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Heterostructures of superconductors and quantum-Hall insulators are promising platforms for topological
quantum computation. However, these two systems are incompatible in some aspects, such as a strong magnetic
field, the Meissner effect, and chirality. In this work, we address the condition that the superconducting
proximity effect works in the bulk of quantum Hall states, and identify an essential role played by the vortex
lattice regardless of pairing symmetry. We extend this finding to a heterostructure between a chiral p-wave
superconductor in the mixed state and an integer quantum Hall insulator. The proximity effect works selectively

in the lowest Landau level, depending on relative chiralities. If the chiralities align, a topological phase transition

to a topological superconductor occurs.
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I. INTRODUCTION

Topology and pairing are the key to the creation of non-
Abelian anyons. Specifically, Majorana zero modes [1-3], an
example of these non-Abelian anyons, appear in, e.g., super-
fluid *He [4], the Moore-Read fractional quantum Hall (QH)
state [5,6], unconventional superconductors (SCs) [7,8], and
quantum spin liquids [9]. All these systems have a nontrivial
topology and intrinsic pairing of atoms, composite fermions
[10], electrons, and emergent fermions, respectively. On the
other hand, it is also possible to induce pairing extrinsi-
cally via the superconducting proximity effect by making a
heterostructure with SCs. There are a variety of proposals
for creating Majorana zero modes in heterostructures of s-
wave SCs with, e.g., topological insulators [11-13], quantum
anomalous Hall insulators [14], Rashba nanowires [8,15-18],
and magnetic atomic chains [19-26].

The proximity effect creates a correlation between elec-
trons and holes through penetrating Cooper pairs from SCs.
However, a proximitized SC does not necessarily induce the
proximity effect. This is because, in addition to microscopic
details of the interface, the proximity effect is subject to the
limitation as to whether electronic states in the non-SC side
can accommodate Cooper pairs. Specifically, singlet Cooper
pairs cannot penetrate spin-polarized materials such as half
metals because of the spin configuration [27-29], nor can they
penetrate magnetic Weyl semimetals because of the opposite
chirality of the nodes, known as the chirality blockade [30].
Bulk QH states are another example, as we will explain in the
following.

SC/QH heterostructures have been proposed as a platform
for more exotic non-Abelian anyons such as parafermions and
Fibonacci anyons [31-34]. There are roughly two configura-
tions of the heterostructure depending on whether an SC is
attached to the QH edge, or it covers the entire bulk. The-
oretical and experimental studies so far have paid particular
attention to the former configuration with integer [35-62] and
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fractional [31-34,63-65] QH edges, since the edge is the only
conduction channel. In contrast, for the latter configuration,
there are possibly three factors that spoil the functionality
of SC/QH heterostructures. (i) QH states require a strong
magnetic field, which is likely to break superconductivity
[66,67]. (ii) Even if superconductivity is retained, the Meiss-
ner effect repels the magnetic field, making QH states difficult
to realize. (iii) If pairing is s-wave, Cooper pairs are formed
between time-reversal pairs of electrons, while QH states
break time-reversal symmetry. Nonetheless, it has been shown
that a bulk QH state coupled with a mixed-state s-wave pair
potential shows a topological phase transition to topological
SCs [68-71].

The purpose of this study is twofold: to elucidate the con-
dition that the s-wave and p-wave proximity effect works in
the bulk QH states, and to study the topological properties
of a heterostructure of a mixed-state chiral p-wave SC and a
QH insulator. As for the former purpose, we will show that
the angular momentum of the Cooper pairs generated by the
vortex lattice is necessary to pair the bulk QH states. This
consequence is true regardless of whether pairing symmetry
is s-wave or p-wave. Though the s-wave case has been studied
in Refs. [69,70], we will recast their study in the disk geom-
etry to make the chiral nature of the heterostructure explicit
and then extend the argument to the p-wave case. Based on
this finding, we consider a heterostructure of a mixed-state
chiral p-wave SC and a QH insulator. The two systems in this
heterostructure have different kinds of chirality, that is, the
sign of the Cooper pairs’ angular momentum, which is +7
for p, & ip, wave and the chirality of the Landau levels. The
proximity effect works selectively depending on the relative
alignment of the chiralities, particularly in the lowest Landau
level (LLL). With an effective chiral p-wave pair potential, the
LLL shows a topological phase transition to a topological SC.

Notice that a chiral p-wave SC is itself a topological SC.
However, we can distinguish between the topological super-
conductivity of a chiral p-wave SC and that induced in a QH

©2025 American Physical Society
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FIG. 1. A heterostructure of a type-I or type-II superconductor
and a quantum Hall insulator (a) below H, or H,; where the magnetic
field is completely screened by the Meissner effect, (b) in the mixed
state between H.; and H., where the vortex lattice is formed, and
(c) above H, or H,, where superconductivity is broken. (d), (e) The
corresponding phases in the phase diagrams of type-I and type-1I
superconductors, respectively.

insulator (we will show this in Sec. III D). For the purpose
of creating more exotic anyons, the latter topological super-
conductivity is preferred, since some proposals require the
combination of fractional charges and pairing [31-34]. The
emergence of proximity-induced topological superconductiv-
ity in an integer QH insulator is the first step toward this
direction.

The rest of this paper is organized as follows. In Sec. II,
we first give a phenomenological argument on an SC/QH
heterostructure in a magnetic field, and show that, by using a
continuum model on a disk, an impractical setup with s-wave
SCs does not result in the bulk proximity effect. Then, we
recast the works in Refs. [69,70] in a disk geometry and
show the necessity of the vortex lattice for the s-wave case.
In Sec. III, we show that the same problem arises with chiral
p-wave SCs, but is resolved by mixed-state SCs. In Sec. IV,
we confirm these results using a tight-binding model. Finally,
we conclude in Sec. V.

II. PRELIMINARIES
A. SC/QH insulator heterostructure

Throughout this paper, we consider heterostructures where
the bulk of a two-dimensional electron gas is covered by an
SC and a strong perpendicular magnetic field is applied.

First, we focus on the SC side [72]. An SC subject to a
strong magnetic field is in one of the following three cases:
(a) below H,. in type-I SCs or below H,; in type-1I SCs, the
magnetic field is screened by the Meissner effect, (b) between
H,| and H,, in type-II SCs, the magnetic field penetrates the
SC as a vortex lattice, or (c) above H, in type-I SCs or above
H,, in type-II SCs, the superconductivity is lost (Fig. 1). In
each phase, the pair potential A(r) and the magnetic field
B(r) are (a) |A(r)] = Ag and B(r) = 0, (b) |A(r)| < Ao but
nonzero and B(r) #£ 0, (¢) |A(r)] =0 and B(r) = H, where

Ay is the pair potential of an SC below H,. or H.;. We here set
the permeability po = 1.

As for the two-dimensional electron gas side, we need both
the strong magnetic field and the proximity effect to construct
an SC/QH insulator heterostructure. Either one of them is
lost in the cases (a) and (c). The remaining possibility is the
case (b). However, even in the presence of both the magnetic
field and the superconductivity, it is nontrivial whether the
proximity effect works in QH insulators. One of the main
claims of this work is that the case (b) is essential, regarding
not just the presence of both superconductivity and a magnetic
field but also for the proximity effect. In Secs. I C and III,
we will discuss the condition of the presence of the proximity
effect in QH states from the viewpoint of the angular momen-
tum. Before that, we will review in the next subsection that a
uniform pair potential in a QH insulator, which would be the
simplest theoretical assumption but is not listed in Fig. 1, fails
to induce the bulk proximity effect.

B. Uniform s-wave pair potential
The Hamiltonian of a continuum model of a spinful but
spin-unpolarized QH insulator on a disk that couples with an
s-wave pair potential A(r) is given by H® = ngmfm + HS,
where

H™M = %" / dryl (Oho ()Y (r), (1)
o=t
Hj, = / dryf (A | (r) + He, )
and
ho(r) = % - I, 3)

where m, is the electron mass, —e < 0 is the electron
charge, u is the chemical potential, and we employ the
symmetric gauge A = (—By/2, Bx/2). ¥,(r) is the elec-
tron annihilation operator of spin . We assume that the
Zeeman term is negligible because of a small g-factor.
The simultaneous eigenstate of the normal-state Hamilto-
nian A (r) with eigenvalue fio.(n + 1/2)(n € Z,n 2 0, o, =
eB/m,) and the angular momentum operator with eigenvalue
—hm(m € Z, m > —n) is given by the Landau level wave-
function [73]

Mg n+m

Dun(r) = G0 r)

Jnl(n+m)!

_ ey n! (i)me—zz/4z%Lm(£)
 V2meg\ 2m(n+m)! \ L "\202 )

“

where €5 = /TifeB, oo = e /4 /21 lg, z = x — iy, L™ is
the associated Laguerre polynomial, and

1 z 1 z
=—\20go:+ — ), b= —20gd,+— ). (5
¢ «/E( B“+2£B) \/5( B“+233) ©)
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On the Landau level basis ¢,,(r) with ¥,(@r) =
an ®nm (F)Cumo » the pairing Hamiltonian is written as
HA= D A€oy, +Hic ©)
where the matrix element is
Do = / drg,,,, (AT, (r). (7

Since a* = b, the complex conjugation of ¢,,, can be obtained
by interchanging a” and b" in (4), which gives ¢*, = @pm.—m-
With this identity, the matrix element for a uniform pair am-
plitude A(r) = Ag gives

AA AOCSn,n’er’811er,n’- (8)

nmn'm’

Projecting onto the LLL by n = n’ = 0, the pairing Hamil-
tonian reduces to

H — A()C(];OTC(T)Oi + H.c. ©)]

This implies that only spin-up and spin-down electrons with
angular momentum O can make a Cooper pair by the prox-
imity effect from a uniform s-wave SC. The same conclusion
holds for higher Landau levels if pairing is restricted within a
single Landau level.

This result can be understood from the perspective of the
angular momentum. The angular momentum of an s-wave
Cooper pair is 0 and that of the LLL state electrons is 0 or
negative. As a result, possible pairing is between electrons
with angular momentum 0. Indeed, since ¢, ¢, contains
7"+ the angular integral in (7) gives O unless m = m’ = 0.
Macroscopically, the amount of induced Cooper pairs in the
LLL is negligible in the thermodynamic limit, and hence we
cannot anticipate topological phase transitions.

In addition, the above proximity effect breaks spatial
translation symmetry. Specifically, the LLL state with m is
distributed around a circle of radius MZB. This indicates
that the uniform s-wave pair potential works only at the center
(m = 0) of the disk, which is compatible with the vanishing
proximity effect in the thermodynamic limit. Similar things
happen in different gauges and geometries. With the Landau
gauge and the cylinder geometry, the uniform pair potential
works dominantly for k = 0 states (Appendix B), and with
the Dirac monopole’s gauge and the spherical geometry, it
works at the north and south poles. In our setup, this problem
is considered to be a result of an impractical setup, that is,
a uniform s-wave pair potential is applied in a QH insulator,
which is not listed in Fig. 1.

C. Mixed-state s-wave pair potentials

In a mixed-state SC, quantized magnetic fluxes /#/2e form
the Abrikosov lattice. Each flux is screened by supercurrent
flowing around a vortex, which results in a center-of-mass
angular momentum of the Cooper pairs. The Cooper pairs
can have a variety of total angular momentum, which is the
sum of the relative and center-of-mass ones. This removes
the constraint by the angular momentum in QH insulators. The
s-wave case corresponds to Refs. [68—71]. We review their
system from the viewpoint of the angular momentum. Notice

that, in the following, we assume that the magnetic field is spa-
tially uniform because of a long penetration depth compared
with the distance between neighboring vortices slightly below
Hg.

The pair potential W(r) of SCs close to H., obeys the
linearized Ginzburg-Landau equation [72]

(—ihd + €*A)
2m*

e

+a]w(r) =0, (10)

where e* = 2e, m} = 2m,, and o < 0. This equation is the
same as that of electrons except that the mass and charges are
those of Cooper pairs. The pair potential is written in terms
of the LLL wavefunctions of Cooper pairs. Assuming that the
pair potential A(r) induced in a QH insulator is proportional
to W(r), we have

A
"= ,,;)v milp (EB) ¢

Each wavefunction is characterized by the angular momentum
—mli, which is distributed around a circle of radius /mg.
The magnitude of C,, is approximately |C,,| >~ £p/7 (| A(r)|?)
irrespective of m, where (---) denotes the spatial average
(Appendix A). We note that A(r) is slowly varying on the
vortex lattice scale slightly below H,,. The pair potential (11)
contains myg vortices when the summation of the right-hand
side is truncated to my. However, the position of the vor-
tices depends on C,,, which is determined to minimize the
Ginzburg-Landau free energy [72].

QH states can form an extensive number of Cooper pairs by
(11). Specifically, the matrix element between the LLL states
is given by (Appendix A)

Cm m !
A‘(Y)mOm’ = = (m —if_ " )/ . (12)
2/mep \ 2mtm mim'

The matrix element (12) with a fixed m + m’ is maximized
when |m — m’| is minimized. This is because there is a sub-
stantial overlap between the Cooper pair wavefunction with
angular momentum —2m# and the electronic LLL wavefunc-
tion with angular momentum —m#, since they are distributed
along the same circle of radius /2mtg. In addition, the an-
gular dependence of z2" in ¢ ¢p is canceled by that of
Z?™ in A(r), which makes the integral (7) nonvanishing. The
mixed-state pair potential works as a glue to the Landau level
states. A similar discussion at a QH edge coupled with a
Rashba SC has been given in Ref. [53].

—ZZ/2E§ . (1 1)

III. CONTINUUM MODEL

In this section, we identify the necessity of the vortex
lattice by considering the proximity effect from a uniform and
mixed-state chiral p-wave pair potentials, where time-reversal
symmetry is broken as in QH insulators.

A. A relation between s-wave and chiral p-wave pair potentials

First, we derive a general relation between the matrix
elements of the s-wave and chiral p-wave pair potentials.
The Hamiltonian of a spinless QH insulator coupled with a
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spinless chiral p-wave pair potential is given by HP+*P» =
spinles: +ip,
HP™ + HY™'P | where

HP™ess = / dry T (O)ho(r)y (r), (13)

HﬁAiipv _ %/drwf(r){_lhajg A(l’)}

and 04 = d £ idy. ¥ (r) is the electron annihilation operator.
On the Landau level basis, the pairing Hamiltonian is rewrit-
ten as

Vi) +He., (14)

nmn'm’' ~nm=n'm
nmn'm’
We can replace derivatives in (14) by the covariant derivatives
as

/ol
nmn'm 2

retin, 1 / dr«b,’:m_ihDiA +2A(_MD1)¢,’;W, (16)

where —ihDg/h = —ilidy £eA, (@ ==, AL =A, LAy is
the covariant derivative for electrons and holes, respectively.

J

PpxEipy ih

nmn'm’ T

Here, A® ,  is given in (7).

nmn'm

B. Uniform chiral p-wave pair potential

The absence of the bulk proximity effect from uniform SCs
is true even if we consider a chiral p-wave pair potential. For
a uniform chiral p-wave pair potential A(r) = Ay, one can
evaluate the matrix element by (8) and (18). Projecting onto
the LLL, we have

A 0 (px +ipy)

Eipy * Y
Hg P nde 4 L (19)

[TKBC(MCOO + H.c. (pJ\ —_ lpy)

This implies that the proximity effect does not work in the
LLL from p, + ip,-wave SCs, while that from p, — ip, SCs
couples electrons with angular momentum m = 0 and 1. Since
the relative angular momentum of the Cooper pairs is £/
in p, £ ip,-wave SCs, the pairing between m = 0 and 1 is
possible by the p, — ip,-wave pair potential. Importantly, the
proximity effect from uniform SCs, regardless of whether
pairing symmetry is s-wave or p-wave does not induce a bulk
proximity effect in QH insulators, and is negligible in the
thermodynamic limit.

C. Mixed-state chiral p-wave pair potentials

What is new about considering a mixed-state chiral p-wave
pair potential is that the pair potential on the LLL depends
on the relative chirality. The matrix element of a mixed-state
chiral p-wave pair potential in the LLL is readily obtained by
(18) given the function A(r) is the same as the s-wave case

[Eq. (11)]. As in the uniform case, the p, + ip,-wave pair

potential does not work in the LLL (Agjngifz," = 0), while the

Dx — ipy,-wave pair potential is given by (see Appendix A for

_ _\/ﬁAfl—lm-Hn’m’ + «/WAflmn’—lm’-H
2\/§£B 2L + 1Af1+lm—ln’m’

Different types of the covariant derivatives appear in (16)
owing to the gauge invariance. Each term of (16) is invariant
under a gauge transformation

Gum () — eieX(r)/h(bnm (r),
Ar) — XA,
Ar) — A(r) — ax(r).

Since ¢, and ¢, transform like holes, while ¢ A and

Ag¢;,,, transform like electrons, the derivative of the first
(second) term should transform like that for holes (electrons).
The electron covariant derivative acts like raising or lowering

operator as

V2 [Vn+ 1gpsimr ()
€ | —vnuimt1 (=)
where we define ¢,,,, = 0 with n < 0. With this result, the ma-

trix elements of the s-wave and chiral p-wave pair potentials
with a common A(r) are related by

—ihDS G = ; 7)

(px +ipy)
(px - ipy)

. (18)
- n' + lAftmn/-Hm’—l

(

derivation)
Zin, ihm—m') [(m+m —1)!
AP = O N . 20
0mOm +m'—1 4ﬁ£% om+m' ! | (20)

This is one of the main results of this work. While LLL states
with the same m cannot make pairs because of the Pauli’s ex-
clusion principle (we assumed spinless chiral p-wave pairing),
those with smaller |m —m/| but m # m’ are likely to form
Cooper pairs.

From the perspective of the angular momentum, the chiral-
ity dependence is not obvious. As the center-of-mass angular
momentum is the same for all pairing symmetries, the pres-
ence and absence of the proximity effect on the LLL is not
restricted by the angular momentum but the chirality of the
p-wave pair potential. Indeed, the proximity effect from both
chiralities do work in higher Landau levels. We will examine
the above result in a lattice model in Sec. IV. Notice that
it is one of the advantages of considering the disk geometry
that the chirality of the pairing and that of the center-of-mass
motion can be discussed on the same footing.

In our heterostructure, distinct chiralities are attributed to
three types of motions, that is, the center-of-mass motion of
Cooper pairs determined by the Ginzburg-Landau equation,
the relative motion of Cooper pairs that is +/ for p, +ip,
wave, and that of QH states. Suppose we flip the direction of
the applied magnetic field, the chirality of the center-of-mass
motion and the QH states are flipped by definition. On the
other hand, the chirality of pairing symmetry is not strictly
tied to the applied magnetic field, but it depends energeti-
cally on the direction of the field [74]. As a result, the same
phenomenon with the opposite chirality would occur upon
flipping the direction of the magnetic field.
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D. Chern number

Before we proceed to the lattice model, we review our
heterostructures from the perspective of the Chern number.
The purpose of this subsection is to show that the emergence
of topological superconductivity in a chiral p-wave SC/QH
insulator heterostructure is a consequence of a topological
phase transition in the QH insulator. We can distinguish be-
tween the topological superconductivity intrinsic to a chiral
p-wave SC and that induced in a QH insulator. Throughout
this paper, we use the Bogoliubov-de Gennes (BdG) Chern
number A of the quasi-hole bands. Here, we assume a pe-
riodic boundary condition in both the x and y directions. Let
the eigenspinor 7 j; of the momentum-space BAG Hamiltonian
h(k) be specified by the band number j and the momentum k.
The BAG Chern number of a band j is the integral of the Berry
curvature over the Brillouin zone

1
N; = > /Bzdk[vk x A (k)] (21

where A (k) = —in}kan jk- The BAG Chern number N of
the quasi-hole bands is defined by the summation of \V; over
the negative-energy bands. In nonsuperconducting systems,
the BAG Chern number is twice the usual Chern number, e.g.,
N = 2 when the spin-polarized LLL is filled.

First, we review the BdG Chern number of the mixed-state
s-wave SC/QH insulator heterostructure [69—71]. A mixed-
state s-wave superconductor has N' = 0 while a QH insulator
has A = 2, and hence the total BAG Chern number without
the proximity effect is A" = 2. With the proximity effect,
the QH state can become a topological superconductor with
odd N. The total BAG Chern number after the topological
phase transition is, of course, odd. This indicates that the
appearance of topological superconductivity (odd total N)
can be attributed to the proximity-induced topological phase
transition in a QH insulator.

A similar story holds in a mixed-state chiral p-wave
SC/QH insulator heterostructure. The caveat here is that
mixed-state chiral p-wave SCs have even N [74,75]. Each
isolated vortex in chiral p-wave SCs binds topologically a
Majorana zero mode [7]. When two or more vortices are
getting closer, the bound Majorana fermions start tunneling
between them. When vortices form a uniform lattice, the Ma-
jorana fermions form energy bands inside the superconducting
energy gap. What Refs. [74,75] have shown was that the
tight-binding model of tunneling Majorana fermions is written
as a w-flux model, and thus the gapped subband have odd
N. Together with the chiral p-wave condensate’s odd BdG
Chern number, the mixed-state chiral p-wave SCs have even
N . Therefore, the Chern-number argument for the mixed-state
s-wave case also applies to the mixed-state chiral p-wave case,
that is, an odd total A is attributed to the proximity-induced
topological phase transition in a QH insulator. In other words,
the topological SC phase in the chiral p-wave SC cannot be
continuously connected to the induced one in a QH insulator.

Notice, however, that the Chern number of the mixed-state
chiral p-wave SCs in Refs. [74,75] has been evaluated away
from H,,. Specifically, they used a pair potential Age®™)
that has spatially uniform absolute value and the phase 6(r)

determined by the London equations

dx 0(r) =212y 8(r—r)), ¥0(r)=0, (22)
J

where r; is the center of a vortex. This form of the pair
potential is valid when H <« H., where the distance be-
tween neighboring vortices is much longer than the coherence
length. Since our focus is a region close to H,,, we examine
whether the conclusion in Refs. [74,75] is true even near H,.,
in the next section.

IV. LATTICE MODEL

In this section, we examine the following three points using
tight-binding models of two systems, a chiral p-wave SC and
a chiral p-wave SC/QH insulator heterostructure: (i) the BdG
Chern number of a mixed-state chiral p-wave SC is even, (ii)
the proximity effect in the LLL depends on the chirality of
the p-wave pair potential, and (iii) a topological superconduc-
tivity appears in the heterostructure. Notice that the following
calculations are done under the periodic boundary condition in
both x and y directions. We confirmed the same conclusions
for the continuum model on a cylinder as that on a disk (see
Appendix B).

A. Tight-binding model

We consider a common square-lattice tight-binding
Hamiltonian for the chiral p-wave SC and the QH insulator,
which is given by

H=- Ztm_acjcr” —u chc,
ré r

1
+ 5 D (Amracfe] 5+ He, (23)
ré

where r € 7?2, § = £# or &9 and the lattice constant is set to
1. The chiral p-wave pair potential is A5 = A(r+ §/2)ss,
where s1¢ = Fi, s4+3 = £C, and the chirality C = %1 corre-
sponds to the p, & ip, pairing. The magnetic unit cell size is
N, x Ny. The nearest-neighbor hopping amplitude is subject
to a magnetic flux ¢o/N.N, per plaquette, where ¢y = h/e,
and hence 15 =t and ty45 = te*>"*/N% ynder the Landau
gauge used in [74,75].

Notice that the meaning of the Hamiltonian (23) is different
depending on whether we regard it as a model of a chiral
p-wave SC or as one of a chiral p-wave SC/QH insulator
heterostructure. For the former case, ¢ is the electron anni-
hilation operator of the SC, and A,,;s is the mean field of
the BCS theory assuming p-wave pairing. For the latter case,
c is that of the QH insulator, and A, is the pair potential
induced in the QH insulator by the proximity effect from
the chiral p-wave SC. Notice also that even for the chiral
p-wave SC, one needs to incorporate the magnetic field via the
Peierls phase [74,75]. As a result, it is reasonable to consider
the same Hamiltonian for both systems, while the difference
is the energy scale of u and A,.+s compared with the hop-
ping amplitude ¢, as will be specified later. Without the pair
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FIG. 2. (a) The absolute value and (b) the phase of the pair po-
tential in the continuous space. Dashed lines represent the boundaries
of a magnetic unit cell, and solid lines in a cell represent the lat-
tice of the tight-binding model (N, = N, = 6). (c) and (d) represent
the absolute value and the phase of the pair potential, respectively,
assigned to the nearest-neighbor bonds in the tight-binding model.
The outside of a magnetic unit cell is shaded. Colors of bonds are
represented in a common scale with the corresponding continuous
ones. (e) Electronic band structure without pair potentials. The hor-
izontal axis is along a line shown in the Brillouin zone. The lowest
and the second-lowest energy bands correspond to the lowest and
first Landau levels (LLL and 1LL) whose energy is denoted by 111
and pq.L, respectively.

potential, the model (23) shows a quantum Hall state where
first few lowest energy bands are almost flat and have BdG
Chern number 2 [Fig. 2(e)]. So, we call them the Landau
levels.

We consider a pair potential forming a square vortex lattice
whose lattice vectors are a; = (0, Ny) and @y = (N,/2, N, /2)
[Figs. 2(a) and 2(b)]. The continuous pair potential on a cylin-
der is rescaled to fit the tight-binding model and is shifted
so that the vortex position is (1/2,1/2) and ((N, + 1)/2,

6-4-202 46
|

pxctipy SC

0
ult

FIG. 3. The Bogoliubov-de Gennes (BdG) Chern number of
mixed-state (a) p, + ip,-wave and (b) p, — ip,-wave superconduc-
tors. Phases with BdG Chern number larger than 6 or less than —6 are
filled with the same colors for simplicity. Unshaded regions show
that the corresponding chirality is energetically favored.

(N, + 1)/2) to avoid singularity on the lattice sites and bonds.
The resulting pair potential is given by (see Appendix C)

_ i ..y — Oy
A(r) =Ag ;e’”f exp |:2m] N, ]
— O, + jN,/2)?
X exp |:—2JT « +JNe/2) :|, (24)
NN,

where O = (N, /4 +1/2, 3N, /4 4+ 1/2) [Figs. 2(c) and 2(d)].

The Hamiltonian at this moment is not invariant under
translation by a,. The translation invariance is recovered by
introducing a singular gauge transformation [76]

¢y — A2 (25)

Since A(r+ay) = ™/ VMNAF) and  tri2a, r12a045 =
trre5e=27 /N the translation invariance of the hopping am-
plitude is recovered. Notice that the singular gauge transfor-
mation (25) has a branch cut, so we introduce a branch cut
line connecting neighboring two vortices [74] so that branch
cut lines do not cross the boundaries of the magnetic unit
cells. In the following, we consider N, = N, = 6 as shown in
Figs. 2(a)-2(d).

The energy scale of the chemical potential u and the pair
potential A for the chiral p-wave SC and the chiral p-wave
SC/QH insulator heterostructure are determined as follows.
For the chiral p-wave SC, we can consider arbitrary p and A
as long as the corresponding chirality is energetically favored
(Fig. 3) and Ay is sufficiently larger than that required for
Ay in the heterostructure. On the other hand, for the chiral p-
wave SC/QH insulator heterostructure, we consider u around
the lowest and first Landau level (i ~ iy, #iLL), and Ag
smaller than the Landau level spacing w1 — prrp (regions
enclosed by dashed lines in Fig. 3).

094520-6
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B. Mixed-state chiral p-wave SC

The BdG Chern number of the mixed-state chiral p-wave
SC in [74,75] has been evaluated far below H., as we men-
tioned in Sec. III D. Since a strong magnetic field is necessary
for the integer and fractional QH effects, we examine whether
the BAG Chern number of the mixed-state chiral p-wave SC
is still even, even if the magnetic field is close to H,;.

We numerically evaluate the BAG Chern number of mixed-
state chiral p-wave SC close to H, by (23) with (24)
[Figs. 3(a) and 3(b)]. The BAG Chern number is always even
irrespective of the magnitude of Ay and p. Notice that the
BdG Chern number of the chiral p-wave SC without the vortex
lattice is £1 when sgn[Cu] < 0, where C is the chirality of
the pair potential. The energetically favored pairing chirality
is shown by unshaded regions in Fig. 3. This indicates that the
chirality can be tuned by the chemical potential. Notice that
the phase diagram around the (n 4 1)th Landau level of the
Px + ipy,-wave SC and that around the nth Landau level of the
Px — ipy-wave SC have a similar structure within a small A,
albeit the difference of the BAG Chern number by 2. This can
be understood by an identity

Apx_i[’y — AP,\"H[’}’

nknk' n+1kn+1k' (26)

of the continuum model from (B9).

C. Mixed-state chiral p-wave SC/QH insulator

Since we confirmed that the mixed-state chiral p-wave SC
has even BAG Chern number JV, its heterostructure with a QH
insulator can have odd A phases when a topological phase
transition occurs. We will see that only the p, — ip,-wave pair
potential can give rise to such a topological phase transition in
the LLL.

We consider a QH insulator coupled with the proximity
effect from a mixed-state chiral p-wave SC given by (23)
with (24). In particular, we focus on p close to the LLL
(urrr) and the first Landau level (1), and A smaller than
ML — MoiL- Let the momentum-space BAG Hamiltonian of
(23) be denoted by h(k). The eigenenergies of h(k) when
u = pppr are shown in Fig. 4(a) (left). By diagonalizing the
electron and hole parts of h(k) separately, we obtain

ho(k
h) = (1() Ak)
AT(k) —hy(—k)
N diag[eg(k) — 11, .. ] Ak)
A (k) diag[—eo(—k) + ., ...]1)"
(27)

where €y (k) is the LLL energy. The (1,1)-component of A (k)
in (27) is shown in Fig. 4(a) (center and right). This quantity is
the expectation value of the pair potential with respect to the
LLL, and is the lattice counterpart of (16) with n = n’ = 0.
The energy band remains flat under the p, + ip,-wave pair
potential, and the expectation value of the p, + ip,-wave
pair potential is two orders of magnitude smaller than that
of the p, — ip,-wave one. These features cannot be seen in
the first Landau level (u = wir) [Fig. 4(b)]. Notice that the
coincidence of the p, — ip,-wave pair potential on the LLL

0 0.54¢
831) LLL
xHpy
EOM\/
-0.1 =

kyx /Ny -11/Ny kyx /Ny

ky 11/Ny -1t/Ny ky /Ny

FIG. 4. (a) Quasiparticle energy spectra with p, & ip,-wave pair
potential (24) with Ay = 0.1 at ;. The center and right figures are
the expectation value of the pair potential with respect to the LLL
states in the Brillouin zone. (b) The same plots as (a) at 1.

and the p, + ip,-wave pair potential on the first Landau level
[Figs. 4(a) (right) and 4(b) (center)] agrees with (26). It is
interesting to observe the quasiparticle energy spectra are also
similar for p, —ip, at the LLL and for p, + ip, at the first
Landau level [red curves in Fig. 4(a) (left) and black curves in
Fig. 4(b) (left)].

We numerically evaluate the BAG Chern number A of
this system. Here, we set © to be around the lowest and first
Landau level, and A to be up to the order of the energy gap
between the two bands (~0.3¢) [which shares the same phase
diagram as the chiral p-wave SC surrounded by dashed lines
in Figs. 3(a) and 3(b)]. Notice that the chemical potential
w of the QH insulator is irrelevant to that of the attached
chiral p-wave SC in the previous subsection, while the pair
potential A induced in the QH insulator is assumed to be
proportional to that of the chiral p-wave SC. The energy gap
and the BdG Chern number N are shown in Figs. 5(a) and
5(b) for p, &+ ip,-wave, respectively. The appearance of the
phase with A/ = —2 is a result of the proximity effect from
the mixed-state p, — ip,-wave SC, while no new phases other
than N = 0 and 2 appear for the p, + ip,-wave case since the
proximity effect does not work on the LLL.

We can generate odd N phases between even N phases
by adding external potentials [69]. A topological phase tran-
sition accompanying more than A/ = 1 change can be split
into those accompanying A/ = 1 change. Specifically, for a
topological phase transition from N = 2 to —2 in Fig. 5(b)
around Su/t= (u — urrL)/t ~ 0.2, there are four momenta
k = (0,0), (0, w/Ny), (7w /Ny, 0), (7w /Ny, w /Ny) where the gap
closes (Fig. 4). A potential

V (k) =V, cos kN + V, cosk,N, (28)
with V, # V, shifts the chemical potential at the four momenta
differently. As a result, topological phase transitions occur one
by one by changing the chemical potential.

The phase diagrams with V, =0.01 and V, =0.02
are shown in Figs. 5(c) and 5(d) for p,+ip,-wave,
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FIG. 5. The phase diagrams of a quantum Hall insulator
proximity-coupled with a p, + ip,- (a), (c) and p, — ip,-wave (b),
(d) superconductor without (a), (b) and with (c), (d) a potential (28)
with V; = 0.01 and V, = 0.02. Color indicates the indirect energy
gap Ae. Su is the chemical potential measured from the lowest
Landau level energy. The numbers inside the figures stands for the
Bogoliubov-de Gennes Chern number. The indirect band gap van-
ishes in white regions, that is, the lowest Bogoliubov quasi-particle
band bents below the zero energy. (e) and (f) are the phase diagram
and the energy gap, respectively, of the region shown by a dashed
line in (d).

respectively. By the p, + ip,-wave pair potential, the LLL
becomes dispersive but never becomes a topological SC. On
the other hand, topological SC phases appear near the first
Landau level. By the p, — ip,-wave pair potential, topological
SC phases appear even near the LLL. These results agree
with the prediction by the continuum model in the previous
section. The detailed phase diagram and the energy gap for
the px — ip,-wave case is shown in Figs. 5(e) and 5(f). We can
turn the LLL states into a topological SC by an infinitesimally
small pair potential.

V. CONCLUSIONS

In this study, we consider SC/QH heterostructures and
elucidate the role played by the vortex lattice in pairing bulk

quantum Hall states. Although the necessity of the vortex
lattice was suggested even from the consideration of practi-
cal SC/QH heterostructures in Sec. II A, it turned out to be
essential in inducing the bulk proximity effect irrespective of
pairing symmetry. By using the disk geometry, we showed
that Cooper pairs with finite angular momenta generated
by the vortex lattice can make pairs between time-reversal-
symmetry broken states in the bulk QH state. What we believe
is essential in this conclusion is that we need to incorporate a
magnetic field properly even in the SC side when we consider
SC/QH heterostructures. In this sense, it would be interesting
to extend our result to a magnetic field away from H,,, where
the superconducting flux quantum is distributed sparsely and
hence the pair potential can no longer be written in terms of
the LLL wavefunctions of Cooper pairs as in (11).

As an example, we considered a mixed-state chiral p-wave
SC/QH insulator heterostructure, where both systems have
distinct chiralities. The presence of a vortex lattice is not
sufficient in pairing the LLL state; we need to align the relative
chirality between the pairing and the quantum Hall states.
The pair potential from the opposite chirality SC is blocked
in the LLL, while that from the same chirality gives rise to
a topological phase transition to a topological SC with the
aid of an external potential. We confirmed these claims by
both analytical calculations using a continuum model and
numerical calculations using a tight-binding model.

Notice that we do not mean that our heterostructure is
useful in constructing a topological superconductor, since we
made a topological SC from another topological SC. We fo-
cus in particular on the physics underlying general SC/QH
heterostructures rather than material science. We believe that
our study paves the way for engineering heterostructures with
more exotic materials hosting non-Abelian anyons.

Recently, the observation of the fractional quantum anoma-
lous Hall effect in moiré materials such as twisted MoTe,
bilayers [77-82] and rhombohedral multilayer graphene
[83—87] has attracted particular attention. Heterostructures of
these materials with SCs could realize SC/QH heterostruc-
tures without a magnetic field. Though the electronic state
of some of these materials is still under active discus-
sion, it would be interesting to study the condition for a
valid proximity effect in moiré quantum anomalous Hall
states.
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APPENDIX A: MATRIX ELEMENTS OF MIXED-STATE
PAIR POTENTIALS

Here, we derive the matrix elements (12) and (20) of the
mixed-state s-wave and p, — ip,-wave pair potentials, respec-
tively. From (7) and (11), one obtains

Ajtmn 7 / dr¢:m(r)A(r)¢:’m’(r)

_( D™ Crrim nln'\(m +m')! /
2w 2m+m' (g 4+ m)l (0 +m) """
(A1)

where
2m+m’+ 1

L =

o0
S E—— m+m' —2xym '
(m+ m')! fo dxx™"" e L ()L (x). (A2)

Using Li'(x) =1 and L"(x) =m + 1 —x, one can readily
calculate (A2) for the first few cases as

IOmOm’ = 17 (A3)
m—m +1
Lo = T (A4)

Notice that Iy,1,, can be obtained from (A4) by an identity
Ly = Lywnm. These results are sufficient to evaluate (12)
and (20) using the n = n’ = 0 case of (18), that is,

APA ipy _ ih

mOm' — "~ /3, ASm— m’_Asm m-1)" (AS)
0mO 2\/553( 1 10, Om1 1)

For arbitrary n and n’, one obtains

ZZ n+m n'+m\ (m+m 4+ 1)
nmnm - ] Ok ‘ n _k (_2)]+kj!k! ’
(A6)

where (a), = I'(a + n)/T'(a) is the Pochhammer symbol, by
using an expression of the associated Laguerre polynomial

W=y (" +’”) =

j=0 J

(A7)

We anticipate that the absolute value of the coefficient C,, is
approximately independent of m because of the following rea-
son. The integral of the squared amplitude of the pair potential
over a sufficiently large region S should be proportional to its
area |S| as the vortex lattice is uniformly distributed. From
(B5),

fsdr|A(r>|2 =Y IGalP = (A@PISL  (A8)

m=0

where (---) denotes the spatial average. Here, we consider
a disk of radius /mglp. Since each term in (11) is dis-
tributed around a circle of radius /mfg, the upper bound
of the summation of (A8) is approximately mg and its area
is |S| = wmpl3. Since this approximate relation holds for
any (sufficiently large) myg, one can conclude that |C,| =~

£p+/7 (|A(r)|?), which does not depend on m.

APPENDIX B: MIXED-STATE PAIR POTENTIAL
ON A CYLINDER

We consider a continuum model of a mixed-state chiral
p-wave SC/QH insulator heterostructure on a cylinder for
comparison with a lattice model. This argument will be pro-
ceeded basically in parallel with the previous studies with
mixed-state s-wave superconductors [69,70].

The QH state wavefunction on a cylinder that is periodic
in the y direction with circumference L, is given under the
Landau gauge A = (0, Bx), by [73]

(a))
Jnl

zky

\/> v/ 2"1’1'@3
where neZzy, k=2nj/L,(j€Z), ap=[Lpoy+ (x—
x1)/ 28] /«/5, X = —kﬁ%, and H, is the Hermite polynomial.
The s-wave and chiral p-wave pairing Hamiltonians are given
by (2) and (14), respectively. The s-wave pairing Hamiltonian
on the basis of (B1) is given by

Hy = Z I—— nkt n'kw +He,
nkn'k’

¢nk (I’ ) = ¢Ok (r )

o rer L H( x">, (B1)
Lp

(B2)

where

At = f drg (N ATy (). (B3)
Notice that if the s-wave pair potential is uniform [A(r) =
Ap], the pair potential is nonzero only when k' = —k and is
given by

20l o (N[22
A = Ao/ e/t (= L' =k, (B4
nkn'—k = S0V Hnpny s w e (B4)

where L) is the associated Laguerre polynomial. Unlike the
disk case, the number of induced pairs are not limited by a
constant. The strongest pairing is that between k = O states,
where x; = x_; = 0 and are related by the time-reversal oper-
ation. However, the matrix element decays exponentially as x;
is far away from x = 0. In this sense, the same conclusion as
in the disk case holds, that is, a uniform s-wave pair potential
does not induce an extensive number of Cooper pairs in QH
states.

The induced pair potential A(r) close to H,, is spanned by
the LLL wavefunctions of Cooper pairs as [72]

A = 3 Cjeme I, (B5)
JjeZ
where X, = —qt%/2. When the lattice vectors of the vortex

lattice are a; = (0, Ay) and @, = (Ax, Aysin @), the momen-
tum is given by g; = 27 j/Ay (j € Z). The resulting matrix
element of (B5) is given by [69,70]

J— n . ’ —_— ’
Aflkn/k _ Z -1 ,C](Sij,k-Fk e—(Xk—xk/)2/4l§Hn+n/ (M) .
e 2! V2

(B6)
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As in the disk geometry, the matrix elements of chiral p-
wave pair potentials defined by

pxEipy PxEipy F
HY S =3 Anc el el + He. (B7)
nkn'k’

are related to those of the s-wave one provided they share
the same A(r). Since the covariant derivative for electronic
Landau level states of momentum k is given by

V2ih|al  (+)

—iky . e iky __
e "(—ihD)e"™ = ) (B8)
* g |—ar ()
we obtain
PxEipy
Ankn’k’
1 , —iRD"A + A(—ikDS) ik
= — dr'lﬂnk wk — —
2 2 2425
« —A e+ ﬁqukﬂ’—lk’ (px +ipy)
Vi 1A e — V1A e (P —ipy)
(B9)

Projecting onto the LLL (n = n’ = 0) and assuming (B5),
the pair potential is zero for the p, + ip, wave while for the
Dx — ipy wave,

Al’x—ipy _ lh

O0kOk"  — _N/EZB

Equation (B10) is the same form as the one in a heterostruc-
ture of a mixed-state s-wave SC and a Rashba-coupled QH

Alror- (B10)

insulator [69,70]. A similar calculation on a sphere could also
be done following [71].

APPENDIX C: PAIR POTENTIAL
IN THE TIGHT-BINDING MODEL

The coefficients C; in (B5) are determined by impos-
ing the periodicity of the vortex lattice. Two lattice vectors
of the vortex lattice are denoted by a; = (0, Ay) and
a; = (Ax, Aysin0). Notice that as two superconducting
fluxes is equal to a flux quantum A /e, Ax and Ay are related by
AxAy = w3 that is half of the area occupied by a flux quan-
tum. From @, the momentum is given by g; =27 j/Ay (j €
Z). The coefficient is given by C; = Ag explim j? cos 6] [72],
that is,

A(r) = Ag Z emj2 coseezmjy/Ay[n(x+ij)2/AxAy. (C1)
JEZ

Notice that the position of the vortices is (@1 + a»)/2 and their
translations by a; and a;.

A mixed-state pair potential on a square lattice model in
Sec. IV is given by rescaling (C1). Specifically, we consider
an N, x Ny, magnetic unit cell in unit of the lattice constant of
the tight-binding model, which contains two superconducting
fluxes at the corners and the center of it [see Fig. 2(a)]. This
gives 2Ax = N;, Ay = N,, and cos6 = 1/2. Moreover, we
translate the origin to O so that vortices in a magnetic unit cell
are at (1/2,1/2) and ((Ny + 1)/2, (N, + 1)/2). This leads to

an equation
11 ay +a
— —)=0- . C2

(2 2) 2 €2

From these result, we obtain (24).
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