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The Mpemba effect originally referred to the observation that, under certain thermalizing dynamics,
initially hotter samples can cool faster than colder ones. This effect has since been generalized to other
anomalous relaxation behaviors even beyond classical domains, such as symmetry restoration in quantum
systems. This work demonstrates that resource theories, widely employed in information theory, provide a
unified organizing principle to frame Mpemba physics. We show how the conventional thermal Mpemba
effect arises naturally from the resource theory of athermality, while its symmetry-restoring counterpart is
fully captured by the resource theories of asymmetry. Leveraging the framework of modes of asymmetry,
we demonstrate that the Mpemba effect due to symmetry restoration is governed by the initial overlap with
the slowest symmetry-restoring mode, mirroring the role of the slowest Liouvillian eigenmode in thermal
Mpemba dynamics. Through this resource-theoretical formalism, we uncover the connection between these
seemingly disparate effects and show that the dynamics of thermalization naturally splits into a symmetry-
respecting and a symmetry-breaking term.
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I. INTRODUCTION

The Mpemba effect originally described the anomalous
situation of a hot system cooling down faster than a warm
one. First investigated by Mpemba and Osborne in water
in 1969 [1], it has since then been observed in various
physical systems ranging from clathrate hydrates [2] to
crystallization processes in polymers [3] and magnetic
transitions in alloys [4]. Following its precise mathematical
characterization in classical systems coupled to Markovian
environments [5], the effect was further investigated

theoretically [6–9] and experimentally [10–12] for colloidal
systems. Two further important directions in the study of
the classical Mpemba effect concern driven granular gases
[9,13,14] and phase transitions [15,16]. The latter, despite
pertaining to the phenomenon as originally observed in
water, remains the most challenging and least understood
case [17,18].
In recent years, the theoretical framework was extended

to quantum systems [19–31]. In this context, a related
phenomenon has been observed in the dynamical restora-
tion of symmetries: States that initially display stronger
symmetry breaking can locally [32] restore it faster than
states with initially weaker symmetry breaking [33,34]. We
refer to this phenomenon as the symmetry Mpemba effect,
to differentiate it from the conventional thermal Mpemba
effect pertaining to thermalization dynamics.
In this article, we establish a framework to understand

both the thermal and symmetry Mpemba effects on the
same footing using resource theories (RTs) [35,36], which
are widely used in quantum information theory. A Mpemba
effect arises when two resourceful states evolve under the
same dynamics, and the more resourceful one dissipates the
resource faster than the less resourceful one, causing their
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resource monotones to cross. This description allows us to
capture the essence of both effects within a single con-
ceptual framework (see Fig. 1). Building upon this, we
employ the framework of modes of asymmetry [37] to
explain the occurrence of the symmetry Mpemba effect.
Analogous to how the thermal Mpemba effect is under-
stood in terms of overlaps with slow relaxation modes [5],
we demonstrate that the symmetry Mpemba effect also
arises when strongly symmetry-broken initial states have
small (or vanishing) overlap with the slowest symmetry-
restoring mode. Within this framework, we study various
examples revealing that the thermal Mpemba effect can
also occur in subsystems of unitarily evolving systems,
while the symmetry Mpemba effect can manifest in
quantum systems under Lindblad evolution and in purely
classical Markovian dynamics, as well as circuits with
Abelian (continuous) and non-Abelian symmetries. In this
context, we emphasize that the specific type of Mpemba
effect observed is dictated by the chosen measure for
quantifying the relaxation process rather than being an
intrinsic property of the physical system itself. Finally, in
the presence of arbitrary symmetries, we highlight the
connection between the nonequilibrium free energy, com-
monly used for the thermal Mpemba effect, and the relative
entropy of asymmetry (also known as entanglement asym-
metry), a measure for the asymmetry of a state.
To guide the reader through the paper, Mpemba

effects originated from different RT are indicated via
different symbols: for athermality, for asymmetry,

for symmetry-respecting athermality, and for
nonstationarity.
This article is organized as follows: First, in Sec. I A,

we concisely present some basic concepts regarding RTs.
Subsequently, in Sec. II, we explore the occurrence of the

thermal Mpemba effect in various classical and quantum
setups from the perspective of RTs. Then, we introduce the
modes of asymmetry in Sec. III and employ them to
identify fast-equilibrating states in the context of the
symmetry Mpemba effect. In Sec. IV, we provide a unified
description of the thermal and the symmetry Mpemba
effect, and, finally, in Sec. V, we summarize our findings
and point toward future applications.

A. Resource theories

Resource theories (RTs) (see Ref. [36] for a review)
provide the natural language for understanding and unify-
ing diverse Mpemba effects: They formalize which state
transformations are possible when only certain free oper-
ations are allowed and, thereby, translate relaxation proc-
esses into the decay of a resource monotone [38]. In a
nutshell, a resource theory is defined by two foundational
ingredients: a set of free states and a class of free
operations. Free operations are completely positive and
trace-preserving (CPTP) maps that are considered acces-
sible at no cost, either because they are physically imple-
mentable with minimal resources or because they reflect
fundamental constraints of the theory. Similarly, the set of
free states, denoted F ⊂ S ðH sÞ [where S ðH sÞ indi-
cates the set of density operators on the Hilbert spaceH s],
consists of states that can be prepared at no cost. A minimal
requirement that any resource theory must satisfy is that the
set of free states is closed under free operations (as defined
later in this section); that is, for any free state π̂ ∈F and
any free operation E, we have E½π̂�∈F . This closure
condition ensures that no resource can be generated from
within the free set. All states outside the free set, i.e.,
S ðH sÞnF [39], are called resourceful or nonfree. These
are states that cannot be obtained from any free state using
only free operations. Their preparation requires access to
nonfree operations, and they are typically the carriers of
some operational advantagewithin the theory. The presence
and quantification of such states lie at the core of resource-
theoretic approaches.
To familiarize with these concepts, we recall two

prominent examples of quantum resource theories: the
firstly defined one, bipartite entanglement, and classical
ones, athermality in classical systems. In the theory of
bipartite entanglement, the free states are separable states,
and the free operations are local operations and classical
communication (LOCC) [40]. Entangled states lie outside
the free set and enable tasks such as quantum teleportation
or the violation of Bell inequalities, which are impossible
under LOCC alone. A fully classical example is provided
by the RT of athermality for classical systems. Here, one
considers a system in contact with a thermal environment
at inverse temperature β. The free operations, also called
thermal operations (TOs), are stochastic maps with fixed
point given by the Gibbs distribution ðπβÞi ∝ e−βEi , which
is also the only free state [41]. Any state that departs from

FIG. 1. In a resource-theoretic framework, the Mpemba effect
occurs when a state that initially possesses more of a given
resource depletes that resource faster than a less resourceful state,
under the evolution by the same free operation, so that their
resource monotones cross. This single picture unifies a variety of
anomalous equilibration phenomena (for example, restoring
thermal equilibrium or symmetry in classical and quantum
systems). Mpemba physics then becomes the study of why
different initial states dissipate resources at different rates and
how we can harness those differences to engineer exotic effects
such as ultrafast cooling. In this article, we apply this analysis to
the specific resource theories shown in the schematic.
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πβ, therefore, possesses athermality, representing a source
of nonequilibrium free energy that can be harnessed to
perform useful work or drive transformations that are
otherwise forbidden under thermal operations. We analyze
this theory more in depth in Sec. II A, seeing how it
naturally extends to quantum systems, too.
A resource monotone is a functionM∶S ðH sÞ→ ½0;∞Þ

satisfying two key properties
(1) vanishing for free states: ρ̂∈F ⇒ Mðρ̂Þ ¼ 0 and
(2) monotonicity under free operations: For every state ρ̂

and every E ∈O,

MðE½ρ̂�Þ ≤ Mðρ̂Þ; ð1Þ

where O is the set of free operations.
A Mpemba effect manifests when two initial states ρ̂1

and ρ̂2 satisfying Mðρ̂1Þ > Mðρ̂2Þ evolve under the same
free operation Et so that

MðEt½ρ̂1�Þ < MðEt½ρ̂2�Þ for some t > 0; ð2Þ

indicating that the more resourceful state has dissipated the
resource faster.
To quantify resourcefulness, we adopt the family of Petz-

Rényi α divergences [42]

Mαðρ̂Þ ¼ min
π̂∈F

Sαðρ̂kπ̂Þ; α∈ ð0; 1Þ ∪ ð1; 2�; ð3Þ

where

Sαðρ̂kπ̂Þ ¼
1

α − 1
ln Tr½ρ̂απ̂1−α� ð4Þ

obeys the data-processing inequality under any CPTP
map [36,42] and recovers the quantum relative entropy
of resource for α → 1, i.e.,

Mðρ̂Þ ¼ min
π̂ ∈F

Sðρ̂kπ̂Þ; ð5Þ

where Sðρ̂kπ̂Þ ¼ Tr½ρ̂ðln ρ̂ − ln π̂Þ� is the quantum relative
entropy, i.e., the quantum generalization of the Kullback-
Leibler (KL) divergence. Physically, Mα measures the
divergence of ρ̂ with respect to the closest free state in
the Rényi sense. We note that Eqs. (3) and (5) follow the
standard entropic and divergence route to construct monot-
ones in general resource theories (vanish on the free states
and nonincreasing under the free operations; see Ref. [43]).

II. THE THERMAL MPEMBA EFFECT

The first rigorous mathematical description of the
thermal Mpemba effect was given in 2017 by Lu
and Raz, who studied discrete-state continuous-time
Markovian processes. In Ref. [5], the dynamics is gen-
erated by a classical Liouvillian L̂cl, whose eigenvalues λk

are nonpositive, and it is convenient to order them in
decreasing order of their real part as 0 ¼ λ1 > Reðλ2Þ ≥
Reðλ3Þ ≥ � � �. The classical Liouville equation (see
Sec. II B) dictates that the contribution to the dynamics
from all eigenmodes rk of L̂

cl decay exponentially in time
with a rate given by the real part of the corresponding
eigenvalue, except for r1 corresponding to λ1 ¼ 0 that
describes the thermal steady state. Thus, at long times, the
equilibration speed of typical states will be proportional to
exp½Reðλ2Þt�. Instead, special initial states having zero
overlap with the so-called slowest-decaying mode r2 will
equilibrate exponentially faster, with speed ∝ exp½Reðλ3Þt�,
provided that Reðλ3Þ ≠ Reðλ2Þ. Moreover, if a faster
equilibrating state happens to be initially further away
from the steady state than a typical state, then the distance
of the two states measured with some function M will
cross in time and this is called a strong Mpemba effect. If
the fast equilibrating states have small but nonvanishing
overlap with the slowest-decaying mode, the speedup will
not be exponential, and the crossing indicates a weaker
Mpemba effect. To set the stage for the following
examples, we first review athermality, the RT relevant
to the thermal Mpemba effect.

A. Athermality as a resource

Athermality, as anticipated for classical system in Sec. I A,
a state’s deviation from thermal equilibrium π̂β, carries
useful nonequilibrium free energy ΔFðρ̂Þ¼Fðρ̂Þ−Fðπ̂βÞ¼
β−1Sðρ̂kπ̂βÞ, where Fðρ̂Þ ¼ TrðĤsρ̂Þ − β−1Sðρ̂Þ [44]. In the
resource theory of athermality, it quantifies the resource that
can be converted into work using thermal operations [45,46]
(defined more precisely below). These consist of operations
that can be realized by coupling the system to an ancilla
prepared in the Gibbs state at inverse temperature β, applying
an energy-preserving unitary and tracing out the ancilla
afterward, allowing heat exchange while preserving overall
energy conservation. Framing the thermal Mpemba effect in
this RT underscores what drives the equilibration process
for the thermal Mpemba effect, even though, as with any
nonequilibrium process, this free energy ultimately dissi-
pates irreversibly into the bath rather than being fully
harvested as work [47,48].
In this framework, the only free state is the thermal state

at the inverse temperature β set by the environment
(throughout this article, we consider kB ¼ ℏ ¼ 1); any
other state is considered resourceful. A quantum channel
E∶BðH sÞ → BðH sÞ [where BðH sÞ denotes the set of
bounded operators onH s] is a free operation, denoted TO,
if there exists [49]

(i) A thermal bath in a Gibbs state π̂β ¼ e−βĤe=Ze with
arbitrary Hamiltonian Ĥe and fixed inverse temper-
ature β and

(ii) A global energy-conserving unitary Û∈BðH s ⊗
H eÞ such that ½Û; Ĥs ⊗ Ĥe� ¼ 0,
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where the action of E on a system state ρ̂ is given by

E½ρ̂� ¼ Tre½Ûðρ̂ ⊗ π̂βÞÛ†�: ð6Þ

Trivially, Eq. (3) becomes

Mα½ρ̂ðtÞ� ¼ Sα½ρ̂sðtÞkπ̂β�; ð7Þ

which for α → 1 recovers the relative entropy of athe-
rmality

M½ρ̂ðtÞ� ¼ S½ρ̂sðtÞkπ̂β�: ð8Þ

For states that are diagonal in the energy eigenbasis (i.e.,
classical states), this reduces to the KL divergence [50]. An
important property is that a state ρ̂ can be transformed into
another state σ̂ via TOs only if ρ̂ thermomajorizes σ̂ [51].
Notably, it was shown that, for classical Markovian thermal
operations, thermomajorization can be used to determine
whether the Mpemba effect occurs for all monotone
functions [52]. In the next section, we explore examples
of classical and quantum thermal Mpemba effects from the
perspective of the resource theory of athermality. More
generally, one can consider open system dynamics gen-
erated by a LindbladianLwhose unique steady state π̂ need
not be Gibbsian, as often studied in the context of the
Mpemba effect [20,22,24,53]. In that setting, the relevant
resource theory is nonstationarity, in which a state’s
divergence with respect to π̂, i.e., S½ρ̂ðtÞkπ̂�, quantifies
its resourcefulness. We discuss the framework of non-
stationarity, which is directly applicable to a class of
Mpemba effects in driven granular gases [9,13,14], in
Appendix A. To illustrate the role of athermality in the
thermal Mpemba effect, we now turn to two paradigmatic
examples: a classical system akin to that in Ref. [5] and a
quantum counterpart inspired by Ref. [26]. In Appendix B,
we instead demonstrate how this phenomenon can arise in
isolated settings. In Ref. [54], an alternative resource-
theoretic interpretation of the thermal Mpemba effect is
developed, using thermomajorization to analyze the roles
of correlations, coherence, non-Markovianity, and dimen-
sionality in both classical and quantum relaxation dynam-
ics, with water serving as a central example.

B. Example 1: Thermalization of a spin chain

The quantum resource-theoretic framework for athermal-
ity introduced above can also be applied to classical
dynamics, such as, for instance, discrete-state, continuous-
time Markov processes [5,9,55]. In this context, the mono-
tone for athermality Eq. (7), i.e., the KL divergence, has
already been studied. The KL divergence serves as a
generalized free energy: It is nonincreasing under any
stochastic map preserving the steady state πβ, and its decay
is due to the depletion of classical athermality.

Consider a classical system whose state is specified by a
probability distribution

pðtÞ ¼

0BBBBB@
p1ðtÞ
p2ðtÞ
..
.

pLðtÞ

1CCCCCA; ð9Þ

where the subscript i ¼ 1; 2;…; L labels discrete micro-
states. For the classical Markovian Liouvillian dynamics

dpðtÞ
dt

¼ L̂clpðtÞ; ð10Þ

the fixed point is the thermal distribution pðt → ∞Þ ¼ πβ

at the inverse temperature β if the classical Liouvillian
matrix L̂cl is

L̂cl
ii0 ¼

8<:
Wii0 ; i ≠ i0;

−
P
i≠i0

Wii0 ; i ¼ i0: ð11Þ

Here, Wii0 satisfies the classical detailed balance condition
Wii0=Wi0i ¼ e−βðEi−Ei0 Þ, where Ei denotes the energy of the
ith microstate. Note that the diagonal terms ensure prob-
ability conservation in the system. It can be shown that L̂cl

is Hermitian with respect to the πβ-weighted inner product,
and it is useful to sort its eigenvalues λk and its corre-
sponding eigenmodes rk as 0 ¼ λ1 > λ2 > � � �. Following
Ref. [5], we study a classical spin-1=2 chain, where an
upward- and a downward-pointing spin on site n is
described by sn ¼ þ1 and sn ¼ −1, respectively. We study
Ns spins interacting locally with their nearest neighbors
with coupling J and with a homogeneous external magnetic
field with interaction strength h, for which the energy of a
microstate reads

Ei ¼ −J
XNs

n¼1

snsnþ1 − h
XNs

n¼1

sn; ð12Þ

where the microstate index i∈f0;1;…;2Ns −1g uniquely
labels the configuration ðs1;s2;…;sNs

Þ via binary encoding.
We consider fixed boundary conditions sNsþ1 ¼ s1 ¼ þ1

and study the Liouvillian dynamics in Eq. (10) by plugging
Eq. (12) into Eq. (11) under the constraint of allowing
only transitions between microstates i and i0 that differ
by a single spin flip. Different from Ref. [5], for a
given initial probability distribution pðt0Þ, we construct
the fastest-thermalizing, unitarily connected state. This is
the permutation of the initial p that minimizes the overlap
with the slowest-decaying modes of L̂cl. Since the number
of permutations grows factorially with the number of
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microstates, we resort to a Metropolis algorithm outlined in
Ref. [26] to minimize the cost function

C ¼
XKþ1

k¼2

jhp; rkiπβ
j; ð13Þ

describing the overlap of the initial state with K < L − 1
slowest-decaying modes, with

hp; rkiπβ
¼

X
i

piðrkÞi
ðπβÞi

ð14Þ

being the so-called Markovian inner product [56].
In short, at every iteration, we perform stochastic

permutations of four randomly selected spins and
always accept the new configuration if the cost function
C0 is decreased. To avoid local minima, if C0 > C, we
still accept the new configuration with a probability
pacc ¼ exp½−TeffðC0 − CÞ�, where the effective inverse
temperature Teff is decreased linearly with the number
of successful iterations. Note that such optimized (non-
equilibrium) initializations are significantly more challeng-
ing to prepare experimentally, since, unlike thermal states,
they require control over individual spins [57].
For the thermal operation generated by L̂cl, the monotone

defined in Eq. (8) simplifies to the KL divergence

M½pðtÞ� ¼ D½pðtÞkπβ� ¼
X
i

piðtÞ ln
�
piðtÞ
ðπβÞi

�
; ð15Þ

which measures the divergence of pðtÞ with respect to the
thermal state. The state can be decomposed as

pðtÞ ¼
X
k≥1

akrkeλkt; ak ¼ hp; rkiπβ
; ð16Þ

and, asymptotically, the behavior of the KL divergence
will be

D½pðtÞkπβ� ∼
1

2
ja2j2e2Reðλ2Þt; ð17Þ

as shown in Appendix C. In other words, the KL diver-
gence decays exponentially with a rate being twice the
spectral gap −Reðλ2Þ. When the initially more resourceful
state has zero overlap with the slowest-decaying mode, we
are guaranteed to find a Mpemba crossing. Instead, Eq. (17)
allows us to assess whether a crossing will happen also in
the context of a weak Mpemba effect (i.e., diminished but
not vanishing overlap with the slowest-decaying mode for
the initially more resourceful state).
In Fig. 2, we show the dynamics of the KL divergence

during a cooling process for a thermal state at inverse
temperature β0 (full line) and an optimized state (dashed
line) whose overlap with the two slowest-decaying modes
of the Liouvillian was minimized. The optimized state is
initially further away from the equilibrium state but

thermalizes exponentially faster, displaying an Mpemba
crossing .
Similarly to Eq. (7), the KL divergence can be gener-

alized to a one-parameter family of functions that are also
nonincreasing under Markovian dynamics, known as the
Rényi relative entropies [58]:

Mα½pðtÞ� ¼ Dα½pðtÞkπβ�

¼ 1

α − 1
ln

�X
i

pα
i ðπβÞ1−αi

�
; ð18Þ

which correspond to the classical version of Eq. (7). The
upper-right inset in Fig. 2 shows that the Mpemba crossing
time τα between the thermal and optimized states increases
monotonically with α. This illustrates that τα lacks intrinsic
physical significance, as it depends on the choice of
divergence measure. In particular, the variation of τα with
α implies that different α divergences can yield qualitatively
different conclusions: For certain values of α, no crossing
may be detected, as we demonstrate in Appendix D. We
stress that this argument relies on allowing for general
nonequilibrium initial states.

C. Example 2: The Davies map

The generalization of Eq. (10) to quantum systems is
given by the Lindblad equation

dρ̂sðtÞ
dt

¼ L½ρ̂sðtÞ�: ð19Þ

FIG. 2. The thermal Mpemba effect in an open classical system
. For a classical spin chain described by Eq. (11), we study the

KL divergence between the nonequilibrium distribution and the
thermal state at β0 during the thermalization dynamics. Upper-
right inset: the crossing times between a thermal and an optimized
state for the α divergence Eq. (18) as a function of α. Lower-left
inset: the ten eigenvalues of the classical Liouvillian L̂cl closest to
zero. The second and the fourth eigenvalue determine the
asymptotic decay rate of the KL divergence for the thermal
and the optimized state, respectively. We chose the parameters
J ¼ −0.4, h ¼ 0.2, Ns ¼ 7, the initial inverse temperature
β0 ¼ 0.5, and the bath inverse temperature β ¼ 1 and reduce
the cost function Eq. (13) to C ≈ 2 × 10−5 for the optimized state.
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Here, the superoperator L ¼ H s þD evolving the state ρ̂s
consists of a unitary partH s½ρ̂sðtÞ� ¼ −i½Ĥs; ρ̂sðtÞ�, where
Ĥs denotes the system Hamiltonian, and a dissipative part

D½ρ̂sðtÞ� ¼
X
l

L̂lρ̂sðtÞL̂†
l −

1

2

n
L̂†
l L̂l; ρ̂sðtÞ

o
; ð20Þ

with the jump operators L̂l describing the effect of an
environment on the system. Here, we focus on a
Lindbladian describing the weak interaction of a system
with a Markovian heat bath, known as the Davies map [59],
which is an important example of an elementary Markovian
quantum thermal operation [60]. The Davies generator is
characterized by two mathematical properties: It satisfies
the quantum detailed balance condition [61], and the
superoperators corresponding to the unitary and the dis-
sipative parts of its generator commute. These properties
imply that the thermal (Gibbs) state π̂β ¼ e−βĤs=Tr½e−βĤs �
is a fixed point of the corresponding Davies map; moreover,
under standard irreducibility/ergodicity assumptions (i.e.,
when the semigroup is primitive), this fixed point is unique
(see [62]). Moreover, in the energy eigenbasis, the Davies
generator can be written in a block-diagonal form, where one
block describes the thermalization of the populations and the
other the thermalization of the coherences, which evolve
independently from one another (as we analyze thoroughly
in Sec. III C). In Ref. [26], the block structure of the Davies
map was exploited to investigate the thermal Mpemba effect.
In particular, it was shown that, for any initial state with
nonvanishing coherences in the energy eigenbasis, one can
always construct an exact unitary transformation R̂coh that
leads to exponentially faster thermalization, provided that
the Liouvillian gap is defined by an eigenvalue with a
nonvanishing imaginary part, i.e., Imðλ2Þ ≠ 0. At the same
time, a population inversion of the rotated state, imple-
mented by another unitary transformation R̂inv, always
increases the state’s nonequilibrium free energy

Fðρ̂Þ ¼ Tr½ρ̂ Ĥ� − β−1Sðρ̂Þ: ð21Þ
A key aspect of this fundamental thermodynamic quantity is
that its (positive) deviation from the equilibrium free energy
is proportional to the relative entropy of athermality [44]:

ΔFðtÞ ¼ β−1M½ρ̂sðtÞ�
¼ β−1fF½ρ̂sðtÞ� − Fðπ̂βÞg ¼ β−1S½ρ̂sðtÞkπ̂β�; ð22Þ

where the M is the monotone defined in Eq. (8). Crucially,
Eq. (22) decreases monotonically during the Davies dynam-
ics (see Appendix E for details on the Davies map).
By decomposing the state in the eigenmodes of L

similarly to Eq. (16), one finds

ρ̂ðtÞ ¼
X
k≥1

akr̂keλkt; ak ¼ Tr
h
l̂†
kρ̂
i
; ð23Þ

which for long times (as we derive in Appendix C) implies

S½ρ̂ðtÞkπ̂β� ∼
1

2
jajj2e2ReðλjÞtTr

h
r̂†j π̂

−1
β r̂j

i
; ð24Þ

where j ¼ arg maxj∶aj≠0ReðλjÞ labels the slowest-
decaying mode of L with nonzero overlap with the initial
state. Following Ref. [26], as an example, we consider the
Davies map for a single qubit with Ĥs ¼ h=2σ̂z. In Fig. 3,
we study ΔFðtÞ for a random initial state (full line) and its
corresponding unitarily optimized state (dashed line),
which shows the occurrence of a thermal Mpemba
effect . We also consider the monotones defined in
Eq. (7) in the upper-right inset in Fig. 3 displaying the
Mpemba crossing times as a function of α. As in the
classical case discussed in Sec. II B, the variation in
crossing times τα illustrates that the presence or absence
of the Mpemba effect depends on the choice of monotone
[52,63], which we also elaborate on in Appendix D.
Furthermore, the dependence of the Mpemba effect on
the monotone function is highlighted in Appendix F,
where we study the Mpemba effect using different
quantum Fisher information (QFI) variants [64–67].
Note that, in Appendix B, we demonstrate that a quantum
thermal Mpemba effect can also arise in a subsystem
of an initially pure state evolving under an ergodic
Hamiltonian, consistent with the expectations of eigen-
state thermalization hypothesis (ETH).

FIG. 3. The thermal Mpemba effect in an open quantum
system. We consider the thermalization of a single qubit
described by the Davies map [59]. For the state rotated with
the unitary transformation outlined in Ref. [26] (dashed line),
M½ρ̂θðtÞ� [see Eq. (22)] decreases exponentially faster than for a
random initial state (full line), displaying an Mpemba crossing.
Upper-right inset: for the same two states, the Mpemba crossing
time τα of the Rényi relative entropy Mα½ρ̂θðtÞ� [Eq. (3)] varies
with α. Lower-left inset: different from the classical Liouvillian
considered in Fig. 2, the spectrum of the Davies generator also
features complex eigenvalues. We considered the qubit frequency
h ¼ 10, the bath temperature β ¼ 0.1, a random initial state
defined by the Bloch vector r ¼ ð0.221; 0.867; 0.206Þ, and an
optimized state with Bloch vector r0 ¼ ð0; 0; 0.919Þ.
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III. THE SYMMETRY MPEMBA EFFECT

Besides the thermal Mpemba effect, a related phenome-
non has recently drawn attention: the anomalous dynamical
restoration of symmetries, first investigated by Ares,
Murciano, and Calabrese [33]. They considered unitary
dynamics generated by a Hamiltonian with a continuous
symmetry, where the system is initialized in a state that
breaks it. For a subsystem, the symmetry is (partially)
restored during the dynamics, with the remainder of the
system acting as a non-Markovian environment. In this
context, the Mpemba effect is said to occur when
stronger initial symmetry breaking leads to faster symmetry
restoration and the degree of asymmetry is captured by
the entanglement asymmetry [33]. Instances of this effect
have been observed in both integrable [68–71] and
nonintegrable [72–74] systems and have been confirmed
experimentally [75]. In integrable systems, a compelling
physical mechanism underlying the emergence of the
Mpemba effect has been identified in Ref. [68]. The key
idea is that symmetry restoration is mediated by the
spreading of quasiparticles that propagate with different
velocities. Consequently, if the dynamics of the initially
more asymmetric state involves smaller contributions from
the slowest-propagating quasiparticles than those of the
initially less asymmetric state, their asymmetry monotones
will cross in time. This type of analysis have been applied
to the Mpemba effects for the non-Markovian evolution,
with a finite-size environment. We, therefore, believe
this applies seamlessly to our non-Markovian circuits in
Secs. III G 1 and III G 2.
To explain the occurrence of the Mpemba effect in this

setting, we first review symmetries in (open) quantum
systems in Sec. III A. We then discuss the resource of
asymmetry in Sec. III B and introduce modes of asymme-
try, a useful tool for decomposing the dynamics, in
Sec. III C. We show the appearance of the effect first using
a classical Markov chain in Sec. III D and its quantum
version in Sec. III E, then a Davies map in Sec. III F,
and then in scenarios more closely aligned with existing
literature: quantum circuits, both interacting with
Markovian and with non-Markovian environments with
U(1) symmetry, as well as systems with non-Abelian
[SU(2)] symmetries in Sec. III G.

A. Symmetries in quantum systems

In closed systems, Noether’s theorem [76] states that
each symmetry implies the conservation of a corresponding
physical charge [77,78]. When considering isolated quan-
tum systems [79], the dynamics are governed by a unitary
evolution operator T̂ ∈BðH sÞ. Let G be a group with
unitary representation fÛggg∈G ⊂ BðH sÞ. An operator T̂
is called G-invariant if

½T̂; Ûg� ¼ 0 ∀ g∈G; ð25Þ

or, equivalently, T̂ ¼ Û†
gT̂Ûg ∀ g∈G. In many cases of

interest in physics, the group G is a continuous one-
parameter family represented by unitaries of the form

Ûg ¼ eisgQ̂; sg ∈R; ð26Þ

where the sg provides a group coordinate, while Q̂ is a
Hermitian operator, which will be conserved by all
G-invariant unitary transformations, i.e., T̂Q̂T̂† ¼ Q̂ for
all G-invariant T̂. This is an example of a connected Lie
group. More generally, connected Lie groups of higher
dimension, such as SUðdÞ, have unitary representations
given by

Ûg ¼ ei
P

Λ
λ¼1

sλgQ̂λ ; sλg ∈R; ð27Þ

where fQ̂λg, λ ¼ 1;…Λ, form a Lie algebra and are, in
particular, closed under commutation:

½Q̂a; Q̂b� ¼ i
XΛ
λ¼1

ελabQ̂λ; ð28Þ

for real ελab. In spin systems, four paradigmatic continuous
symmetries are commonly encountered.

(i) Magnetization conservation [phase symmetry, group
U(1)]:

Ûg ¼ eiγgŜz ; γg ∈ ½0; 4πÞ; ð29Þ

with Ŝz¼
P

n ŝ
z
n the total spin-12 magnetization about

the z axis. In spin-1
2
chains, this U(1) symmetry is

formally identical to particle-number conservation in
fermionic or hard-core bosonic models.

(ii) Total angular momentum conservation, associated
with the rotation group SO(3) or its double cover, the
group SU(2), is

Ûg ¼ eiθgn̂g·Ŝ; θg ∈ ½0; 4πÞ; n̂g ∈R3; ð30Þ

where n̂g · n̂g¼1with Ŝ ¼ ðŜx; Ŝy; ŜzÞ, Ŝα ¼
P

n ŝ
α
n,

α ¼ x, y, z.
(iii) Energy conservation (time-translation symmetry):

Ûg ¼ eitgĤs ; tg ∈R: ð31Þ

Here, Ĥs is the system Hamiltonian, and t represents
time, linking this unitary operator to time-translation
symmetry. In the special case where the ratios of
energy levels are all rational numbers, that is, when
the system’s time evolution is periodic, this group
of unitaries is isomorphic to U(1). Otherwise, for a
nonperiodic system, it is isomorphic to R [80].
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(iv) Another important continuous symmetry, which
we do not explore further, is that associated with
momentum conservation (space-translation sym-
metry, group R3):

Ûg ¼ eivg·P̂; vg ∈R3; ð32Þ

where P̂ ¼ ðP̂x; P̂y; P̂zÞ is the momentum operator
in the three-dimensional space and P̂α ¼ −i∂α,
α ¼ x, y, z, in position space. Instead, we consider
its discrete version. Consider a 1D equispaced lattice
with periodic boundary condition on N sites, the
symmetry group is ZN , realized by the translation
operator

Ûg ¼ eikgP̂; kg ∈ f0; 1;…; N − 1g; ð33Þ

where eiP̂ is effectively the space-translation oper-
ator with unit lattice constant. Recently, the Mpemba
effect has been found in this setting for qudits [81].
We note that for parity symmetry, associated with
the group Z2, despite a thorough investigation
[73,82], the Mpemba effect has not been unambig-
uously observed.

A symmetry group G acts on density matrices ρ̂ via the
unitary representation

Ug½ρ̂� ¼ Ûgρ̂Û
†
g; g∈G: ð34Þ

States invariant under every Ug are called G-invariant.
Given any state ρ̂, its G-invariant component is extracted by
the twirling map

G½ρ̂� ¼
Z
G
dgUg½ρ̂� ¼

Z
G
dgÛgρ̂Û

†
g; ð35Þ

where dg denotes the normalized Haar measure on G and
we have assumed the group G is compact. This CPTP map
projects any input state onto its symmetric component
by averaging over all group actions. For finite groups,
this becomes

G½ρ̂� ¼ 1

jGj
X
g∈G

Ug½ρ̂�: ð36Þ

As previously mentioned, the Mpemba effect occurs
when the system interacts with an environment. If we,
therefore, consider the G-invariant operator T̂ of Eq. (25)
as the evolution operator on H s ⊗ H e, its local action
on H s will preserve only a weaker form of symmetry,
as follows. In fact, let E be a map defined as

E½·� ¼ TrefT̂ð½·� ⊗ π̂eÞT̂†g; ð37Þ

with π̂e a G-invariant state on H e. Then, it can be easily
shown (see Appendix G) that, because the initial state of
H e and the global unitary time evolution T̂ respect the
symmetry, the time evolution of the reduced system also
respects the symmetry; that is, it satisfies the G-covariance
condition, also known as weak symmetry [79,83], namely,

E ∘ Ug½ρ̂� ¼ Ug ∘ E½ρ̂� ∀ g∈G; ∀ ρ̂: ð38Þ

Conversely, it has been shown that any CPTP map that
respects this covariance condition can be realized via
Eq. (37), using a G-invariant unitary T̂, and a G-invariant
state π̂e [84–86]. Therefore, while the global evolution is a
G-invariant unitary transformation, the dynamics of the
reduced state of the system is governed by a G-covariant
CPTP map. As a result, the asymmetry (i.e., symmetry
breaking) with respect to the group G can decrease. This
can be quantified by means of the asymmetry monotones
M, i.e., functions satisfying

MðE½ρ̂�Þ ≤ Mðρ̂Þ ∀ ρ̂∈S ðH sÞ ð39Þ

for any G-covariant E map. Hence, while for open
systems the presence of symmetry does not imply con-
servation laws, that is, Noether’s theorem is not applicable,
asymmetry monotones still capture nontrivial implications
of symmetries [67]. In generic open system dynamics that
respect the symmetry, the asymmetry (symmetry breaking)
in the initial state decreases, although the complete resto-
ration of the symmetry is not a priori guaranteed [87].
In the special case of closed system dynamics, the pre-
sence of symmetry implies the conservation of all asym-
metry monotones. That is, for any G-invariant unitary T̂,
MðT̂ρ̂T̂†Þ ¼ Mðρ̂Þ: In this regime, no asymmetry can be
created or destroyed. To observe Mpemba effects, thus, one
clearly needs to consider G-covariant maps, i.e., systems
interacting with environments.
When G is the one-parameter group of time translations

generated by the system Hamiltonian Ĥs, the covariant
operations are precisely the time-translation-invariant (also
called phase-covariant) maps. An example of such maps
is the TO, defined in Sec. II A. The notion of energetic
coherence in quantum thermodynamics, that is, super-
positions of states with different energies, can be under-
stood as asymmetry with respect to time translations
[37,46,90]. Note that, although asymmetry under time
translations is globally conserved under general energy-
conserving unitaries, the reduced map can still dephase in
the energy basis, effectively restoring the symmetry by
erasing coherence (see Sec. III F for further discussion). In
the open systems literature, the covariance condition is
often referred to as weak symmetry, to distinguish it from a
stronger notion, known as strong symmetry [79,83], in
which all the Kraus operators of the channel are G-invariant
(i.e., commute with the group action) [91]. Weak symmetry
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[G covariance, Eq. (38)] admits nonincreasing asymmetry
monotones, whereas strong symmetry [G invariance,
Eq. (25)] guarantees conserved charges in the dynamics.
Under the restriction to G-covariant operations, any state

exhibiting asymmetry cannot be generated for free and
must instead be supplied externally as a resource. The
greater the asymmetry of this resource state, the more
power it confers for tasks that require breaking the
symmetry. For instance, in the case of U(1) symmetry,
the precision in probing the phase of a U(1) rotation
increases as the state becomes more tilted with respect to
the z direction, as quantified by Eq. (5) or, for example, by
the Wigner-Yanase skew information (see Appendix F).
Similarly, tasks such as aligning reference frames or achiev-
ing quantum-enhanced measurements beyond the shot-noise
limit benefit from using more asymmetric states [92,93]. In
this sense, asymmetry becomes a useful resource.

B. Asymmetry as a resource

For any symmetry group G, the resource theory of
asymmetry with respect to G assumes that all systems
under consideration are equipped with a representation of
the group. The set of free states and free operations in this
resource theory are then defined as those that respect the
symmetry [43,67,85,94].
In particular, for any system s with Hilbert space H s,

the free states are the G-invariant states

F ¼ fρ̂∈BðH sÞjG½ρ̂� ¼ ρ̂g; ð40Þ

where G denotes the corresponding twirling map.
Free operations on system s are CPTP maps E satisfying

the covariance condition

E ∘Ug ¼ Ug ∘ E ∀ g∈G:

Note that, as required in all resource theories, free
operations (i.e., G-covariant maps) map free states (i.e.,
G-invariant states) to free states.
A useful monotone in this resource theory is the relative

entropy of asymmetry [95,96]:

Mðρ̂Þ ¼ min
π̂∈F

Sðρ̂kπ̂Þ
¼ Sðρ̂kG½ρ̂�Þ
¼ SðG½ρ̂�Þ − Sðρ̂Þ; ð41Þ

which corresponds to Eq. (5). (The quantity SðG½ρ̂�Þ − Sðρ̂Þ
was first introduced in Ref. [96], under the name
“asymmetry.”) This quantifies the minimal divergence of
ρ̂ with respect to the manifold of symmetric states.
Intuitively, if ρ̂ is nearly invariant, twirling induces little
entropy change; if ρ̂ breaks the symmetry strongly, mixing
over G spreads its support and increases entropy substan-
tially [67]. The relative entropy of asymmetry can be

extended to the α divergences of Eq. (3) as the α divergences
of asymmetry for α∈ ð0; 1Þ ∪ ð1; 2�. All these maps are
guaranteed to be monotonic for G-covariant maps [67]. An
alternative family of monotones is the QFI, which we discuss
in Appendix F.

C. Modes of asymmetry

Within the resource theory of asymmetry, an important
tool to characterize the symmetry breaking was introduced
in Ref. [37]: the modes of asymmetry. In this section, we
outline the main ingredients to this concept, a simple
example, and how this idea can be used to fully understand
the symmetry Mpemba effect.
Consider a finite or compact Lie group G acting unitarily

on H s via Û∶ G → BðH sÞ. The full operator algebra
BðH sÞ then carries an induced adjoint action of G and the
irreducible representation of G labeled by μ, which appears
with multiplicity mμ in BðH sÞ. One can use the irreduc-

ible tensor operator basis fT̂ðμ;qÞ
α g ofBðH sÞ, q ¼ 1;…; dμ

(dμ dimension of the irrep, namely, an irreducible repre-

sentation) and α ¼ 1;…; mμ satisfying Tr½T̂ðμ;qÞ†
α T̂ðν;lÞ

β � ¼
δμνδqlδαβ, to decompose any operator X̂∈BðH sÞ as

X̂ ¼
X
μ;q

X̂ðμ;qÞ: ð42Þ

Here, X̂ðμ;qÞ is the ðμ; qÞ mode of X̂, defined as

X̂ðμ;qÞ ¼
X
α

Tr½T̂ðμ;qÞ
α

†X̂�T̂ðμ;qÞ
α : ð43Þ

A basis-independent way to define these modes is by the
group’s action

X̂ðμ;qÞ ¼ dμ

Z
G
dgDðμÞ�

qq ðgÞUg½X̂�; ð44Þ

where DðμÞ
lq ðgÞ ¼ hμ;ljÛgjμ; qi. We write H ðμ;qÞ for the

subspace where the ðμ; qÞ mode lives. Assuming μ ¼ 0
corresponds to the trivial irrep, with dμ ¼ 1, one has

Dð0Þ
00 ðgÞ ¼ 1, from which it becomes evident how the mode

associated with the trivial irrep corresponds to the twirled
part of the operator, as in Eq. (35). By orthonormality of the

fT̂ðμ;qÞ
α g basis, it also follows that all the other modes will

characterize a symmetry breaking. For discrete groups,
Eq. (44) becomes

X̂ðμ;qÞ ¼ dμ
jGj

X
g∈G

DðμÞ�
qq ðgÞUg½X̂�: ð45Þ

This formalism becomes particularly useful when the
system evolves by the free operations of the resource
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theory of asymmetry. Specifically, following Ref. [37], a
map E is G-covariant iff it acts within each μ sector as

E½X̂ðμ;qÞ� ¼ ðE½X̂�Þðμ;qÞ: ð46Þ

Namely, each mode evolves independently and so, since the
asymmetry can decrease only by G-covariant maps and the
trace norm respects the data processing inequality, the trace
norm of each asymmetry mode is individually a monotone,
that is,

kE½X̂ðμ;qÞ�k1 ≤ kX̂ðμ;qÞk1: ð47Þ

As a concrete example, consider the symmetry group
G ¼ Uð1Þ, generated by the total-z magnetization operator
Ŝz on Ns spin-half particles. Its unitary representation is as
in Eq. (29) given by Ûγ with γ ∈ ½0; 4πÞ.
Because of the group’s simple structure, its asymmetry

modes are labeled by a single integer μ, which determines
the U(1) irrep as DðμÞ∶ eiθ ↦ eiμθ. The operator Ŝz is
diagonal in the computational basis fj0i; j1ig⊗Ns , with
eigenvalues � 1

2
;…;�Ns=2 when Ns, the number of

qubits, is odd, and 0;�1;…;�Ns=2 when Ns is even.
We can equivalently label the elements of the computa-
tional basis as fjm; αig, wherem is the eigenvalue of Ŝz and
α is a multiplicity index. In particular, m is simply half the
difference between the number of 0’s and 1’s in a computa-
tional basis element.
Then, the μ component of any ρ̂ is given by projection

ρ̂ðμÞ ¼
Z

4π

0

dγ
4π

e−iγμ=2ðeiγŜz ρ̂e−iγŜzÞ

¼
X
m

Π̂mρ̂Π̂mþμ; ð48Þ

where Π̂m ¼ P
α jm; αihm; αj is the projection to the sub-

space of states with m magnetization. This can also be
written as Eq. (43) in terms of the irreducible tensor basis
of U(1) as

ρ̂ðμÞ ¼
X
α

Tr
h
T̂ðμÞ†
α ρ̂

i
T̂ðμÞ
α ; ð49Þ

where one can choose the tensor operators to be simply the
outer product of two computational basis elements or,
equivalently, two eigenvectors of Ŝz:

T̂ðμÞ
α ¼ jm; α1ihmþ μ; α2j; ð50Þ

where α ¼ ðm; α1; α2Þ. It follows that

eiγŜz ρ̂ðμÞe−iγŜz ¼ eiγμρ̂ðμÞ; ð51Þ

where at μ ¼ 0 we find the symmetrized (twirled) state.

Fixing the number of qubits to Ns ¼ 3, we order the
basis states by increasing mk [see Fig. 4(a)] to find the
block structure with μ ¼ 0;�1;�2;�3. To illustrate
the mode decomposition, we employ the family of tilted
pure states

jφðθÞi ¼ ⊗
3

n¼1
e−iθŝ

y
n j0in; ð52Þ

so that θ ¼ 0 gives the fully z-aligned (symmetric) state,
θ ¼ π=4 an intermediate tilt, and θ ¼ π=2 the fully
x-aligned (maximally asymmetric) state [Figs. 4(b)–4(d)].
Writing ρ̂θ ¼ jφðθÞihφðθÞj, we measure the weight of
mode μ via the rescaled trace norm:

pðμÞ
θ ¼

���ρ̂ðμÞθ

���
1

.���ρ̂ðμÞπ=2

���
1
: ð53Þ

As θ increases from 0 to π=2, the weights pðμ≠0Þ
θ grow,

showing that the tilted state acquires higher-μ asymmetry
components.
As we discuss in the next section, this formalism helps

unify the two phenomena: The thermal Mpemba effect
hinges on the small overlap with the overall slowest-
decaying eigenmode, whereas the symmetry Mpemba
effect stems exclusively from the decay rate of the slowest
eigenmode living in a (μ ≠ 0) sector.

D. Example 1: A classical symmetry
Mpemba effect with Z4

To illustrate how an initially more asymmetric distribu-
tion can restore symmetry faster than a more symmetric

FIG. 4. U(1) symmetry sectors and mode-occupancy distribu-
tions for a three-qubit tilted states. The computational basis
elements labeled as jm; α1ihm0; α2j are associated to a magneti-
zation difference μ ¼ m −m0. By reordering the eight basis
operators into an 8 × 8 matrix by sorting rows and columns
by ascendant m, we obtain the U(1) symmetry sectors shown in
(a), with each block (colored in yellow) corresponding to a fixed
jμj. (b)–(d) display the mode-occupancy histograms [defined in
Eq. (53)] for the three tilted-ferromagnet states of Eq. (52) with
Ns ¼ 3: in (b) a perfectly symmetric state (only μ ¼ 0 appears),
in (c) an partially asymmetric state (nonzero weight in several
μ ≠ 0 sectors), and in (d) a maximally asymmetric state (uniform
weight across all sectors).
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one , we consider the minimal classical setup in which
distinct symmetry-breaking eigenmodes (namely, eigenm-
odes living in μ ≠ 0 sectors) decay at different rates: a four-
site Markov chain on a ring (represented in Fig. 5),
invariant under the cyclic rotation n ↦ nþ 1ðmod 4Þ,
namely, Z4-covariant. The irreps are DðμÞðnÞ ¼ e2πinμ=4 ¼
inμ, where μ ¼ 0, 1, 2, 3. Jumps occur at a unit rate between
each pair of neighbors, as described by the Liouvillian

L̂cl
nm ¼

8>>><>>>:
1þ ε; m ¼ nþ 1 ðmod 4Þ;
1 − ε; m ¼ n − 1 ðmod 4Þ;
−2; n ¼ m;

0; otherwise;

ð54Þ

where ε∈ ð−1; 1Þ is the chirality parameter. In this case,
there are four modes of asymmetry, corresponding to
μ ¼ 0, 1, 2, 3. Then, the analogs of tensor operators are
given by

TðμÞ ¼ 1

2
ð1; iμ; i2μ; i3μÞT: ð55Þ

In particular, under the action of cyclic rotation n ↦ nþ 1
(mod 4), this vector is mapped to itself, up to a phase −iμ.
Writing the eigenmodes of L̂cl in terms of the fTðμÞg
basis, we get π ¼ r1 ¼ Tð0Þ (eigenvalue λ1 ¼ 0), r2 ¼ Tð1Þ

(λ2 ¼ −2þ 2iε), r3 ¼ Tð3Þ (λ3 ¼ −2 − 2iε), and r4 ¼ Tð2Þ
(λ4 ¼ −4).
Hence, for ε∈ ð−1; 1Þ, r4 is the fastest-decaying mode.

(Note that the detailed balance condition is violated for
ε ≠ 0.) Each eigenmode lives in a single asymmetry sector,
which guarantees the preservation of the mode structure,
as in Eq. (46). Only π (which lives in μ ¼ 0) is fully
symmetric; the three asymmetric eigenmodes, two slow
ones (r2; r3) and one fast one (r4), govern how different
distortions decay back to equilibrium. In this case, the
relative entropy of asymmetry in Eq. (41) is equal to the
KL divergence of the current distribution pðtÞ from its
symmetrized version ĜpðtÞ, adapted to this case using
the discrete version of the twirling operation in Eq. (36).
Since averaging over all four rotations yields the uniform
state ĜpðtÞ ¼ π=2, the relative entropy of asymmetry
simplifies to

M½pðtÞ� ¼ D½pðtÞkĜpðtÞ� ¼
X4
k¼1

pkðtÞ ln½4pkðtÞ�; ð56Þ

which vanishes precisely when p is uniform and decreases
under the dynamics etL̂

cl
. To find a strong Mpemba effect,

we compare two probability vectors chosen along orthogo-
nal spectral directions as in Eq. (16):

p1 ¼
1

2
π|{z}

pð0Þ
1

þ 1

4
r2|{z}

pð1Þ
1

þ 1

4
r3|{z}

pð3Þ
1

; p2 ¼
1

2
π|{z}

pð0Þ
2

þ 1

2
r4|{z}

pð2Þ
2

; ð57Þ

where the first lies entirely along the slow symmetry-
breaking eigenmodes r2 and r3, while the second has only a
component in the fast eigenmode r4. The underbraces
highlight the mode decomposition of the states where

pðμÞ
θ ¼ hTðμÞ;pθiπTðμÞ for θ ¼ 1, 2, which corresponds to

the adaptation of Eq. (43) to this case. While, at t ¼ 0,
0.35 ≈Mðp1Þ < Mðp2Þ ≈ 0.69, if we pick ε ¼ 1=4,
according to Eq. (17), their asymmetry behavior asymp-
totically decreases as

M½p1ðtÞ� ∼
1

4
e−4t; M½p2ðtÞ� ∼

1

2
e−8t: ð58Þ

By numerically propagating the two initial configurations
Eq. (57) with the Liouvillian Eq. (54), we find that the two
monotones M cross at time τ ¼ 0.16. In other words, the
distribution p2 outpaces p1 in restoring the Z4 symmetry,
manifesting the symmetry Mpemba effect in a classical
system. In this minimal example, the eigenmodes of the
Liouvillian coincide with the irreducible basis, and the
uniqueness of the symmetric configuration reduces sym-
metry restoration to ordinary equilibration on this classical
Markov chain. This simplification, however, is an artifact of
our minimal model. In the next section, we turn to a richer
scenario in which each eigenvalue sector μ appears with
multiplicity 4. In that case, one can observe genuinely new
behavior, such as nontrivial evolution within the μ ¼ 0
symmetric subspace, that cleanly separates the process of
symmetry restoration from the usual equilibration dynamics.

E. Example 2: A quantum symmetry
Mpemba effect with Z4

In the classical Markov chain of Sec. III D, the generator
splits into four one-dimensional symmetry sectors under
the action of Z4. We now construct a quantum analog: a
single spinless particle hopping on a four-site ring, gov-
erned by a Z4-covariant Lindblad dynamics. The irreduc-
ible tensor operators are labeled by μ∈ f0; 1; 2; 3g with
multiplicity index α∈ f0; 1; 2; 3g:

T̂ðμÞ
α ¼ 1

2

X4
n¼1

e2πinμ=4jnþ α ðmod 4Þihnj: ð59Þ

FIG. 5. (a) The generator of the classical Markov chain with
the four sites arranged on a ring and three type of jumps making
them interacts. (b),(c) The distributions p1 and p2, which are
ð0.5; 0; 0.5; 0ÞT and ð0.5; 0.25; 0; 0.25ÞT , respectively.
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Here, n labels the site on the ring, understood modulo 4 so
that site 5 is identified with site 1 and site 0 with site 4, and

the phase factor ensures each T̂ðμÞ
α transforms in the μth

irreducible representation of Z4. To define the dynamics,
we embed the classical jump rates into Lindblad hopping
operators and add a coherent Hamiltonian term. The master
equation reads

dρ̂
dt

¼ L½ρ̂� ¼ −i½Ĥs; ρ̂� þD−½ρ̂� þDþ½ρ̂�; ð60Þ

where the coherent part of the dynamics is generated by the
Hamiltonian

Ĥs ¼ J
X4
n¼1

jnihnþ 1 ðmod 4Þj þ jnþ 1 ðmod 4Þihnj;

ð61Þ
which describes hopping between neighboring sites on a
four-site ring with amplitude J. The incoherent, biased
hopping around the ring is implemented by the two
dissipators [defined as Eq. (20)], respectively, for the jump
operators

L̂n;þ ¼ ffiffiffiffiffiffiffiffiffiffiffi
1þ ε

p jnþ 1 ðmod 4Þihnj;
L̂n;− ¼

ffiffiffiffiffiffiffiffiffiffi
1 − ε

p
jn − 1 ðmod 4Þihnj; ð62Þ

where the bias parameter ε∈ ½−1; 1�, as before, tilts the
rates so that ε > 0 enhances clockwise jumps and ε < 0
enhances counterclockwise jumps. This construction yields
a Lindbladian L that is manifestly Z4-covariant and, thus,
block-diagonal in the μ sectors.
We set J ¼ 1 and ε ¼ 1=4. The Lindblad superoperator

L admits 16 eigenmodes, four for each μ sector, which can

be expressed in the tensor basis T̂ðμÞ
α . Among these, the

unique eigenmode belonging to the μ ¼ 0 sector and zero
eigenvalue is the steady state π̂. The remaining 15 eigenm-
odes r̂k decay with eigenvalues λk, ordered by decreasing
real part ReðλkÞ [97].
We prepare two initial states by mixing the steady state

with selected decaying eigenmodes:

ρ̂1 ¼ π̂=2þ ðr̂2 − r̂3 þ r̂4Þ=9|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ρ̂ð0Þ
1

þ ð−r̂5=5Þ|fflfflfflffl{zfflfflfflffl}
ρ̂ð1Þ
1

þ ðr̂14 þ r̂15Þ=8|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
ρ̂ð2Þ
1

þ ð−r̂13=5Þ|fflfflfflfflffl{zfflfflfflfflffl}
ρ̂ð3Þ
1

;

ρ̂2 ¼ π̂=2þ ðr̂2 − 2r̂3 þ r̂4Þ=10|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ρ̂ð0Þ
2

þ −r̂16=2|fflfflffl{zfflfflffl}
ρ̂ð2Þ
2

: ð63Þ

These choices introduce different amounts of initial
asymmetry in sectors μ ¼ 1, 2, 3. We then evolve each
state under the dynamics

ρ̂θðtÞ ¼ etL½ρ̂θ� ð64Þ

and quantify the restoration of Z4 symmetry via the relative
entropy of asymmetry Mðρ̂θðtÞÞ as defined in Eq. (41).
Figure 6 shows that the state ρ̂2, which starts with a larger
asymmetry in sector μ ¼ 2, relaxes faster than ρ̂1, which
has its dominant asymmetry in sector μ ¼ 1 (and, equiv-
alently, μ ¼ 3). Despite having greater initial asymmetry,
ρ̂2 crosses below ρ̂1 in MðtÞ, demonstrating the symmetry
Mpemba effect. The inset highlights the decay of each
charge-sector norm, confirming the underlying exponen-
tial behavior of the asymmetry modes. In this example,
we see a first advantage brought by the modes of
asymmetry: They help identify the eigenmodes respon-
sible for the symmetry breaking.

F. Example 3: Time-translation-symmetry
Mpemba effect in Davies maps

We now turn to a continuous symmetry, namely, the
time-translation symmetry. Let us consider once again a
Davies map described in Sec. II C but now focusing on the
symmetry Mpemba effect . When the symmetry group
action eiĤst∶ t∈R is generated by the system Hamiltonian
Ĥs, the modes of asymmetry ρ̂ðμÞ of a state ρ̂ coincide with
its energy coherence blocks at Bohr frequency μ.
Concretely, ρ̂¼P

μ ρ̂
ðμÞ and Ug½ρ̂ðμÞ�¼eiμtg ρ̂ðμÞ, where

Ug½·� ¼ eiĤstg ½·�e−iĤstg , so that μ ¼ 0 picks out all dia-
gonal (incoherent) terms and each μ ≠ 0 selects the
off-diagonal coherences oscillating at frequency μ under
unitary time evolution. The Lindbladian eigenmodes cor-
responding to symmetry-preserving (symmetry-breaking)

FIG. 6. Symmetry quantumMpemba effect in a system with Z4

symmetry. Main panel: time evolution of the relative entropy of
asymmetry M½ρ̂1ðtÞ� and M½ρ̂2ðtÞ�, showing exponential decay
rates given by λ10 and λ16, respectively. Inset: trace norms

kρ̂ðμÞ1 ðtÞk1 and kρ̂ðμÞ2 ðtÞk1 for each charge sector, illustrating that
eigenmodes r̂10 and r̂14 are related by Hermitian conjugation
and overlap in the μ ¼ 1 and μ ¼ 3 sectors. Each eigenmode
decays exponentially in time, where the structure of ρ̂1ðtÞ causes
kρ̂ð2Þ1 ðtÞk1 to oscillate as it decays.
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modes are depicted in green (orange) in the lower-left inset
in Fig. 7. In Davies maps, the Lindbladian L commutes by
construction with the Hamiltonian evolution and, thus,
respects the time-translation symmetry [49]. [Recall that
when, up to a shift, the energy levels are all integer
multiples of a fixed energy, i.e., the system dynamics is
periodic, then time translation becomes isomorphic to U(1),
and such maps are also referred to as phase-covariant.] As
discussed in Sec. III A, this guarantees the monotonicity of
the functions Mα½ρ̂ðtÞ�. A symmetry Mpemba effect
occurs when the state with higher initial coherence deco-
heres faster than one with lower coherence, and their
monotone curves cross in time.
As a concrete illustration, consider the transverse-field

Ising chain

Ĥs ¼ −J
XNs−1

n¼1

σ̂znσ̂
z
nþ1 þ h

XNs

n¼1

σ̂xn; ð65Þ

with Ns ¼ 4 and open boundary conditions. We compare
two unitarily connected initial states

ρ̂1 ¼ ðρ̂Gibbs þ γρ̂randÞ=N; ð66Þ

ρ̂2 ¼ R̂metrρ̂1R̂
†
metr; ð67Þ

whereN is a normalization constant, ρ̂rand¼ X̂†X̂=TrðX̂†X̂Þ,
with X̂ being a random Hermitian matrix with real and
imaginary components uniformly distributed in [0, 1], and
R̂metr is the unitary transformation minimizing the overlap
of ρ̂1 with bl2 via the Metropolis algorithm [26]. Figure 7
shows the crossing of M½ρ̂1ðtÞ� (solid line) and M½ρ̂2ðtÞ�
(dashed line). Moreover, the upper-right inset indicates
that, when considering the Petz-Rényi α divergences, the
crossing time decreases upon increasing α. Importantly, in
contrast to the thermal Mpemba effect (Sec. II C) that
involves both μ ¼ 0 (populations) and jμj > 0 (coherences)
blocks, here only the jμj > 0modes contribute to the decay
of M½ρ̂1ðtÞ�: The slowest-decaying coherent mode corre-
sponds to the complex eigenvalue with a real part closest
to zero.

G. Example 4: Symmetry Mpemba effects
in quantum circuits

Originally, the symmetry Mpemba effect was inves-
tigated in continuous-time models [33]. Here, we
consider circuit models [72,73], in which time is treated
as a discrete variable, and focus on two symmetries,
U(1) and SU(2). We consider N qubits, with N even,
where the first Ns qubits define the system and the
remaining Ne the environment. The initial state sponta-
neously breaks the symmetry on the system qubits
only, with the extent of the breaking controlled by a
parameter θ. The state is then evolved by a circuit
composed by gates preserving the symmetry arranged
in a brickwork geometry. We consider two-qubit gates,
and the Floquet unitary Û is

Û ¼
YN=2

n¼1

û2n−1
YN=2

n¼1

û2n; ð68Þ

where ûn are gates on the n, nþ 1 qubits and ûN con-
nects the last and the first qubits to enforce periodic
boundary conditions, as represented in the two-qubit
brickwork circuits in Fig. 8(b). While in the absence
of symmetries any unitary can be decomposed into two
local gates, when enforcing a symmetry this is not
guaranteed anymore: A generic G-invariant unitary might
not be composed of two-local G-invariant gates [98,99].
[For U(1) and SU(2), two-local gates suffice for semi-
universality, meaning that, for states restricted to a single
irrep of the symmetry, the locality of gates imposes no
additional constraints.] We initialize the system and
environment as

ðσ̂θÞse ¼ ðρ̂θÞs ⊗ π̂e; ð69Þ

picking states that break the symmetry only on the system
qubits and controlling the degree of symmetry breaking

FIG. 7. Symmetry Mpemba effect in the thermalization of a
spin system under the Davies map [59]. We consider a transverse
field Ising model (TFIM) Eq. (65) with J ¼ 1, h ¼ 1, Ns ¼ 4,
environment temperature β ¼ 0.1, initial thermal temperature
βi ¼ 1, and perturbation strength γ ¼ 0.05. Note that, differently
from the previous example Eq. (62), there is no asymmetry
between hopping to the left and to the right (i.e., ε ¼ 0). The solid
curve shows M½ρ̂1ðtÞ� for ρ̂1 ¼ ðρ̂Gibbs þ γρ̂randÞ=N; the dashed
curve shows M½ρ̂2ðtÞ� for ρ̂2 ¼ R̂metrρ̂1R̂

†
metr, with R̂metr obtained

via a Metropolis algorithm [26] to minimize overlap with the
slowest-decaying eigenmode bl2. Inset (a): the Mpemba crossing
time for the Petz-Rényi α divergences Eq. (3) for different α. Inset
(b): the ten eigenvalues of the Davies generator with smallest real
parts; green triangles indicate ones at μ ¼ 0 and orange circles the
μ ≠ 0 ones.
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through a tilt parameter θ, while π̂e is a G-invariant state.
This guarantees that the system evolution map

E½ρ̂θ� ¼ Tre½Ûσ̂θÛ
†� ð70Þ

is a nonunitary CPTP which is G-covariant; namely,
E is a free operation for the asymmetry resource (see
Appendix G). At each time step, we compute the residual
asymmetry with the relative entropy of asymmetry
M½ρ̂θðtÞ�, as in Eq. (41).

1. Symmetry: U(1)

We now explore how U(1) symmetry (i.e., conservation
of total Ŝz) can give rise to a Mpemba effect in random
circuits. In particular, we show how it is possible to achieve
a strong Mpemba effect. Each two-qubit gate [100]

ûn;nþ1 ¼ e−iĥn;nþ1e−ihnŝ
z
ne−ih

0
nŝ

z
nþ1 ð71Þ

combines an XXZ-type interaction

ĥn;nþ1 ¼
J
2

�
ŝþn ŝ−nþ1e

iϕn þ ŝ−n ŝ
þ
nþ1e

−iϕn

�
þ Jzŝznŝ

z
nþ1 ð72Þ

with local z rotations e−ihnŝ
z
n and e−ih

0nŝznþ1 . Here, ŝ�n ¼
ŝxn � iŝyn, and ϕn is the Peierls phase. By sampling the five
parameters hn, h0n, ϕn, J, and Jz independently for each
gate, the full circuit Û remains U(1)-invariant, conserving
total magnetization Ŝz.

To study the Mpemba effect in circuits, we first discuss
the clean Markovian limit with a memoryless environment
and then generalize to non-Markovian circuits with a finite
number of environment qubits. In the Markovian limit, the
environment is reset after each layer, so that

Et ¼ ðEÞt; E ≡ E1: ð73Þ

The environment state π̂e is the maximally mixed state
[see Fig. 8(b)]; each map E is U(1)-covariant [which
guarantees monotonicity ofM½ρ̂ðtÞ�] and, thus, decomposes
into asymmetry sectors

E ¼ ⨁
μ
EðμÞ; ð74Þ

where EðμÞ acts on the subspace of the operator space
associated with mode μ. We can diagonalize each EðμÞ

individually using the basis fT̂ðμÞ
α g as defined in Eq. (49)

and obtain the decay eigenmodes in each μ sector.
To produce a strong Mpemba effect, we prepare product

states of Ns qubits in blocks of size b with a uniform tilt θ:

jφðθ; bÞi ¼ ⊗
⌈Ns=b⌉

n¼1
exp

	
−iθ

Yb
j¼1

ŝyðn−1Þbþj



j0i⊗Ns : ð75Þ

By varying θ and b, we select system states ρ̂θ;b ¼
jφðθ; bÞihφðθ; bÞj whose support lies in different μ sectors
(e.g., b ¼ 1 populates all μ sectors, b ¼ 2 populates
only the even μ sectors, and b ¼ 3 only sectors multiple

of 3, namely, ρ̂θ;b ¼
P⌈Ns=b⌉−1

k¼0 ρ̂ðkbÞθ;b ), so each state ρ̂θ;b
overlaps differently with the slowest eigenmodes fl̂μgμ [as
in Fig. 9(d)] where

l̂μ ¼ l̂kðμÞ; λμ ¼ λkðμÞ; ð76Þ

where kðμÞ picks out the slowest eigenmode in the μ sector

kðμÞ ¼ argmax
k∶l̂k ∈BðH ðμÞ

s Þ
ReðλkÞ; ð77Þ

where H
ðμÞ
s is the μ sector of H s. The main panel in

Fig. 9(a) then reveals distinct asymptotic decay exponents,
i.e., a strong Mpemba effect. Avoiding overlap with
specific μ sectors induces a strong Mpemba effect,
because, in almost every realization of Û, sectors with
larger jμj decay more quickly: For jμj > jμ0j, one finds
ReðλμÞ < Reðλμ0 Þ. Indeed, as illustrated in Fig. 9, the
slowest eigenmodes reside in the blocks with the smallest
jμj, that is, the lowest absolute U(1) charge. While a more
thorough explanation of this phenomenon requires further
investigation, one can consider the following possible
mechanisms: (i) Modes with higher U(1) charge tend to

FIG. 8. Circuit schematics for the protocols in Sec. III G.
(a) Preparation of the initial state: the system qubits (pink) are
initialized in an asymmetric state parametrized by θ and the
environment qubits in a symmetric state (blue). (b) Evolution
operator: successive layers of two-qubit gates, each drawn at
random subject to one of the two symmetry classes [U(1) and
SU(2)], are arranged in a brickwork geometry. (b1) The
Markovian channel is realized by resetting all environment qubits
to the identity state after each Û application. (b2) The non-
Markovian channel is performed with no midcircuit reset or
measurement, allowing information backflow from the environ-
ment to influence later evolution of the system.
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evolve more rapidly, leading to faster buildup of correla-
tions with the environment and, consequently, quicker
information leakage and decay. (ii) Since E is constructed
from random U(1)-conserving gates, the blocks corre-
sponding to smaller jμj, being larger in dimension, are
statistically more likely to contain the slowest-decaying
eigenmodes. Moreover, just as in the example in Sec. III F,
the initial state’s overlap with the slow eigenmodes in
sectors with μ ≠ 0 governs its relaxation rate. Note that the
relative entropy of asymmetry M½ρ̂ðtÞ� cannot be inter-
preted as entanglement asymmetry in this scenario, as the
global state is not pure.
While the Markovian case allows for a clean explanation

of the effect, most studies of the symmetry Mpemba effect
use non-Markovian circuits. To connect to these, we again
prepare a tilted product state on the system (with block size
b ¼ 1) with ρ̂θ ¼ jφðθÞihφðθÞj and

jφðθÞi ¼ ⊗
Ns

n¼1
e−iθŝ

y
n j0in ð78Þ

matching Refs. [33,73] except that the tilt now spans only
the Ns system qubits, while the environment remains

symmetric. Indeed, we initialize the environment in the
computational zero state π̂e ¼ j0ih0ej ¼ jmminihmminej,
where jmi denotes the equal superposition of all basis
states with magnetization m and ŝαn are the spin-

1
2
operators

(with α∈ fx; y; zg). Equation (74), which in the Markovian
case describes how each symmetry-sector mode decays at a
fixed rate, still applies when the map is non-Markovian.
However, now it is time dependent, so both the eigenmodes
and the stationary state can shift at each step, while
the eigenvalues usually shrink exponentially with time
when Û is ergodic [101]. As already discussed, blocks
with larger jμj admit fewer eigenvalues near unity, so their
modes decay more rapidly. Consequently, an initially
highly asymmetric state, which has a larger weight in
those fast-decaying, high-frequency sectors, will shed its
asymmetry more quickly than a less asymmetric one,
yielding the Mpemba effect. Figure 10 tracks five such
states (different θ) on a system of Ns ¼ 8 qubits coupled to
Ne ¼ 12 environment qubits.
Under general covariant time evolutions, asymmetry

measures at time t > 0 are bounded by their value at
t ¼ 0, although in generic non-Markovian processes
they can still exhibit transient increases at intermediate
times. The deviations observed in Fig. 10 are, therefore, a
consequence of information backflow [102] between the
system and environment, amplified by the finite size
of the environmental partition. We also emphasize that
the monotonicity of asymmetry measures follows from the
assumption that the environment is initially uncorrelated
with the system and prepared in a symmetry-respecting
state (see Appendix G). In contrast, initializing the envi-
ronment in a symmetry-breaking state, e.g., tilted ferro-
magnetic states, as done in Refs. [72–74], violates this
condition and can result in a non-G-covariant reduced map.

FIG. 9. Symmetry-breaking Mpemba effect in a Markovian
U(1) model averaged over 100 circuit realizations with Ns ¼ 4,
Ne ¼ 2. (a) shows the time evolution of the monotones. The inset
(b) instead displays the averaged spectrum of the Markovian map,
showing how the slow eigenmodes tend to come from low jμj
sectors, explaining the strong Mpemba effect obtained by
choosing these three states. Mean (dots) and spread (shaded) of
the real part of the slowest decay rate in each jμj sector, showing a
clear, monotonic decrease with jμj. It is evident that, as jμj
increases, ReðλμÞ decreases monotonically. (d) Overlap

Tr½bl†
μρ̂θ;b� of each initial state with its sector’s slowest eigenmodeblμ, confirming that each state couples only to sectors that are

multiples of b.

FIG. 10. Symmetry-breaking Mpemba effect in a non-
Markovian U(1) model averaged over 100 circuit realizations
with Ns ¼ 8 and Ne ¼ 12. The time evolution of the monotones
reveals how the more tilted state, although it starts at a higher
amount of asymmetry, restores the symmetry faster. Different
from the Markovian case, the monotones do not decay either
monotonically or exponentially, as the asymmetry is just distrib-
uted in the whole system þ environment and, therefore, finite-
size effects become more evident.
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This distinction accounts for the apparent nonmonotonic
behavior observed in non-Markovian circuit realizations of
the U(1)-symmetric Mpemba effect.
In the examples shown in Figs. 9(c) and 9(d), we observe

that sectors with larger jμj tend to decay faster. We expect
that a similar phenomenon holds more broadly beyond
the Markovian case discussed here, including for random
U(1)-invariant circuits with an arbitrary number of layers.
A better understanding of this phenomenon requires further
investigation. Our preliminary numerics on such circuits
also suggest connections between the quasiparticle picture
(Refs. [68,72]) and the mode-overlap picture, since one can
directly compare overlaps with slow quasiparticle carriers
and with slow asymmetric eigenmodes.
As a final note, these non-Markovian circuits closely

mirror setups in deep thermalization with symmetries [103]
and studies of dissipative quantum chaos [104].

2. Symmetry: SU(2)

We next turn to a non-Abelian example, where the
conserved quantity is the total angular momentum Ŝ2. To
impose full SU(2) covariance, we switch off all local Z
rotations and Peierls phases (hn ¼ h0n ¼ ϕn ¼ 0) and sam-
ple only the isotropic exchange coupling J ¼ Jz.
We break the symmetry on the system by preparing the

state ρ̂θ ¼ jφðθÞihφðθÞj with

jφðθÞi ¼ cosðθ=2Þjξi⊗bNs=2c þ sinðθ=2Þj0i⊗Ns ; ð79Þ

where jξi ¼ ðj01i − j10iÞ= ffiffiffi
2

p
is the singlet. For

θ ≠ kπ ∀ k∈Z, we find jφðθÞi in a superposition
of the SU(2)-invariant singlet jξi⊗bNs=2c and the SU(2)-
breaking product j0i⊗Ns . The environment, which con-
tains an even number of qubits Ne, is also initialized in
singlets, as jξi⊗Ne=2. Note that, since the environment’s
state respects the SU(2) symmetry and the Hamiltonian also
respects this symmetry, the dynamics of the reduced system

likewise respects the symmetry; that is, it is SU(2)-
covariant. [When the environment contains an odd number
of qubits, it must be prepared in a mixed state in order to
obtain an SU(2)-invariant state.]
Figure 11 shows five tilted states on an Ns ¼ 8 system

coupled to Ne ¼ 12 environment qubits. As we vary θ, one
can see characteristic crossings in their relaxation curves.

IV. A UNIFIED DESCRIPTION OF THE THERMAL
AND THE SYMMETRY MPEMBA EFFECTS

We have reinterpreted instances of both the thermal
( ) and symmetry ( ) Mpemba effects in systems inter-
acting with featureless baths as well as in non-Markovian
environments in a resource-theoretical approach in both
classical and quantum settings. Strikingly, the mechanisms
behind the thermal and symmetry Mpemba effects are
remarkably similar: The former is governed by the slowest-
decaying mode, while the latter relies on the slowest
symmetry-restoring mode. Importantly, in both cases, the
relevant monotone is based on the quantum relative
entropy; what differs is the reference state with respect
to which it is computed. For the thermal Mpemba effect ,
it characterizes the divergence with respect to the steady
state, while for the symmetry Mpemba effect , it
quantifies the divergence with respect to an instantaneously
dephased state. It is well known that, for the Davies map,
the relative entropy between a nonequilibrium state and the
thermal steady state can be split into a classical and a purely
quantum coherent part [105]. In this context, the system’s
Hamiltonian is the symmetry generator and, correspond-
ingly, the twirling operation consists of dephasing the
nonequilibrium state in the energy eigenbasis. Crucially,
here we show that this approach can be generalized to an
arbitrary symmetry as follows: Let G be a group with
unitary representation fÛggg∈G and G be the correspond-
ing twirling map as in Eq. (35). For two states ρ̂; π̂ with
G½π̂� ¼ π̂, the quantum relative entropy reads

Sðρ̂kπ̂Þ ¼ Tr½ρ̂ ln ρ̂� − Tr½ρ̂ ln π̂�
þ Tr½ρ̂ lnG½ρ̂�� − Tr½ρ̂ lnG½ρ̂��

¼ Sðρ̂kG½ρ̂�Þ − Tr½ρ̂ ln π̂� þ Tr½ρ̂ lnG½ρ̂��: ð80Þ

Now, since π̂ is G-invariant, we have that Tr½ρ̂ ln π̂� ¼
Tr½ρ̂ lnG½π̂��. G ∘G ¼ G and G† ¼ G imply

Tr½ρ̂ lnG½π̂�� ¼ Tr½ρ̂G½lnðG½π̂�Þ�� ¼ Tr½G½ρ̂� ln π̂�: ð81Þ

Analogously, we have that Tr½ρ̂ lnG½ρ̂�� ¼ Tr½G½ρ̂� lnG½ρ̂��.
Hence, we find that

Sðρ̂kπ̂Þ ¼ Sðρ̂kG½ρ̂�Þ þ SðG½ρ̂�kπ̂Þ: ð82Þ

This equality holds for an arbitrary G-invariant state π̂. In
the special case where π̂ is the thermal state, this identity

FIG. 11. Symmetry Mpemba effect for SU(2). The initial states
are defined in Eq. (79), and we average over 100 random
realizations of the dynamics generated by random SU(2)-
symmetric gates with Ns ¼ 8 and Ne ¼ 12 drawing J ¼ Jz
uniformly from ½−π=5; π=5� for each gate in Û.
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implies that the relative entropy of athermality can always
be separated into the relative entropy of asymmetry
(symmetry-breaking contribution) and the relative entropy
of athermality for symmetry-respecting states (symmetry-
respecting contribution), as illustrated in Fig. 12. We note
that, by Eq. (22), in the special case where π̂ ¼ π̂β is the
thermal state at temperature β−1, the relative entropy
Sðρ̂kπ̂βÞ can be expressed as the difference between
the nonequilibrium free energy of ρ̂ and that of π̂β.
Furthermore, by Eq. (41), which was shown in Ref. [95],
we have SðG½ρ̂�kρ̂Þ ¼ SðG½ρ̂�Þ − Sðρ̂Þ. Hence, in this special
case, Eq. (82) simplifies to

Fðρ̂Þ − Fðπ̂βÞ ¼ β−1½SðG½ρ̂�Þ − Sðρ̂Þ� þ FðG½ρ̂�Þ − Fðπ̂βÞ;
ð83Þ

which was previously presented in Ref. [96].
This decomposition reveals that, for Davies maps, the

quantum thermal Mpemba effect comprises a purely
classical component , corresponding to the classical
thermal Mpemba effect, and a genuinely quantum
part, which is associated with the restoration of time-
translational symmetry generated by Ĥs . Here, as
discussed in Ref. [26], eigenvalues associated with
symmetry-preserving eigenmodes are real, while those
corresponding to symmetry-breaking modes are complex
(see Fig. 7). We stress that this distinction is not valid for

more general G-covariant maps, as shown in Fig. 9.
Moreover, there is nothing intrinsically quantum
mechanical about the symmetry-breaking part of the
dynamics. In fact, we showed a fully classical instance
of a symmetry Mpemba effect in Sec. III D. So, in
general, Eq. (82) decomposes the total athermality (or
nonstationarity) monotone into two parts: the asymmetry
monotone and a second part that quantifies the symmetry-
respecting athermality [106].
As a final example, we study the occurrence of these

different types of Mpemba effects in the same system.
In Fig. 13, in both panels we consider the same thermal-
ization process described by a Davies map but for
different initializations of the state ρ̂1 as the Gibbs state
with random noise defined in Eq. (66) with γ ¼ 0.05 (a)
and γ ¼ 0.25 (b), while, as in Fig. 7, ρ̂2 ¼ R̂metrρ̂1R̂

†
metr.

Here, the left panel shows both the classical and quantum
thermal Mpemba effects, while the right panel displays
only the symmetry Mpemba effect. While a crossing in
either Sfρ̂ðtÞkG½ρ̂ðtÞ�g or SfG½ρ̂ðtÞ�kπ̂g is necessary to
induce a crossing in the total relative entropy S½ρ̂ðtÞkπ̂�,
Eq. (82) implies that only when both component entropies
cross are we guaranteed to find a crossing in S½ρ̂ðtÞkπ̂�.
This example demonstrates that, in a given setting, one can
seek different types of Mpemba effects, each connected to
the depletion of a specific resource, by just changing the
resource monotone M.

V. CONCLUSION

We have shown that the various manifestations of the
Mpemba effect, arising from the restoration of thermal

FIG. 12. Splitting of the relative entropy of athermality for
systems exhibiting an arbitrary global symmetry into the relative
entropy of asymmetry and the relative entropy of athermality for
symmetry-respecting states. An initially asymmetric state ρ̂
evolves under a G-covariant map toward the steady state that
lies within the set of G-invariant states (see Sec. III A). The
relative entropy of athermality of ρ̂ðtÞ (ρ̂t in the figure) (violet)
can be split into two components: the relative entropy of ρ̂ðtÞwith
respect to the instantaneously dephased state G½ρ̂ðtÞ� (orange,
namely, the relative entropy of asymmetry) and the relative
entropy of G½ρ̂ðtÞ� with respect to π̂ (green, namely, the relative
entropy of athermality for symmetry-respecting states).

FIG. 13. Different Mpemba effects in the same thermalization
process described by the Davies map. As in Fig. 7, we study a
TFIM, setting J ¼ 1, h ¼ 1, Ns ¼ 4, β ¼ 2, and β0 ¼ 1 in both
panels and initializing the system in the state ρ̂1 ¼ ρ̂randGibbs ¼
ðρ̂Gibbs þ γρ̂randÞ=N and ρ̂2 ¼ R̂metrρ̂1R̂

†
metr as in Sec. III F (full

lines). The dashed lines are obtained by stochastically minimizing
the overlap with the slowest-decaying mode via the Metropolis
algorithm [26]. (a) For weak noise γ ¼ 0.05, the dynamics display
a classical thermal and a quantum thermal Mpemba effect.
(b) For strong noise γ ¼ 0.25, we find only the symmetry
Mpemba effect.
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equilibrium or symmetries, can all be cast within the
unified framework of RTs. By formalizing each variant
as a distinct resource-theoretic phenomenon, we clarified
the conceptual boundaries between thermal Mpemba and
symmetry Mpemba effects. Crucially, we demonstrated that
it is not the specific physical embedding of the system
(unitary versus featureless bath) that determines which
Mpemba effect emerges but rather the choice of measure
used to quantify the system’s relaxation. Indeed, by
selecting different resource measures, one can observe
multiple Mpemba behaviors in the very same quantum
model. Moreover, due to the absence of total ordering
imposed by measures of resource in RTs, even when
considering the same resource, the existence of the crossing
characterizing the Mpemba effect depends on the consid-
ered monotone.
We highlighted how the quantum relative entropy has

been used in studying the different Mpemba phenomena
by taking as reference state the instantaneous projection of
the state onto the free state set of the RT that corresponds to
the Mpemba effect analyzed. This reveals a fundamental
connection between the thermal Mpemba and the sym-
metry Mpemba effects. Crucially, the framework of the
modes of asymmetry helps us extend the interpretation of
thermal Mpemba effect to the symmetry one by shifting the
attention of the initial overlap with the slowest-decaying
mode to that with the slowest symmetry-breaking one,
which dictates the timescale of the symmetry restoration.
Following this approach, we identified the first instance of a
symmetry Mpemba effect in a classical system. Moreover,
we analyzed quantum symmetry Mpemba effects for global
U(1) and SU(2) symmetries, considering both pure and
mixed initial states.
The study of Mpemba effects within the framework of

RTs reveals how different resources can dissipate at differ-
ent rates, as illustrated in Fig. 13. Furthermore, given a
RT with a Markovian free-evolution map E, consider two
initial states ρ̂1 and ρ̂2 with Mðρ̂1Þ > Mðρ̂2Þ. Let blj be the
slowest-decaying resourceful eigenmode of E for which
Tr½bl†

j ρ̂2� ≠ 0. Then, ρ̂1 and ρ̂2 exhibit a Mpemba crossing:

M½ρ̂1ðtÞ� < M½ρ̂2ðtÞ� for some t > 0; ð84Þ

if

jTr½l̂†
j ρ̂1�j < jTr½l̂†

j ρ̂2�j: ð85Þ

This provides a unified criterion for the occurrence of
Mpemba-type behavior in any RT. By analyzing Mpemba
dynamics, one can identify the mechanisms that cause
certain resources to decay rapidly while others persist.
In this work, we have focused on quantum coherence,

athermality, asymmetry, and nonstationarity (which in the
classical context is particularly relevant for driven granular
gases [9,13,14]), but this approach naturally extends to

other resources such as entanglement, magic, and non-
Gaussianity. Beyond unifying thermal and symmetry var-
iants, this framework offers a principled route to designing
protocols that accelerate or delay resource dissipation.
Moreover, surveying diverse resource theories may uncover
novel Mpemba-type phenomena in both classical and
quantum domains. In this sense, resource theories provide
conceptual structure within the ubiquitous but nonuniversal
phenomenon that is the Mpemba effect.
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APPENDIX A: NONTHERMAL MPEMBA
EFFECT AND THE RESOURCE THEORY

OF NONSTATIONARITY

In the following, we address Mpemba effects in the
pure relaxation dynamics of open quantum systems. We
consider states ρ̂ðtÞ evolving under Markovian and time-
homogeneous Lindblad dynamics. We assume that the
Liouvillian has a unique, full-rank steady state π̂ to which
any state converges in the long-time limit. The solution to
the Lindblad master equation defines a one-parameter
semigroup of CPTP maps

Et ¼ etL; t ≥ 0: ðA1Þ

We demonstrate that pure relaxation Mpemba effects are
captured within the resource theory of nonstationarity,
inspired by the resource theory of athermality [51]. The
free states in this framework are steady states π̂, while any
other state is considered resourceful. Free operations E
must satisfy
(1) preservation of the steady state: E½π̂� ¼ π̂;
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(2) phase covariance: U t ∘ E ¼ E ∘U t, where U t is
given by

Ut½·� ¼ π̂it½·�π̂−it; ðA2Þ

for arbitrary t∈R.
Interestingly, and generalizing the result on thermalizing
maps that connects the athermality monotone to the non-
equilibrium free energy, the monotone of nonstationarity,
S½ρ̂ðtÞkπ̂�, is also connected to a known thermodynamic
quantity, namely, the nonadiabatic entropy production
[108] for a full relaxation from ρ̂ðtÞ → π̂:

ΣnaðtÞ ¼ M½ρ̂ðtÞ� ¼ S½ρ̂ðtÞkπ̂�: ðA3Þ

Note that, if the fixed point is thermal, the above recovers
the total entropy production as originally introduced by
Spohn [109].
As an example, we consider an all-to-all spin model, akin

to laser-driven interacting ensembles of Rydberg atoms
[24,110–112], to demonstrate the Mpemba effect in an
open quantum system with a nonthermal fixed point. This
model has been studied in the context of the quantum
Mpemba effect in Ref. [20]. In adopting their description,
we model Ns atoms as two-level systems, described
collectively with the spin operators Ŝα and total angular
momentum j2. For simplicity, we consider the symmetry
sector, for which j2 ¼ NsðNs þ 2Þ=4. Its basis is formed by
the eigenstates of the Ŝz operator, Ŝzjmi ¼ mjmi, with m
running from m ¼ −Ns=2 to m ¼ Ns=2. The Hamiltonian
is given by

Ĥ ¼ ΩŜx − ΔŜz þ
V
Ns

Ŝ2z ; L̂ ¼ ffiffiffi
κ

p
Ŝ−: ðA4Þ

Here, Ŝ− ¼ Ŝx − iŜy,Ω is the Rabi frequency, Δ is the laser
detuning from the atomic frequency, and V denotes the
strength of the all-to-all interactions. We choose initial
states ρ̂1 and ρ̂2 such that Sðρ̂2kπ̂Þ > Sðρ̂1kπ̂Þ. As the states
evolve under the dynamics generated by the Lindblad
master equation specified by the Hamiltonian and jump
operator in Eq. (A4), we observe a Mpemba effect in the
relative entropy with respect to π̂, serving as a monotone
for the resource of nonstationarity, shown in Fig. 14.
Finally, we note that the resource of nonstationarity and
its associated monotone may also be relevant for certain
classical systems. In particular, granular gases have been
shown to exhibit Mpemba effects, e.g., Refs. [9,13,14]. In
regimes where the single-particle dynamics are approx-
imately linear and admit a unique steady state, such systems
could potentially be described within a similar framework,
with the Kullback-Leibler divergence serving as the non-
stationarity monotone. While extending this perspective
to more complex or strongly nonlinear granular gases may
not be straightforward, these systems offer an interesting

direction for future investigations of Mpemba effects in
classical settings.

APPENDIX B: THERMAL MPEMBA EFFECT
WITH ETH

In the literature, the thermal Mpemba effect has been
explored mainly in Markovian open quantum systems
obeying Eq. (19), with the recent exception of Ref. [113],
where it was also found in isolated systems. Here, we show
that this effect can be found also in a subpart of a quantum
system evolving unitarily. A single qubit, when weakly
coupled to a nonintegrable environment satisfying the
ETH [114,115], relaxes to a thermal state whose temper-
ature is determined by the total initial energy of the qubit
plus environment. Following Ref. [116], we consider the
total Hamiltonian

Ĥse ¼ Ĥs þ V̂ þ Ĥe; ðB1Þ

with

Ĥs ¼ h0ŝ
z
0; V̂ ¼ κŝx0 ⊗ ŝx1; ðB2Þ

where ω0 is the system qubit’s frequency and κ denotes
the system-environment coupling. The environment
Hamiltonian is

Ĥe ¼ Jz
XN−1

n¼1

ŝznŝ
z
nþ1 þ h1ŝ

z
1 þ hNŝ

z
N þ

XN
n¼1

hzŝzn þ hxŝxn:

ðB3Þ

We choose initial states of the form

jψθise ¼ jφθis ⊗ jEθie ðB4Þ

FIG. 14. Quantum Mpemba effect in a pure relaxation process
of an all-to-all spin model. The monotone quantifying the
resource of nonstationarity is the relative entropy between the
time-evolved initial states and the fixed point π̂. Parameters:
Ns ¼ 5, Ω ¼ 1, Δ ¼ −1, V ¼ 3, and κ ¼ 0.01.
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with θ ¼ 1, 2, jφ1i ¼ jþi, and jφ2i ¼ j0i. jEθi is an
eigenstate of Ĥe chosen so that the inverse temperature
β of the overall state (that is fixed by the energy of jψθise)
matches. This, together with ETH, ensures that the two
different initial states on s converge to the same thermal
steady state π̂β ¼ e−βĤs=Tr½−βĤs�, within the fluctuations
anticipated by ETH.
The evolution of the system’s state is described by a

CPTP map

ρ̂θðtÞ ¼ Et½ρ̂θ�
¼ Tre½e−itĤseðjφθihφθj ⊗ jEθihEθjÞeitĤse �: ðB5Þ

To quantify the divergence of ρ̂θðtÞ with respect to π̂β,
we employ the monotone of Eq. (8). As the map is not
Markovian, M½ρ̂θðtÞ� is guaranteed to be monotonic only
between time 0 and t > 0. At intermediate times, we note
small fluctuations which eventually can be considered as
finite-size effects which would vanish completely when
considering an infinitely large bath, for which the map Et
becomes Markovian [117]. Figure 15 shows the crossing
of the relative entropies indicating the occurrence of a
quantum thermal Mpemba effect . The inset shows that,
when using α divergences, the crossing time τα depends
on α.

APPENDIX C: ASYMPTOTIC DECAY OF THE
QUANTUM RELATIVE ENTROPY

For both classical and quantum systems, the late time
behavior of a state is determined by its overlap with the
slowest-decaying eigenmode, among the whole spectrum
for athermality and only among the nonzero-μ sectors for
asymmetry. Here, we prove Eqs. (17) and (24).

1. Proof of the asymptotic decay of the KL divergence

Let L̂cl be a classical Liouvillian obeying detailed
balance, with unique stationary distribution π, which we
assume has full support (πi > 0 for all i). Let us define the
weighted inner product

hu; viπ ¼
X
i

uivi
πi

; ðC1Þ

and let us order the eigenvalues of L̂cl as

0 ¼ λ1 > λ2 ≥ λ3 ≥ � � � : ðC2Þ
We further assume the spectrum to not be degenerate for λj,
with j ¼ 2 in the case of athermality (see Sec. II) and j
corresponding to the slowest asymmetric eigenmode for
asymmetry (see Sec. III). Denoting the corresponding
eigenmodes by rk (orthonormal under h·; ·iπ),

L̂clrk ¼ λkrk; hrk; rliπ ¼ δkl: ðC3Þ
In this eigenbasis, an initial probability distribution p

evolves as

pðtÞ ¼ πþ
X
k≥2

akrkeλkt; ak ¼ hp; rkiπ; ðC4Þ

so that δpðtÞ ¼ pðtÞ − π ¼ P
k≥2 akrke

λkt. For small devi-
ations, one finds

D½pðtÞkπ� ¼
X
k

pkðtÞ ln
pkðtÞ
πk

∼
1

2

X
k

½δpkðtÞ�2
πk

: ðC5Þ

As t → ∞, as noted in Ref. [118], only the slowest-
decaying mode (j ¼ 2) survives, δpk ∼ a2r2;keλ2t, giving
Eq. (17)

D½pðtÞkπ� ∼ 1

2
a22e

2Reðλ2Þt
X
k

r22;k
πk

:

Replacing π with ĜpðtÞ allows one to extend this to the
asymptotic behavior of the relative entropy of asymmetry.

2. Proof of the asymptotic decay
of the quantum relative entropy

In both the thermalization example in Sec. II C and
the symmetry-breaking scenario in Sec. III, our main
monotone

M½ρ̂ðtÞ� ¼ S½ρ̂ðtÞkπ̂β� or Sfρ̂ðtÞkG½ρ̂ðtÞ�g ðC6Þ

is the quantum relative entropy between the evolving state
and its target (the relative entropy of athermality and
of asymmetry, respectively). At long times, its decay is
governed by the slowest eigenmode of the Lindbladian L

FIG. 15. Quantum thermal Mpemba effects in a subpart of a
system evolving unitarily. We considered the Hamiltonian
Eq. (B1) with ðJ; hz; hx; h1; hN; κ; h0Þ ¼ ð1; 0.3; 1.1; 0.25;−0.25;
0.15; 1.525Þ, β ¼ −0.46, and N ¼ 15. Inset: the crossing times τα
obtained by studying the different α divergence [see Eq. (3)].
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having nonzero overlap with the initial state, following
Eq. (24) for the thermal Mpemba effect and Eq. (58) (in
the case of the Z4 example studied in Sec. III D) for the
asymmetry Mpemba effect.
Let now L be diagonalizable. Then, there exist right

eigenmodes fr̂kg and left eigenmodes fblkg satisfying

L½r̂k� ¼ λkr̂k; L†½l̂k� ¼ λ�kl̂k; ðC7Þ

with the biorthonormality condition

Tr½l̂†
kr̂l� ¼ δkl ðC8Þ

and corresponding spectrum ordered so that

0 ¼ Reðλ1Þ > Reðλ2Þ ≥ Reðλ3Þ ≥ � � � : ðC9Þ

As in Appendix C 1, we also assume the slowest eigen-
mode associated to eigenvalue λj to be nondegenerate (for
athermality, j ¼ 1; for asymmetry, the index j is chosen
among eigenmodes in μ ≠ 0 sectors as in the main text).
We now sketch the proof in three steps.
(I) Spectral expansion: Analogously to Eq. (C4), any

initial state decomposes as

ρ̂ðtÞ ¼ π̂ þ
X
k≥2

ckr̂keλkt; ck ¼ Tr½l̂†
kρ̂�: ðC10Þ

(II) Quadratic approximation of S: Writing ρ̂ ¼ π̂ þ δρ̂
with kδρ̂k ≪ 1, one shows via the integral repre-
sentation of the logarithm that

Sðρ̂kπ̂Þ¼Tr½ρ̂ðln ρ̂− ln π̂Þ�≈1

2
Tr½δρ̂π̂−1δρ̂�: ðC11Þ

(III) Dominance of the slowest eigenmode: At late times,
δρ̂ðtÞ ≈ cjr̂jeλjt. If λj ∈CnR, its conjugate partner λ�j
must also be included, and one finds

δρ̂ðtÞ ≈ cjr̂jeλjt þ c�j r̂
†
je

λ�j t: ðC12Þ

Substituting into Eq. (C11) gives

Tr½δρ̂π̂−1δρ̂�

≈

( jcjj2e2ReðλjÞtTr½r̂†j π̂−1r̂j�; λj ∈R;

2jcjj2e2ReðλjÞtReðTr½r̂†j π̂−1r̂j�Þ; λj ∉ R:

ðC13Þ

Hence,

Sðρ̂ðtÞkπ̂Þ∼
(

1
2
jcjj2e2ReðλjÞtTr½r̂†j π̂−1r̂j�; λj∈R;

jcjj2e2ReðλjÞtReðTr½r̂†j π̂−1r̂j�Þ; λj ∉R;

ðC14Þ

as discussed in Ref. [119]. Note that this can be
straightforwardly extended to Sðρ̂ðtÞkG½ρ̂ðtÞ�Þ by
replacing π̂ with G½ρ̂ðtÞ� in the proof.

APPENDIX D: MONOTONE-DEPENDENT
OCCURRENCE OF THE MPEMBA CROSSING

In Figs. 2 and 3 in the main text, we examined the
thermal Mpemba effect in a classical and a quantum
Markovian setting, respectively. The crossing time τα,
defined as the point where the two Mα curves intersect,
was found to vary smoothly with the monotone para-
meter α. As defined in the main text, these monotones
correspond to the classical and quantum Rényi relative
entropies Mα between the time-evolved states and the
equilibrium steady states. Here, we demonstrate that this
dependence of the crossing times on the monotones implies
that one can find pairs of states and two parameters α1 and
α2 such that a Mpemba crossing appears forMα1ðtÞ but not
forMα2ðtÞ. This dependence implies that one can find pairs
of states and two parameters α1 and α2 such that a Mpemba
crossing appears for Mα1ðtÞ but not for Mα2ðtÞ. Since, at
least within a certain range, τα increases monotonically
with α, we can choose the initial states as time-evolved
states at a time t� satisfying τα1 < t� < τα2 . Consequently,
for α1 the crossing time lies earlier along the forward time
axis than t�, whereas for α2 it lies later. Because the
dynamics are irreversible and backward histories are not
unique, “earlier” and “later” should be understood with
respect to forward evolution from the chosen preparatory

FIG. 16. The presence or absence of the Mpemba crossing
depends on the chosen monotone. (a) Classical case: we initialize
the system with the time-evolved thermal state (full lines) and
optimized state (dashed lines) from Fig. 2 at time jJjt� ≈ 0.376.
We compute the classical Rényi relative entropy Eq. (18) between
the time-evolved states and the equilibrium steady state for
α ¼ 1.1 (lighter lines) and α ¼ 2 (opaque lines). In (b), we
initialize the system with the time-evolved random state (full
lines) and optimized state (dashed lines) from Fig. 3 at time
ht� ≈ 2. We show the quantum Rényi relative entropy Eq. (7)
between the time-evolved states and the equilibrium steady state
for α ¼ 0.1 (lighter lines) and α ¼ 1.1 (opaque lines).
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procedure (the states obtained at t�) rather than as uniquely
defined backward trajectories.
We illustrate this behavior in Fig. 16, where Fig. 16(a)

shows a classical example and Fig. 16(b) shows a quantum
one. For the classical case, we take as initial states the pair
of configurations considered in Fig. 2 at time t� ≈ 0.94,
while for the quantum case we initialize the dynamics with
the two states from Fig. 3 at time t� ≈ 0.20. This illustrates
that, at least when nonequilibrium initial states are allowed,
the occurrence of a Mpemba crossing depends on the
chosen monotone function used to characterize it,
even when these monotones quantify the same resource
(athermality, in this case).

APPENDIX E: DETAILS ON THE DAVIES MAP

The Davies map arises from a particular Lindblad
equation describing the thermalization of quantum systems
weakly coupled to a Markovian heat bath [59]. In the
main text, we have focused on its general mathematical
properties, while here we give the explicit expression of
the equation that we used to compute various examples.
Consider the spectral decomposition of the system’s
Hamiltonian Ĥs ¼

P
k hkjkihkj. In the eigenbasis of Ĥs,

the Davies generator reads

dρ̂sðtÞ
dt

¼ L½ρ̂sðtÞ� ¼ −i½Ĥs; ρ̂sðtÞ�

þ
X
k<k0

Dð1Þ
kk0 ½ρ̂sðtÞ� þDð2Þ

kk0 ½ρ̂sðtÞ�; ðE1Þ

where the dissipators Dð1Þ
kk0 and Dð2Þ

kk0 are generated by the

jump operators L̂ð1Þ
kk0 and L̂

ð2Þ
kk0 , respectively, which couple all

Hamiltonian eigenstates as

L̂ð1Þ
kk0 ðβÞ ¼ ½1 ∓ f�ðβ; hk0 − hkÞ�1=2jkihk0j;

L̂ð2Þ
kk0 ðβÞ ¼ ½f�ðβ; hk0 − hkÞ�1=2jk0ihk0j: ðE2Þ

Here, f�ðβ; hk0 − hkÞ ¼ 1=fexp½βðhk0 − hkÞ� � 1g are the
Fermi (þ) and the Bose (−) distribution functions which
enforce the detailed balance condition, ensuring that the
unique steady state is the thermal state at inverse temper-
ature β. Throughout all examples in the main text, we
considered bosonic canonical commutation relations.

APPENDIX F: QUANTUM FISHER
INFORMATION AND WHY THE

MEASURE MATTERS

Let us assume that the dynamics of a system described
by the state ρ̂ are Markovian and that the state evolves
according to

dρ̂
dt

¼ L½ρ̂�; ðF1Þ

where L is the generator of the dynamics and takes the
Lindblad form. Following Ref. [65], we define the sym-
metries of the Lindbladian as the set of superoperators that
commute with L:

SymðLÞ ≔ fM∈B½BðH Þ�j½M;L� ¼ 0g; ðF2Þ

where B½BðH Þ� denotes the set of bounded linear
operators acting on the space of bounded linear operators
on the finite-dimensional Hilbert space H .
Here, we focus on the special case where the symmetry

superoperator is the Lindbladian itself, i.e.,M ¼ L. In this
case, any quantum Fisher information with respect to the
time parameter serves as a monotone under the evolution
generated byL. The family of QFI about the time parameter
t can be written in the form

IfðtÞ ¼
X
x;y

jhxðtÞjL½ρ̂t�jyðtÞij2
pxðtÞf½pyðtÞ=pxðtÞ�

; ðF3Þ

where the density matrix is expressed in its spectral
decomposition ρ̂ ¼ P

x pxjxihxj. The set fpxg defines a
discrete probability distribution over eigenstates. The
function f characterizes the particular QFI measure within
the family and is required to satisfy three properties,
(i) operator monotonicity: for any positive semidefinite
operators A and B such that A ≤ B, it holds that
fðAÞ ≤ fðBÞ; (ii) self-inversiveness: fðxÞ ¼ xfð1=xÞ for
all x > 0; (iii) normalization: fð1Þ ¼ 1.
Common examples of such QFI measures include the

symmetric logarithmic derivative (SLD) QFI with fSLDðxÞ ¼
½ðxþ 1Þ=2�, which is minimal in this family, the Wigner-
Yanase (WY) QFI with fWYðxÞ ¼ 1

4
ð ffiffiffi

x
p þ 1Þ2, and the

harmonic mean (HM) QFI with fHMðxÞ ¼ ½2x=ðxþ 1Þ�,
which is the maximal element in this class.
For a more detailed discussion of these QFI families and

their properties, see Ref. [66].
As discussed in Ref. [65], this perspective can be

naturally integrated into the framework of quantum re-
source theories, particularly those in which the free
operations are generated by the dynamical map Et ≔
expðtLÞ. In such a setting, the resource is identified with
the degree of nonstationarity, as previously defined.
It is crucial to emphasize, however, that monotones

associated with a given symmetry M do not, in general,
induce a total order on quantum states. Specifically, if a
monotone Ma satisfies Maðρ̂1Þ > Maðρ̂2Þ for two states ρ̂1
and ρ̂2, this does not necessarily imply that another
monotone Mb associated with the same symmetry will
also yieldMbðρ̂1Þ > Mbðρ̂2Þ. In fact, we present an explicit
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counterexample illustrating this point. Moreover, we
explore the consequences of this monotone dependence
in the context of crossing times, particularly as it pertains to
(quantum) Mpemba behavior.
To this end, we revisit the thermal quantum Mpemba

effect that emerges in the pure relaxation dynamics of a
single qubit coupled to a thermal bath, as discussed in
Sec. II C in the main text. We consider the relaxation
behavior of two distinct, but unitarily connected, initial
states: one of which is coherent in the energy eigenbasis,
while the other (ρ̂2) is not. Owing to the structure of the
Davies generator, the evolution of populations and coher-
ences in the energy basis decouples. Furthermore, the
quantity If naturally splits into two contributions: one
incoherent and one coherent, defined with respect to the
instantaneous eigenbasis of the state.
Given these two facts, it is straightforward to see that, for

the incoherent state, only the incoherent component con-
tributes to If. Importantly, this contribution is independent
of the choice of the function f, as illustrated by the dashed
gray line in Fig. 17. In contrast, the initially coherent state
yields an f-dependent contribution, as shown by the
colored lines in Fig. 17. Notably, the monotones ISLD
and IWY exhibit a Mpemba crossing, though at distinct
crossing times, while IHM does not show any crossing. This
demonstrates that both the presence of an Mpemba crossing
and the associated crossing time are strongly dependent on
the specific choice of monotone, even when the underlying
resource is held fixed.

APPENDIX G: FROM GLOBAL G INVARIANCE
TO LOCAL G COVARIANCE

In this section, we demonstrate how a global symmetry
of a joint system-environment unitary evolution induces
covariance of the reduced system dynamics under the
same symmetry group, if the environment is prepared
in a symmetric state. Let us consider a G group, T̂ ∈
BðH s ⊗ H eÞ a G-invariant unitary, and π̂e ∈S ðH eÞ a
G-invariant state. Then, the map

E½·� ¼ Tre½T̂ð½·� ⊗ π̂eÞT̂†� ðG1Þ

will be G-covariant, namely,

E½Ûg;sρ̂Û
†
g;s� ¼ Ûg;sE½ρ̂�Û†

g;s ∀ ρ̂∈S ðH sÞ; ðG2Þ

where Ûg;s is the unitary representation of G on H s.
To prove this, let us consider a unitary representation

of the group Ûg ¼ Ûg;s ⊗ Ûg;e on H s ⊗ H e and begin
from the left-hand side:

E½Ûg;sρ̂Û
†
g;s� ¼ Tre½T̂ðÛg;sρ̂Û

†
g;s ⊗ π̂ÞT̂†�: ðG3Þ

By G invariance we have ½T̂; Ûg;s ⊗ Ûg;e� ¼ 0 ∀ g∈G, so

T̂ðÛg;sρ̂Û
†
g;s ⊗ π̂ÞT† ¼ Ûg;s ⊗ Ûg;eðσ̂ÞÛ†

g;s ⊗ Û†
g;e; ðG4Þ

where σ̂ ¼ T̂ðρ̂ ⊗ π̂eÞT̂†, where we used π̂e ¼ Ûg;eπ̂eÛ
†
g;e.

Hence,

E½Ûg;sρ̂Û
†
g;s� ¼ Tre½Ûg;s ⊗ Ûg;eðσ̂ÞÛ†

g;s ⊗ Û†
g;e�: ðG5Þ

Since the partial trace over the environment commutes with
unitaries on the environment, one gets

Tre½Ûg;s ⊗ Ûg;eðσ̂ÞÛ†
g;s ⊗ Û†

g;e� ¼ Ûg;sTre½σ̂�Û†
g;s

¼ Ûg;sE½ρ̂�Û†
g;s: ðG6Þ

Thus,

E½Ûg;sρ̂Û
†
g;s� ¼ Ûg;sE½ρ̂�U†

g;s; ðG7Þ

showing that E is G-covariant whenever Û is G-invariant
and π̂ is G-invariant.
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