformations are crucial in facilitating ATP access to the
active site of SjGIcNK.

In summary, the application of MBGD to the experimental
SAXS data of SjGIcNK allows for the successful reconstruc-
tion of the conformational ensembles of this enzyme. The
reconstruction results revealed a population-shift mechanism
for substrate binding in this enzyme. Furthermore, through
the reconstructed ensemble, we identified populations of ATP-
accessible conformations that could not be detected through
crystallographic analyses or MD simulations alone.

IV. DISCUSSION AND CONCLUSION

In this study, we applied the information geometry frame-
work to inverse problems for reconstructing PDs from
experimental data. First, we theoretically demonstrated that
the KL divergence between two PDs can serve as a dis-
tance when the transformation between them corresponds to
an infinitesimal displacement along an e-geodesic on the p-
space manifold. Based on these findings, we formulated the
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FIG. 9. Application of the MBGD method to experimental SAXS data of SjGIcNK under substrate-free conditions. (a) Crystal structure
of the holo form of SjGIcNK (PDB ID: 6HWL); the entire structure (upper panel) and active-site cleft (lower panel). The domain structures
are shown using different structures. (b) Domain motions of SjGlcNK identified using the PCA of the AAMD trajectory: the first PC mode
(upper panel) and second PC mode (lower panel). The left and right panels represent the front and side views, respectively. The direction of C,
displacements along these PC modes is represented using blue arrows. (c) Comparison of the experimental (pink) and calculated SAXS data.
The green and blue curves represent the data calculated from the AA + CGMD and reconstructed ensembles, respectively. (d)—(f) Ensembles
projected on the first and second PC modes: the AAMD-, AA + CGMD-, and MBGD-reconstructed ensembles, respectively. The ensembles
are visualized using a map plotting the potential of the mean force (PMF). The crystal structure of the holo form is represented by the pink
circle, and those of the two apo forms are presented by the pink triangle and square. The structures utilized for the input of the AA + CGMD
simulations are represented by the small pink diamonds. The two “dropped-jar” conformations are represented by the red circle and triangle.
(2)—(j) Side views of the entire structure of the conformations shown in the PMF map [Fig. 9(f)]: crystal structure of the holo form [pink circle
in Fig. 9(f)], the crystal structure of the apo form (pink triangle), dropped-jar conformation 1 (red circle), and dropped-jar conformation 2 (red
triangle), respectively. (k)—(n) Closer views of the active-site cleft in the aforementioned conformations. The order is consistent with that of

the entire structure. The D118 residue is represented in purple.
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Manifold

FIG. 10. Schematics of the line integration of gradient vector in
Euclidean space [panel (a)] and manifold [panel (b)].

MBGD. The reconstruction simulations of the PSD system
revealed that, unlike standard gradient descent methods, the
MBGD method maintains the potential-function nature of the
objective functional. This unique property enables MBGD to
successfully achieve both the minimization of the objective
functional and the accurate reconstruction of the true PD.

Observations of the GD and LGD processes in the land-
scape revealed that these standard gradient descent methods
compromised the potential-function nature of the objective
functional, unlike the MBGD method [Fig. 4(g)]. To provide a
theoretical explanation for this compromise, we consider the
following setup. Two fixed points, O and A, exist in either
the Euclidean space or a manifold, and the gradient field
F = —V® of the objective functional @ is integrated along
two arbitrary paths, C; or C, (Fig. 10). In the case of the
Euclidean space x [Fig. 10(a)], the potential-function property
of @ implies that the integral is independent of the integration
path:

—fF-dx:—fF-dx:dD 1)
C] CZ

In contrast, on manifolds [Fig. 10(b)], owing to the cur-
vature and torsion inherent in space [84], the integral of the
gradient field F expressed in Eq. (21) depends on the choice
of path and local coordinate systems, g and 5, such that

—/F~du;é— F-du # @ or—/F~du
G (@} Cc

;é—/F-d;;ﬁcb. (22)
C

Based on Eq. (22), neglecting the manifold structure of
space compromises the potential-function nature of ®. In the
case of a general Riemannian manifold ¢ with the metric
tensor G(¢), the gradient can be calibrated as G~ OV @(&)
[85], allowing for the recovery of the equality in Eq. (21).
However, implementing this correction in p space remains
challenging owing to the unknown normalization constant
[86]. The MBGD method circumvents this challenge by incor-
porating the manifold structure with no gradient correction.

In this study, we employed an approach that transforms the
discretized form of PD through displacements on the manifold

of the p space. Alternatively, the PD can be expressed in
an analytical form, where the transformation of its shape is
realized by tuning the parameters of the function. The state-of-
the-art analytical forms of such approaches are the generative
models employed in machine learning [63,87,88]. Since the
generative models have not yet been applied to inverse prob-
lems reconstructing internal distributions from experimental
data, such an extension would be worth investigating in future
studies. In such extension, it would be necessary to select
properly the type of generative models and its parameters,
whereas the present approach, which directly optimizes the
probability values, is simpler and more straightforward. Our
simple approach based on a discretized representation of the
PD is also advantageous from a computational cost. The sys-
tem used in our reconstruction simulations spans numbers of
discrete states ranging from 60 to 2000; nevertheless, with an
appropriate choice of the step size t, reconstruction accuracies
surpassing MRE = 10% were achieved within a few seconds
for all systems (Table S1 in the Supplemental Material [71]).

The present applications of MBGD focus on the linear
inverse problems, in which the experimental data are given
as expectation values of observables. Scattering and spec-
troscopic data obtained from soft-matter systems, such as
protein conformational ensembles, fall into this category of
linear inverse problems [32—43]. In contrast, nonlinear inverse
problems arise in experimental data associated with imaging
the internal structure of a single object [89-91]. In nonlin-
ear inverse problems, the Hessian of the objective functional
®(p) does not take the form of a Gram matrix; as a con-
sequence, the objective functional can become nonconvex,
allowing multiple minima to exist. In such cases, locating
the global minimum requires broad sampling of the objective
functional over p space. A representative approach for such
sampling is the Monte Carlo method. However, even during
such stochastic sampling procedures, the PD must satisfy the
normalizing and non-negativity constraints. Therefore, infor-
mation geometry is expected to be useful for sampling PDs
under these constraints. For example, Eq. (14) in the MBGD
formulation indicates that such Monte Carlo sampling can be
naturally carried out in the dual affine coordinate system.

As an application of MBGD to type (2) systems, whose
constituent elements undergo state transitions, we conducted
reconstructions of protein conformational ensembles from
experimental SAXS data through the MBGD method. Our
simulations have shown that accurate reconstruction with
accuracy surpassing MRE = 10% is achievable when a
physics-based PD is used as the initial input to MBGD. These
findings underscore the significance of incorporating a priori
physical knowledge of system components in reconstruc-
tions. The effectiveness of physics-based PDs has also been
demonstrated in other studies [35,36,60]. In the reconstruction
of protein conformational ensembles, MD-derived ensembles
have been used as initial models and have succeeded to some
extent in explaining experimental data, even without the use
of manifold-based techniques.

Furthermore, the reconstructed PD can contribute to refin-
ing the physical understanding of the system by comparing
it with the physics-based PD model utilized as the initial
input. In the case of SjGIcNK, the energy barrier between
the open and closed conformational states observed in the
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reconstructed ensemble was not present in the AAMD-derived
ensemble, meaning that the interdomain interactions through
water molecules between domains were not properly captured
by the current molecular force field [92,93]. In future stud-
ies, accumulating such discrepancies between physics-based
model and reconstructed ensembles will be beneficial for the
development of more accurate molecular force fields. Never-
theless, AAMD is indispensable for obtaining physics-based
conformational ensemble required for the reconstruction of
the true ensembles as the initial input.

The analyses conducted in this study on the ill-posedness
of inverse problems suggest that the number of nonzero eigen-
values of the Hessian of the objective functional serves as
a useful indicator of ill-posedness. For example, the recon-
struction simulations for the PSD system and for protein
domain-motion systems with a single degree of freedom indi-
cate that, for a one-dimensional PD, the objective functional
becomes nearly strictly convex when the number of nonzero
eigenvalues is on the order of 10-20 (Figs. 5 and 7). Be-
cause SAXS data contain an experimental information content
of this magnitude, MBGD calculations can reconstruct such
PDs from SAXS data alone with accuracies better than 10%
MRE, largely independent of the choice of the initial PD
model, indicating low uncertainty in the reconstructions. In
contrast, for protein domain motions with two degrees of
freedom, an information content corresponding to about ten
nonzero eigenvalues is insufficient to render the objective
functional strictly convex, leading to a strong dependence
of the reconstruction on the initial PD. Nevertheless, the
MBGD method remains effective for identifying the most
probable PD model when insufficient experimental data is
combined with a physics-based PD model. Furthermore, by
incorporating additional experimental data that provide in-
formation complementary to SAXS, such as DEER data,
accurate reconstruction can be obtained even when starting
from a uniform PD (Note S8 in the Supplemental Material
[71]). A quantitative assessment of how such integration of
multiple experimental data improves reconstruction accuracy
and reduces uncertainty remains an important subject for fu-
ture study.

In practice, the PDs in many physical systems are more
complex, requiring higher-dimensional descriptions. Such ex-
amples for biomolecular conformational ensembles include
multidomain proteins composed of more than two domains
[94,95], intrinsically disordered proteins (IDPs) [96,97], and
nuclear biomolecules [98,99]. For such complex systems, the
experimental information content contained in SAXS data
alone is insufficient to achieve accurate reconstruction. An ef-
fective strategy for addressing insufficient information content
is to integrate different types of experimental data. As illus-
trated by the example in which SAXS data were integrated
with DEER data, integrating experimental data that encode
distinct structural information leads to a synergistic increase
in information content (Note S8 in the Supplemental Material
[71]). Moreover, the reconstruction simulations using such
integrated data demonstrate that, by leveraging this increased
experimental information content, the MBGD method can
accurately reconstruct PDs even as the dimensionality of the
system increases.

For such data integration, a variety of experimental
techniques are available for studying biomolecular con-
formational ensembles, including solution neutron scatter-
ing [56,100,101], nuclear magnetic resonance [102-105],
DEER spectroscopy [37,38], and cryo-electron microscopy
[106,107]. Indeed, the integration of these diverse data sources
yields significant benefits for the structural studies of IDPs
[108-110]. Furthermore, as exemplified by the recent estab-
lishment of PDB-IHM [111], the importance of integrative
approaches that combine diverse experimental and computa-
tional methods has become widely recognized in structural
studies of complex biomolecules. However, even within the
PDB-IHM, applications of such integrative approaches to
conformational ensembles remain relatively rare. Integrative
methods such as MBGD in this study are therefore important,
as they provide a framework that enables such applications. In
such applications, it will be necessary to assess which combi-
nations of experimental data can yield a synergistic increase
in information content, through reconstruction simulations
such as those performed in this study. However, the primary
objective here is to provide a theoretical demonstration that
true PDs can be reconstructed from experimental data within
the framework of information geometry. Systematic validation
aimed at expanding such applications therefore remains an
important subject for future studies.

In summary, this study demonstrated that the linear in-
verse problem of reconstructing PDs from experimental data
is fundamentally solvable when the manifold structure of
P space is properly considered. The application of MBGD
to the actual experimental SAXS data of SjGIcNK enabled
the visualization of functionally important conformational
ensemble that cannot be assessed by crystallographic anal-
yses or MD simulations alone, thereby demonstrating the
practical utility of MBGD for reconstruction problems. PDs
in type (2) systems, particularly in soft matter [32—43], are
inherently difficult to observe directly, resulting in limited
accumulation of visualization data. This limitation also poses
challenges for the direct application of machine-learning
approaches. In such contexts, inverse-problem-based method-
ologies, such as those presented in this study, provide an
essential framework for visualizing PDs from experimental
data. The collection of visualization data acquired through
these approaches is expected to enhance our comprehension
of physical systems and, in turn, facilitate the effective ap-
plication of machine-learning techniques. We anticipate that
manifold-based techniques, including MBGD, will be crucial
in extending the applicability of inverse-problem approaches
for visualizing PDs in type (2) systems beyond protein con-
formational ensembles.
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APPENDIX A: TAYLOR EXPANSION OF THE KL
DIVERGENCE

The Taylor expansions of the forward and backward KL
divergences from point O to point « in p space, with respect
to the displacement Ap*, can be written as follows:

1/
D(oua)—ZA +ZZ( ) ) (A
i=1 j=2
and
1 (ap)
D(a||0)—ZAp +ZZ(( f ”;L, (A2)
= = U= DJ(p?)

respectively. Therefore, assuming Ap® to be infinitesimal, the
second-order approximation of the above expressions leads to
Eq. (8).

APPENDIX B: PROOF OF PYTHAGOREAN THEOREM
FOR POINTS ON E- AND M-GEODESICS

Here, we demonstrate that the points on e- and m-geodesics
satisfy the Pythagorean theorem, as indicated in Eq. (10) when
these geodesics are orthogonal. The proof utilizes points, O, «,
and B, as referenced in the main text. By substituting Egs. (5),
(7), and (9) into the Fisher information metric, Eq. (3), we
obtain

—0°) (! —n®) =0. (B1)
i=1

By substituting Eq. (4), the left-hand side of Eq. (A1) can
be expressed using KL divergence as follows:

n—1

> O = 62) (] —n?)
i=1
n—1 n—1
= (Zefnf +1an) - <29i"n?+lnpi>
i=1 i1
n—1 n—1
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FIG. 11. Geometry of gradient descent path in general Euclidean
space &.

n n
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i=1 i=1
n n
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__ p Pz o P p
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l l

= —D(Blla) + D(Olla) + D(BIO). (B2)

Therefore, the Pythagorean theorem in Eq. (9) is obtained
by substituting Eqs. (B2) and (8) into Eq. (B1).

APPENDIX C: GEOMETRICS OF GRADIENT DESCENT
PATH IN GENERAL EUCLIDEAN SPACE

This Appendix delves into the geometric properties of the
gradient descent path in general Euclidean space &. To ac-
complish this, we analyze the geometric relationship between
two points £ and £ on the path, representing the positions
after the kth and (k + 1)th transformations through gradient
descent, respectively (Fig. 11). The gradient descent formula-
tion can be expressed using the Euclidean distance between
these points, d(k||k + 1), as follows:

vek(@(gk) —d(k+1]lk)/T )=0. (C1)

Mathematically, Eq. (B1) is equivalent to determining the
extremum of a Lagrangian of the form

L= o)+ @ —dk+1]k)/z, (€2)
where a**! represents a parameter to be determined. In the
general Lagrange multiplier method, &' and ¢**! are known,
whereas 51‘ and 1/ 7 denote the position and multiplier to
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be determined, respectively. In this scenario, by determining
the extremum of the Lagrangian, Eq. (C2), is equivalent to
determining the extremum of ® (&) on the hypersphere Q¢!
defined by the constraint a**' —d(k + 1||k) = 0 (Fig. 11).
However, in the gradient descent, the relationship between
the variables is reversed: Ek and 1/ T are known, whereas
71 and ! represent the position and parameter to be
determined, respectively. Therefore, when I'* is defined as the
contour of (&) that passes through &, the task of determining

the extremum of the Lagrangian, Eq. (C2), is equivalent to
identifying the hypersphere Q*! that is tangential to I'* at
point Ek (Fig. 11). This represents the geometric relationship
that must be maintained between the two points £ and &+
along the gradient descent path. We assume that this geometric
relationship holds true for the two points #* and 5**! along the
gradient path in the p space, particularly when these points
demonstrate an approximately Euclidean relationship. This
assumption is expressed using Eq. (13).
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