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Synchronization among a group of active agents is ubiquitous in nature. Although synchronization based
on direct interactions between agents described by the Kuramoto model is well understood, the other
general mechanism based on indirect interactions among agents sharing limited resources are less known.
Here, we propose a minimal thermodynamically consistent model for the altruistic resource-sharing (ARS)
mechanism wherein resources are needed for an individual agent to advance but a more advanced agent has
a lower competence to obtain resources. We show that while differential competence in ARS mechanism
provides a negative feedback leading to synchronization it also breaks detailed balance and thus requires
additional energy dissipation besides the cost of driving individual agents. By solving the model
analytically, our study reveals a general trade-off relation between the total energy dissipation rate and
the two key performance measures of the system: average speed and synchronization accuracy. For a fixed
dissipation rate, there is a distinct speed-accuracy Pareto front traversed by the scarcity of resources: scarcer
resources lead to slower speed but more accurate synchronization. Increasing energy dissipation eases this
trade-off by pushing the speed-accuracy Pareto front outward. The connections of our work to realistic
biological systems such as the KaiABC system in cyanobacterial circadian clock and other theoretical

results based on thermodynamic uncertainty relation are also discussed.
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Introduction—Collective behaviors are ubiquitous in
nature across different scales from coordinated motion of
molecular motors to bacterial swarming to bird flocking
[1-4]. Despite their diversity, these systems all share a
common feature: they operate out of equilibrium and cost
free energy, which are used to counter the effects of
inevitable internal and external noise in order to sustain
the collective order [5-8].

Synchronization of molecular systems [9—-11] is a col-
lective phenomenon critical for maintaining biological
functions. Mechanistically, synchronization can be achieved
by either direct or indirect interactions between individual
molecular systems. In the KaiABC system for the circadian
clock of cyanobacteria, both the direct and indirect inter-
action mechanisms may be at work. The direct interactions
are carried out by monomer shuffling between the KaiC
hexamers [10,12—17]; and the indirect interactions among
KaiC hexamers are mediated by the shared pool of KaiA
molecules, which are the key regulators for phosphorylation
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reactions that generate the circadian rhythm for KaiC
hexamers [9,11,18-22].

In a previous work [6], we studied thermodynamics of
the direct interaction mechanism for synchronization based
on monomer shuffling of the KaiC hexamers, and discov-
ered a trade-off relation between the energy cost and
synchronization accuracy. In this Letter, we develop a
thermodynamically consistent model to study the energy
cost of the indirect interaction mechanism for synchroni-
zation inspired by KaiA differential binding in the KaiABC
system (see Fig. 1 for an illustration of the two mecha-
nisms). We find that the same energy-speed-accuracy
relation holds as in the direct interaction mechanism,
suggesting a universal relation between energy cost and
synchronization performance independent of detailed
mechanisms.

The altruistic resource-sharing model—We consider N
agents each with a state variable x, and M resource
molecules, which we call activators in this Letter as they
activate the processive motion of agents. When bound with
the activator, an agent can advance through a biased
random walk process: the rate to step forward is k, and
the rate to step backward is yk, where the ratio y =
e~%* <1 depends on the driving energy e,(> 0) for

© 2025 American Physical Society
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FIG. 1. Illustration of the two general synchronization mech-
anisms. The empty circles and filled circles represent all possible
states and the current state in the oscillators (rings), respectively.
(a) The local pair-wise interaction (PI) mechanism where the pair-
wise interactions (green-arrowed lines) decrease the difference
between the two interacting oscillators. (b) The global indirection
interaction mechanism where the oscillators interact through
sharing resources (red dots) needed for advancing the states of
the oscillation. To achieve synchronization, the altruistic resource
sharing (ARS) mechanism allows the lagger (the oscillator on the
top) to gain more resources than the oscillators at the bottom that
are more advanced.

the biased random walk per unit “length” (step). We let the
“distance” between neighboring states Ax = 1 to set the
scale for x. The slow diffusive motion of an activator-free
agent is neglected in this work.

The binding and unbinding rate for the activator is ¢ and
gef ™), respectively, where E(x) is the binding energy for the
agent with state variable x. In the altruistic resource-sharing
mechanism, E(x) increases with x, which creates an effective
negative feedback to prevent leading (“rich”) agents from
getting more resources. In this study, we focus mainly on the
case where the binding and unbinding reactions are much
faster than the processive reactions, i.e., ¢, ge?™) > k so that
quasiequilibrium is valid for the binding and unbinding
processes. As shown in Supplemental Material (SM) [23],
finite values of ¢ affect the transient dynamics without
changing the steady-state behaviors.

The ARS mechanism works only when E(x) is a
monotonically increasing function of x. To understand
details of how ARS leads to synchronization, we study
the “linear” case where the state variable x can increase
without bound. The role of ARS for synchronization for
realistic oscillators with a periodic state variable will be
discussed later in this Letter. For simplicity, we use a linear
form for E(x) = ax, where a > 0 is the binding energy
increase per unit length. A larger o indicates a larger
affinity difference and stronger negative feedback. The
effects of nonlinear E(x) are discussed in SM [23].

The simplest case—To gain intuition about the dynamics
and energetics of the altruistic resource-sharing (ARS)
model, we first investigate the simplest case with two
agents and one activator: N = 2, M = 1. Furthermore, we
consider the situation (e£) <« 1) where there is no
unbound (free) activator.

(b) 2
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FIG. 2. Tllustration of the simplest model (M = 1,N = 2).
(a) Dynamics of the system projected onto the u-axis. The red
and blue dots represent the states where the activator is bound to
either agent-1 or agent-2, respectively. @ represents a nominal
rate for activator switching from one agent to the other. See text
for detailed description. (b) The effective potential E, ,(u) arises
with finite a > 0.

Synchronization can be evaluated by the difference
between the two agents: u = x; — x,. Dynamics of the
system projected onto the u axis is shown in Fig. 2(a),
where the red and blue dotes represent the state where
activator is bound either to agent-1 or agent-2, respectively.
Starting from the synchronized state-1 where u = 0 and
agent-1 is bound with the activator, the system goes to the
asynchronized state-2 with u = 1 due to the processive
motion of agent-1. Since agent-1 now has a larger x than
agent-2 (u = 1 > 0), it loses the activator to agent-2 with a
high probability due to ARS and the system goes to state-3
where the activator is now bound with agent-2. Due to
processive motion of agent-2, state-3 will then transition to
state-4, which is again synchronized (# = 0) as both agents
have advanced by 1.

The combination of processive motion and the differ-
ential binding and unbinding reactions (a > 0) forms the
dissipative flux cycle shown in Fig. 2(a), which can be
quantified by the ratio between the products of rates in
counterclockwise and clockwise directions:

= Hccw(rates) _ e_a — eZe,,+a’ (1)

[1oy (rates) — y°

which shows that the system operates out of equilibrium
(I" # 1) due to both directed motion (e, > 0) and differ-
ential affinity (a > 0).

Quantitatively, we can solve the Fokker-Planck equation
for the joint probability density P(x;,x,,?) in the con-
tinuum limit [24]:

oP 2.9 0
Rl . P——pP). 2
o ; o (epp, ol ) (2)

where p; is the probablity for the i th agent to be bound with
the activator, which is given by p; = e F(i) /(e F) 4
e £()). The first term reflects the directional drift due
to biased random walk with activator bound, and the
second term describes diffusion [see SM [23] for the
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derivation of Eq. (2)]. We show that the average position
X = (x; +x,)/2 has a mean velocity v = ke, /2 and the
steady state distribution P (u) of the difference u is given
by (see SM for details [23])

2e
Py(u) = Z5' exp <—7pln cosh%), (3)

where Z, = [exp[—(2e,/a)Incosh(au/2)]du is the
normalization constant. From P (u), we can define an
effective potential E,¢: E, r¢(u) = —In(Py(u)) = 2(e, /)
Incosh(au/2). As shown in Fig. 2(b), E,s(u) is flat for
a =0, and it has a minimum at # = 0 for a > 0 and thus
stabilizes the synchronized state.

The thermodynamic limit—In the thermodynamic limit
N — 00, M — oo with a finite M /N = A,, the state variable
x of all agents at time ¢ can be described by a probability
density function p(x, ). Dynamics of p(x, ) satisfy the
Fokker-Planck equation

op(x,1) N 0 0

ot ox <epp(x)p - p(x)p), )

where p(x) is the probability of a agent with state variable x
being bound to an activator. As detailed in SM [23]
(including reference [25]), we can derive an expression
for p(x) = 1/[e**=%) + 1] where x, is a normalization
parameter determined by conservation of activators:

[ pwpts = [ Shptnd =4, ()

Note that we have neglected free activators in Eq. (5) by
assuming e¥) <« 1 and A, < 1. The effects of having a
finite number of free activators are studied in SM [23].

Remarkably, Egs. (4) and (5) can be solved analytically
to obtain a steady-state traveling wave solution p(x,t) =
ps(u) where u = x — vt is the relative position. The average
drift speed of the population v = ke ,A, is the product of the
average speed (ke,) of individual activator-bound (acti-
vated) agents and the fraction (A,) of activated agents in the
population. The analytical expression of p(u) is (see SM
for detailed derivation [23])

1

ps(”) :2

(€™ + 1)exp|e, (1 - A)u —%e‘”‘ . (6)
where A, > 0 describes the resource abundance relative to
demand and Z is the normalization constant.

We use variance of u to characterize the synchroni-
zation performance: o = [(u—u1)’p,(u)du with &=
Jup(u)du. Smaller o indicates better synchronization.
Direct numerical simulations show that 6> decreases with a
[Fig. 3(a)] but always saturates to a finite value o2 that
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FIG. 3. Dependence of synchronization on key parameters.

(a) The dependence of 6> on a with fixed e » = 8 and different A,.
o decreases with a and saturates to a finite value o, for large value
of a. Inset: the dependence of 62 on dissipation W, collapses onto
the same curve for different values of A, before saturation,
consistent with the asymptotic expression Eq. (12) (dotted line).
(b) The dependence of the saturation variance o2 on A, for
different e,. 6, — 0 when A, — 0 and increases with A,. 6, — oo
when A, — 1 (dotted line).

increases with A, [Fig. 3(a)]. This behavior can be under-
stood from the analytical expression of the steady-state
distribution p,(u) given in Eq. (6).

In the weak sharing limit @ < 1, by expanding the
effective potential E. = —In(p,) near its minimum, we
have a leading order estimation for o

o
ae,(1-A4,)’

02N

a<l, (7)

which clearly shows that synchronization improves with
increasing « and e, in agreement with direct simulation
results shown in Fig. 3(a).

In the strong sharing limit & > 1, p; becomes the sum of
a o-function distribution and an exponential distribution
(see SM for details [23]):

Psoo(tt) = (1= A)S(u) + Ape(w)H(=u),  (8)
where H is the Heaviside step function and p,(u) = le*

with 2 =e,(1 —A,). By using Eq. (8), we obtain an
analytical expression of the saturation variance oy,

R = ey

which diverges as A, = 1 and becomes zero as A, = 0; and
it also decreases with the processive driving force e, all
consistent with numerical results shown in Fig. 3(b).
Besides the importance of differential binding (@ > 0),
our results also reveal that synchronization depends criti-
cally on the relative resource abundance (A;). Based on
Eq. (7), the variance o> diverges when A, — 1, which
means that the ARS mechanism only works when the
resource is relatively scarce (A, < 1) and synchronization
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improves as A, decreases. The expression for p; . (u)
[Eq. (8)] reveals the surprising finding that the system is
only partially synchronized even in the limit of infinite
sharing (@ — o). Indeed, Eq. (9) shows that the system
only becomes perfectly synchronized in the limit of both
a— oo and A, - 0.

The energy-speed-accuracy relation—Under the fast
binding approximation, the free energy dissipation rate per
agent can be computed by following previous work [26,27]:

- J? 1 (d(pp)\?
Wr [ —di=Ake2 +k [ —(2E22) gz, (10
/kppx ep + /pp<0x x (10)

where J = ke, pp — ko, (pp) is the processive probability
flux. The first term in Eq. (10), denoted by W, = A,kef, =
ve,,, is the dissipation for driving the processive dynamics of
an individual agent. The second term, denoted by W, is the
dissipation for driving differential binding. Using expres-
sions for p(x) and p(x), we have W, = v(1 — A,)a (see SM
for details [23]). Put together, the total dissipation can be
written as

W=Wo+ W, =ve, +v(1-A,)a (11)

A new class of inequalities called the thermodynamic
uncertainty relation (TUR), which relates entropy production
with the mean and variance of an observed flux (current),
have been used to set a lower bound for the dissipation based
on the variance and average of an observable flux [28-31].
Following previous study on TUR for synchronized oscil-
lators [30], we found that the TUR bound Wy, obtained
from statistics of a local flux does not provide an accurate
estimate for the dissipation of the whole system W (see SM
for details [23]).

Combining Eqgs. (7), (9), and (11), we can quantitatively
relate the free energy dissipation and the synchronization
error given by ¢

1
, W, W, < W, 12)
G ~
(Z—A,)A,
m, Ws > Wc,
where W, = W, /v = (1 —A)aand Wy = Wy /v = ¢, are

the dissipation per unit length for driving synchronization
and processive motion, respectively, and W, = [(1 — A,)?/
A,(2—A,)|W, is a crossover dissipation.

Equation (12) clearly shows the trade-off between
synchronization error and energy dissipation. The inverse
6%-W, dependence for different values of A, collapse onto
the same curve before they saturate beyond the crossover
dissipation W ., which decreases with A, and increases with
W, [see inset of Fig. 3(a)]. While synchronization is more
accurate for lower resource abundance (smaller A,) and
stronger directed motion (larger e,); the speed v(= k,A,),
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FIG. 4. The energy-speed-accuracy trade-off. (a) The Pareto
surface, i.e., the minimum total energy dissipation rate W* for
given speed and accuracy (v,A). The color on the surface
represents the optimal A} to achieve the minimum W*. The gray
volume is the achievable region in (W*,U,A) space. (b) The
trade-off between speed (v) and synchronization accuracy (A)
with a fixed W*. The (v-A) Pareto front shifts outward with
increasing W*. The maximum achievable speed for a fixed W*
isiv,, = (kW*)!/2. (c) The trade-off between accuracy A and
dissipation rate W* with a fixed speed ». The minimum required
dissipation for a desired speed v is W#, = v?/k.

which is the other important measure of the system’s
performance, increases with both ¢, and A,.

By sweeping through the parameter space (A,, ¢,,, ), we
studied the minimum energy dissipation rate W* for
achieving a given system-level performance characterized
by the synchronization accuracy A defined as A = 672 and
the average speed v. As shown in Fig. 4(a), the 2D “Pareto”
surface W*(v,A) represents the energy-speed-accuracy
(ESA) relationship: any performance (v,A) inside the
Pareto surface is achievable with a minimum energy
dissipation rate W > W*(v, A); performance outside the
Pareto surface is forbidden. Each point (W*, v, A) on the
Pareto surface is achieved by an “optimal” set of parameters
(A7, ey a*). In Fig. 4, the optimal Aj is represented by the
color on the Pareto surface [32].

To understand the ESA trade-off, we dissect the ESA
Pareto surface along different directions. In Fig. 4(b), we
cut the Pareto surface at a fixed minimum dissipation,
which shows a Pareto front in the performance space (v, A)
that clearly demonstrates the accuracy-speed trade-off
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modulated by the choice of A; represented by the color
along the Pareto front. As A; changes along the Pareto
front, the system goes from higher accuracy and lower
speed at smaller A} to lower accuracy and higher speed at
larger A}. For a fixed W*, there is a maximum speed v,, =
(kW*)1/2 at A, - 1 when all the energy is used for
processive motion (W, ~ W*); for v < v,, we have
A x v™2. As we increase the minimum dissipation W*,
the Pareto front moves outward, extending the achievable
performance region. We can also cut the Pareto surface at a
fixed speed v and plot the accuracy versus the minimum
dissipation [Fig. 4(c)], which shows that there is a mini-
mum dissipation W,, = v?/k needed for achieving a finite
accuracy. For W* > W,,, we have A & W*’, and the higher
accuracy is driven by a decreasing Aj.

The same dependence of synchronization error on
energy dissipation as Eq. (12) is also found in the other
general synchronization mechanism based on direct inter-
actions between agents [6] (see SM for a detailed derivation
[23]). Together, our results suggest that the ESA relation is
universal in synchronization of molecular systems.

Discussion—In this work, we introduced a minimal model
to study the altruistic resource-sharing (ARS) mechanism for
synchronization with indirect agent-agent interaction. We
showed that the ARS mechanism necessarily costs energy to
facilitate differential binding critical for synchronization.
The energy cost, the collective speed of the agents, and the
accuracy of synchronization satisfy the same energy-speed-
accuracy (ESA) trade-off relation found in the direct pairwise
interacting (PI) mechanism studied previously [6], which
suggest that the ESA relation for synchronization is inde-
pendent of details of the underlying mechanisms. The
robustness of the ESA relation is tested by introducing
intrinsic variability for individual agents, i.e., quenched
disorder in the system. While the quenched disorder lowers
the speed and synchronization accuracy, the ESA relation
hold true (see SM for details [23]). Remarkably, sensory
adaptation systems [33] also exhibit a robust ESA relation
independent of whether the underlying control mechanism is
negative feedback [34] or incoherent feedforward [35]. The
ESA relation reveals that increasing energy dissipation can
ease the trade-off between key performance measures, e.g.,
speed and accuracy as shown in Fig. 4. Besides sensory
adaptation [34,36], this general functional role of energy
dissipation also applies to other nonequilibrium biological
systems such as biochemical oscillation [37,38] and signal
transduction [39,40].

Although they share the universal ESA relation, there are
important differences between the ARS and PI mechanisms
for synchronization. First, while the PI mechanism depends
on direct interactions between agents, the ARS mechanism
requires additional resource particles (activators) to mediate
the indirect interactions between agents. In particular,
differential binding of the agents to the activator (a > 0)
mediates an effective (indirect) interaction among agents

that favors synchronization. Second, for the PI mechanism,
the coupling between agents is introduced by additional
chemical reactions with rates and strength that are inde-
pendent of the processive dynamics of individual agents.
However, for the ARS mechanism, the differential affinity
of the resource («) directly affects the processive dynamics
of individual agents. As a result, the synchronization
performance in ARS depends not only on a but also
explicitly on the processivity of the agents characterized
by e, as shown by the expression of o2 given in Egs. (7)
and (9).

In this Letter, we demonstrate the ARS mechanism for
synchronization by focusing on the “linear” case where the
state variable changes without bound. For realistic oscil-
lators with a periodic state variable, the ARS mechanism
only works in part of the period. Can the ARS mechanism
still lead to synchronization? We addressed this question by
developing a simple model where the ARS mechanism
can only function during half of the oscillation period
when the phase ¢ €]0,z] followed by unconstrained
drift diffusion during the remaining half (¢ € [z, 27]).
We found that synchronization occurs when the differential
binding effect is larger than a critical value a > a.. However,
synchronization accuracy is lower than that of the linear case
due to the uncontrolled phase diffusion when ¢ € [r, 27]
(see SM for details [23], including reference [41]).

Many experiments suggest that the ARS mechanism
applies in the KaiABC system [9,42—45]. In particular, the
nucleotide exchange factor KaiA, which facilitates the
successive phosphorylation of KaiC hexamer, has a higher
affinity to the KaiC hexamers with a lower phosphorylation
level [20,46]. Another evidence for the ARS mechanism
is that the total KaiA concentration (A,) plays an important
role in controlling synchronization: a relatively low A; is
essential for synchronization, which is consistent with
experiments that show the disappearance of coherent oscil-
lation for high levels of KaiA [47,48]. However, the ARS
mechanism functions only during the phosphorylation
phase (subjective day) of the KaiABC circadian cycle.
On the other hand, monomer shuffling between KaiC
hexamers, an observed phenomenon [10,12,14—17], can
also contribute to synchronization through the PI mecha-
nism [6,13]. Interestingly, monomer shuffling occurs more
frequently during the dephosphorylation phase (subjective
night) [14]. Taken together, these observations present an
exciting opportunity to explore how these two mechanisms
may work together during the full circadian cycle to achieve
precise synchronization efficiently in the KaiABC system.

Resource sharing is an ubiquitous phenomenon in living
systems across all scales. For example, resource sharing is
critical in driving cooperative behaviors in ecology and
evolution [49,50]. Here, we showed how altruistic resource
sharing (ARS) can lead to synchronization in molecular
systems. The two key ingredients of ARS, the limited
resource and differential affinity, are also present in various

037401-5



PHYSICAL REVIEW LETTERS 135, 037401 (2025)

other molecular systems, such as bacterial DNA replication
initiation [51,52] and combinatorial signal processing in
the BMP pathway [53-56]. It would be interesting to test
if similar cost-performance trade-off relation as the ESA
relation for synchronization could be found in these systems.
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