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Broad all-sky searches for continuous gravitational waves have high computational costs and require
hierarchical pipelines. The sensitivity of these approaches is set by the initial search and by the number of
candidates from that stage that can be followed up. The current follow-up schemes for the deepest surveys
require careful tuning and setup, and have a significant human-labor cost and this impacts the number of
follow-ups that can be afforded. Here we present and demonstrate a new follow-up framework based on
Bayesian parameter estimation for the rapid, highly automated follow-up of candidates produced by the
early stages of deep, wide-parameter space searches for continuous waves.
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I. INTRODUCTION

Gravitational waves emitted during the merger of two
compact objects are now routinely detected in data gathered
by the LIGO-Virgo-KAGRA Collaborations [1,2].
Among the gravitational wave signals that remain

elusive are continuous gravitational waves emitted by
fast-rotating neutron stars with a sustained quadrupole
moment [3,4], as well as other more exotic scenarios [5,6].
The long duration of continuous waves renders signals

detectable that are at any instant of time below the detector
noise, and makes it possible to resolve different waveforms
with great accuracy. For this reason, all-sky searches over a
broad frequency range using coherent detection methods
are computationally not viable. This has long been known
[7–12] and hierarchical semicoherent searches have proven
to be the most sensitive solution to the problem [13–17].
The initial search in the hierarchy examines the full

parameter space with an incoherent combination of the
results of coherent searches over short data segments,
spanning less than one hour to several days, depending
on the search. The shorter coherence times reduce the
required number of template waveforms and, hence, the
computing cost, at the cost of a reduced sensitivity. Low

detection thresholds can be chosen to ease this effect, but
result in a high number of false alarms. These are weeded
out with several follow-up stages that employ increasingly
higher coherence times, finer resolutions, and more strin-
gent detection thresholds and vetoes. The goal is to reject
noise while ensuring that detectable gravitational-wave
signals survive.
Each follow-up stage of a hierarchical search requires

(i) the identification of signal candidates, typically as local
maxima of a detection statistic or as the result of some
clustering procedure; (ii) the definition of thresholds and
vetoes that reject candidates; (iii) the determination of per-
candidate parameter space regions around each candidate
that are expected to contain an underlying signal; and
(iv) the definition of a setup of the next search stage.
The first hierarchical search with a significant

follow-up effort was carried out in [18] on the results
of an Einstein@Home search. The latest generation
Einstein@Home searches are characterized by long coher-
ence-times—possibly the longest among broad searches—
and the results are investigated with the largest follow-up
campaigns involving millions of candidates [13,19]. This is
about an order of magnitude more candidates than exam-
ined with other approaches: for example [14] followed up
between 103 and 105 candidates, depending on the pipeline.
The long coherence time and the low follow-up thresholds
pose unique challenges to the follow-up schemes.
All the initial Einstein@Home search stages [13,19],

as well as all initial stages in [14], and all but one of the
[14] follow-ups are completely deterministic: The signal-
parameter uncertainty region around each candidate at
stage n is completely covered with a template bank and
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systematically investigated at stage nþ 1. This approach is
warranted by two factors: (1) It is easiest to simply redo on
a smaller parameter space what one has already done on a
larger one; and (2) in the first follow-up stages the putative
signal of the long coherence-time large-scale follow-ups is
still weak enough and/or the uncertainty in signal param-
eters is large enough that stochastic methods are thought to
not perform sufficiently well.
On the other hand stochastic search methods have the

potential to be more efficient than deterministic template-
bank based methods, as they concentrate compute cycles on
the interesting regions of the parameter space. This
becomes crucial when inspecting high dimensional spaces,
like those pertaining to signals from unknown neutron stars
with a companion. The more efficient allocation of com-
pute cycles also allows for a more precise parameter
estimation of putative signals [20].
Another advantage of stochastic search methods is that

there already exist tools to integrate Monte Carlo sampling
techniques in Bayesian parameter estimation frameworks,
which would provide a natural way to estimate the posterior
probability density function for any parameter after a
search. Posterior parameter distributions would solve a
short-coming of the current methods that evaluate the
uncertainty regions conservatively from the distributions
of distances between recovered signal parameters and the
actual parameters of fake signals from the target popula-
tion. This approach results in search-region extents that are
the same for every candidate and are overestimated for the
majority of them. Conversely, the posterior can be calcu-
lated specifically for every candidate and inform the search-
sampling in the next stage.
Nondeterministic follow-ups of continuous wave candi-

dates have been demonstrated for short coherence times
(less than a day) [14,21–23] and for long coherence times
(several days) for signals louder than those targeted by
the most sensitive all-sky searches [20]. The regime of the
weakest signals searched with long coherence times [13,15]
remains unexplored. Here, we present a new Bayesian
framework for hierarchical searches that establishes non-
deterministic follow-up capabilities in that regime, in a
highly automated manner. We demonstrate our framework
on real data, following up the Einstein@Home search
candidates of [13], and find results consistent with the
findings of the previous deterministic search.
Sections I–III motivate the development of the new

framework, present the signal model, discuss the back-
ground of Bayesian inference, and provide the specific
context of Einstein@Home searches.
In Sec. IV, we present the results of applying the

framework to the Einstein@Home [13]. We assess the
stage of the follow-up at which our framework becomes
applicable. We follow up all candidates that remained at that
stage in the original search, compare the required computa-
tional and human effort, and compare the final results.

Section V concludes the paper with a discussion of our
findings, and an outlook on future research.

II. SIGNAL MODEL AND F -STATISTIC

We consider a continuous wave signal that at the detector
takes the form [24],

hðtÞ ¼ FþðtÞhþðtÞ þ F×ðtÞh×ðtÞ: ð1Þ

FþðtÞ and F×ðtÞ are the detector beam-pattern functions
for the two gravitational wave polarizations “þ” and “×.”
They depend on the sky position of the source (defined by
the ecliptic longitude λ and ecliptic latitude β), and the
orientation ψ of the wave-frame with respect to the
detector-frame. The waveforms for the two polarizations,
hþðtÞ and h×ðtÞ, are

hþðtÞ ¼ Aþ cosϕðtÞ;
h×ðtÞ ¼ A× sinϕðtÞ; ð2Þ

with ϕðtÞ being the phase of the gravitational-wave signal
at the time t and Aþ;× the polarizations’ amplitudes:

Aþ ¼ 1

2
h0ð1þ cos2 ιÞ;

A× ¼ h0 cos ι: ð3Þ

Here h0 is the intrinsic gravitational wave amplitude and ι is
the angle between the total angular momentum of the star
and the line of sight.
The phase ΦðτÞ of the signal for an observer at rest with

respect to the source (for an isolated source this is typically
the solar system barycenter) is,

ΦðτÞ ¼ Φ0 þ 2π

�
fðτ − τ0Þ þ

1

2
ḟðτ − τ0Þ2 þ � � �

�
; ð4Þ

where f is the signal frequency and τ is the arrival time of
the gravitational wave front at the solar system barycenter
and τ0 is a reference time. The detector-frame phase ϕðtÞ
incorporates the effects due to the relative motion between
the source and the detector, as well as relativistic effects.
ϕðtÞ ¼ ΦðτðtÞÞ, with the transformation τðtÞ depending on
the position of the source.
We will consider an isolated source with a signal model

referred to as the IT1-model [25], i.e., a signal emitted by
an isolated neutron with only one spindown. This model is
described by two sets of parameters ω ≔ ðϑ; AÞ that define
the

phase-evolution∶ ϑ ¼ ðλ; β; f; ḟÞ; and
amplitude∶ A ¼ ðh0; cos ι;ψ ;Φ0Þ ð5Þ

in the detector frame.
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The optimal Neyman-Pearson detection statistic for a
known signal is the likelihood ratio Λ,

Λðd; wÞ ¼ fDjIT1ðD ¼ djωÞ
fDjIT1ðD ¼ dj0Þ ; ð6Þ

where fDjIT1ðD ¼ dj·Þ is the probability density of the data d
under a Gaussian noise hypothesis and the IT1 signal model.
By a judicious reparametrization of the signal amplitudes,

the signal waveform can be written as a linear combination
of four basis functions that depend on the phase-evolution
parameters ϑ and time, with coefficientsAμ that depend only
on the physical amplitude parameters A [24],

hðt;ωÞ ¼
X4
μ¼1

AμðAÞhμðt; ϑÞ: ð7Þ

In this form, an analytic maximization of the likelihood ratio
can be carried out over the Aμ. The resulting detection
statistic is the F -statistic [11,24],

2F ðϑÞ ≔ 2 logΛðd;AMLE; ϑÞ; ð8Þ

where AMLE ¼ arg maxAΛðd;A; ϑÞ, which implicitly
depends on the phase-evolution parameters.
In Gaussian noise, the 2F -statistic is a sum of four

Gaussian random variables and, as such, follows a χ2

distribution with four degrees of freedom and noncentrality
parameter ρ2ðωS;ϑtÞ that depends on the signal parameters
ωS and on the template parameters ϑt. In the perfectly
matched case ðϑt ¼ ϑSÞ, the noncentrality parameter is [26]

ρ2ðωS; ϑSÞ ¼
4

25

Tdata

Sn
h20Rðλ; β;ψ ; cos ιÞ; ð9Þ

where Tdata is the total data duration, Sn is the single-sided
noise power spectral density at the signal frequency, and
Rð·Þ describes the sky-position and polarization dependent
detector response. Given a template with parameters
ϑt ¼ ϑS þ Δϑ, the noncentrality parameter is lower than
for a perfectly matched template,

ρ2ðωS; ϑS þ ΔϑÞ ≤ ρ2ðωS; ϑSÞ: ð10Þ

When the distance between the signal and the template is
small, the relative loss is well approximated by a quadratic
function of the distance,

ρ2ðωS; ϑSÞ − ρ2ðωS; ϑS þ ΔϑÞ
ρ2ðωS; ϑSÞ

≃ gijðωSÞΔϑiΔϑj; ð11Þ

with

gijðωSÞ ≔
−1

2ρ2ðωS; ϑSÞ
∂
2ρ2ðωS; ϑtÞ
∂ϑit∂ϑ

j
t

����
ϑt¼ϑS

: ð12Þ

Equation (12) gives the so-called F -statistic metric [27].
Typically, approximations that neglect the dependency on
the amplitude parametersAS are used [27,28]. We use such
an approximation, the phase metric, defined as

g̃ijðϑSÞ ≔
��

∂ϕðt; ϑÞ
∂ϑi

∂ϕðt; ϑÞ
∂ϑj

�
T

−
�
∂ϕðt; ϑÞ
∂ϑi

�
T

�
∂ϕðt;ϑÞ
∂ϑj

�
T

�
ϑ¼ϑS

; ð13Þ

where h·iT represents an average over the observing time.
Semicoherent searches split the data into Nseg segments

fdlg. The semicoherent F -statistic is the (averaged) joint
log-likelihood ratio of signals with the same phase-
evolution parameters ϑ in all Nseg data segments, but
independently maximized over the amplitude parameters
for each segment [11],

2F̄ ðϑÞ ≔ 1

Nseg

XNseg

l¼1

2 logΛðdl;AMLE;l; ϑÞ: ð14Þ

The AMLE;l are the maximum likelihood estimators for
each segment. We will only use segmentations where all
segments have the same length, Tcoh.
In Gaussian noise, Nseg2F̄ follows a χ2 distribution with

4Nseg degrees of freedom and a noncentrality parameter
that is the sum of all ρ2l. The semicoherent F -statistic phase
metric is the weighted average of the metrics for each data
segment [29]. We neglect the weighting operation. We use
the semicoherent metric in Sec. III D when modeling the
posterior probability density function of signal candidates.

III. BAYESIAN INFERENCE SCHEME FOR
CONTINUOUS WAVE CANDIDATE

FOLLOW-UP

A. Notation

In this paper, we adopt the following notation for random
variables. If not specified otherwise, all random variables
discussed are continuous. For any continuous random
variable X with probability density function fX, we define

pðxÞ ≔ fXðX ¼ xÞ: ð15Þ
Similarly, if X conditionally depends on the value taken by
another continuous random variable Y and some other
information I, we define

pðxjy; IÞ ≔ fXjY;IðX ¼ xjY ¼ y; IÞ: ð16Þ
We also refer to pðxÞ just as the probability of x.

B. Background

Bayesian statistic allows one to make inferences on
the values of the parameters ω affecting the outcome of a
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measurement d in the presence of noise. The measuring
device and the noise are described in terms of pðdjωÞ, the
probability to measure d in the presence of a signal with
parameter values ω—this is the probability of d condi-
tioned upon ω. The inference is made by deriving the
probability distribution function for ω given the measure-
ment d: pðωjdÞ, the so-called posterior distribution.
Bayes’s theorem tells us how to invert the order of
conditioning and derive the posterior pðωjdÞ, given the
probability of pðdjωÞ and our prior beliefs of the proba-
bility of the parameters, pðωÞ. Here, where both the
parameters and the data take continuous values, Bayes’s
theorem takes the form [30],

pðωjdÞ ¼ pðdjωÞpðωÞR
Ω pðdjωÞpðωÞdω ; ð17Þ

where Ω indicates the sample space of the parame-
ters: ω∈Ω.
The denominator in Eq. (17),

pðdjΩÞ ¼
Z
Ω
pðdjωÞpðωÞdω; ð18Þ

is called the evidence and measures the support for the
hypothesis of a signal with parameter values ω∈Ω. The
ratio of the evidences for the signal to the null-hypothesis of
Gaussian noise gives the Bayes’s factor

BS=G ¼ pðdjΩÞ
pðdj0Þ : ð19Þ

In Bayesian statistics different models (or hypotheses) are
compared via Bayes’s factors. A measurement that yields a
Bayes’s factor with B > 1 favors the signal hypothesis [30].
Equations (17) and (19) have historically been used to

search for continuous waves from pulsars with well-known
phase-evolution parameters [31]. In those searches the final
product is the posterior distribution for h0, marginalized
over all other unknown signal parameters. A highly peaked
posterior, far from zero, would be the first indication of the
detection of a signal.
Broad surveys have typically taken a frequentist

approach based on the F -statistic. The main advantage
of this method is that it maximizes the likelihood ratio over
the amplitude parameters A, hence does not require an
explicit search over them and this improves the computa-
tional efficiency. The parameters that remain for a search
are the phase-evolution parameters ϑ.
In recent years, Bayesian frameworks have also utilized

the F -statistic likelihood [32], for candidate follow-ups
[20,21] and for parameter estimation [33]. A significant
advantage of this approach is that the F -statistic calcu-
lations have been highly optimized and are hence very
efficient, with a number of tools publicly available [34,35].
The work presented here is in this vein.

The first stage—often referred to as Stage 0—of a large
survey is the most challenging because the whole parameter
space is searched. Only the parameter space regions
associated with “interesting” results are ear-marked for
further inspection. These are the so-called candidates that
are followed up with the hierarchy of semicoherent
searches. Typically, the candidates are identified by some
clustering procedure and detection statistic threshold, and
represented by a point in parameter space—the seed—and
a parameter uncertainty region around it (see, e.g.,
Refs. [13,36]). On a large scale production run, no
stochastic method has yet been demonstrated competitive
with this sort of approach [37,38].
We shall hence assume that a follow-up using the new

framework begins with a set of given candidates, for which
we know what the parameter uncertainties are. We will also
assume that the coherence time hierarchy of the various
semicoherent searches is given.
For every candidate we run a succession of follow-ups.

At every follow-up search we derive the posteriors on the
signal parameters and the evidence for the presence of a
signal. We use the former to define the search at the next
stage. At the end of the follow-ups, we use the evidences to
decide whether to discard the candidate or not [39]. The
remainder of this section describes these steps in more
detail.

C. Using the F -statistic for Bayesian inference

Our starting point is a list of candidates and their equal-
size phase-evolution parameters uncertainty. For each can-
didate the follow-up infers the phase-evolution parameters ϑ
of a putative signal in that range. For every candidate each
follow-up stage produces (i) the posterior distribution for the
ϑ that will be used to define the search prior of the next stage
and (ii) the evidence for a signal in the searched region. We
now show how we use the F -statistic to compute these
quantities.
For a candidate, the posterior probability for the phase-

evolution parameters ϑ is obtained by marginalizing the full
posterior over all possible amplitude parameters fAg,

pðϑjdÞ ¼ pðdjϑÞpðϑÞR
Rc

pðdjϑÞpðϑÞdϑ ð20Þ

¼
R
fAg pðdjA; ϑÞpðA; ϑÞdAR

Rc

R
fAg pðdjA; ϑÞpðA; ϑÞdAdϑ

ð21Þ

whereRc is the phase-evolution uncertainty region for that
candidate. For detectable signals we will assume that the
only non-negligible contributions of pðdjA; ϑÞ to the
integral above come from A ¼ AMLE so we simply set
the prior to a delta distribution,

pðϑ;AÞ ¼ pðAjϑÞpðϑÞ ð22Þ
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¼ δðA −AMLEðϑÞÞpðϑÞ: ð23Þ

This corresponds to a profile-likelihood approach where the
amplitude parameters are treated as nuisance parameters.
Using Eqs. (6), (8), and (21) with this prior we find

pðϑjdÞ ≈ eF ðϑÞpðϑÞR
Rc

eF ðϑÞpðϑÞdϑ : ð24Þ

We will come back to the validity of this assumption in
Secs. IV B and IV D.
The posterior for semicoherent searches is obtained as

follows. Given data d, first consider a search for Nseg
signals with parameters ωl, each constrained to nonover-
lapping coherent data segments dl that span some Tcoh.
Because the noise realizations in the different segments dl
are independent random variables, the probability to obtain
the set fdlg for signal parameters ω0;…;ωl ∈Ω, is
given by

pðfdlgjfωlgÞ ¼
YNseg

l¼1

pðdljωlÞ: ð25Þ

Following Bayes’s theorem, the joint posterior distribution
for the signal parameters fωlg given the fdlg then reads

pðfωlgjfdlgÞ ¼
pðfωlgÞ

Q
lpðdljωlÞ

pðfdlgjΩ × � � � ×ΩÞ : ð26Þ

Like before, we treat the Al as nuisance parameters and
assume that the only non-negligible contribution to the
evidence integral for each segment comes from the respec-
tive AMLE;lðϑlÞ. Thus, we apply Eqs. (21)–(24) for each
segment to Eq. (26) and obtain the marginal posterior

pðfϑlgjfdlgÞ ¼
pðfϑlgÞ

Q
lpðdljϑlÞ

pðdjRc × � � � ×RcÞ
: ð27Þ

Following Eq. (6),

Y
l

pðdljϑlÞ ¼
Y
l

pðdlj0ÞeF lðϑlÞ: ð28Þ

F l is the coherent F -statistic for segment l. Note
that

Q
l pðdlj0Þ ¼ pðdj0Þ.

However, following Eq. (14), semicoherent approaches
target signals with the same phase-evolution parameters in
all segments. We can enforce this condition by choosing
reference phase-evolution parameters ϑ and setting priors

pðfϑlgÞ → pðfϑlgjϑÞ ¼
Y
l

δðϑl − ϑÞ: ð29Þ

We then marginalize Eq. (28) over all ϑl with this prior to
yield

pðfdlgjϑÞ ¼
Z
Rc

…

Z
Rc

Y
l

pðdljϑlÞpðϑljϑÞdϑl ð30Þ

¼ pðdj0Þ
Y
l

Z
Rc

eF lðϑlÞδðϑl − ϑÞdϑl ð31Þ

¼ pðdj0Þ
Y
l

eFlðϑÞ ¼ pðdj0ÞeNsegF̄ ðϑÞ; ð32Þ

where F̄ is the semicoherentF -statistic defined in Eq. (14).
Again, we find the semicoherent posterior for the reference
phase-evolution parameters ϑ by applying Bayes’s theorem
to Eq. (32),

pðϑjfdlgÞ ¼
pðfdlgjϑÞpðϑÞR

Rc
pðfdlgjϑÞpðϑÞdϑ

ð33Þ

¼ eNsegF̄ ðϑÞpðϑÞR
Rc

eNsegF̄ ðϑÞpðϑÞdϑ ; ð34Þ

and rediscover the right side of Eq. (24) with the sub-
stitution F → NsegF̄ . The phase-evolution parameter in-
dependent noise term pðdj0Þ factors out.
The semicoherent Bayes’s factor for a signal with phase-

evolution parameters ϑS ∈Rc is

BS=G ¼ pðfdlgjRcÞ
pðfdlgj0Þ

ð35Þ

¼ pðdj0Þ RRc
eNsegF̄ ðϑÞpðϑÞdϑ
pðdj0Þ ; ð36Þ

which is equal to the semicoherent evidence for a signal
with parameters ϑ∈Rc [40],

ZðRcÞ ¼
Z
Rc

eNsegF̄ ðϑÞpðϑÞdϑ: ð37Þ

We note that, in practice, we substitute the semicoherent
F -statistic with (half of) the estimated signal power

ρ̂2ðϑÞ ≔ Nseg½2F̄ ðϑÞ − Enð2F̄ Þ� ð38Þ

where Enð2F̄ Þ ¼ 4, the expectation value of the semi-
coherent 2F -statistic for noise-only data. The substitution
factors out in equation Eq. (34) and has no effect on the
parameter estimation, but removes an Nseg dependent
scaling of the evidence [see Eq. (37)], which simplifies
the comparison of results with different Nseg.

D. Estimating the posteriors and evidences

A direct evaluation of Eq. (34) is not possible because
the evidence [Eq. (37)] cannot be expressed in closed form
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as a function of the data, d. A numerical approach is
needed. One could evaluate

pðϑjfdlgÞ ∝ eNsegF̄ ðϑÞpðϑÞ ð39Þ

over a ϑ-template bank as done for grid-based searches,
estimate the evidence ZðRcÞ by numerical quadrature [41],
and approximate the posterior density, e.g., by interpola-
tion. However, template banks that resolve the fine struc-
ture of the posterior distribution are computationally
inefficient, because the majority of statistic evaluations
are allocated to regions that contribute little to the evidence
integral.
Instead, we use the nested sampling algorithm [42].

We give a detailed description of nested sampling in
Appendix A and refer to [43] for a recent review. In short,
the algorithm performs a stochastic evaluation of the
evidence integral [Eq. (37)] using an ensemble of samples
randomly drawn from the prior pðϑÞ—called live points—
that are iteratively updated toward regions of higher
likelihood.
Nested sampling has several advantages for our purpose.

On one hand, the algorithm performs a thorough explora-
tion of the parameter space before converging to any found
maxima, aiding in the discovery of “interesting,” signal-like
features. On the other hand, we apply nested sampling to
estimate the evidences and posterior distributions for to
up to millions of candidates. Yet, almost all candidates
examined are expected to be noise whereas signal-like
features are rare. Thus, it is crucial to use a sampling
algorithm that will converge even if no interesting modes
are found. This is not a trivial property satisfied by nested
sampling by virtue of an evidence-based converge criterion
[see Eq. (A11)].
As its main downside, nested sampling may terminate

without sampling interesting modes if none of the live
points finds them by chance. The chance for live points to
find interesting modes decreases with a higher number of
modes, but increases with a higher number of live points.
However, a higher number of live points also linearly
increases the runtime of the algorithm [see Eq. (A7)]. If
significant modes are discovered, all live points are
eventually replaced by samples from the most significant
mode in later iterations, and the algorithm is not prone to
get “stuck” in secondary modes.
The number of possible modes in a search can be

estimated from the number of independent templates
needed to cover the searched space Rc. A rough estimate
is to use the metric of the employed detection statistic and
compute the number of unit-mismatch hyperellipsoids
[Eq. (12)] necessary to cover Rc. This quantity is referred
to as N⋆ [7,32,44], and is often used as a measure of the
“proper” volume of the search space.
Once converged, nested sampling yields an estimate of

the evidence ZðRcÞ and a set of weighted samples fwi; ϑig

that can be used to approximate the posterior density [see
Eqs. (A12) and (A13)]. However, the follow-up method we
describe in the next section requires a functional form of
the posterior density. We obtain such a form by modeling
the posterior probability density with a Gaussian mixture,
accounting for the full covariance and multimodality,

pðϑjfdlgÞ ≈
X
k

mkGðϑjμk;ΣkÞ with
X
k

mk ¼ 1: ð40Þ

This is a weighted sum of multivariate Gaussian distribu-
tions G with means μk and covariance matrices Σk.
We adopt a two-step process to infer suitable model

parameters fmk; μk;Σkg from the weighted samples:
(1) We use the DBSCAN algorithm [45] to identify

clusters of samples based on their parameter-space
distances. We use the semicoherent phase metric
[Eq. (12) and the end of Sec. II] to define a minimum
distance between neighboring samples to be part of
the same cluster. We also set a minimum occupancy
per cluster of at least dimðRÞ þ 1 (5, in our case) to
ensure nondegenerate covariance matrices. Samples
marked as noise by DBSCAN are dropped.

(2) The weighted samples in each cluster are fitted with
a Gaussian mixture model [46]. We do not know
a priori the number of modes, so we estimate them
from the set of samples. We have found that a
recursive algorithm that splits the cloud of samples

FIG. 1. Posterior distribution for a fake signal near the ecliptic
equator (β ≈ 0) added to O3a data and using the semicoherent
F -statistic with Tcoh ¼ 120 h. The posterior shows a bimodal
distribution, split between the hemispheres. The plot indicates the
ΔðC ¼ 0.99Þ region of each mode of the fitted Gaussian mixture
model following Eq. (47).
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using a model with two Gaussian components, until
a one-component model yields a better description,
works well. We use the Bayesian information
criterion [30] to quantify the quality of the fit and
place thresholds to stop the recursion. The thresh-
olds are calibrated with posteriors obtained from
simulated signals. We define a minimum occupancy
per mode. If after a split, a set of points is below this
limit, this set is also dropped.

The process prioritizes the modelling of signal-like poste-
riors. For any search, the process is validated with a
reference population of simulated signals.
Figure 1 shows the Gaussian mixture model for the

posterior of a simulated signal. The signal was placed near
the ecliptic equator to produce a characteristic multimodal
shape. The Gaussian mixture model captures the overall
shape well with only small discrepancies we consider
acceptable.

E. The candidate follow-up

We use the inference from one search stage to inform the
next one. Given a posterior distribution piðϑjfdlgÞ for a
Stage i, we let it serve as the prior for stage iþ 1,

piþ1ðϑÞ ¼ piðϑjfdlgÞ: ð41Þ

We then use nested sampling and Eq. (34) to estimate
piþ1ðϑjfd0lgÞ. This conditions the inference at higher
coherence times to only consider the most promising
parameter-space regions. The efficient sampling of the
prior in Eq. (41) is done using the inverse-transform
method on our Gaussian mixture models [Eq. (40)] as
described in Appendix C.
The process is repeated until the last stage, when the

coherence time is equal to the data span.
We note that higher coherence times do not reveal entirely

new information. Repeated application of Bayes’s theorem
and Eq. (41) may, thus, reuse some information, which
incurs compounding biases in the estimated signal param-
eters. However, the goal of a search hierarchy is not to
produce the most accurate parameter estimation, but to
conduct computationally efficient follow-ups. Any candi-
dates left after the final coherent stage concludes will be
subject to more detailed examinations in any case. Further, if
longer coherence times yield sufficient new information, the
biases will be negligible. The extent of this effect on the
follow-up presented in Sec. IV is investigated in Sec. IVD.
Conversely, the initial stochastic stage is initialized with

a list of signal candidates marked by seeds ϑs and an
uncertainty range Δϑ given by the previous, deterministic
stage. For each candidate, we choose uninformative priors
based on Jeffreys’ invariance principle [30] that span the
respective uncertainty region, Rc ¼ ϑs � Δϑ.
Jeffreys’ invariance principle demands that results from

Bayesian inference are invariant under reparametrization of

the model. We obtain such priors by first choosing a
parametrization for which the response of the F -statistic to
a signal does not depend on the signal parameters. This
corresponds to parametrizations for which the F -statistic
metric is flat. Using this parametrization, we set uniform
priors, and transform them back to our physical parameters.
A detailed derivation can be found in Appendix B.
For a search over sky position, frequency and frequency

derivative, the F metric is already flat for frequency and
frequency derivative. For the sky position, with a fixed
frequency and long data spans, the metric is approximately
flat when projected to the ecliptic plane.1 The sky-position
prior for a candidate at a position β, λ and with frequency f
translated from a uniform distribution on the ecliptic plane
is accordingly

pðλ; βjfÞ ¼ 2π

AeclðRskyÞ
sinðjβjÞ cosðjβjÞ; ð42Þ

where AeclðRskyÞ ¼ πr2 is the area of the sky-uncertainty
region on the ecliptic plane (see Appendix B for a
derivation). This is a circle of radius r on the ecliptic
plane, which is inversely proportional to the signal fre-
quency. This circle projects on the celestial sphere to Rsky,
whose position and shape depend on where the circle lies
on the ecliptic plane.
Figure 2 shows the sky-parameter uncertainty regions

and their projection on the celestial sphere for two

FIG. 2. Circles defining two uncertainty regions on the ecliptic
plane and their projection to the ecliptic sphere. The size of the
uncertainty regions is exaggerated. Red: uncertainty region for a
candidate that is intersecting the ecliptic equator. Blue: the
extension of the uncertainty region onto the opposing hemisphere.
Green: uncertainty region of a candidate at higher frequency, which
corresponds to a smaller circle on the ecliptic plane.

1This is why the deterministic searches employ sky position
grids that are a uniform (hexagonal) area tiling of the orthogonal
projection of each celestial hemisphere on the ecliptic plane.
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examples. One of these examples depicts a special case that
arises when the uncertainty circle on the ecliptic plane
intersects the ecliptic equator. The case corresponds to the
F -statistic response to signals near the ecliptic equator,
which is degenerate in the ecliptic hemispheres. To account
for such cases, we place a second circle with the same
radius that intersects the equator in the same locations as
the original circle. Sky points from the opposing hemi-
sphere of the candidate seed are included in the search if
their projected ecliptic coordinates lie inside this second
circle.

F. Uncertainty on candidates’ parameters

For each candidate, the posterior on the signal param-
eters defines the credible region

ΔðCÞ ≔ arg min
Θ⊂Rc

�
VolðΘÞ∶

Z
Θ
pðϑjdÞdθ ¼ C

�
: ð43Þ

ΔðCÞ is the smallest possible subregion of Rc where the
parameters of a putative signal lie with probability C. The
definition does not demand Δ to be connected, thus
naturally accounting for multimodal posteriors.
The C-credible regions of an unimodal Gaussian with

covariance matrix Σ are nested ellipsoids with surfaces
defined by all ϑ with constant Mahalanobis distances from
the mean-vector μ,

d2MahðϑÞ ≔ ðϑ − μÞΣ−1ðϑ − μÞ: ð44Þ

Each distance d2Mah is associated with the cumulative
probability C of the signal parameters laying within that
ellipsoid, given by the CDF of a χ2 distribution with dimðRÞ
degrees of freedom. Inverting this relation, for any C, there is
some distance

ξ2ðCÞ ¼ F−1
χ2ðdf¼dimðRÞÞðCÞ; ð45Þ

and, thus,

ΔðCÞ ¼ fϑjd2MahðϑÞ < ξ2ðCÞg: ð46Þ

For a multimodal Gaussian, no closed form expression
exists. Instead, we approximate ΔðCÞ from the union of
the per-mode credible regions ΔkðCÞ,

ΔðCÞ≈ ∪k ΔkðCÞ; ð47Þ

ΔkðCÞ ¼ fϑjd2Mahðϑ;Σk; μkÞ < ξ2ðCÞg: ð48Þ

This approximation overestimates ΔðCÞ: First, while each
ΔkðCÞ contributes mk × C to the cumulative probability
according to its weightmk, each mode also contributes some
residual probability from those points within the credible
regions of other modes but not within ΔkðCÞ. Thus, the

cumulative probability of the union of all ΔkðCÞ is larger
than C, and so is its volume. Second, the union may include
points with lower posterior probability density than some
points outside the union. However, the approximation is
sufficient for an order-of-magnitude characterization of
credible-region volumes.
Out of all regions Θ ⊂ Rc with VolðΘÞ ¼ VolðΔðCÞÞ,

ΔðCÞ maximizes the integrated posterior probability and
thus must contain the fϑg with the highest posterior
probability density. Defining

X0ðPÞ ≔
Z
fϑjpðϑjfdlgÞ≥Pg

pðϑjfdlgÞdϑ; ð49Þ

there is a PC such that X0ðPCÞ ¼ C, and we obtain

ΔðCÞ ¼ fϑjpðϑjfdlgÞ ≥ PCg: ð50Þ

Equations (49) and (50) allow us to associate any para-
meter point ϑ with a credible level Cϑ ¼ X0ðPϑÞ, where
Pϑ ¼ pðϑjfdlgÞ. Cϑ is the cumulative probability of all
parameter points with higher posterior probability density
than ϑ.

IV. APPLICATION ON REAL DATA

We demonstrate the presented framework in a realistic
and demanding setting by applying it to the results of the
Einstein@Home search by Steltner et al. [13], which we
refer to henceforth as “the original search.”
The original search was conducted on public Advanced

LIGO data from the third observation run [47]. The
observation run was split into two subperiods, O3a and
O3b. The first stages of the original search only considered
O3a, leaving the O3b data for validation.
The original search targets a 90% detection efficiency for

signals with sensitivity depth [48] of D ¼ 56½1= ffiffiffiffiffiffi
Hz

p �,
frequencies 20 Hz < fS < 800 Hz, first-order spindowns
−2.6 × 10−9 Hz s−1 < ḟS < 2.6 × 10−10 Hz s−1, and sky
position parameters uniform all over the sky.

A. Setup

The target detectable signal amplitudes are such that at
the output of Stage 0, the signal candidates’ detection
statistic should be at least at the level of the loudest
Gaussian noise candidates. A stochastic framework like
ours could miss such a signal either because the search
region is too large—the number of live points required for
the sampler to converge to the signal is computationally not
viable—or because even if there are enough live points for
the search region, this is inhabited by very loud disturb-
ances, which the sampler converges to.
The second problem is mitigated by data-preparation and

cleaning procedures before any processing is carried out on
the data [49], and by using line-robust detection statistics to
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rank the initial search results [50]. Some disturbances do,
however, persist and if they resemble an actual astrophysi-
cal signal, then one’s ability to detect a signal within the
same region will be significantly lowered. This is an issue
that is common to stochastic and deterministic searches—in
the latter case typically through top-list saturation effects.
This effect is however rare, affecting less than a few percent
of the results.
Conversely, the first problem of too large search regions

is specific to stochastic methods and hence is very relevant
to the characterization of our framework. In particular,
since the uncertainty regions around candidates at each
stage in the deterministic follow-up shrink as the stages
proceed, this problem determines at which stage in the
follow-up hierarchy we can begin applying our framework.
In principle, we would like to begin the stochastic follow-
up directly on the Stage 0 candidates, i.e., with Stage 1.
To determine at which stage we can begin applying our

framework we study the recovery of test signals at various
stages of the original search. Our detection criterion tests
that the maximum likelihood estimator ϑMLE that the
sampler has found is related to the test signal with
parameters ϑs. This is enforced by requiring that the power
ρ̂2ðϑMLEÞ estimated at the maximum likelihood point is
close to the estimated test-signal power ρ̂2ðϑSÞ [using
Eq. (38) for both estimates]. Since the power ρ2 is a
monotonic function of the likelihood, if the likelihood
sampler has converged to the signal, then it must be that
ρ̂2ðϑMLEÞ ≥ ρ̂2ðϑSÞ. On the other hand the ρ̂2ðϑMLEÞ cannot
be too much larger than ρ̂2ðϑSÞ, as that would also indicate
convergence to some other local maximum. So in all the
recovery criterion is,

μ̂min ≤ μ̂S ≔
ρ̂2ðϑsÞ − ρ̂2ðϑMLEÞ

ρ̂2ðϑsÞ ≤ 0þ ϵ: ð51Þ

We use a tolerance of ϵ ¼ 10−4 for the upper bound to allow
for a small offset of ϑMLE from the exact maximum likelihood
template due to sampling noise. We set μ̂min ¼ −0.125. In
Gaussian noise the distance between the ϑMLE and ϑS is a
multivariate Gaussian random variable with covariance
matrix ½ρ2gijðϑSÞ�−1 [27]. Following Eqs. (11), (44), and
(45) the expected distance for the C quantile is

d2Mah ¼ ρ2gijðϑSÞΔϑiΔϑj ¼ ξ2ðCÞ ¼ ρ2Sμ: ð52Þ

The weakest signal from our target population has ρ2 ≳ 200.
At this amplitude, for C ¼ 99.995% then d2 ≈ 25
and μ ≈ 0.125.
We note that the detection criterion can produce false

positives in the early stages of the follow-up because the
semicoherent F -statistic response to a signal is generally
multimodal (see Refs. [28,51] and the example posterior
shown in Fig. 1). In this case, unlucky noise fluctuations
can elevate secondary modes just enough for the sampler to
converge on them, missing the “correct” signal parameters.

Another cause of false positives is the presence of disturb-
ances also leading to convergence far from the “correct”
signal parameters. The impact of both these factors is
reduced substantially at higher coherence times, so that as
the coherence time increases at each stage, this empirical
detection criterion becomes a more and more accurate proxy.
We investigate whether we can use our framework for the

entire hierarchy of follow-up stages, i.e., starting with Stage
1. So we apply our framework to the test-signals seeds as
they are produced after Stage 0 in the original search, and to
the test-signals candidates surviving Stage 1 of the original
search. We take as support for the priors the uncertainty
regions shown in the first two rows of Table I. We use the
DYNESTY sampler [52] for the nested sampling. The
specific sampler configuration is given in Appendix D.
The number of live points for each configuration is given in
Table I or specified explicitly. The recovery results, based
on the criterion of Eq. (51) are shown in Fig. 3.
At Stage 1, a significant fraction (10% ∼ 20%) of our test

signals is lost. A higher number of live points increases the
recovery rate, but shows the expected linear scaling in the
number of likelihood evaluations [Eq. (A7) and Ref. [43]].
The number of live points necessary to recover all simu-
lated signals incurs computing costs that are not markedly
competitive with the deterministic follow-up.
At Stage 2, with 1500 live points, we recover all test

signals. We take this as our configuration and use our
framework for Stages 2–7.

TABLE I. Per-stage coherence times Tcoh, number of coherent
data segments Nseg, and live-point counts of the search stages.
The search regions in frequency, spindown, and sky covered by
the deterministic follow-up of [13] are given in the fourth through
sixth columns. These are relevant for Stage 1, where the search
regions of the seeds were too large to follow up with our scheme,
and for Stage 2, which is the first stage conducted with our
framework, and that hence uses those uncertainty regions as the
prior support. Stages 3–7 use the posterior of the preceding stage
as their prior with the full coherence time hierarchy. We also
investigate if Stages 3–7 can be replaced with a single, fully
coherent stage, Stage 3*, using the Stage 2 posterior as the prior.
Stages 7 and 3� use a single coherent segment spanning the full
O3a observation period.

Tcoh h Nseg

Δf
μHz

Δḟ
10−14 Hz s−1

rsky
dskyðfÞ nlive

Stage 1 120 37 1000 11 250 10.0 1500

Stage 2 120 37 50 1200 2.0a 1500
Stage 3 240 19 750
Stage 4 490 9 500
Stage 5 1100 4 500
Stage 6 2200 2 500
Stage 7 coh. 1 500

Stage 3* coh. 1 750
aDue to an error the Stage 2 sky uncertainty used for the

follow-up is larger than necessary. This makes the follow-up
more challenging and hence does not invalidate our findings.
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After Stage 7 all test signals are still recovered (see Fig. 10
for the distribution of the μ̂). As a precaution against
disturbances, we perform a visual inspection of corner plots
of the posterior distributions for each signal. We do not
observe cases where the sampler converged on disturbances.
Through Stages 3–7, we expect that the parameter space

volumes to be examined have decreased substantially. We
thus reduce the number of live points as listed in Table I to
improve the computational efficiency. However, the next
stages are computationally relatively trivial compared to
Stage 2, while recovering all test signals anyway. Thus, we
did not optimize the number of live points for later stages.
The used numbers of live points here are chosen ad hoc.

B. Follow-up of candidates

We follow up the ≈350 000 candidates produced by
Stage 1 of the original follow-up.
In Fig. 4 we show the distribution of the evidence from

our Stage 2 follow-up. We can see that the test signals
from our target population at this stage do not yet separate
from the candidates.
We expect the evidence for a real signal to stay

approximately constant as the coherence time of the search
increases. In contrast, disturbances are unlikely to accu-
mulate significance just as a signal would when scrutinized
over longer and longer coherence lengths, so we expect that
the results of our noise-dominated data will separate from
the results of the test signals as the stages progress.
We define the quantity

Ri ≔
logZi − logZ2�

logZ2
with i ¼ 3;…; 7; ð53Þ

which characterizes the evolution of the search candidates
across the different stages. Figure 5 shows the distributions

of the evidences Ri versus logZi for all candidates and test
signals of each Stage i ¼ 3;…; 7.
As the stages advance the ðlogZi; RiÞ points of the

search candidates progressively separate from those of the
target signals, and at Stage 7 the bulk of the candidate
distribution has markedly separated from the target signal
distribution. At the tail of the bulk (high logZ7, small R7), a
few candidates show log evidences compatible with our test
signals. However, the decrease in evidence relative to the
initial stochastic stage (Stage 2) of these candidates is not
consistent with what is expected from a signal, and hence
we do not consider these defensible signal candidates.

FIG. 5. logZi recorded across all follow-ups at stages i ¼
3;…; 7 and the relative change Ri. The candidates corresponding
to hardware injections and the remaining significant candidate are
emphasized. Two hardware injections closely match in logZi and
Ri and coincide in the plots at each stage.

FIG. 4. Log-evidences logðZ2Þ recorded for each candidate and
simulated test signal. The candidates corresponding to hardware
injections and the candidate remaining compatible with the test
signal population after Stage 7 are emphasized.FIG. 3. Left: the fraction of missed test signals for search

configurations with different prior volumes. Right: the average
number of per-signal likelihood evaluations for the recovered
signals. Vertical bars show the 99th quantile. In both plots,
vertical colored areas mark configurations listed in Table I. The
volumes are given in terms of the number of unit-mismatch
hyperellipsoids contained in the search region, N⋆.
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Only seven candidates remain compatible with the target
distribution of simulated signals. Six of these candidates are
due to hardware injections. These are fake signals added to
the data at the hardware level to validate search pipelines
[47]. The signal parameters of the hardware injections, and
their offsets from the respective maximum likelihood
estimators are listed in Table II. The framework recovers
the parameters with excellent agreement.
The parameter space examined by the original search

contains a seventh hardware injection (ID 11 [47]), which
was not recovered by Stage 0 the original search, thus was
not in the list of the ≈350 000 candidates that we follow up
and hence our framework could never recover it. Hardware
injection 11 has an amplitude lower than the upper limit
level of the original search, and we refer the reader to
Steltner et al. [13] for more information.

After closer inspection of the seventh remaining candidate,
we cannot defend it as a significant signal candidate. Figure 6
shows the posterior distribution and lists the parameters of
the maximum likelihood estimator at the final, coherent
stage. We see that the first derivative of the frequency is close
to zero, and that the sky position is at the southern pole of the
ecliptic sphere (β ≈ −π=2) where the Doppler-modulation

TABLE II. The frequency, first spindown, right ascension, and declination of the hardware injections, and the distances between these
parameters and the maximum likelihood estimators obtained from our follow-up. The sky coordinates are in equatorial coordinates. The
reference time for these values is 1253764756 (GPS time). We note the lower offsets reported in the original search using the full O3 data
set, i.e., about twice as much data (see Table 3 of [13]).

IDinj finj (Hz) ḟinj (Hz s−1) αinj (h:m:s) δinj (deg:m:s) Δf (Hz) Δḟ (Hz s−1) Δsky (deg:m:s)

0 265.57502155 −4.15 × 10−12 4∶46∶12.4628 −56∶13∶02.9490 6.5 × 10−8 9.0 × 10−15 0∶00∶00.4012
2 575.16350421 −1.37 × 10−13 14∶21∶01.4800 3∶26∶38.3626 3.6 × 10−8 4.3 × 10−15 0∶00∶00.2198
3 108.8571594 −1.46 × 10−17 11∶53∶29.4178 −33∶26∶11.7687 1.8 × 10−7 2.4 × 10−14 0∶00∶02.9579
5 52.80832436 −4.03 × 10−18 20∶10∶30.3939 −83∶50∶20.9036 4.8 × 10−8 6.0 × 10−15 0∶00∶01.6488
9 763.84731649 −1.45 × 10−17 13∶15∶32.5397 75∶41∶22.5205 −7.9 × 10−8 −9.5 × 10−15 0∶00∶00.1649
10 26.33144237 −8.5 × 10−11 14∶46∶13.3549 42∶52∶38.2953 5.7 × 10−8 8.3 × 10−15 0∶00∶03.9060

FIG. 6. Posterior distribution for the remaining candidate at
Stage 7. The plot indicates the ΔðC ¼ 0.99Þ region of the fitted
Gaussian mixture model following Eq. (47).

FIG. 7. Instantaneous frequency evolution of the remaining
candidate in the detector-frame of the Hanford (LHO) and
Livingston (LLO) observatories and known lines. The signal
parameters are that of the maximum likelihood estimator in Fig. 6.
The same signal but offset in the sky coordinates to (λ ¼ 0;
β ¼ −1.25) is shown as an example of a signal modulated by
Earth’s motion around the sun. The nature of the line in LHO is
unknown, whereas the LLO line is confirmed as nonastrophysical.
The official lines lists can be found in [53]. We mark the input-data
bin widths and the linewidths provided in [53] by LIGO.
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due to Earth’s motion around the Sun is minimal—our signal
has a meek modulation depth of ≤ 3 μHz. Astrophysical
signals with these parameters are very similar to constant-
frequency lines due to coherent, long-lasting disturbances in
the data. In the case of the remaining candidate, both
detectors feature lines close to/overlapping with the candi-
dates waveform, as shown in Fig. 7. LIGO provides detailed
information on lines of known and unknown origin [53]. The
line in the Hanford detector is of unknown origin. The line in
the Livingston detector was identified as of nonastrophysical
origin, however, only after the Einstein@Home was
deployed. Thus, this line was not removed in the data
preparation phase (see Ref. [49]), resulting in the spurious
candidate. This stresses the importance of data cleaning and
noise identification [54–57].
The fully coherent stage of the original search on O3a

data recorded 12 candidates, including the same six
hardware injections, but not the candidate that remains
in this follow-up. The remaining six candidates from the
original search were finally rejected by incorporating the
O3b data set. On O3a data alone, the new framework
recorded fewer false alarms.
The clean separation of noise candidates and test signals

shows that our approximation in deriving the (semicoher-
ent) F -statistic—Eqs. (22), (24), and (27)—did not neg-
atively affect the effectiveness of the follow-up relative to
our population of test signals and the candidates.

C. Search volume compression

A further quantity that can be used to characterize the
results of the search are the per-candidate prior and
posterior volumes at each stage, and the achieved reduction
of the volume. These distributions for each stage are shown
in Fig. 8. Follow-ups of candidates yield significantly larger
posterior volumes than those on simulated signals, which
translates to larger prior volumes in the next stage. This
difference is explained by the lack of pronounced peaks of
the likelihood in follow-ups of candidates.

D. Parameter estimation

If the inferred Gaussian mixture model posterior density
pðϑjfdlgÞ estimated from data containing a signal with
parameters ϑS accurately models the parameter uncertain-
ties, the posterior must be consistent with ϑS,

PðϑS ∈ΔðCÞÞ ¼ C: ð54Þ

We can evaluate the accuracy of our posteriors by estimat-
ing PðϑS ∈ΔðCÞÞ using the results from the reference
signal population. This procedure leads to the “pp-plots”
(probability-probability plots) that are often used to validate
results from Bayesian parameter estimation.
Let us fix a stage. For each of the Nsignal test signals with

parameters ϑS, we take the Gaussian mixture model
posterior pðϑjfdlgÞ and estimate X0ðPSÞ of Eq. (49) as

X0ðPSÞ ≈
P

N
j¼1 1fϑjpðϑjfdlgÞ>PSgðϑjÞ

N
; ð55Þ

with PS ¼ pðϑSjfdlgÞ, N ¼ 100 000 being the total num-
ber of ϑj samples drawn from the posterior and 1XðxÞ the
indicator function

1XðxÞ≡
�
1 if x∈X

0 otherwise:
ð56Þ

X0ðPSÞ of Eq. (55) is the probability of parameter-space
volumes with posterior density higher than that of the
signal. We then count the fraction of test signals for which
X0ðPSÞ < C and take it as an estimate of Pðϑ∈ΔðCÞÞ,

PðϑS ∈ΔðCÞÞ ≈
P

S1fPjX0ðPÞ<CgðPSÞ
Nsignal

: ð57Þ

Figure 9 shows Pðϑ∈ΔðCÞÞ as a function of C for all
stochastic search stages. Systematic biases in the parameter
estimation would lead to deviations from Eq. (54).
Already at Stage 2 more test signals than expected are

found in low posterior probability regions, corresponding
to Pðϑ∈ΔðCÞÞ < C. This shows that the posterior is
slightly biased toward being narrower than it actually is,
and indicates that for this stage the underlying parameter
uncertainties are not captured perfectly. Two approxima-
tions made by our framework are the likely causes. The first
approximation was made in deriving the F -statistic based
version of Bayes’s theorem in Eqs. (22), (24), and (27),

FIG. 8. Distributions of the parameter space volumes covered
by the prior distributions, the posterior distribution, and their
ratio for each stage. The search results for the candidates of the
original search are the shaded regions. The solid lines show the
results for the target signal population. All volumes are given
in N⋆. All volumes except the prior volumes at Stage 2
correspond to VolðΔ̂ð99.9%ÞÞ of the fitted Gaussian mixture
models [see Eq. (47)].
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where we assumed that only the most likely amplitude
parameters AMLE contribute to the evidence integral.
Instead, if small offsets in the phase-evolution parameters
can be absorbed by small offsets in the amplitude param-
eters, the posterior distributions would be wider than our
results. The second approximation is the fitted Gaussian
mixture model, which may not be able to fit the posterior
distributions perfectly.
For Stages 3–7, the bias increases further. This is the

expected behavior for repeated application of Bayes’s
theorem using the same information, as anticipated in
Sec. III E.
We compare these results to a modified coherence time

hierarchy of the follow-up after Stage 2: Instead of applying
Stages 3–7, we immediately transition to full coherence
(Stage 3* in Table I). Because of the steep increase in
coherence time, more information is used for the inference
at Stage 3*, and the effect of the compounding bias is
expected to lessen.
On the other hand, the steeper increase of the coherence

time also means that the sampler has to explore a prior
volume resolving more independent templates (Fig. 8),
which could result in the loss of signals similar to our
examination of Stage 1. We evaluate Eq. (51) and find that
no signals are lost.
Figure 9 shows the ðC; PðϑS ∈ΔðCÞÞÞ-graph for Stage 3*

alongside the other stages. The graph agrees well with the
expected shape for unbiased parameter estimation. This
result also indicates that at full coherence, the approximation
made in deriving Bayes’s theorem for the F -statistic does
not appear to negatively affect the parameter estimation.
Thus, considering only biases in the parameter estima-

tion, a two-stage nondeterministic setup performs better
than the full stage hierarchy.
As a further check, we also investigate the frequentist

uncertainties of the maximum likelihood estimators by

considering the distribution of the parameter-space dis-
tances between the maximum likelihood estimators and the
test signal parameters. The distributions are shown in
Fig. 10. For f and ḟ, the uncertainties are Δf≲10−7 Hz
and Δḟ ≲ 10−13 Hz s−1, respectively. For the sky position
uncertainty, we find Δsky ≲ 100 arcseconds for almost all
signals, and it is centered at a few arcseconds, consistent
with the investigated frequency range and an effective
“aperture” of 1 AU.
We note five outliers. The outliers correspond to signals

with sky-position parameters very close to the ecliptic
equator, and due to noise, the maximum likelihood estima-
tors lie on the “wrong” ecliptic hemisphere. These same
signals also produce outliers when considering the metric-
based distance measure (lower right plot in Fig. 10): The
metric does not account for multi-modality, and, thus,
significantly overestimates the mismatch when the F -
statistic has multiple, nearby modes. Wette [28] provides
a different parametrization for the metric that accounts for
the specific multimodality encountered. In that parametri-
zation, the calculated metric mismatch of these outliers
would be significantly reduced.

E. Computational cost

Figure 11 shows the number of likelihood evaluations
per stage for candidates and test signals. The cost of the
initial of Stage 2 on the candidates is comparable with that
on simulated test signals. The slight difference—with the
searches on noise taking slightly less time than those on

FIG. 9. Probability-probability plot showing the test signal
recovery for all stochastic follow-up stages. The x axis plots the
credible level interval [0, 1). The y axis plots the (frequentist)
probability of recovering test signals within a credible level C,
Pðϑs ∈ΔðCÞÞ. Plotted in gray are the 1, 2, and 3σ confidence
regions expected for unbiased parameter estimation given the
number of test signals.

FIG. 10. Parameter-space distances between the signal param-
eters ϑS and the maximum likelihood estimators ϑMLE at the
coherent search stages (Stage 7 and 3*) of each test signal, and
the calculated metric-based distance following Eqs. (11)–(13).
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simulated signals—is due to the presence of pronounced
peaks in the signal likelihoods, which result in larger
evidences that take longer to integrate [see Eq. (A11)].
Conversely, in the subsequent stages, the noise candi-

dates take longer to follow up than the signals. The reason
is that the noise candidates typically have wider posteriors
compared to signal candidates, thereby larger prior vol-
umes to sample in the next stage (see Fig. 8).
Stages 3–7 require significantly fewer likelihood eval-

uations per candidate compared to Stage 2, for both the
candidates and for the test signals. The reduction in
computational cost that ensues makes it viable to apply
Stages 3–7 to all candidates without any intermediate
candidate vetoing, and this incurs for the full hierarchy
only 1.5 times the computational cost of Stage 2 alone. In
contrast, deterministic follow-up schemes require vetoing
candidates at all intermediate stages, which requires non-
trivial safety studies.
For the simulated test signals, the immediate coherent

follow up in Stage 3* requires approximately twice as
many likelihood evaluations as the semicoherent Stage 3,
caused by the higher number of waveforms resolved
compared to Stage 3. However, because of the smaller
number of stages, the total computational cost is smaller
than the full hierarchy. We refrain from reapplying Stage 3*
to the search candidates because of the computational cost
of a repeated analysis.
To provide context for these results, we give an order-of-

magnitude comparison to the signal template grids used by

the original search. These numbers are estimates from the
description in [13].
In the original search, the deterministic Stages 2–7

examine ≈109 templates per candidate and stage.
Cumulatively, and accounting for candidate rejections after
each stage, a total of 4 × 1014 templates are examined.
Assuming 10−2 s per likelihood evaluation and neglect-

ing overhead [20], on a computer cluster with 104 CPUs,
this yields a runtime of OðdaysÞ for our follow-up, which
closely matches the actual runtime on the ATLAS comput-
ing cluster. For a deterministic search and with the same
cost per likelihood evaluation, this would yield> OðyearsÞ
for the original search with candidate rejection. However,
we emphasize that searches with grid-based template
banks, such as the original search, use optimized algo-
rithms to compute the F -statistic that cache certain
intermediate results and (significantly) decrease their com-
putational cost. The exact speedup has complex depend-
encies on the exact setup and available hardware. With
these optimizations and accounting for stage setup and
accounting for postprocessing, Stages 2–7 of the original
follow-up in practice required OðweekÞ in combined
human and computing time per stage.

V. CONCLUSION AND DISCUSSION

We presented a novel Bayesian framework for large-
scale follow-ups of candidates of continuous wave
searches. The framework implements a novel stage tran-
sition scheme that uses the posterior distribution of one
stage as the prior distribution of a new search stage with a
higher coherence time.
We present results of a real-world application of this

framework to results of the O3 data Einstein@Home
all-sky search for continuous waves emitted by isolated
neutron stars [13].
We are able to apply the framework to the candidates

produced by the Stage 1 follow-up of that search, covering
search regions with per-candidate volumes ofN⋆ ≲ 108. This
is consistent with recent results [20] and exceeds the volumes
that were previously thought to be the limit of Monte Carlo
based frameworks by several orders of magnitude.
We show a significant reduction in the computational cost

of subsequent stages and achieve the coherent follow-up of
all ≈350 000 candidates. To our knowledge, no follow-up
without vetoing between stages on this scale has been re-
ported. Our final search results agree with the original search.
We emphasize the significant reduction of the manual

and computational overhead achieved by this approach
compared to traditional deterministic follow-up frame-
works. Once a viable sampler configuration for an initial
target search region volume is found, the full follow-up
hierarchy is performed on every candidate to the end.
Reference to a target signal population is necessary only for
the initial configuration and the final thresholding.

FIG. 11. Distribution of the number of likelihood evaluations
performed per simulated signal or candidate at each stage, and
cumulative for each simulated signal or candidate across all stages.
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The framework provides a significant simplification of
the original follow-up procedure. Still, the necessity of one
traditional, grid-based follow-up stage remains for the first
stage, due to the large uncertainties in signal parameters in
the candidates from that stage. Pushing toward even larger
initial volumes is necessary to replace existing follow-up
frameworks entirely.
In order to compare with the deterministic follow-ups

[13], we use the coherence time hierarchy of that search.
However, we show that our framework performs better with
a two-stage setup compared to the full coherence time
hierarchy when applied to the test signals: The computa-
tional cost is reduced and the systematic biases of the
parameter estimation are eliminated. This is relevant look-
ing ahead at a follow-up that produces interesting candi-
dates: one of the next steps would then be to search for an
electromagnetic counterpart signal informed by our param-
eter estimates.
Our follow-up only considers O3a data, approximately

half of the available time baseline of the third LIGO
observation period [47], and about one fifth of the planned
time baseline of the fourth LIGO-Virgo-KAGRA observa-
tion period [58]. We consider it likely that a two-stage setup
is not viable for such a long time baseline. If intermediate
stages remain necessary, the PYFSTAT framework and its
“offsprings” offer optimization schemes for the construc-
tion of the coherence time hierarchy of stochastic searches
[21,59,60]. The optimization is based on the expected prior
volumes of the population of candidates at each stage. In
our framework, the search regions defined by Eq. (47)
would enable a per-candidate optimization based on the
actually observed volumes—once we implement these
schemes.
All-sky searches for continuous waves from neutron

stars in binary systems are plagued by the computational
cost steeply rising with increasing search coherence length.
The development of frameworks like this opens prospects
for carrying out extensive follow-ups in these challenging
higher dimensionality parameter spaces [1,20].
This project made use of LALSuite [34], SWIGLAL [35],

and the SCIKIT-LEARN Python package [61]. The work
utilized the ATLAS computing cluster at the MPI for
Gravitational Physics Hannover.
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APPENDIX A: NESTED SAMPLING

Nested sampling is a Monte Carlo algorithm designed to
estimate evidences [42]. The method is based on a refor-
mulation of the evidence integral. The prior probability over
parameter space points fϑg such that the likelihood
pðfdlgjϑÞ exceeds a certain value L

XðLÞ ≔
Z
fϑ∈RcjpðfdlgjϑÞ>Lg

pðϑÞdϑ; ðA1Þ

allows us to express Eq. (37) as

ZðRcÞ ¼
Z

∞

0

XðLÞdL ¼
Z

1

0

LðXÞdX: ðA2Þ

Nested sampling stochastically estimates the Xi and
associated LðXiÞ through an iterative process. A set of
nlive parameter-tuples, called live points, is sampled from
the prior distribution pðϑÞ. At iteration i the live point with
the smallest likelihood defines the threshold Lt

i. New
samples are proposed until one exceeds Lt

i. The point is
accepted as a live point and the lowest likelihood point is
removed. This generates a new set of nlive live points for
iteration iþ 1. A new threshold Lt

iþ1 > Lt
i is defined, and

the process repeats itself. The prior probability XðLt
iÞ is

expected to decrease exponentially [see Eq. (A5)]. The
Xi is the prior probability of all parameter space points with
likelihood exceeding Lt

i. The parameter space volumes
defined by these points are nested, in the sense that all
points in the volume at iteration iþ 1 are also in the volume
of iteration i.
The “shrinkage” of Xi relative to Xi−1 is independent of i

and follows a beta distribution,

Y ≔
Xi

Xi−1
∼ Betað1; nliveÞ; X0 ¼ 1: ðA3Þ

The expected value of logY is [42]

E½logY� ¼ −1=nlive ðA4Þ

and hence

E½logXk� ¼ E

�
log

Xk

X0

�
≈ −k=nlive: ðA5Þ

This last equation allows one to estimate the Xi values in

Zk ≈
Xk
i

1

2
ðXi−1 − Xiþ1ÞLt

i: ðA6Þ

The expected number of iterations necessary such that the
remaining probabilityXk reaches some reference X� scales as

OðniterÞ ≈ nlive logX�; ðA7Þ
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i.e., linear in the number of live points but logarithmically
in X�.
At each iteration, we want to find a new sample with

likelihood > Lt
i. The efficiency of this process depends on

the number of trials necessary until a sample is accepted.
The simplest way to implement this is to sample the initial
prior directly. However, the smaller the prior probability of
the parameter space that meets this condition (Xi), the
greater the number of trials necessary for a randomly
sampled point to have likelihood > Lt

i. Since Xi shrinks
exponentially with each iteration, drawing samples from
the initial prior volume becomes exponentially less effi-
cient. In short, the method still allocates most likelihood
evaluations to uninteresting parameter space regions.
Implementations of nested sampling offer different

algorithms to solve this problem. An in-depth discussion
of these algorithms is beyond the scope of this paper. We
refer the interested reader to [43,52].
We use a random walk, following the well-established

Metropolis-Hastings algorithm [62]. Starting at a randomly
chosen live point, a series of random steps (each with a
randomly chosen direction) is taken. Steps are accepted
only if the stepped-upon point exceeds Lt

i. After some
number of steps nsteps the current position can be taken as a
new, independently sampled live point. The computational
cost per iteration is constant, and, following Eq. (A7), the
overall cost to reach some reference logX� remains linear.
Whatever method is chosen for finding the new live

point, they all involve sampling the prior. The most efficient
way to do this is the inverse transform method. The method
takes a function g for which

pðgðUÞ ¼ ϑÞ ¼ pðϑÞ; ðA8Þ

where U is a uniform random variable. Then, ϑ ¼ gðuÞ is a
sample from the prior. The function g is the inverse
cumulative distribution function of the prior—if it exists
in closed form.
After k iterations, the remaining evidence is [Eqs. (A2)

and (A6)]

ΔZk ≔ ZðRcÞ − Zk ¼
Z

Xk

0

LðXÞdX: ðA9Þ

An upper bound on ΔZk can be set assuming that all points
within the remaining volume have the same likelihood,

ΔZk ≤ max
ϑ

pðfdlgjϑÞXk: ðA10Þ

We can estimate maxϑ pðfdlgjϑÞ with the highest like-
lihood of the current live points, Lmax;k, and use Eq. (A10)
as a stopping criterion for the evidence integration,

ΔZk

Zk
≲ Lmax;kXk

Zk
< δt; ðA11Þ

where δt is some chosen threshold. For low k, the estimate
Lmax;k has a large uncertainty. However, for low k, Eq. (A11)
is dominated by the still large Xk and small Zk. Once Lmax;k

and Zk start to converge, Eq. (A11) is dominated by Xk,
which continues to decrease exponentially.
Once converged, nested sampling yields the integrated

evidence, Z ≈ Zniter , and a set fϑig with i ¼ 1;…; niter,
where fϑig are the live points that were replaced by a new
sample at each iteration i. The local density of the points ϑi,
weighted by their relative contribution to the evidence
integral

wi ¼
1

Z

�
1

2
ðXi−1 − Xiþ1ÞLi

�
; ðA12Þ

approximates the (local) posterior probability,

X
i

wi1ΔϑðϑiÞ ≈
Z
Δϑ

pðfϑlgjdÞdϑ; ðA13Þ

with 1YðyÞ ¼ 1 if y∈Y, and 0 otherwise. In Sec. III E, we
discuss how we construct a functional approximation of the
posterior density function from the weighted ϑi.

APPENDIX B: PRIORS AT THE INITIAL STAGE

The initial search stage of the stochastic framework uses
uninformative priors based on Jeffreys’s invariance prin-
ciple. The principle demands Bayesian inference to be
invariant under reparametrization of the likelihood, which
can be achieved by setting [30]

pðϑÞ ∝
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detΓijðϑÞ

q
: ðB1Þ

ΓijðϑÞ is the Fisher information matrix. If ϑ is a para-
metrization for which ΓijðϑÞ is constant, pðϑÞ is a uniform
distribution.
We want to find such priors for the IT1-signal model we

consider, typically parametrized by frequency f, spindown
ḟ, and the sky position in equatorial coordinates α and δ or
ecliptic coordinates λ and β.
The Fisher information matrix is proportional to the

F -statistic metric [27], which is constant in the frequency
and spin down components, but generally not in the sky.
The f and ḟ metric components are constant: they do not
depend on the parameter space point. The metric α and δ
components on the other hand do depend on the parameter-
space point, in particular they always depend on f. They
also depend on sky position, but for observation times
much longer than days, the metric is approximately con-
stant in the sky when projected to the ecliptic plane [28].
We neglect the correlations between ḟ and sky.
Since the candidates’ uncertainty in frequency is very

small for each candidate we can consider the frequency as
fixed. We will hence take uniform priors for f, ḟ and ðx; yÞ,
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which are the orthogonally projected sky points on the
ecliptic plane:
We start with a uniform distribution on the unit circle

(r ≤ 1) describing the ecliptic plane, parametrized in polar
coordinates

ðx; yÞ ¼ ðr cosðφÞ; r sinðφÞÞ; 0 ≤ ϕ < 2π: ðB2Þ

In this parametrization, a uniform distribution is given by

pðφÞ ¼ 1

2π
; pðrÞ ¼ 2r: ðB3Þ

The validity is easily checked by integrating over circles
with different radii.
The projection of a point ðr cosðφÞ; r sinðφÞÞ on the

ecliptic plane to the surface of the unit sphere (in spherical
coordinates) is achieved by

λ ¼ φ jβj ¼ arcsin

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þ

q 

; ðB4Þ

where there are two solutions for β, one for each hemi-
sphere. The coordinates ðλ; βÞ are the ecliptic longitude and
latitude, respectively.
Evidently, PðλÞ ¼ PðφÞ. The distribution for β is given

by the Jacobian of the transformation [30]. Considering
only positive values of β,

pðβþÞ ¼ pðrðβþÞÞ·
���� ∂rðβþÞ

∂βþ

����
¼ pðrðβþÞÞ ·

���� ∂

∂βþ

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sin2ðβþÞ

q 
����
¼ 2rðβþÞ

sinðβþÞ cosðβþÞ
rðβþÞ

¼ 2 sinðβþÞ cosðβþÞ: ðB5Þ

Negative β values yield the same distribution. The sym-
metry implies

pðβÞ ¼ pðsignðβÞÞpðsignðβÞβÞ ðB6Þ

¼ 1

2
· 2 sinðjβjÞ cosðjβjÞ; ðB7Þ

and the joint probability reads

pðλ; βÞ ¼ pðλÞ · pðβÞ ¼ 1

2π
sinðjβjÞ cosðjβjÞ: ðB8Þ

If the distribution is constrained to some subregionRsky,
the corresponding probability density is

pðλ; βjRskyÞ ¼
� 2π

AeclðRskyÞpðλ; βÞ if ðλ; βÞ∈Rsky;

0 else;
ðB9Þ

where AeclðRskyÞ is the projected area spanned by Rsky on
the ecliptic plane, summed over both hemispheres. This is
simply a consequence of

pðxeclðλ; βÞ; yeclðλ; βÞjRskyÞ ¼
1

AeclðRskyÞ
ðB10Þ

being a uniform distribution by construction.
The CDF for β is

uðβÞ ≔ CDFðβÞ ¼
Z

β

−π=2
sinðjβ0jÞ cosðjβ0jÞdβ0 ðB11Þ

¼
Z

β

−π=2
signðβ0Þ 1

2
sinð2β0Þdβ0

¼ −
1

2

Z
0

−π=2
sinð2β0Þdβ0

þ 1

2
signðβÞ

Z
β

0

sinð2β0Þdβ0

¼ 1

2
þ 1

2
signðβÞ½− cos2ðβ0Þ�β0

¼ 1

2
þ 1

2
signðβÞ sin2ðβÞ; ðB12Þ

which can be inverted in closed form,

βðuÞ ¼ arcsinð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2u − 1j

p
Þsignð2u − 1Þ: ðB13Þ

This enables sampling β from a uniform distribution.
If β is constrained to a subrange, β∈ ½βmin; βmax�, similar

forms can be obtained by renormalizing the uðβÞ. However,
we note that the constraint applied in Eq. (B9) yields a joint
distribution where λ and β are not necessarily independent.
In such cases, e.g., when Rsky describes a circle on the
ecliptic plane, Eq. (B13) can still be used by discarding any
samples beyond Rsky.

APPENDIX C: THE INVERSE TRANSFORM
METHOD FOR GAUSSIAN MIXTURE MODELS

In our scheme, we approximate the posterior distribution
of the phase-evolution parameters ϑ with a Gaussian
mixture model,

pðϑjfdlgÞ ≈
X
k

mkGðϑjμk;ΣkÞ with
X
k

mk ¼ 1;

ðC1Þ

where Gðμk;ΣkÞ are multivariate Gaussian distributions
with means μk and covariance matrices Σk, weighted by
weights mk. Here, we describe how such a prior can be
sampled using the inverse transform method [Eq. (A8)].
For a single-mode, multivariate Gaussian, the trans-

formation g from uniform random variables u ∼ U to
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our-phase evolution ϑ variables is

ϑj ¼ gjðuÞ ¼ ½L−1�jlF−1
N ðulÞ þ μj; ðC2Þ

where F−1
N is the inverse cumulative distribution function of

a standard Gaussian random variable

F−1
N ðulÞ ¼

ffiffiffi
2

p
ðerf−1ð2ul − 1ÞÞ; ðC3Þ

and l ¼ 1;…; dimðN Þ, erf−1 is the inverse error function,
and L is the Cholesky decomposition of the inverse
covariance matrix (Σ−1 ¼ LTL). The Cholesky decompo-
sition exists for positive definite matrices. While only
semidefinite generally, the covariance matrices found by
the Gaussian mixture model are nondegenerate. The for-
mula uses the Einstein summation notation.
For multimodal distributions, we introduce a hyper-

parameter k ¼ 1;…; Nmodes identifying each mode, with
prior probability PðkÞ ¼ mk, which is eventually margin-
alized over.

APPENDIX D: SAMPLER CONFIGURATION

In Table III, we list the configuration of the DYNESTY

sampler used throughout all presented results.
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