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Motivated by recent experimental advances in three-body hadronic D decays from BESIII, we present a
systematic analysis of D) — Py (V —-)P,P; decay processes, where V denotes vector resonances
(p,K*,w, ¢) and P,,3 are light pseudoscalar mesons (z, K, n"). Using the factorization-assisted
topological-amplitude (FAT) approach, we calculate the intermediate subprocesses D(;) — PV, incor-
porating relativistic Breit-Wigner distributions to model the subsequent V — P,P; strong decays. By
comprehensively including all relevant resonances (p, K*, @, ¢), we calculate branching fractions for these
decay modes as well as the Breit-Wigner-tail effects in D,y — P, (w —)KK processes. Our framework
comprehensively incorporates both factorizable and nonfactorizable contributions, significantly improving
theoretical predictions in the nonperturbative regime where conventional methods face challenges due to
the limited mass scale of charm mesons. The FAT approach yields results in good agreement with
experimental data, demonstrating its effectiveness in capturing nonfactorizable contributions with
improved precision. Our predictions for yet-unobserved decay modes, particularly those with branching
fractions in the order of 107*~1073, are expected to be tested in future high-precision experiments at BESIII

and LHCb.
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I. INTRODUCTION

Hadronic charm decays are important for probing the
dynamics of both strong and weak interactions in the low-
energy regime. Particularly in multibody D-meson decays,
such as three-body modes, with nontrivial kinematics and
phase space distributions, they offer valuable opportunities
for exploring hadron spectroscopy as the invariant mass
squared of two final-state particles often peaks, revealing
resonances at the edges of the Dalitz plot.

Experimentally, measurements of the branching frac-
tions and CP asymmetries of hadronic D-meson decays, by
BESIII [1-6], LHCb [7-11], CLEO [12-19], Belle
(D) [20,21], and BABAR [22-26], offer direct insights into
the amplitudes and phases involved in the decay process.
For multibody D-meson decays, in addition to the absolute
branching fractions obtained in Refs. [1-6,13,23], the fit
fractions of each resonance and nonresonance components
can also be measured. This can be done using the amplitude
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analysis with the Dalitz plot technique where the reso-
nances are parametrized as the relativistic Breit-Wigner
(RBW) model and nonresonant terms by exponential
distributions. Especially, three-body D-meson decays were
predicted to occur primarily through intermediate quasi-
two-body states in Ref. [27], which aligns with the
experimentally observed pattern [22,25,28]. The experi-
mental measurements of these quasi-two-body decays
provide new information on the resonances.

On the theoretical side, given that the charm quark mass
m, is not heavy enough and 1/m, power corrections are so
large that a reliable heavy quark expansion becomes
impractical, the QCD-inspired approaches, such as QCD
factorization (QCDF) [29] and perturbative QCD (PQCD)
[30,31] applied successfully in hadronic B decays might
not be suitable for describing hadronic decays of the D
meson. The studies of D-meson decays involve application
of approximate flavor symmetries, such as flavor
SU(3) [32-34] for three-body decays, topological dia-
grams for two-body modes [35-42], and its implication in
three-body decays [43], the factorization-assisted topologi-
cal-amplitude (FAT) approach for two- [44—46] and three-
body decays [47,48], SU(2)-subgroup symmetry, U spin
[49], and a series of works on scalar resonance in three-
body D-meson decays using flavor SU(3), [50-57].
A phenomenological approach based on QCDF for
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FIG. 1. Typical topological diagrams of D) — P, (V —)P,P5 under the framework of quasi-two-body decay with the wavy line
representing a W boson: (a) color-favored tree diagram T, (b) color-suppressed tree diagram C, (c) W-exchange tree diagram E, and

(d) W-annihilation tree diagram A.

three-body hadronic D-meson decay amplitudes can be
found in Refs. [58—61], while the approaches using more
complex theoretical background in Faddeev techniques and
Khuri-Treiman and triangle singularities are discussed
in [62-65], and an inverse problem approach is discussed
in [66,67]. As mentioned at the beginning, since the low-
energy scale involved in D-meson decay processes, the
theoretical studies on D-meson decays remain relatively
limited.

In this work, we focus on three-body D-meson decays
D, — P{(V —)P,P3, where V represents a vector reso-
nant, p, K*, w, ¢, and P, 5 are light pseudoscalar mesons,

specifically pion, kaon, and 5). These decays are often
referred to quasi-two-body decays, as two of the three final-
state particles P, and P originate from an intermediate
vector resonance V, while the third meson P, referred to as
the “bachelor” meson, recoils against the resonance system.
Such processes typically manifest at the edges of the Dalitz
plot, and their amplitude analyses are accessible in experi-
ments. BESIII Collaborations have performed the ampli-
tude analysis and measured the partial branching fractions
of quasi-two-body D decays, such as D" — Kdn'n~,
Dt - K%zt 2% and D} — K*z"z~ with p and K* as inter-
mediate resonances [68,69], DY — K%(¢ —)K K~ [70],
D -zt (K*, ¢ =)K"K~ [71], Df - K%(p, K* —=)n*2°
[72], D — K%(K* —)K*z° [73], and doubly Cabibbo-
suppressed decays Dt — 7°/n(K* =)K*x° [74], D} —
' (p =)a" 7% [75]. LHCb Collaborations have investigated
structures of vector resonance K*0, ¢ with their correspond-
ing fit fractions through D™ — K~K*z™ [7]. This exper-
imental information on D(,y — P(V —)P,P5 can be used
to explore the resonant substructure and understand strong
dynamics of final particles.

For the systematic study of Dy — P(V —)P,P;
decays, we will apply the FAT approach. It was initially
proposed just to address the issue of nonfactorizable
contributions in two-body D and B meson decays by
one of us (S.-H. Zhou and coworkers [44-46,76-81]),
and we have subsequently extended it to describe quasi-
two-body B meson decays [81-83]. This theoretical frame-
work is built upon the conventional topological diagram
approach [36], which categorizes decay amplitudes accord-
ing to distinct electroweak Feynman diagrams while
retaining SU(3) breaking effects. It incorporates SU(3)

asymmetries into topological diagram amplitudes primarily
through form factors and decay constants, assisted by QCD
factorization. The remaining contributions are treated as a
small number of unknown nonfactorization parameters,
which are determined through a global fit to all available
experimental data. Thanks to recent measurements of
various D — PV decay modes with a significantly
improved precision measured by BESIII, particularly with
the addition of some single and doubly Cabibbo-
suppressed modes, we have updated the analysis of D —
PV decays in the FAT approach [84]. By incorporating
these new and precise data of Cabibbo-favored, single
Cabibbo-suppressed, and doubly Cabibbo-suppressed
modes, we have refitted the nonfactorizable parameters.
This global fit analysis differs from the previous results
obtained using the topological diagram approach, which
was limited to Cabibbo-favored mode data and led to
many solutions of the topological amplitude parameters
with similarly small local minima in y? in Ref. [85].
Consequently, the FAT approach now provides the most
accurate decay amplitudes for two-body D meson decays.
We will use the updated nonfactorizable parameters to
calculate the branching fractions of quasi-two-body D
decays, while leave the issue of CP asymmetries arising
from interference between tree and penguin processes for
the future work, owing to the lack of knowledge on precise
results of penguin contributions.

The remainder of this paper is organized as follows. In
Sec. II, the theoretical framework is introduced. Numerical
results and detailed discussions are given in Sec. IIL
Section IV has our conclusions.

II. FACTORIZATION AMPLITUDES
FOR TOPOLOGICAL DIAGRAMS

The quasi-two-body process, D) — P P,P3 decay is
divided into two sequential stages. First, the D, meson
decays into P, and an intermediate vector resonance V.
Subsequently, the vector resonance V decays into the final-
state particles P, P3. The first decay, D) — PV, is a weak
decay induced by quark-level transition ¢ — d(s)ud(5)
at leading order in the electroweak interaction, and by
¢ = uqq(q = u,d, s) in penguin diagrams. However, since
the penguin amplitudes are suppressed by Wilson coef-
ficients and Cabibbo-Kobayashi-Maskawa (CKM) matrix
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elements, they can be neglected in the calculation of
branching fractions. The secondary decay V — P,P;
proceeds via strong interaction with the vector resonance
described by the RBW model. The two-step decays of the
D meson, D,y — PP, P;, can be described by topological
diagrams under the framework of quasi-two-body decay at
tree level, as shown in Fig. 1. These diagrams include
(a) color-favored emission diagram 7', (b) color-suppressed
emission diagram C, (c) W-exchange diagram FE, and
(d) W-annihilation diagram A, which are characterized
by topological structures of the weak interaction. In these
figures, we only illustrate the case that the intermediate
resonance (labeled by green ovals) is produced as a
recoiling particle in emission diagrams, while the scenario
of the intermediate resonance being emitted is not shown.

First, we review the intermediate two-body decay
amplitudes of these four diagrams within the FAT approach.
Compared to B-meson decays, more large nonfactorizable
contributions are exhibited in D mesons due to the lower
energy scale involved. Even for the T diagram, it is
necessary to introduce an additional unknown parameter
to account for its nonfactorizable effects, as would have
been discussed in Ref. [84]. A detailed explanation of the
parametrization of the amplitudes for the 7', C, E, and A
topologies can be found in Ref. [45] and these amplitudes
are expressed as follows:

Tpv(Cpy) = V2GpVi,Viga(w)(al () fymy
X FY7 (mi) (e} - po),
Typ,(Cyp,) = V2G Vi Vigar(u)(ah (u)) fp,my
x AoDV(m%I)(fv “Pp);
Epyyp, = \/EGFV Vg Calu ))(5( )e""sf(”f,)
f Jv (¢V - Pp).
fﬂf,;
Apvyp, = V2GLVi,V, C,(,u))(/;(s)ei‘b/;(x)fD
X m JZ};V (e - Pp) (1)
with

@) = €l + €100) (g 47
) = o)+ €l (- + e ). @)

where N~ = 3. The scale i of the Wilson coefficients is set
to the energy release in individual decay modes as indicated
by the PQCD approach [30,31]: it is dependent on the mass
scales of initial and final states and strong binding energy
parameter Agcp. It is defined as

H = \/AQCDmD(1 - r%,(v)), (3)

for emission diagrams (7" and C), and

1=/ Agcomp(1 = 73)(1 = 1}). (4)

for annihilation diagrams (E and A), respectively, where
rpv)y = mp(y)/mp is the mass ratio of the emitted pseu-
doscalar (vector) meson from the weak vertex to the
D meson.

In Eq. (1), the subscripts P; V, VP, are used to distinguish
between cases where the recoiling meson (the first particle)
is a pseudoscalar or a vector meson. The quark in the CKM
matrix element is denoted as ¢\) = d, s. The polarization
vector of vector meson V is represented by ey,. The decay
constants of the mesons P, and V are given by fp and fy,
respectively. The vector form factors for transitions D, —

Pyand D) — V are denoted by FP" and APV, respectively.
The parameters y” ;(V( P 1E os)? and )(2<S> are related to the

magnitudes of topological diagrams T, C, E, and A,
respectively, associated with their corresponding strong
phases qb‘c,( ~ c/)fm, and qbfq‘(“), needed to be fitted globally

from the experimental data. In order to minimize the number
of free parameters, we do not introduce a strong phase for the
T diagram, as we only consider its phase relative to other
diagrams. For the C diagram, we introduce two distinct sets
of parameters: ¥, ¢$ and xS, ¢$, to account for whether the
emitted meson is a vector (V) or a pseudoscalar (P) particle.
Additionally, the subscripts ¢ and s in ;(g(s), )(2(3), qﬁqE(s), and
¢;‘<s> are used to differentiate between the strongly produced

light-quark pair (u or d) and the strange-quark pair. This
distinction, which indicates the SU(3) breaking effect, is
crucial for accurately describing the dynamics of the decay
processes of E and A diagrams. For the two annihilation
amplitudes, it is also noted that the Glauber phase S, is
introduced as an additional strong phase arising from their
nonfactorizable contributions, when a pion is involved in the
final state [44,45]. This strong phase plays a more crucial
role in the interference between the emission diagrams and
the annihilation ones, particularly with the availability of
more precise experimental data [84].

The secondary subprocess V — P, P is described using
the RBW line shape, which is widely applied in both
experimental data analyses and theoretical modeling of
resonances, p, K*, w, and ¢ in the strong decay process
[69,72,75,86-91]. The explicit expression of RBW distri-
bution is written as

1

] RBW
(s) = s —mi + imyTy(s)’

(5)

where s = m3; = (p, + p3)? is the invariant mass squared
of the two-body system, with p, and p; denoting the
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4-momenta of the two mesons P, and P; moving collin-
early, respectively. The energy-dependent width of the
vector resonance 'y (s) is defined as

rv) =ro(2) (%)) ©)

where ¢ is the momentum magnitude of either P, or P5 in
the rest frame of the resonance V, given by

g = % Vls = (mp, +mp)2lls = (mp, = mp, /s, (7)

and ¢ is the value of g when s = m%, The Blatt-Weisskopf
barrier factor X(qrgw) is defined as [92]

X(qraw) = /[ + (qorsw)?)/[1 + (arsw)].  (8)

In cases where the pole mass my lies outside the kinematics
region, i.e., my < mp, + mp_, the mass my is replaced with
an effective mass m$', calculated using the ad hoc

formula [93,94]

me‘:/ff(mv) — mmin + <mmax _ mmin)

mv _ mmin;mmax
x |1 + tanh W 5 (9)

—m

where m™ and m™" are the upper and lower boundaries of
the kinematic region, respectively. The barrier radius
rgw = 4.0(GeV)~! is used for all resonances [95]. The
masses my and full widths I, of the resonances are taken
from Particle Data Group (PDG) [96] and are listed in
Table 1.

Finally the intermediate resonance V described above
decays via strong interaction, with the matrix element
(P>(p2)P3(p3)|V(py)) parametrized as a strong coupling
constant gyp,p,. This coupling constant can be extracted
from the measured partial decay widths I'y_ p,p, using the
relations

TABLE 1. Masses my and full widths I of vector resonant
states.

Line shape Line shape

parameters parameters
Resonance (MeV) Resonance (MeV)
p(770) my = 775.26 w(782) my = 782.65

Iy =149.1 Iy =8.49
K*(892)* my = 891.66 K*(892)° my = 895.55

Iy =508 Iy=473
$(1020) my = 1019.46

Iy =4.25

2 pl
Iy, =" , 10
V—P,Py 347rm%, Jv-p,p, (10)

where p.. is the magnitude of pseudoscalar meson momen-
tum in the rest frame of the vector meson. The numerical
values of the strong coupling constants g+, Jk* -k
and g,_k+g- have already been determined from exper-
imental data [97],

Ikt sk = 4.59,

gp_}ﬂJrﬂ_, = 60, g¢—>K+K7 =—4.54.

(1)

Other strong coupling constants can be derived from these
results using relationships based on the quark model
result [98]. These relationships are

9p—>KrK- oK K- :g¢_>1(+1(— =1:1:- \/E,

907t~ = Yp+ 202+ 9p0a%20 = Ywrta = 0,

9okt k- = ~9pKOK® = Jwk K- = Jok®°K?>  9pKktK- = GpKOKO-

Combining the two subprocesses together for
D, — P{(V —)P,Ps, the decay amplitudes of the four
topological diagrams shown in Fig. 1 are listed in the
following:

Tip,pyp, = (P2(P2)P3(P3)|(G¢)y-al D(pp)) (P1(P1)I(#)y-4[0)

(P2(p2)P3(p3)IV(pv))

= (V(pv)I(@c)v_alD(pp))(P1(p1)I(ig")y_410)

s —my + imyLy(s)

=2p; - P2V2G Vi, Vg (u)fp,myARY (m3,)

gvp,p,s
s —m¥ + imyTy(s)’

Tp,(p,py) = (P2(P2)P3(p3)[(1q")y_410)(P1(P1)(GC)y-alD(PD))

(P2(p2)P3(p3)IV(pv))

= (V(pv)(@c)y_al0)(Pi(p1)(aq")y_4|D(pp))

s —m3 + imy Ty (s)

= 2pl ' pZ\/EGFvﬁunq’al (/’t)fVmVFll)Pl (S)

gvp,p,
: , 12
s —m? + imyly(s) (12)
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C(P2P3)P1 = (P2(p2)P3(P3)|(G'¢)y_alD(pp)){P1(p1)|(ig)y_4|0)

(P2(p2)P3(p3)|V(py))

= (V(pv)lg'c)y_alD(pp)) (P (p1)|(i1g)y_4|0)

s —m3, + imyly(s)

=2p1 - P2V2G Vi, Vg ah (1) f o, myAY (m3,)

gvp,p,
s —m} + imyTy(s)’

Cp,(p,py) = (P2(P2)P3(P3)(4q)y_410){P1(p1)(@'c)y_alD(PD))

(P2(p2)P3(p3)IV(pv))

= (V(py)l(g)y_al0)(P1(p1)I(G'c)y_alD(pPp))

s —m¥ + imyTy(s)

= 2[)1 . pz\/EGFV’cﬁunq’a‘z/(ﬂ>fVmVF11)Pl (S)

gvp,p
23 , 13
s —m3 + imyLy(s) (13)

Ep (p,py) = (Py(p1)P2(P2)P3(p3)[Heit|D(Pp))

(P>(p2)P3(p3)|V(py))

= (V(pv)P1(p1)He| D(Pp))

s —m3 + imyLy(s)

= 2p1 . pZ\/EGFVi‘unq/CZ(#)Z?(weitpquDmV

foPI gvp,p,
fﬂfﬂ s = m%/ + imVrV(s) ’

API(P2P3) = (P(p1)P2(p2)P3(p3)|Hest| D(Pp))

(P2(P2)P3(p3)|V(pv))

= (V(pv)Pi(p1)|Heie|D(Pp))

s —m3 + imyLy(s)

= 2p1 . pz\/EGFViqvuqrcl (ﬂ)}{2<s)ei(/)ll(s)fDmV

where the prefactor 2p; - p, in these amplitudes is derived
in the rest frame of the P,P; system. In the decay process
D) = P(V —=)P,P3, where py = p,+ p; = /s, the
form factor F”'(s) depends on the invariant mass s of
the P,P; system. This is in contrast to two-body decays,
where the form factor is evaluated at a fixed value of s
(typically s = m?, the mass of the vector meson).

The matrix element for the decay D(,) — P P,P; can be
expressed in the form

(Py(p1)P2(p2)P3(P3)|Heit| D5y (Pp)) = 2P1 - P2A(s),
(15)

where A(s) represents the summation of amplitudes in
Egs. (12)—(14) with the prefactor 2p; - p, factored out. The
differential decay width for D) — P;P,P5 is given by

_ g5 (pallpa)’
dl' = ds rf o, |A(s)

7 (16)

where the magnitudes |p¢| and |p,| of the three-momenta of
the particles P, and P, are evaluated in the rest frame of the
P, P5 system. The expression for |pq] is

foPl gvp,p,
fﬂfﬂ S = m%/ + imVFV(S) ,

(14)

ol =l =, =200 o2 (1)

and |p,| = ¢, corresponding to the momentum of P, (or
P3), in the P,P; system rest frame, as defined in Eq. (6).

III. NUMERICAL RESULTS
OF BRANCHING FRACTIONS

The input parameters are categorized as follows:

(1) Electroweak coefficients: These include the CKM
matrix elements and Wilson coefficients.

(a) The CKM matrix elements are provided in
the PDG [96].

(b) The Wilson coefficients C;,)(u) [see Eq. (2)] for
D-meson decays are taken from Egs. (B1), (B2),
and (B7) in the Appendix of Ref. [44]. The scale
pin Cy()(u) is dependent on masses involved in
each decay mode and the soft scale in the D
meson, Agcp, as in Egs. (3) and (4).

(2) Hadronic parameters: The parameters my, [y in-
volved in the strong interaction decays of vector
mesons have been listed in Table I. The strong
coupling constants gyp,p, are presented in Eq. (11),
along with the associated relationships provided
below.
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TABLE II. Decay constants of pseudoscalar and vector mesons.

fx fx Ip I,

Fo

s Jo )

130.2 £ 1.7 155.6 04 2119+ 1.1 258 £12.5

213 £11 220 £ 11 192+£10 225+£11

(3) Nonperturbative QCD parameters: These encompass
decay constants, transition form factors, and non-
fagtorizzg)le Earameters 77, ;(‘C,( Py ;(5(“‘), )(2“,) and
Pvipy oy Pats) S
(a) The decay constants of light pseudoscalar mes-

ons and vector mesons (in units of MeV) are
listed in Table II. The decay constants of 7, K,
and D y) are obtained from the PDG [96]. For the
decay constants of vector mesons that have not
been experimentally measured, we adopt the
same theoretical values as used in quasi-two-
body decays of B mesons [82,83], keeping a
5% error.

(b) The transition form factors of D-meson decays,
specifically D — z and D — K, have been
measured by several experiments, including
CLEO-c[99], Belle [100], and BESIII [101,102].
While most form factors have not been measured
in experiments, theoretical predictions are avail-
able from various theoretical methods, such as
lattice QCD [103], QCD sum rule [104,105],
quark model [106], covariant light-front quark
model [107-109], improved light-cone har-
monic oscillator model [110], heavy meson
and chiral symmetries (HM, T) [111], hard-wall
AdS/QCD model [112], and four-flavor holo-
graphic QCD [113]. Since different theoretical
approaches yield varying values of the form
factors, we adopt their values at zero recoil
momentum (Q? = 0) within the range of exper-
imental and theoretical results and assign a 10%
error bar to account for uncertainties. As will be
demonstrated in the following section, the form
factor uncertainty constitutes the major source of
theoretical uncertainty in our calculation. These
values, along with a; parameters, are presented

TABLE III. Form factors and dipole model parameters.

. N D,—K D—n, D—1,

F? F? K Fl Fl K Fl "

Fi(0) 0.0 0.74 0.66 0.76 0.79
a 1.24 1.33 1.20 1.03 1.23
o 0.24 0.33 0.20 0.29 0.23
Ag—»p A([))—»K‘ AOD.‘—>K* Ag—m} AODS—N/’

F;(0) 0.84 0.73 0.68 0.68 0.70
a 1.36 1.17 1.20 1.36 1.10
a 0.36 0.17 0.20 0.36 0.10
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in Table III. The Q? dependence of these form
factors is uniformly parametrized using a dipole
form, as follows:

1—0:1 2 +(X2 T
mpo]e

where F; represents form factor F; or Ay, and
Myl 18 the mass of the corresponding pole state,
e.g., mp- for F?”'D”( )'D"‘K, mp; for F?K'D"”( ),
for Ap”P P and myp,_ for ADK PP The
dipole model parameters «;, can be found in
Table II of [114].
The nonfactorizable parameters of the topologi-
cal diagram amplitudes in Eqs. (12)-(14) consist
. C A
of 15 free parameters: ;(T,;(V(P),;(qE(S), and Xiis)s
along with their associated phases qb‘C,(P),
d)qE(s), gb/;(s), S, [the factor e/S= multiplies the
E(A)p,(p,p, terms in Eq. (14)] and the soft
scale Agcp [see Egs. (3) and (4)]. These param-
eters are extracted through a global fit to 41
experimental data of D — PV with significance
exceeding 3o, as updated in Ref. [84]. The best-
fitted parameters together with their correspond-
ing uncertainties are

2T =-0.29+0.01,

25 =-04740.02, $$=037+0.12,
25=-041+001, $S=-0.52+0.02,
xE=0.1340.01, ¢E=2.68+0.10,
2E=024+0.01, ¢E=3.52+0.07,
24=0.1040.003, ¢4 =-2.08+0.16,

7 =0.184£0.01, ¢1=2.62+0.10,
Agep=(0.24+0.01)GeV, S, =-1.80+0.17,

(19)

with the fitted y?> = 6.2 degrees of freedom.
These nonfactorizable parameters are highly
precise, with the exception of the strong phase
#5. As is known, ¢$ is primarily constrained by
data from modes dominated by the Cyp diagram.
Specifically, those involving only the Cyp term or
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accompanied by minor contributions from anni-
hilation diagrams. However, the experimental
data for such modes remain scarce, limiting the
precision of ¢§. Using the fitted parameters
77, ;(‘C,(m,qﬁg(m, we calculate the values of

ay(u) and a;/ ®) (u) for the emission diagrams
of each decay modes. For instance, in the decay
Dt — K%(p*)xtz~, we determine a, (u), ¥ (u),
alongside the corresponding Wilson coefficients
of Cyy)(u) at fixed scale u relevant to this

process,
u=0.61 GeV,
Ci(u) = —081,  Cy(u) = 1.49,
a,(u) =—145, a¥ (u) = 1.09¢026.  (20)

The branching fractions of D) — P, (V —=)P,P3 can be
obtained by integrating the differential width given in
Eq. (16) over the region of s. Our numerical results for
the branching fractions of D) decays are collected in
Tables IV-VII, corresponding to the processes
D(s) —>P1p—>P1ﬂ7L’, D(s) —>P1K* —>P1Kﬂ', D(s) -
Pi¢p — P\KK, and D — Pyw — P|KK, respectively.
Each table is further categorized into three decay modes:
Cabibbo-favored (CF), singly Cabibbo-suppressed (SCS),
and doubly Cabibbo-suppressed (DCS) modes. The tables
additionally specify the intermediate resonance decays
and topological contributions, with symbols such as
Tpy pv, Cpy py. E, A denoting these contributions to facili-
tate the analysis of branching fraction hierarchies. In the
subsequent discussions, we analyze each table in turn.
For our results in the FAT approach, the first uncertainty
arises from the nonperturbative parameters in Eq. (20),
while the second and third uncertainties are estimated
by varying the form factors by 10% and unmeasured
decay constants by 5%, respectively. Notably, the domi-
nant source of uncertainty stems from the form factors. In
the last column, we list the experimental data for com-
parison, while for unmeasured cases, the predictions of
branching fractions can be tested against future experi-
mental data.

A. Branching fractions of D) — Py(p —)zn
and D(s) - Pl (K* —>)K7l'

The branching fractions of Dy — Pi(p —)zz and
D) — P{(K* —»)Kr are listed in Tables IV and V,
respectively. In Table V, we specifically list quasi-two-
body decays D(;) — PK* — P Kz mediated by the strong
decays K** - K*z~, K** - K=z*, and K*~ — K70,
where the K* resonances involve contributions from ut
sea quark pairs. For decays proceeding via dd sea
quark pairs, such as K0 — K%2°, K** = K%2%, and

K~ — K%, the corresponding branching ratios for
Dy — P\K* - P\ Kz can be derived using the narrow-
width approximation and are calculated by applying isospin
conservation in the strong interaction dynamics of K* —
Kr decay. The relations between branching ratios are
explicitly expressed as

B(R — K~*) = 2B(K*0 - K°29),  (21)

B(K*~ - K'z7) = 2B(K*~ — K~ 2°). (22)

The observed hierarchies in the branching fractions of
D) — Pi(p =)z and D5 — P{(K* —)Kz decays arise
from two key factors: one is the CKM hierarchy. CF decays
(ViV,e) dominate due to large CKM elements
(|Ves| ~0.97,]V 4] ~ 0.97), leading to branching fractions
about 1073-1072. SCS decays (V* d(s)V ud(s)) are suppressed

by |Vea/Ves)? ~ 22 ~ 0.05, reducing branching fractions to
1074-1073. DCS decays (V*,V,,) suffer an additional
suppression |V ./ V4> ~ A2, resulting in B~ 1075-107%.
Another is topological diagram hierarchy. The relative
strengths of diagrams follow T'yp,py > Cyp/py > E > A.
This effect explains the observed hierarchies within the
same type of CKM transition (e.g., CF, SCS, or DCS). For
example, the branching fraction of D} — 7+ (K** —)K* 7~
(SCS, Typ dominant) is larger than D} — z°(K** —)K*z°
(SCS, Cyp dominant).

Nearly all CF and SCS modes of D,y — P,(K* —)K,
as well as several DCS modes, have already been exper-
imentally measured, as indicated in the last column of
Table V from PDG [96]. To compare with experimental
results of some modes, we apply the approximate relation
['(K%) = 2I'(KY) to convert K into the experimentally
measurable K component. Our theoretical predictions for
D) — P{(K* —)Knr agree well with experimental data.
Other modes with comparable branching ratio, such as SCS
modes DT — K°(K** -)K*2° DT - K°(K** —-)K*2°
and CF and SCS D, decays, are also experimentally
accessible.

For the branching fractions of D — P(p —)xx,
we list the results of measured branching ratios of
two-body decays of Dy — Pyp for comparison, as
B(p = zx) ~100%. Most of our results for quasi-two-
body decay D) — Pip — P zx are slightly smaller than
those of the direct two-body decays D — Pip. The
difference can be attributed to the relatively broad reso-
nance width ", of the p(770) meson, which invalidates the
narrow-width approximation typically used to factorize
decay amplitudes. The p(770) resonance dominates the
D’ — zt7~ 2% decays, as evidenced by BABAR’s Dalitz
analysis, where the fit fractions of D — 7% (p~ =)z~ 2",
D = 7= (p* =)at2% and D° — 2°(p° =)zt are
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346 £0.8+0.3, 67.8 £ 0.0 £ 0.6, and 26.2 £0.5 £ 1.1,
respectively [115]. Our results in the FAT approach,
incorporating updated experimental data, yield smaller
branching ratios than those derived from topological
diagram methods [43], yet show closer agreement with
the corresponding two-body decays of D° — ztp~,
D° — 7 p*, and D° — 7°°. This improved consistency
suggests that the FAT framework better accounts for
nonfactorizable effects (e.g., final-state interactions and
resonance interference) and flavor SU(3) asymmetry in the
quasi-two-body decay formalism. The latter arises from
mass differences between u, d, and s quarks and dynamical
asymmetries in decay amplitudes, which are not fully
captured by topological diagram approaches relying on
exact SU(3) symmetry assumptions.

As shown in Tables IV and V, the D) — Kzz decays
can proceed via contributions from both p and K* reso-
nances. For example, D° - Ktz 7Y receives contributions
from p~, K**, and K** resonances. DT — Ktzz™ is
mediated by p° and K*O resonances. DY — Ktztz~
similarly involves p° and K** resonances. In this work,
we focus on calculating the branching ratios for these decay
modes. The analysis of CP asymmetries, arising from
interference effects between overlapping resonances (e.g.,

p — K* interference in phase space), will be addressed in
future work. Such interference phenomena are critical for
understanding dynamics in three-body decays but require a
detailed amplitude analysis of the Dalitz plot.

B. Branching fractions of D) — P¢p — P,KK

We present the branching fraction results of D) —
P,(¢ -)KK decays in Table VI alongside corresponding
PDG values [96] in the last column. The branching ratios of
Dy — 7, K(¢ —)KK have been measured by experiments
and the results in the FAT approach agree well with these
experimental data. In addition to listing the quasi-two-body
decay modes involving uii sea quarks in ¢ - KTK~, we
also include those with dd sea quarks in ¢ - K°K°. By
summing contributions from D) — Pi(¢ —)K"K~ and
D5 — Pi(¢p —)K°K® decays (which share the same weak
transition but different strong decay), we recover the
corresponding two-body decay D — P¢ branching frac-
tions through the narrow-width approximation. For in-
stance, the sum of our predictions for the unmeasured
quasi-two-body decays D° — (¢ -)K*K~ and D° —
n(¢ —»)K°K® is in agreement with the PDG value for
the two-body decay B(D®—n¢)=(0.18440.012) x 107,

TABLE IV. Branching Fractions in the FAT approach of quasi-two-body decays D) — P, (p =)mm (x1073),
(with the uncertainties from the fitted parameters, form factors and decay constants, respectively,) together with the
experimental data [96]. In the second column, the characters T'py py, Cpy py, E, A represent the corresponding

topological diagram contributions.

Modes Amplitudes FAT results Experimental data
CF szvud

DY —» K= (p* =)ata® Tpy, E 89.78 £4.14 £ 21.12 £9.08 112+7
DY - K%(p° —)nta~ Cyp.E 9.30+£1.17+£2.30 £0.32 126 £ 1.6
DT - K%pt =)zt 2’ Tpy.Cyp 90.61 £9.51 £ 36.00 + 16.42 122.8 £ 12
D = y(pt =)zt a° Tpy,Cyp. A 0.18 £0.14 £ 0.13 £ 0.04

DT =i (pt =)ata’ Tpy,Cyp. A 1.68 £0.05 +0.23 £0.10

D} = y(pt =)xta° Tpy. A 79.21 £3.34 £16.63 +£7.92 89 £8
D} -/ (pt =)nta’ Tpy,A 34.66 +0.98 £ 6.59 £ 3.46 58+ 15
SCS Viﬁd(s) Via(s)

DY — at(p™ =) a° Typ, E 437+£030+£0.72£0.11 5.15+0.25
D = 7= (pt =)ata° Tpy,E 8.55 £0.44 +1.50 £ 0.86 10.1 £0.4
DO = 7%(p° =)wta Cpyyp. E 2.65+0.24 £0.30£0.18 3.86 £0.23
DY = n(p® =)ztn~ Cpyyp, E 0.42 £0.10 £ 0.08 & 0.00

D — /' (p° =)ata Cpyvp, E 0.24 +£0.01 £0.03 £0.01

Dt — 2t (p° =)ata Typ,Cpy, A 0.48 +0.04 £0.14 +0.02 0.83 £0.14
Dt = 2%pt =)ata® Tpy,Cyp. A 290 £0.24 +1.05£0.49

D} —» KT (p" =)tz Cpy. A 1.59 £0.10+£0.32 £0.16 2.17+0.25
D} = K(pt =)t a® Tpy. A 8.16 £0.29 +1.70 £ 0.82 5.46 +0.95
DCS ViiVis

DY — K+ (p~ =)n~a° Typ, E 0.12 +£0.01 £ 0.03 £ 0.00

DY — K%(p° —=)ntn~ Cyp, E 0.03 £ 0.00 £ 0.01 £ 0.00

DT - K+ (p? =)zt a Typ, A 0.23 +£0.01 £ 0.05 £ 0.00 0.19+0.05
Dt = K%p* =)nta° Cyp,A 0.19 £ 0.02 £ 0.04 £ 0.00
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TABLE V. Same as Table IV for quasi-two-body decays D,y — P;(K* —)Kx in units of 1072,

Decay modes Amplitudes FAT results Experimental data
CF stvud

D — 7t (K"~ =)K= 20 Typ, E 18.84 £1.43 £3.00 + 0.52 195+24
D® - 2K -)K97° Cpy, E 5.67 £ 0.50 £ 0.98 + 0.57 8.140.7
D® - n(K*® —)K$2° Cpy, E 3.01 £0.34 £ 0.60 £ 0.30 29+£07
Dt - a7 (K0 =)K ot Typ,Cpy 11.17£0.92£3.49 £ 1.72 104+1.2
Df - K*(K*® -)K~n+ Cpy. A 25.00 £ 1.64 £6.73 £2.65 25.8+0.6
D} - K(K*t =)K*x° Cyp,A 5.2240.73£1.26 £0.16

SCS V(s Vud(s)

DY —» KH(K* =)k~ n° Typ, E 0.40 £0.03 +0.10 £ 0.02 0.54 £0.04
DY — K= (K** =)K*z® Tpy,E 1.53 £0.06 £0.35 £0.15 1.52 £0.07
D’ - KY(K** -)K~n" E 0.12 £0.03 +0.00 £ 0.02 0.08 £0.02
D’ - K$(K** -)KTrn~ E 0.12 £0.03 +0.00 £ 0.02 0.11 £0.02
Dt — K (K0 =)K—x* Typ, A 2.60 +0.13 £ 0.62 £+ 0.08 2.49790%
Dt - K(K*t =)K*x° Tpy, A 426 +£0.12+£0.94 +£0.42

D} - a7 (K0 =)K*n~ Typ, A 1.56 £0.10 £ 0.34 £ 0.03 1.40 £0.24
D} — 2°(K** =)K*2° Cyp,A 0.16 £0.02 +0.03 £+ 0.00

D} = n(K**+ =)K*2° Tpy,Cyp, A 0.47 £0.08 =0.16 = 0.08

Df - (Kt =)K*a° Tpy, Cyp, A 0.19 £ 0.01 £ 0.05 4+ 0.03

DCS ViV s

D° - 2= (K" —)Koz*t Typ, E 0.15£0.01 £ 0.03 £ 0.02 0.11799
DY = 7K =)K+7~ Cpy. E 0.06 +0.01 £ 0.01 £ 0.01

DY — n(K** -)K+z~ Cpy, E 0.02 £ 0.00 = 0.00 £ 0.00

Dt — 2(K*t =)K*2° Tpy,A 0.14 +£0.00 £0.03 £ 0.01

Dt = 7t (K0 =)K*n~ Cpy. A 0.21 £0.01 +0.05 £+ 0.02 0.23 £0.04
D = p(K**+ =)K*2° Tpy,A 0.06 £0.00 £0.01 £ 0.01

Df - K*(K* -)K*z~ Typ,Cpy 0.02 £ 0.00 = 0.00 £ 0.00 0.06 £ 0.03
D} - K(K*t =)K*x° Tpy,Cyp 0.06 £ 0.00 = 0.02 £+ 0.01

TABLE VI.  Same as Table IV for quasi-two-body decays D5 — P(¢ —)KK in units of 1072

Decay modes Amplitudes FAT results Experiment
CF VisVia

D° - K9%(¢p —>)KTK~ E 1.62+0.16 04023 2.03+0.15
- K%¢ —)K°K" 220+0.224+0+0.31

DY -t (¢p -)KTK~ Typ 2394 +£0.14 £1.53 +£0.02 2224+0.6
- 1t (¢p -)K°K° 16.31 +0.10 £ 1.16 £ 0.02

SCS Vf‘d(s) Vud(.v)

D° — 72%¢ -)K+K~ Cpy 0.62+£0.01 +£0.07 £0.03 0.66 £ 0.04
- 7%(¢ —)K°K° 0.43 £0.01 +£0.04 £0.02

DY = n(¢p =K K~ Cpy. E 0.13+0.03 £ 0 £0.02

— n(¢ —-)K°K° 0.09 £0.02+0=+0.01

Dt - 7t (¢p )K" K~ Cpy 3.18 £ 0.06 £0.34 £0.17 2.691 0%
- 7t (¢ =)K°K° 2.18£0.03 £0.18 £0.09

D} - Kt (¢p »)KTK~ Typ,Cpy,A 0.13 £0.03 +0.06 £+ 0.01 0.088 £+ 0.02
- K*(¢ »)K°K° 0.09 £0.02 £ 0.04 £ 0.01

DCS VeaVus

DY - K¢ —)K+K~ E 0.009 £ 0.001 £ 0=+ 0.001

~ K'(¢h ) K'K?

0.006 £ 0.001 £ 0 £ 0.001

D' - K" (¢ —)K'K- A
- K*(¢ =)K°K°

(3.7+0.6+0+0.5) x 1073
(25404 +0+04) x 1073

(4.4 £0.6) x 1073
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TABLE VII.  The virtual effects of Dy — P,(w —)KK decays, which happen when the pole masses of @ are

smaller than the invariant mass of KK.

Decay modes Amplitudes FAT results

CF VZS Vud

D’ - K%w —»)K*K~ Cyp, E (0.90 £ 0.07 £0.13 £0.03) x 1073
Df » nt(w —)KTK~ A (328 £0.22 +£040.43) x 107°
SCS Vi) Vud(s)

D’ - 72%w —)K* K~ Cpy,Cyp.E (711 £1.42£1.99 £ 1.11) x 1077
D° — n(w =)K K~ Cpy,Cyp, E (1.05 £ 0.06 £ 0.13 + 0.05) x 107
Dt - 1 (w —=)KTK~ Typ, Cpy, A (5.49 4 0.84 £ 2.65 + 1.07) x 1077
D} - Kt (w —)K*K~ Cpy, A (1.86 4 0.09 £ 0.35 £ 0.19) x 107
DCS ViV

D° - K%(w —=)KTK~ Cyp.E (2.56 +0.20 £ 0.38 + 0.09) x 1078
Dt - K (w —)K*K~ Typ, A (9.69+0.31 £1.82+0.11) x 1078

C. The virtual effects of D) — P;(w —)KK

The decay modes D(,) — P (@ —)KK denote a distinct
category of processes where the w resonance pole mass
(m, ~ 783 MeV) lies below the KK production threshold
(~987 MeV for KK~ and ~994 MeV for K°K?). These
decays proceed via virtual transitions [the Breit-Wigner-tail
(BWT) effect], a mechanism previously studied in B-meson
decays on the theoretical side [8§1-83] and by experiments
in Belle [116] and LHCb [117]. The BWT effects play an
important role in probing the shape function of vector
resonances and analyzing the dynamics of three-body
decay mechanisms. In Table VII, we quantify these virtual
effects using the FAT approach. Predicted branching
fractions for most modes lie in the range 1077-1079,
rendering them experimentally inaccessible with current
precision. However, CF modes approaching 1075 may
warrant experimental analysis. We exclusively consider
the subprocesses @ — KK~ in our analysis. The omission
of w — K°K? is justified by the negligible phase space
difference between K* K~ and K°K" final states (stemming
from the small K° — K+ mass difference, A, =4 MeV),
which results in virtually identical BWT behaviors. The
Breit-Wigner propagators in Eq. (5) exhibit specific kin-
ematics in these decays: For the invariant mass square
s > 1 GeV? (for above the @ pole), the imaginary term
im,I,,(s) becomes subdominant. Consequently, virtual
contributions show minimal sensitivity to the w meson’s
full decay width I',(s), as the propagator behavior is
governed by the (m? — s) denominator term.

IV. CONCLUSION

Theoretical studies of charm meson decays remain
limited due to the intermediate mass scale of the charm
meson, which lies between perturbative and nonperturba-
tive regimes. This gap is particularly pronounced for three-
body D-meson decays, despite recent measurements of

such decays with resonance contributions by BESIII and
other experiments. In this work, we systematically inves-
tigate the quasi-two-body decays D, — P(V =)P,Ps,
where V denotes intermediate vector resonances
(p, K*, w, ¢), decaying strongly to pseudoscalars P, and
P5. These processes originate from ¢ — d/s transitions
forming P,V intermediate states. Using the FAT approach,
we can describe well the nonperturbative contributions for
the intermediate two-body decays D) — P;V. The sub-
sequent resonant dynamics are modeled via the relativistic
RBW line shape, consistent with experimental analyses. We
categorize the decays into four types based on the vector
resonance: Dy — Pi(p =)zx, Dy — P(K* —)Kn,
D) = Pi(¢ —)KK, and D — Pi(w —)KK. The first
three classes are governed by pole dynamics, while the w-
mediated channel arises predominantly from the BWT
interference effect. This systematic framework bridges theo-
retical predictions with experimental resonance analyses in
three-body D-meson decays.

In this work, we calculate the branching ratios for the
four categories of quasi-two-body decay modes. Utilizing
updated nonperturbative parameters derived from a global
fit to precise experimental data, our results are in alignment
with existing measurements. The theoretical uncertainties
in our approach are small, owing to the precise determi-
nation of nonfactorizable parameters from data-driven
analyses. For unmeasured modes, we predict their branch-
ing ratios and are waiting for future experiments to test,
especially for those on the order of 1071073, which are
promising candidates for future observation in high-pre-
cision experiments like BESIII and LHCb. Notably, the
fourth category decay D, — P,(w —-)KK proceeds via
the tail effects of the @ resonance in the KK channel. This
mechanism provides an opportunity to probe the shape
function of vector resonances, offering insights into the
interplay between resonance dynamics and three-body
decay mechanisms.
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