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Light polarization plays a crucial role in optical-cavity experiments; however, mirror birefringence
presents a significant challenge that must be addressed carefully. In this study, a rigorous, nonperturbative
framework is developed to quantify birefringence effects by incorporating variations in reflectance and
polarization misalignment. We analyze the impact of this framework on the sensitivity of axionlike particle
(ALP) dark matter searches. The results show that both birefringence and misalignment contribute to
sensitivity degradation in the low-mass regime; however, the adverse effects of misalignment can be
mitigated by selecting a postselection angle greater than the misalignment angle. Furthermore,
birefringence produces an additional resonance peak in the high-mass region, which remains largely
unaffected by misalignment and postselection variations. This rigorous framework underscores the
importance of considering birefringence in high-precision optical-cavity experiments for ALP detection.
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I. INTRODUCTION

Optical cavities are widely used in various fields, ranging
from fundamental science to precision metrology [1]. They
are commonly employed to generate coherent light and detect
interference. Although lasers are indispensable tools for
spectroscopy, the incorporation of optical cavities can sig-
nificantly improve spectroscopy sensitivity and resolution, as
demonstrated by techniques such as cavity-enhanced spec-
troscopy [2,3]. One of the most advanced applications of
optical cavities is gravitational-wave detection, which uses
large Fabry-Pérot-Michelson interferometers [4–6]. Recently,
optical cavities have attracted attention in the search
for unknown elementary particles that may be dark matter
[7–11]. These are called axionlike particles (ALPs),which are

ultralight pseudoscalar particles. IfALPs interactweaklywith
linearly polarized electromagnetic fields, they are expected to
induce a small rotation in polarization. Because this effect is
extremely small, optical cavities are used to amplify it.
Several groups have reported experimental results in this
context, includingDANCE [12], LIDA [13], andADBC [14].
The high-finesse optical cavities used in such precise

polarization measurements require careful consideration of
the birefringence of optical components such as mirrors.
Birefringence within the cavity can cause polarization deg-
radation, which becomes non-negligible in high-finesse
systems. Because ALP searches rely on precise polarization
measurements, birefringence may be a critical limiting
factor.
Similar experiments focusing on polarization measure-

ments with optical cavities have been conducted to inves-
tigate vacuum magnetic birefringence [15–17]. A critical
issue in these measurements is the imperfection of the
mirrors comprising the optical cavity, particularly mirror
birefringence and its fluctuations. Therefore, these effects
have been extensively studied [17–19]. The optical cavities
used in vacuum magnetic-birefringence measurements are
Fabry-Pérot cavities, in which a pair of mirrors is placed
parallel to the optical path and the light-reflection angle is
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normal to the mirror surface. Mirror-birefringence effects in
Fabry-Pérot cavities have also been investigated in gravi-
tational-wave detectors. Gravitational-wave experiments
require extremely high sensitivity; thus, even the birefrin-
gence inhomogeneity on a mirror surface may affect the
experiment sensitivity [20–22].
In contrast, optical cavities used for ALP dark matter

searches typically require more complex configurations
than Fabry-Pérot cavities. The polarization rotation induced
by the ALP field is effectively canceled at each reflection in
a cavity with equal path lengths between adjacent mirrors.
Therefore, ring cavities with asymmetric optical paths are
typically employed. In such ring cavities, the angle of
incidence at the mirrors is non-normal, which introduces a
significant birefringence effect because of the phase
difference between the s- and p-polarized components.
Some experimental setups exploit this phase difference to
enhance sensitivity to ALPs in specific mass ranges
[13,14].
Despite the higher sensitivity to birefringence in ring-

cavity configurations, the effect of birefringent mirrors on
ALP searches has not been thoroughly investigated. In this
study, we investigate the influence of mirror birefringence
on polarization-based ALP dark matter searches using
rigorous analysis. Section II discusses the detailed dynam-
ics of the electromagnetic field in a cavity using birefrin-
gent mirrors. An analytical solution for the polarization
evolution in the presence of an ALP field is derived as
described in Sec. III.
In Sec. IV, we discuss the implications of the birefrin-

gence effect on the sensitivity of ALP searches, and we
present our conclusions in Sec. V. Detailed algebraic
derivations to improve readability are provided in the
Appendix. In Appendix A, we derive the time-evolution
operator for polarized light in the ALP field. Appendix B
provides the complete expressions of (43). In Appendix C,
we discuss the case in which birefringence does not change
the linear polarization. In Appendix D, we provide an
approximate resonance condition when birefringence does
not split but slightly modifies the spectrum. Appendix E
provides the relationship between our parameters and
measurable quantities. In Appendix F, we propose a cavity
that suppresses birefringence.

II. CAVITY WITH BIREFRINGENCE

A ring cavity is typically employed in an ALP search
using an optical cavity. In a simple Fabry-Pérot cavity, the
effect of the ALP field is canceled after the light makes a
round trip because the direction of the polarization change
caused by the ALP field is reversed upon a single reflection.
In this study, we assume a ring cavity with either a
rectangular or bow-tie shape, where the longer sides are
significantly longer than the shorter ones [Fig. 1(a)].
In this section, we describe development of an analytical

model for the propagation of an electromagnetic field in a

ring cavity composed of birefringent mirrors in the absence
of an ALP field. A schematic of the optical setup consid-
ered in this section is shown in Fig. 1(a). The dominant
component of the birefringence originates from the oblique
incidence of light in the mirrors in this configuration. The
laser emits light with angular frequency ω0 and power P.
The light is cleaned by the first polarizing beam splitter
(PBS) to be linearly polarized jHi and then enters a
rectangular cavity of length L. After multiple reflections
inside the cavity, the transmitted light exits and passes
through a half-wave plate (HWP), which rotates the
polarization by an angle ϵ. The second PBS splits the
light into orthogonal polarization components. Finally, the
two photodetectors (PDs) measure the power of each
polarization component Pf and P0

f. PfðP0
fÞ refers to the

vertically (horizontally) polarized light.
We consider a ring cavity with a high aspect ratio in

which the two reflections at the short sides can be treated as

FIG. 1. (a) Schematic of the experimental setup considered in
this work. ω0, angular frequency of laser light; P, laser power;
jHiðjVi�, horizontal (vertical) linear polarization; R1;2ðT1;2Þ,
Jones matrices of reflection (transmission) representing the
two successive mirrors; L, cavity length; ϵ, rotation angle of
linear polarization. (b) Schematic of the theoretical setup con-
sidered in this work. The two successive mirrors at the shorter
sides of the ring cavity are regarded as a single birefringent
mirror. (c) Model of a birefringent mirror. r1;2, (geometric)
average of reflectances along the fast and slow axes of the wave
plate. (d) Wave plates characterized by retardation α1;2, and angle
between the jHi polarization and its fast axes θ1;2.
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a single effective reflection and transmission [Fig. 1(b)].
The Jones matrices for the reflection and transmission of
the input (output) mirror are R1ðR2Þ and T1ðT2Þ, respec-
tively. A model of a birefringent mirror is shown in
Fig. 1(c). A mirror with birefringence is represented by
an isotropic mirror without birefringence that is covered
with a wave plate. A model of the wave plate is shown in
Fig. 1(d). To describe the effect of mirror birefringence, we
assume that the wave plate has a complex retardation α1;2
for each axis and is rotated along the polarization plane at
an angle of θ1;2. The Jones matrix Rj (j ¼ 1; 2) is written as

Rj ¼ rje−iθjσye−iαjσzeiθjσy ð1Þ

¼ rjfcos αj − i sin αj½σz cos ð2θjÞ þ σx sin ð2θjÞ�g;
ð2Þ

where rj ∈R is the isotropic component of the amplitude
reflectance, αj ∈C is the complex retardation, θj ∈R is the
angle between the horizontal polarization of light and fast
axis of the wave plate, and σx;y;z are the Pauli matrices. The
real part of αj is the phase retardation, and the imaginary
part of αj represents the reflectance anisotropy. The actual
reflectances for linearly polarized light along the fast and
slow axes of the wave plate are rje� Im½αj�. Similarly, the
Jones matrices for transmission Tj (j ¼ 1, 2) are expressed
as

Tj ¼ tje−iθjσy eβjσz eiθjσy ð3Þ

¼ tjfcosh βj þ sinh βj½σz cos ð2θjÞ þ σx sin ð2θjÞ�g;
ð4Þ

where tj ∈R is the average transmittance and βj ∈R is the
imaginary part of the complex retardation. We assume that
the real part of the complex retardation can be ignored
because the light does not transmit through the mirror many
times. Moreover, we assume that the angle of the wave
plate of transmission is the same as that of the wave plate of
reflection. Owing to energy conservation, the parameters tj
and βj are written using rj and αj as

tj ¼ ½ð1 − r2jÞ2 − 4r2j sinh
2ðIm½αj�Þ�1=4 ð5Þ

and

βj ¼
1

4
log

�
1 − r2je

2 Im½αj�

1 − r2je
−2 Im½αj�

�
: ð6Þ

The calculations presented in this section follow a
method similar to that of Ref. [23]. In this previous study,
the retardations α1;2 were assumed to be real and small; that
is, α1;2 ∈R; α1;2 ≪ 1. Our analysis is fully nonperturbative

and valid for complex values of α1;2. Notably, the values of
α1;2 are bounded; its real part is compact owing to the
periodicity of the wave plate:

−π ≤ Re½αj� ≤ π ðj ¼ 1; 2Þ: ð7Þ

The imaginary part is constrained by the physical require-
ment that the reflectance does not exceed unity:

rjej Im½αj�j ≤ 1 ðj ¼ 1; 2Þ; ð8Þ
or

− ln

�
1

rj

�
≤ Im½αj� ≤ ln

�
1

rj

�
ðj ¼ 1; 2Þ: ð9Þ

If r1 ¼ r2 and the averaged finesse F ¼ π
ffiffiffiffiffiffiffiffiffi
r1r2

p
=ð1 −

r1r2Þ ¼ πr1=ð1 − r21Þ is high, the condition for Im½α1;2�
can be approximated as

−
π

2F
≲ Im½α1;2�≲ π

2F
; ð10Þ

which implies that the values of Im½α1;2�must be small for a
high-finesse cavity.
When the initial state of light is horizontally polarized

with angular frequency ω0, the electromagnetic field
throughout the output mirror is

Afðt;ω0Þ ¼ A0T2C
ð0Þ
f e−iω0t; ð11Þ

Cð0Þ
f ≔

X∞
n¼0

Cð0Þ
n ; ð12Þ

Cð0Þ
n ¼ e2iω0L R1R2C

ð0Þ
n−1; ð13Þ

Cð0Þ
0 ¼ eiω0LT1

�
1

0

�
: ð14Þ

The nth reflected component Cð0Þ
n ðn ≥ 0Þ is given by

Cð0Þ
n ¼ eiω0Lðr1r2e2iω0LÞn ΓnT1

�
1

0

�
; ð15Þ

using the Jones matrix of the combined wave plate:

Γ ≔
1

r1r2
R1 R2: ð16Þ

The matrix Γ can be diagonalized as

Γ ¼ e−iθn·σ e−iασz eiθn·σ ; ð17Þ

where n is a vector parallel to the rotation axis and is
expressed as
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n ≔

0
B@

− sinϕ

cosϕ

0

1
CA; ð18Þ

and α; θ;ϕ are functions of α1;2 and θ1;2

cos α ≔ cos α1 cos α2 − sin α1 sin α2 cos ½2ðθ1 − θ2Þ�; ð19Þ

cos ð2θÞ≔ sinα1 cosα2 cos ð2θ1Þ þ cosα1 sinα2 cos ð2θ2Þ
sinα

;

ð20Þ

and

tanϕ ≔
− sin α1 sin α2 sin ½2ðθ1 − θ2Þ�

sin α1 cos α2 sin ð2θ1Þ þ cos α1 sin α2 sin ð2θ2Þ
:

ð21Þ

Matrix e−iασz in (17) is diagonal with eigenvalues e∓iα. This
diagonalization defines a combined wave plate with an
effective retardation α and fast-axis angle θ. Γn is expressed

by the eigenvalues to the power of n, and Cð0Þ
f is reduced

using α, θ, and n:

Cð0Þ
f ¼ eiω0Le−iθn·σ

 1
1−r1r2e2iω0Le−iα

0

0 1
1−r1r2e2iω0Leiα

!

× eiθn·σT1

�
1

0

�
: ð22Þ

This expression indicates that if the input polarization is
aligned with one of the fast or slow axes of the combined
wave plate in the cavity then the resulting output intensity is
proportional to

���� 1

1 − r1r2e2iω0Le−iα

����2 ð23Þ

for the fast axis or

���� 1

1 − r1r2e2iω0Leiα

����2 ð24Þ

for the slow axis, which are the two Lorentzians with
different peak positions and widths. For a general polari-
zation, we observe their superpositions. The resonance
conditions determining the positions of the two peaks are

2ω0L� Re½α� ¼ 2πl ðl∈ZÞ: ð25Þ

The two finesses that determine the widths of the two
peaks are

FF=S ≔
π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1r2e� Im½α�p

1 − r1r2e� Im½α� : ð26Þ

The real part of α shifts and splits the peaks of the
resonance curve, whereas the imaginary part of α makes
one of the peaks sharper and the other broader. If the angle
between the wave plates at the mirrors is zero, that is,
θ1 ¼ θ2 ¼ 0, the angle of the combined wave plate is the
same as that of the mirrors, θ ¼ θ1 ¼ θ2, and the retarda-
tion is simply the sum of the retardations of each wave
plate, α ¼ α1 þ α2.
The power of the light is observed during experiments.

Generally, we can choose a linear polarization with a
particular postselection angle ϵ:

n0f ≔
�

cos ϵ

− sin ϵ

�
: ð27Þ

The postselection angle ϵ is a controllable parameter, and
we assume that ϵ is small. The observed power is

P0
fðt;ω0Þ ¼ P

���� a0F
1 − r1r2e2iω0Le−iα

þ a0S
1 − r1r2e2iω0Leiα

����2;
ð28Þ

where P is the laser power before entering the cavity, and

a0F=S ≔ n0f · T2e−iθn·σ
1� σz

2
eiθn·σT1

�
1

0

�
ð29Þ

indicates how much of the polarizations along the fast and
slow axes of the combined wave plate represented by Γ in
(17) exist within the cavity.
Similar to P0

f, the power in the other port is

Pfðt;ω0Þ ¼ P

���� aF
1 − r1r2e2iω0Le−iα

þ aS
1 − r1r2e2iω0Leiα

����2;
ð30Þ

where

aF=S ≔ nf · T2e−iθn·σ
1� σz

2
eiθn·σT1

�
1

0

�
; ð31Þ

and

nf ≔
�
sin ϵ

cos ϵ

�
ð32Þ

is the other postselected polarization vector, which is
orthogonal to n0f. When α1;2 and θ1;2 are small, the power
Pf becomes small relative to P0

f because the polarization nf
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with a small ϵ is almost orthogonal to the initial
polarization.
Pf=ðPf þ P0

fÞ is used to evaluate the population of light
that becomes vertically polarized throughout the process.
No population of light is transferred when the retardation
α1 or the angle of the birefringence axis θ1 is zero, except
for a slight rotation of the polarization at the HWP, as
shown in Fig. 2. As shown in Fig. 2(a), the population
transfer starts to increase when α1 ∼ 1=F and saturates
when α1 ≫ 1=F with values of almost sin2 θ1, as also
shown in Fig. 2(b). When α1 ≫ 1=F and θ1 ≠ 0, the
resonance curve exhibits two divided peaks corresponding
to the two resonance conditions in (25).
The overall reflectance of the cavity ½1 − ðPf þ P0

fÞ=P�
also depends on α1 and θ1. The sum of the output powers
ðPf þ P0

fÞ decreases as the retardation α1 and/or the angle
of the birefringence axis θ1 increases, because in either
situation more light flows into the off-resonant polarization
mode within the cavity. As shown in Fig. 3(a), the
dependence of the reflectance on α1 is similar to that of

the polarization transfer shown in Fig. 2(a); however, the
slope is slightly steeper. Figure 3(b) shows that the
reflectance is always proportional to sin2 θ1, in contrast
to the more nonlinear behavior shown in Fig. 2(b). These
behaviors will be modified when the ALP effect is
introduced.

III. CAVITY IN THE ALP FIELD

We introduce the ALP effect into the developed model
presented in the previous section. The elementary process
of the interaction between the ALP and light fields has been
studied [7–9,24], and the derivation is summarized in
Appendix A.
The effect of the ALP field on the shorter sides is

ignored, and the cavity is treated in the same manner as in
Sec. II, except for the presence of the ALP field in the
longer sides of the ring cavity.
In the presence of an ALP field, two sidebands with a

frequency ω0 �ma emerge in the electromagnetic field

FIG. 2. Population transfer with the real retardation α1 and
angle of birefringence axis θ1. PfðP0

fÞ is the laser power at the
detection (reference) port, in which the polarization is orthogonal
(parallel) to the polarization of light just before entering the
cavity. The minimum value sin2 ϵ ≃ ϵ2 is due to the postselection.
Common parameters are F ¼ 105ðr1 ¼ r2Þ, L ¼ 10.64 m,
λ ¼ 1064 nm, α2 ¼ α1, θ2 ¼ θ1, and ϵ ¼ 0.01. The resonance
condition in (C4) holds.

FIG. 3. Reflectance of the cavity with the real retardation α1
and angle of birefringence axis θ1. P is the laser power just before
entering the cavity. PfðP0

fÞ is the laser power at the detection
(reference) port, in which the polarization is orthogonal (parallel)
to the polarization of light before entering the cavity. Common
parameters are F ¼ 105ðr1 ¼ r2Þ, L ¼ 10.64 m, λ ¼ 1064 nm,
α2 ¼ α1, θ2 ¼ θ1, and ϵ ¼ 0.01. The resonance condition
in (C4) holds.
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through the opposite mirror, where ma is the mass of the
ALP. The modification in the calculation involves operating
the time-evolution operator U in (A14) during light
propagation within the cavity. The recurrence relation of
the light in the cavity is

Anðt;ω0Þ ¼ Uðt; t − LÞR1Uðt − L; t − 2LÞ
× R2An−1ðt − 2L;ω0Þ; ð33Þ

where L is the cavity length in the long side [Fig. 1(a)] and

Anðt;ω0Þ ¼ A0T2½Cð0Þ
n þ CðþÞ

n e−iðmatþδaÞ

þ Cð−Þ
n eiðmatþδaÞ�e−iω0t: ð34Þ

Equation (33) results in the following recurrence relations
for each coefficient,

Cð0Þ
n ¼ r1r2eiω0LΓCð0Þ

n−1; ð35Þ

Cð�Þ
n ¼ r1r2eiðω0�maÞLΓCð�Þ

n−1

−
i
2
gð1 − e�imaLÞe∓iδaΞ�C

ð0Þ
n ; ð36Þ

where g is given by (A6), δa is the constant phase of the
ALP field, and the matrix Ξ� is defined as

Ξ� ≔ σy þ e�imaLR1σyR−1
1 : ð37Þ

The initial conditions are

Cð0Þ
0 ¼ eiω0LT1

�
1

0

�
; ð38Þ

and

Cð�Þ
0 ¼ eiω0L

1

2
gð1 − e�imaLÞe∓iδað−iσyÞT1

�
1

0

�
: ð39Þ

The final state of the light is

Afðt;ω0Þ ¼
X∞
n¼0

Anðt;ω0Þ ð40Þ

¼A0T2½Cð0Þ
f þ CðþÞ

f e−iðmatþδaÞ

þCð−Þ
f eiðmatþδaÞ�e−iω0t; ð41Þ

Cð0;�Þ
f ≔

X∞
n¼0

Cð0;�Þ
n : ð42Þ

In the linear approximation with respect to g, Cð0Þ
f is the

same as (22), and Cð�Þ
f are

Cð�Þ
f ¼ 1

2
geiω0Lð1−e�imaLÞ

�
uð�Þ
F

1−r1r2e2iðω0�maÞLe−iα
þ uð�Þ

S

1−r1r2e2iðω0�maÞLeiα
þ v

ð�Þ
F

1−r1r2e2iω0Le−iα
þ v

ð�Þ
S

1−r1r2e2iω0Leiα

�
; ð43Þ

where uð�Þ
F=S and v

ð�Þ
F=S are expressed by (B1)–(B4). The

sideband amplitude Cð�Þ
f in (43) is the superposition of the

four resonance factors of both the carrier light and signal
light:

1

1 − r1r2e2iðω0�maÞLe−iα
; ð44Þ

1

1 − r1r2e2iðω0�maÞLeiα
; ð45Þ

1

1 − r1r2e2iω0Le−iα
; ð46Þ

and

1

1 − r1r2e2iω0Leiα
: ð47Þ

The last two factors are present in (22) corresponding to the
resonance of two carrier-light polarizations. The first two
factors originate from the resonance of the signal light,
which is modified by the birefringence of the cavity mirrors
under the resonance condition:

2ðω0 �maÞL� Re½α� ¼ 2πl ðl∈ZÞ: ð48Þ

The difference between the four modes can be interpreted in
terms of the order of transitions between the carrier and signal
modes, where the resonance factor of the carrier light arises
when the field first resonates in the cavity and then transits to a
sideband byALP interaction, whereas the resonance factor of
the signal corresponds to the reverse process.
As described in Sec. II, we choose the output polariza-

tion nf in (32) because the ALP field changes the
polarization of light and the signal appears mainly in this
port, whereas the other port is used to stabilize ω0 at the
resonance frequency. The observed power Pf is modified
by the ALP field,
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Pfðt;ω0Þ ¼ P
��nf · T2C

ð0Þ
f þ nf · T2C

ðþÞ
f e−iðmatþδaÞ

þ nf · T2C
ð−Þ
f eiðmatþδaÞ

��2 ð49Þ

≃P0 þ P1 cos ðmatþ δa − χÞ; ð50Þ

where P denotes the laser power before entering the cavity,
and

P0 ≔ PjCð0Þ
f j2; ð51Þ

P1 ≔ 2PjCð0Þ�
f CðþÞ

f þ Cð0Þ
f Cð−Þ�

f j; ð52Þ

Cð0;�Þ
f ≔ nf · T2C

ð0;�Þ
f ; ð53Þ

where P0 is the offset power. The root mean square
of the second term, P1=

ffiffiffi
2

p
, is considered the signal

power.

IV. DISCUSSION

The signal-to-noise ratio (SNR) for detecting the ALP-
induced signal, limited by the shot noise of the offset
power, is given by

SNR ¼ P1=
ffiffiffi
2

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sshot=T obs

p ð54Þ

¼
ffiffiffi
2

p

jCð0Þ
f j

jCð0Þ�
f CðþÞ

f þ Cð0Þ
f Cð−Þ�

f j
ffiffiffiffiffiffiffiffiffiffiffiffi
PT obs

ℏω0

s
; ð55Þ

where Sshot ¼ ℏω0P0 denotes the power spectral density of
the shot noise associated with the offset power P0. The
factor T obs represents the improvement in the SNR by the
observation time, which depends on whether the observa-
tion time Tobs is larger than the coherent time of the ALP
field τ [25]:

T obs ¼
�
Tobs ðTobs ≲ τÞ
ðTobsτÞ1=2 ðTobs ≳ τÞ : ð56Þ

For Tobs ≲ τ, the SNR is proportional to the square root
of PTobs=ℏω0.
SNR in (54) is proportional to the ALP-photon coupling

constant gaγ . Furthermore, the SNR scales approximately
with the finesse and the cavity length. This dependence
arises because a higher finesse increases the number of
photons stored in the cavity, and a longer cavity extends the
interaction length with the ALP field. Setting SNR ¼ 1
defines the sensitivity curve in the gaγ vs ma param-
eter space.
Figure 4 shows how sensitivity is affected by the

birefringence of the mirrors. The parameters used for the

calculation are the averaged finesse F ¼ 105 (isotropic
reflectance r1 ¼ r2), cavity length L ¼ 10.64 m, laser
wavelength λ ¼ 1064 nm, laser power P ¼ 1 W, observa-
tion time Tobs¼1 yr, and postselection angle ϵ ¼ 0.01 rad.
The results for α1 ¼ 0 shown in Fig. 4 are consistent with
the calculation in Ref. [8] aside from the parameter
difference. The sensitivity decreases as the ALP mass
increases in ma ≳ 10−16 eV because of the time improve-
ment factor in (56), and the slope becomes steeper in
ma ≃ 10−13 eVð∼1=FLÞ because the sideband becomes
off resonant.

FIG. 4. Sensitivity curves with (a) real and (b) imaginary
retardation. The black lines are the cases without birefringence.
We set θ1 ¼ θ2 ¼ 0 so that the fast and slow axes of the wave
plate coincide with polarizations of the carrier and signal light,
respectively. The laser frequency is fixed at the resonance
frequency of the carrier light, which means that the birefringence
with real retardation effectively shifts the resonance curves for the
sideband light. Degradations in (a) occur in the low-mass region
because the resonance frequency is shifted from on resonance to
off resonance by the birefringence. Dips in (a) are located at
maL ¼ Re½α1�, where both carrier and signal light resonate in the
cavity. In (b), the imaginary part of α1 is limited by (10) because
the actual reflectance r1e� Im½α1� is smaller than 1. A nonzero
Im½α1� splits reflectance, and, hence, the finesse is also split; a
positive (negative) Im½α1� enlarges the finesse of carrier (signal)
light as in (26). Common parameters are F ¼ 105ðr1 ¼ r2Þ,
L ¼ 10.64 m, λ ¼ 1064 nm, P ¼ 1 W, Tobs ¼ 1 yr, α2 ¼ α1,
θ1 ¼ θ2 ¼ 0, and ϵ ¼ 0.01 rad. The resonance condition in (C4)
holds.
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For the parameters related to birefringence, we set α1 ¼
α2 and θ1 ¼ θ2 ¼ 0 assuming that the mirrors are the same
and that alignment is perfect. The laser frequency is fixed at
the resonance frequency of the carrier light. Thus, the split
of resonance curves by the birefringence with real retarda-
tion is translated as the shift of the resonance curves for the
signal light. As shown in Fig. 4(a), the degradation begins
when the retardation Re½α� becomes greater than the inverse
of the finesse 1=F , because the resonance frequency is
shifted and the sideband light exits the resonance peak.
However, the sensitivity becomes higher than that without
birefringence when the sidebands become resonant because
of the compensation for the frequency shift by the ALP
mass; 2maL ¼ Re½α�. This simultaneous resonance is
indicated by the dips shown in Fig. 4(a). When α1 ¼ 0
and α2 ≠ 0ð∈RÞ, the degradation is halved because SNR
depends mainly on α, which is equal to ðα1 þ α2Þ when
θ1 ¼ θ2. Figure 4(b) shows the case of α1 ∈ iR, which
causes a difference in the actual finesses FF=S in (26). The
effect of Im½α1� is not as large as that of Re½α1� because the
values of Im½α1;2� are limited by (9) or (10). The sensitivity
primarily follows the larger finesse, because the shot noise
is governed by the total intracavity power, which is
dominated by the higher-finesse mode. According to
(E22), this mode deviates more markedly from the non-
birefringent limit than the lower-finesse mode. For
Im½α1� > 0, the carrier light is enhanced, which results
in a higher sensitivity in the entire mass region. For
Im½α1� < 0, the signal light is enhanced, which causes
higher sensitivity in the low-mass region where the side-
band is on resonant. However, because the sideband is
completely off resonant in the high-mass region, the effect
of larger finesse does not appear and, instead, the effect of
the smaller finesse of the carrier light appears.
For fixed nonzero values of α1;2, the sensitivity also

decreases as θ1;2 increases. Figure 5 shows the case in
which θ1 ¼ 0 and θ2 ≠ 0. Degradation occurs in the low-
mass regionma ≪ π=2FL, whereas it does not occur in the
high-mass region ma ≫ π=2FL. In general, nonzero val-
ues of α1;2 and θ1;2 cause a flow of light to the other
polarization. Figure 5 shows that only the flow of the signal
light resonating in the cavity is relevant to sensitivity
degradation because the signal light is close to the
resonance in the low-mass region and far from the
resonance in the high-mass region, because the flow of
the carrier light to the detection port increases the shot noise
in the same way; roughly speaking, the signal power is a
multiplication of the amplitude of the signal light and
that of the carrier light, whereas the square root of the shot
noise power is proportional to the amplitude of carrier
light. Thus, the flow of carrier light scarcely affects the
sensitivity, whereas the flow of signal light to the reference
port decreases the sensitivity. The degradation depends
mainly on θ, which is the “average” of θ1;2, written
as (20).

Figure 6 clearly shows that the sensitivity starts to
degrade when θ2 is comparable to the postselection angle
ϵ. This result means that, even if θ1;2 are nonzero,
degradation can be suppressed by taking a sufficiently
large ϵ. The sensitivity worsens to θ2 ¼ π=4 and recovers to
θ2 ¼ π=2, where the Jones matrix R2 is equal to that with
parameters α2 ¼ −105 and θ2 ¼ 0.

FIG. 5. Sensitivity curves with finite values of θ2. The light
green line is the same line as that shown in Fig. 4(a) in which
birefringence is relatively small and the sidebands are almost on
resonance in the low-mass region. Degradation is enhanced when
the ALP mass is lower than π=2FL, where the resonance of
signal light in the cavity is relevant. For finite θ1 and/or θ2,
birefringence modifies linear polarizations to slightly elliptic
ones. Roughly speaking, a finite θ1;2 makes the carrier and signal
light flow to the detection and reference ports, respectively.
Common parameters are F ¼ 105ðr1 ¼ r2Þ, L ¼ 10.64 m,
λ ¼ 1064 nm, P ¼ 1 W, Tobs ¼ 1 yr, α1 ¼ α2 ¼ 10−5 rad, and
θ1 ¼ 0. The resonance condition in (C4) holds.

FIG. 6. Dependence of sensitivity on the angle of birefringence
axis θ2 and postselection angle ϵ. Degradations occur when the
angle θ2 is comparable to the postselection angle ϵ. Conversely,
degradation can be suppressed by taking a sufficiently large ϵ. The
sensitivity is symmetric with respect to θ2 ¼ π=4. Common
parameters are ma¼10−16 eV, F ¼ 105ðr1 ¼ r2Þ, L ¼ 10.64 m,
λ ¼ 1064 nm, P ¼ 1 W, Tobs ¼ 1 yr, α1 ¼ α2 ¼ 10−5 rad, and
θ1 ¼ 0. The resonance condition in (C4) holds.
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Although the effects of birefringence can be sufficiently
mitigated by postselection, it is still worth considering a
hardware-level birefringence suppression strategy. For
example, dynamic variations in birefringence, especially
when occurring at frequencies comparable to those of the
dark matter field, may still pose a challenge. The use of an
auxiliary cavity [24,26], zero-phase shift mirrors, and a
wavelength tunable laser [27] has been proposed to solve
this problem. Here, we propose a cavity design, as
illustrated in Fig. 7, which suppresses the intrinsic bire-
fringence. The s-polarized light incident on one mirror
becomes p-polarized at the next mirror, and vice versa.
This alternation cancels the relative phase shift after two
reflections, effectively eliminating birefringence. A con-
ceptual design and mode analysis are provided in
Appendix F, where we show that this approach can achieve
nearly circular cavity modes using only simple planar and
spherical mirrors. Although a detailed hardware implemen-
tation is beyond the scope of this study, this concept offers a
promising route toward birefringence-suppressed ALP
search cavities.

V. CONCLUSION

The birefringence of the optical components is a critical
factor affecting the performance of optical cavities in
precision experiments. In this study, we developed an
analytical model to describe the effects of birefringent
mirrors on the polarization and resonance conditions in
optical cavities. We then applied this model to search for
ALPs and quantitatively evaluated its impact on the
measurement sensitivity.
In our model, a birefringent mirror is treated as a

combination of an isotropic mirror and a wave plate
characterized by complex retardation. This birefringence
splits the resonance conditions of the two orthogonal linear-
polarization modes. We first analyzed the mode mixing
induced solely by birefringence without the ALP field.

In the context of ALP searches, the splitting of resonance
peaks caused by birefringence degrades the sensitivity in
the low-mass region owing to the shift of resonance
frequency for signal light. However, in the high-mass
region, where the ALP mass compensates for the resonance
frequency shift caused by birefringence, the sidebands
become resonant. In such cases, the sensitivity is enhanced
and can even surpass that of an ideal case without
birefringence. These findings are consistent with those
of previous studies, and our more detailed treatment further
confirms their validity.
We also showed that postselection plays a crucial role in

mitigating the sensitivity degradation in the low-mass
regions. By selecting an appropriate polarization at the
detection port, the effect of birefringence-induced leakage
can be suppressed. By contrast, the effect of postselection is
negligible in the high-mass region, even near the enhanced
sensitivity peaks resulting from simultaneous resonance.
ALP searches using high-finesse optical cavities remain

a promising approach for probing ultralight pseudoscalar
dark matter. Our work provides a thorough analysis of the
birefringence effect in such experiments, demonstrating
that, although birefringence can degrade sensitivity, this
limitation can be overcome through careful cavity design
and postselection techniques.
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APPENDIX A: INTERACTION BETWEEN ALP
FIELD AND PHOTONS

The interaction Lagrangian between ALPs and photons
is expressed as

Lint ¼ −
1

4
gaγaFμνF̃μν; ðA1Þ

where gaγ is the coupling constant between the ALP and
photons, Fμν ¼ ∂μAν − ∂νAμ is the field strength of the
photon, and F̃μν ¼ ð1=2ÞεμνρσFρσ is its dual tensor. In the
radiation gauge, the space component of the Euler-
Lagrange equation of motion is

FIG. 7. Conceptual design of the three-dimensional cavity. It
comprises a ring cavity composed of eight mirrors, where the
light path includes vertical segments as well as those in the
horizontal plane. The light is input from the top-left mirror with
vertical polarization in this figure.

ANALYTICAL STUDY OF BIREFRINGENT CAVITIES FOR … PHYS. REV. D 113, 055009 (2026)

055009-9



�
∂
2

∂t2
− ∇2

�
A ¼ −gaγȧð∇ × AÞ: ðA2Þ

The ALP field is written as a classical field,

aðtÞ ¼ a0 cos ½matþ δτðtÞ�; ðA3Þ

wherema is the ALP mass. The phase δτðtÞ can be regarded
as a constant within the coherent timescale of ALP dark
matter τ, δτðtÞ ¼ δa. The amplitude a0 is related to the
energy density of axion dark matter ρDM as ρDM ¼ a20m

2
a=2.

We assume that the circularly polarized plane-wave
solution along the z axis has a time-dependent amplitude:

Aðz; tÞ ¼ AðtÞ 1ffiffiffi
2

p
�

1

�i

�
eikz; ðA4Þ

where the basis of the two-vector representation is linear
polarization; the upper and lower components correspond
to horizontal and vertical linear polarizations, respectively.
AðtÞ follows
�
d2

dt2
− k2

�
AðtÞ ¼ ∓ 2gkma sin ðmatþ δaÞAðtÞ; ðA5Þ

where

g ¼ gaγ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρDM=2

p
=ma ðA6Þ

is a dimensionless quantity with a typical value of

g ∼ 1.1 × 10−11
�

gaγ
10−12 GeV−1

�

×

�
ρDM

0.3 GeV=cm3

�
1=2
�
10−13 eV

ma

�
: ðA7Þ

Because g is significantly smaller than 1, Eq. (A5) can be
perturbatively solved for arbitrary orders of g. Assuming
that

AðtÞ ¼ A0cgðtÞe−iωgt; ðA8Þ

cgðtÞ ¼ 1þ gc1ðtÞ þ g2c2ðtÞ þ � � � ; ðA9Þ

ωg ¼ kþ gω1 þ g2ω2 þ � � � ; ðA10Þ

with the initial conditions cgð0Þ ¼ 1 and k ≫ ma, the
solution up to OðgÞ is

cgðtÞ≃1∓ i
2
g½ðe−imat−1Þe−iδa þðeimat−1Þeiδa �; ðA11Þ

ωg ≃ k; ðA12Þ

where we assume that k ¼ 2π=λ is the wave number of the
laser with a wavelength of λ ∼ 1000 nm, and we approxi-
mate

ma

k
∼ 10−13

�
ma

10−13 eV

��
λ

1000 nm

�
ðA13Þ

as zero.
The modification of the plane wave traveling along the

length of L can be interpreted as the time-evolution
operator, which is given by

Uðt; t − LÞ ¼ 1 −
i
2
g½ð1 − eimaLÞe−iðmatþδaÞ

þ ð1 − e−imaLÞeiðmatþδaÞ�σy; ðA14Þ

where σy denotes the Pauli matrix.

APPENDIX B: DETAILS OF STATE OF LIGHT
WITH ALP FIELD

The coefficient vectors in (43) can be expressed as

uð�Þ
F ≔ bF þ iΞ� − Σ�

1 − e�2imaL
aF −

Σ�
1 − e�2imaLe−2iα

aS; ðB1Þ

uð�Þ
S ≔ bS þ

iΞ� þ Σ�
1 − e�2imaL

aS þ
Σ�

1 − e�2imaLe2iα
aF; ðB2Þ

v
ð�Þ
F ≔

−1
1−e�2imaL

	
iΞ�þ

e�2imaLðe2iα−1Þ
1−e�2imaLe2iα

Σ�



aF; ðB3Þ

v
ð�Þ
S ≔

−1
1−e�2imaL

	
iΞ�−

e�2imaLðe−2iα−1Þ
1−e�2imaLe−2iα

Σ�



aS; ðB4Þ

where Ξ� is given in (37), and

Σ� ≔
1

2

	�
∂

∂α
Γ
�

α¼0

;Ξ�



; ðB5Þ

aF=S ≔ e−iθn·σ
1� σz

2
eiθn·σT1

�
1

0

�
; ðB6Þ

bF=S ≔ e−iθn·σ
1� σz

2
eiθn·σð−iσyÞT1

�
1

0

�
; ðB7Þ

where σy in Ξ�;Σ�; bF=S originates from the time-evolution
operator in (A14). Therefore, all terms described by

uð�Þ
F=S;v

ð�Þ
F=S are transited to the frequency ω0 �ma by the

ALP field.
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APPENDIX C: SIMPLEST CASE—NO
POLARIZATION ROTATION AT THE MIRRORS

1. Without ALP field

When θ1 ¼ θ2 ¼ 0, the polarization does not rotate at the
mirrors. This phenomenon implies no vertical polarization
in the cavity when the effect of the ALP field is neglected.
In this case, θ ¼ 0, and T1;2 is diagonal. Therefore,

a0F ¼ t1eβ1t2eβ2 cos ϵ; ðC1Þ

a0S ¼ 0: ðC2Þ

The power in (30) becomes

P0
fðt;ω0Þ∝ ðt1eβ1t2eβ2Þ2cos2ϵ

���� 1

1−r1r2e2iω0Le−iα

����2; ðC3Þ

where α ¼ α1 þ α2. The first factor ðt1eβ1t2eβ2Þ2 is the
transmittance of the mirrors for the horizontally polarized
light. The second factor is the choice of the observed
polarization. The last factor forms a Lorentz distribution
around the resonance frequency, which satisfies the reso-
nance condition:

2ω0L − Re½α� ¼ 2πl ðl∈ZÞ: ðC4Þ

At approximately ω0 ¼ Re½α�=2Lðl ¼ 0Þ,���� 1

1 − r1r2e2iω0Le−iα

����2 ðC5Þ

≃
���� 1

1 − r1r2eIm½α� þ ir1r2eIm½α�ð2ω0L − Re½α�Þ

����2 ðC6Þ

¼
�

1

1 − r1r2eIm½α�

�
2 1

1þ ½2πFFLðω0 −
Re½α�
2L Þ�2

; ðC7Þ

where

FF ¼ π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r1eIm½α1�r2eIm½α2�

p
1 − r1eIm½α1�r2eIm½α2� ðC8Þ

is the finesse of the horizontally polarized light. This is a
special case of (26).

2. With ALP field

Because the carrier light is purely horizontally polarized
and the ALP field changes the polarization of the light, the
signal light is purely vertically polarized. In other words,
the carrier and signal light resonate only along the fast and
slow axes of the wave plate, respectively. In this case,

uð�Þ
F ¼ 0; ðC9Þ

uð�Þ
S ¼ −t1eβ1

e�imaLðe2iα1 þ e�imaLe2iαÞ
1 − e�2imaLe2iα

�
0

1

�
; ðC10Þ

v
ð�Þ
F ¼ t1eβ1

1þ e�maLe2iα1

1 − e�2imaLe−2iα

�
0

1

�
; ðC11Þ

v
ð�Þ
S ¼ 0; ðC12Þ

and

Cð�Þ
f ¼ t1eβ1

1 − e�2imaLe2iα

	
1þ e�maLe2iα1

1 − r1r2e2iω0Le−iα

−
e�imaLðe2iα1 þ e�imaLe2iαÞ
1 − r1r2e2iðω0�maÞLeiα


�
0

1

�
: ðC13Þ

In this equation, two of the four factors vanish, and the Cð�Þ
f

is vertically polarized.

APPENDIX D: APPROXIMATE RESONANCE
CONDITION

When θ1;2 ¼ 0, the resonance condition is (C4). In the
general case of θ1;2 ≠ 0, the distribution becomes a “super-
position” of two Lorentzians with the two different reso-
nance conditions in (25). Therefore, the resonance
condition for the overall distribution P0

f may not be
accurately determined, and the distribution can have two
peaks. This ambiguity arises when the shift in the peaks
becomes larger than their widths Re½α�≳ π=FF=S. Even
when Re½α� ≪ π=FF=S, the resonance condition is difficult
to derive because the distribution is no longer Lorentzian.
To obtain the approximate resonance condition, we assume
that the imaginary part of the combined retardation α is
small. More precisely, we impose the following condition:

jαj ≪ π

F
: ðD1Þ

This condition allows us to approximate the overall dis-
tribution as a single Lorentzian. Under this condition, the
resonance factor can be approximated as

1

1 − r1r2e2iω0Le∓iα ≃
1

1 − r1r2e2iω0L � iαr1r2e2iω0L
ðD2Þ

¼ 1

1 − r1r2e2iω0L

1

1� iα r1r2e2iω0L

1−r1r2e2iω0L

ðD3Þ

≃
1

1−r1r2e2iω0L

�
1∓ iα

r1r2e2iω0L

1−r1r2e2iω0L

�
;

ðD4Þ
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and the power is

P0
fðt;ω0Þ ∝

���� 1

1 − r1r2e2iω0L

	
ða0F þ a0SÞ

− iαða0F − a0SÞ
r1r2e2iω0L

1 − r1r2e2iω0L


����2 ðD5Þ

≃

������
a0F þ a0S

1 − r1r2e2iω0Le
−iα

a0
F
−a0

S
a0
F
þa0

S

������
2

: ðD6Þ

In the final approximation, we assume that jða0F − a0SÞ=
ða0F þ a0SÞj ∼ 1. This is a single Lorentzian with the
following resonance condition:

2ω0L − Re

	
α
a0F − a0S
a0F þ a0S



¼ 2πl ðl∈ZÞ: ðD7Þ

To determine ða0F − a0SÞ=ða0F þ a0SÞ, we restrict the original
parameters α1;2; θ1;2; α1 ¼ α2 and θ1 ¼ θ2 for simplicity.
The combined parameters are

α ¼ α1 þ α2 ¼ 2α1 ðD8Þ

θ ¼ θ1 ¼ θ2 ðD9Þ

ϕ ¼ 0; ðD10Þ

and the condition in (D1) becomes jα1;2j ≪ π=2F . These
calculations are performed using linear approximation of α
andαða0F−a0SÞ=ða0Fþa0SÞ.We consider ða0F−a0SÞ=ða0Fþa0SÞ
with α ¼ 0 or α1 ¼ α2 ¼ 0. The denominator is

ða0F þ a0SÞα¼0 ¼ n0f · t2e
iθn·σ · 1 · e−iθn·σt1

�
1

0

�
ðD11Þ

¼ t1t2 cos ϵ; ðD12Þ

and the numerator is

ða0F þ a0SÞα¼0 ¼ n0f · t2e
iθn·σ · σz · e−iθn·σt1

�
1

0

�
ðD13Þ

¼ t1t2n0f ·
�
cos ð2θÞ sin ð2θÞ
sin ð2θÞ cos ð2θÞ

��
1

0

�

ðD14Þ

¼ t1t2ðcos ϵ cos ð2θÞ − sin ϵ sin ð2θÞÞ ðD15Þ

¼ t1t2 cos ð2θ þ ϵÞ: ðD16Þ

Thus,

a0F − a0S
a0F þ a0S

¼ cos ð2θ þ ϵÞ
cos ϵ

ðD17Þ

is at least an order-1 quantitywhen α1 ¼ α2 and θ1 ¼ θ2. The
resonance condition is

2ω0L − Re½α� cos ð2θ þ ϵÞ
cos ϵ

¼ 2πl ðl∈ZÞ: ðD18Þ

APPENDIX E: TRANSLATION OF MEASURABLE
QUANTITIES INTO PARAMETERS OF MIRRORS

In a simple case, in which the two mirrors are the same
and the alignment is perfect, the values of the birefringence
parameters can be determined from the measurable
quantities. In this case, we can reduce the number of
parameters by

α1 ¼ α2 ¼ 2α; ðE1Þ

θ1 ¼ θ2 ¼ 0; ðE2Þ

and

r1 ¼ r2 ≕ r

�
F ¼ π

ffiffiffiffiffiffiffiffiffi
r1r2

p
1 − r1r2

¼ πr
1 − r2

�
: ðE3Þ

Here, the number of unknown parameters is 3: Re½α1�,
Im½α1�, and r (or F ).The resonance curves of the signal
power can be measured by inserting lights with two
polarizations. From the results, the values of detuning of
the resonance frequencies between polarizations Δfres and
finesses along the two polarizations FF=S can be defined.
The real part of the retardation Re½α1� can be determined

using Δfres. From (25),

2ð2πfþresÞL − 2Re½α1� ¼ 2πl; ðE4Þ

and

2ð2πf−resÞLþ 2Re½α1� ¼ 2πl; ðE5Þ

where Δfres ¼ fþres − f−res, and

Re½α1� ¼ πΔfresL: ðE6Þ

The imaginary part of the retardation Im½α1� and average
finesse can be determined using FF=S. From (26),

r2FF=Se�2 Im½α1� þ πre� Im½α1� − FF=S ¼ 0; ðE7Þ

which are quadratic equations with respect to e� Im½α1�. The
solution is
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e� Im½α1� ¼
−πrþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2r2 þ 4r2F 2

F=S

q
2r2FF=S

ðE8Þ

≃
1

r

�
1 −

π

2FF=S

�
; ðE9Þ

where we assume FF=S ≫ 1. Subsequently, the averaged
reflectance is

r2 ¼ ðreIm½α1�Þ × ðre− Im½α1�Þ ðE10Þ

¼
�
1 −

π

2FF

��
1 −

π

2F S

�
ðE11Þ

≃1 −
π

2

FF þ F S

FFF S
; ðE12Þ

or the average finesse is

F ¼ πr
1 − r2

¼
πð1 − π

4
FFþF S
FFF S

Þ
π
2
FFþF S
FFF S

ðE13Þ

≃
2FFF S

FF þ F S
: ðE14Þ

The imaginary part of the retardation is

eIm½α1� ¼ 1

r

�
1 −

π

2FF

�
ðE15Þ

≃
�
1þ π

4

FF þ F S

FFF S

��
1 −

π

2FF

�
ðE16Þ

≃1þ π

4

FF − F S

FFF S
: ðE17Þ

Hence, Im½α1� is significantly small, and

Im½α1� ≃
π

4

FF − F S

FFF S
: ðE18Þ

The value of Im½α� is extremely small for a high finesse
because the values of Im½α1;2� are limited by (10). We can
then approximate FF=S with respect to Im½α�. We define η
as

Im½α� ¼ η
π

2F
: ðE19Þ

The value of η is limited by (10). From (26), the approx-
imations of FF=S are

FF=S ≃
πrð1� πη=2F Þ
1 − r2ð1� πη=F Þ ≃

F
1 ∓ η=2

: ðE20Þ

By defining η1;2 such that

Im½α1;2� ¼ η1;2
π

2F
; ðjη1;2j < 1Þ; ðE21Þ

the relation between η and η1;2 can be derived using (19)
and is generally highly complicated. However, when
θ1 ¼ θ2 and α1 ¼ α2, the relation becomes simple:
η ¼ η1 þ η2 ¼ 2η1 because α ¼ α1 þ α2 ¼ 2α1 in this
case. Then, we have

FF=S ≃
F

1 ∓ η1
; ðjη1j < 1Þ: ðE22Þ

The second approximation in (E20) is valid when
ð1 − jηj=2Þ is much larger than π=F . Hence, Eq. (E22)
is valid when ð1 − jη1jÞ is significantly greater than π=F .

APPENDIX F: CONCEPTUAL DESIGN FOR
BIREFRINGENCE SUPPRESSION

The design shown in Fig. 7 comprises a ring cavity
composed of eight mirrors arranged in a three-dimensional
structure, where the light path includes vertical segments as
well as those in the horizontal plane. In conventional
ring cavities constructed on a single plane, the s- and
p-polarized components remain unchanged throughout a
round trip; however, the polarization is altered at each
mirror in the proposed design. This alternation cancels the
relative phase shift after two reflections and eliminates the
birefringence effectively. Moreover, because all mirrors can
be coated identically, the temperature dependence of
birefringence is expected to be uniform, allowing for the
suppression of both static and dynamic birefringence
effects. As shown in the figure, the vertical light paths
are short, whereas the horizontal paths are relatively long.
Because the optical paths alternate between short and long
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FIG. 8. Round-trip eigenmode inside the cavity. The red line
represents the beam-radius trace of a linear-polarization compo-
nent shown in Fig. 7, and the blue line represents the orthogonal
polarization component.
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segments, the rotation of polarization induced by ALPs,
canceled under the assumption of a planar cavity as
discussed in the main text, can remain unbalanced, thereby
preserving sensitivity.
A simple implementation uses parabolic mirrors; how-

ever, good performance can be achieved by placing two
spherical mirrors with large radii of curvature in one
vertical pair and using flat mirrors for the remaining
segments. This configuration enables a nearly circular
cavity mode with minimal aberration. For example, for a
vertical path length of 5 cm, horizontal side length of 1 m,

and radius of curvature of the spherical mirrors of 10 m, the
resulting cavity mode is shown in Fig. 8. The beam radius
remains within 0.5% in both transverse directions through-
out the cavity, indicating an almost perfectly circular mode.
By using only simple planar and spherical mirrors, imper-
fections in the mirror coatings can be minimized, thereby
enabling a cavity system that approaches ideal perfor-
mance. Although increasing the number of mirrors requires
a more rigid and stable mechanical structure, this configu-
ration presents an intriguing approach for birefringence-
suppressed ALP dark matter searches.
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Rizzo, Vacuum magnetic linear birefringence using pulsed
fields: Status of the BMVexperiment, Eur. Phys. J. D 68, 16
(2014).

[16] X. Fan, S. Kamioka, K. Yamashita, S. Asai, and A.
Sugamoto, Vacuum magnetic birefringence experiment as
a probe of the dark sector, Prog. Theor. Exp. Phys. 2018,
063B06 (2018).

[17] A. Ejlli, F. Della Valle, U. Gastaldi, G. Messineo, R. Pengo,
G. Ruoso, and G. Zavattini, The PVLAS experiment: A
25 year effort to measure vacuum magnetic birefringence,
Phys. Rep. 871, 1 (2020).

[18] M. T. Hartman, A. Rivère, R. Battesti, and C. Rizzo, Noise
characterization for resonantly enhanced polarimetric vac-
uummagnetic-birefringence experiments, Rev. Sci. Instrum.
88, 1 (2017).

[19] J. Agil, R. Battesti, and C. Rizzo, Vacuum birefringence
experiments: Optical noise, Eur. Phys. J. D 76, 192
(2022).

[20] Y. Michimura, H. Wang, F. Salces-Carcoba, C. Wipf, A.
Brooks, K. Arai, and R. X. Adhikari, Effects of mirror
birefringence and its fluctuations to laser interferometric
gravitational wave detectors, Phys. Rev. D 109, 022009
(2024).

[21] S. Tanioka, D. Vander-Hyde, G. D. Cole, S. D. Penn, and
S.W. Ballmer, Study on electro-optic noise in crystalline
coatings toward future gravitational wave detectors, Phys.
Rev. D 107, 022003 (2023).

[22] H. Wang, Y. Aso, M. Leonardi, M. Eisenmann, E. Hirose, G.
Billingsley, K. Kokeyama, T. Ushiba, M. Tamaki, and Y.
Michimura, Characterization of birefringence inhomogene-
ity of Kagra sapphire mirrors from transmitted wavefront
error measurements, Phys. Rev. D 110, 082007 (2024).

[23] F. Brandi, F. Della Valle, A. De Riva, P. Micossi, F.
PerroneC. Rizzo, G. Ruoso, and G. Zavattini et al., Meas-
urement of the phase anisotropy of very high reflectivity
interferential mirrors, Appl. Phys. B 65, 351 (1997).

TADASHI KURAMOTO et al. PHYS. REV. D 113, 055009 (2026)

055009-14

https://doi.org/10.1016/S1049-250X(03)80003-4
https://doi.org/10.1016/S1049-250X(03)80003-4
https://doi.org/10.1007/978-3-642-40003-2
https://doi.org/10.1007/978-3-642-40003-2
https://doi.org/10.1021/acs.analchem.3c00066
https://doi.org/10.1021/acs.analchem.3c00066
https://doi.org/10.1088/1748-0221/7/03/P03012
https://doi.org/10.1088/0264-9381/32/7/074001
https://doi.org/10.1088/0264-9381/32/7/074001
https://doi.org/10.1093/ptep/ptaa125
https://doi.org/10.1093/ptep/ptaa125
https://doi.org/10.1103/PhysRevD.98.035021
https://doi.org/10.1103/PhysRevD.98.035021
https://doi.org/10.1103/PhysRevLett.121.161301
https://doi.org/10.1103/PhysRevLett.121.161301
https://doi.org/10.1103/PhysRevD.100.023548
https://doi.org/10.1103/PhysRevD.100.023548
https://doi.org/10.1103/PhysRevLett.123.111301
https://doi.org/10.1103/PhysRevD.104.062008
https://doi.org/10.1103/PhysRevD.108.072005
https://doi.org/10.1103/PhysRevLett.132.191002
https://doi.org/10.1103/PhysRevLett.132.191002
https://doi.org/10.1103/PhysRevLett.133.111003
https://doi.org/10.1140/epjd/e2013-40725-9
https://doi.org/10.1140/epjd/e2013-40725-9
https://doi.org/10.1093/ptep/pty059
https://doi.org/10.1093/ptep/pty059
https://doi.org/10.1016/j.physrep.2020.06.001
https://doi.org/10.1063/1.4986871
https://doi.org/10.1063/1.4986871
https://doi.org/10.1140/epjd/s10053-022-00516-1
https://doi.org/10.1140/epjd/s10053-022-00516-1
https://doi.org/10.1103/PhysRevD.109.022009
https://doi.org/10.1103/PhysRevD.109.022009
https://doi.org/10.1103/PhysRevD.107.022003
https://doi.org/10.1103/PhysRevD.107.022003
https://doi.org/10.1103/PhysRevD.110.082007
https://doi.org/10.1007/s003400050283


[24] D. Martynov and H. Miao, Quantum-enhanced interferom-
etry for axion searches, Phys. Rev. D 101, 095034 (2020).

[25] D. Budker, P. W. Graham, M. Ledbetter, S. Rajendran,
and A. O. Sushkov, Proposal for a cosmic axion spin
precession experiment (casper), Phys. Rev. X 4, 021030
(2014).

[26] H. Fujimoto, Y. Oshima, M. Ando, T. Fujita, Y. Michimura,
K. Nagano, and I. Obata, Dark matter axion search with ring
cavity experiment dance: Design and development of

auxiliary cavity for simultaneous resonance of linear polar-
izations, J. Phys. Conf. Ser. 2156, 012182 (2021).

[27] H. Takidera, H. Fujimoto, Y. Oshima, S. Takano, K. Komori,
T. Fujita, I. Obata, M. Ando, and Y. Michimura, Adjusting
optical cavity birefringencewithwavelength tunable laser for
axion searches, Phys. Rev. D 112, 063048 (2025).

[28] T. Kuramoto, The numerical data of Fig. 2–6 and the code of
Mathemetica generaing Fig. 2–6 and the data (2025), https://
github.com/taka-okym/Birefringent_ALPS.

ANALYTICAL STUDY OF BIREFRINGENT CAVITIES FOR … PHYS. REV. D 113, 055009 (2026)

055009-15

https://doi.org/10.1103/PhysRevD.101.095034
https://doi.org/10.1103/PhysRevX.4.021030
https://doi.org/10.1103/PhysRevX.4.021030
https://doi.org/10.1088/1742-6596/2156/1/012182
https://doi.org/10.1103/5pw8-zxmc
https://github.com/taka-okym/Birefringent_ALPS
https://github.com/taka-okym/Birefringent_ALPS
https://github.com/taka-okym/Birefringent_ALPS

	Analytical study of birefringent cavities for axionlike dark matter search
	I. INTRODUCTION
	II. CAVITY WITH BIREFRINGENCE
	III. CAVITY IN THE ALP FIELD
	IV. DISCUSSION
	V. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: INTERACTION BETWEEN ALP FIELD AND PHOTONS
	APPENDIX B: DETAILS OF STATE OF LIGHT WITH ALP FIELD
	APPENDIX C: SIMPLEST CASE-NO POLARIZATION ROTATION AT THE MIRRORS
	1. Without ALP field
	2. With ALP field

	APPENDIX D: APPROXIMATE RESONANCE CONDITION
	APPENDIX E: TRANSLATION OF MEASURABLE QUANTITIES INTO PARAMETERS OF MIRRORS
	APPENDIX F: CONCEPTUAL DESIGN FOR BIREFRINGENCE SUPPRESSION
	References


