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We propose protocols to implement non-Clifford logical gates between stabilizer codes by entangling
into a non-Abelian topological order as an intermediate step. Generalizing previous approaches, we pro-
vide a framework that generates a large class of non-Clifford and nondiagonal logical gates between qudit
surface codes by gauging the topological symmetry of symmetry-enriched topological orders. As our main
example, we concretely detail a protocol that utilizes the quantum double of S3 to generate a controlled-
charge-conjugation (CC) gate between a qubit and qutrit surface code. Both the preparation of non-Abelian
states and logical state injection between the Abelian and non-Abelian codes are executed via finite-depth
quantum circuits with measurement and feedforward. We discuss aspects of the fault tolerance of our
protocol, presenting insights into how to construct a heralded decoder for the quantum double of S3. We
also outline how analogous protocols can be used to obtain logical gates between qudit surface codes
by entangling into D(G), where G is a semidirect product of Abelian groups. This work serves as a
step toward classifying the computational power of non-Abelian quantum phases beyond the paradigm of
anyon braiding on near-term quantum devices.
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I. INTRODUCTION

The discovery of topological order has profoundly trans-
formed our understanding of quantum phases of matter
and their potential applications in quantum computation
[1–3]. Over the past few decades, there has been sub-
stantial progress in the development of quantum error-
correcting codes and their use in fault-tolerant quantum
computation. A prominent class of such codes are the so-
called topological codes (TCs). The paradigmatic example
of a TC is the zero-temperature Z2 surface code, which
realizes Z2 topological order and serves as a robust topo-
logical quantum memory [4]. Remarkably, such states have
been realized in several near-term quantum platforms,
including Rydberg atom-arrays, trapped ions, and super-
conducting qubits [5–8]. Recently, Quantinuum’s trapped
ion platform has further realized both a Z3 toric code
and the D4 quantum double, both distinct topological
phases from Kitaev’s original qubit toric code [9,10].
With these generalized topological orders at our disposal
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experimentally, a natural question arises: How can they be
harnessed for quantum computation?

One promising approach to achieving universal
topological quantum computation is to utilize the topo-
logical properties of non-Abelian anyons [3]. In such
schemes, computation is typically performed through the
braiding and fusion measurements of non-Abelian anyons
[3,11–13]. Several theoretical models are known to sup-
port universal quantum computation via these opera-
tions, including the Fibonacci anyon theory, the Majo-
rana fermion model, and the S3 quantum double [12–15].
Despite significant recent experimental progress in prepar-
ing and manipulating non-Abelian anyons [10], a fully
fault-tolerant method for their control remains an open
challenge.

On the other hand, although manipulating non-Abelian
anyons remains experimentally challenging, there exists a
subclass of topological orders whose ground states can be
prepared using measurement and feedforward techniques
[16–21]. These ground states can be generated with finite-
depth quantum circuits, and decoders for such non-Abelian
models have also been partially studied in recent work
[22–26].

A. Main results and ideas

In this work, we utilize non-Abelian surface codes,
which are generalizations of Abelian qudit surface codes,
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to perform quantum computation without relying on anyon
fusion and braiding. Specifically, we present protocols that
prepare non-Abelian topological order as a static inter-
mediate resource for implementing non-Clifford logical
gates between Abelian qudit surface codes. In addition to
performing lattice surgery between different qudit surface
codes, our protocol offers a potential route to universal
quantum computation. A key advantage of our approach
is that the qudit surface code remains in its ground state
throughout the entire process, thereby simplifying the
decoding procedure. In the recent literature, this idea was
explored to analyze gates and magic states obtainable from
the ground state of the D4 topological order—in this work,
we present a more general set of protocols that extract log-
ical gates from a larger class of quantum double models
[27,28].

As our main example, we demonstrate a protocol that
yields a logical controlled-charge-conjugation (CC) gate
between a qubit and a qutrit surface code via the entangle-
ment of a non-Abelian D(S3) code. Given a single qubit
and a single qutrit, recall that

CC = |0〉〈0| ⊗ I + |1〉〈1| ⊗ C, (1)

where C is the qutrit charge-conjugation operation that
leaves |0̃〉 invariant but swaps |1̃〉 with |2̃〉. Equivalently,
the action of the CC gate can be written in terms of basis

states

CC : |ab〉 �→ |a(−1)bb〉, (2)

where a ∈ Z3 is the target qutrit and b ∈ Z2 is the control
qubit.

Our protocol can be summarized as follows: Consider
Z2 and Z3 surface codes both initialized in arbitrary logical
states. We slide the Z2 surface code from left to right over
the Z3 surface code by sequentially gauging and ungauging
the charge-conjugation symmetry of the Z3 surface code.
In the overlapping region of qubits and qutrits, we gauge
the system to the S3 quantum double. This results in a tri-
partite system consisting of the Z2 surface code, the S3
quantum double, and the Z3 surface code. Gapped domain
walls exist between the S3 quantum double and the Z2 sur-
face code, as well as between the S3 quantum double and
the Z3 surface code. As a result, logical operators of the
stabilizer codes, or equivalently Abelian anyon lines, can
be deformed across these domain walls into non-Abelian
anyon lines of the S3 quantum double. The anyon tunnel-
ing rules across these gapped boundaries are studied in
Ref. [29].

At a high level, the X̄ logical operator of the Z2
code—corresponding to the m anyon line—maps to a
charge-conjugation gauge flux in the non-Abelian S3 code.
As a result, sliding the logical information from the Z2

(a)

(d) (e)

(b) (c)

FIG. 1. Implementation of logical CC gate between D(Z2) and D(Z3) surface codes. (a) The qubit and qutrit surface codes are
separately initialized in arbitrary logical states. Depicted are the Z and X logical operators of the qutrit code and the Z and X logical
operators of the qubit code. (b) Non-Clifford CC gates between ancilla qubits initialized in the |0〉 and qutrits of the Z3 code. This
is the symmetry-enrichment step, where the Z2 charge-conjugation symmetry of the qutrit surface code is coupled to ancilla qubits.
(c) Applying the gauging map to the symmetry-enriched Z3 code yields S3 topological order. After applying the gauging map to the
entire Z3 code, a S3 quantum double has been prepared with A + B + 2C boundary conditions on the left and right boundaries and
A + D + F boundary conditions on the top and bottom boundaries, which are the analogs of rough and smooth boundary conditions
for the S3 non-Abelian code. Logical information from both codes is now injected into the S3 code. The X and Z logical operator from
the qubit code transform into the B and D anyon operators, respectively, while the Z and the X map to the C and F anyon operators
respectively. (d) The ejection of the qubit and qutrit code from the non-Abelian code is done by simply measuring out qubits from the
left side of the Z2 code in the Z basis. Measurement outcomes of Z = −1 correspond to the endpoints of ground state D anyon loops
terminating at the left boundary. Feedforward is performed to return the stabilizers of the Z3 code back to their original form. (e) Once

the D(Z2) code is completely ejected from the D(Z3) code an effective CC has been performed taking Z → ZZ
, X → X Z

, Z → Z,
and X → X C. More details on the transfer of logical operators are discussed in Sec. III.
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code through the S3 quantum double from left to right
implements a global C operation on the qutrit code pre-
cisely when the logical Z̄ operator is equal to −1. This
realizes the action of a CC gate. Although a full proof of
universality for the Z2 × Z3 qudit surface code is beyond
the scope of this work, we explicitly construct magic states
for the underlying Z2 surface code using our CC gate in
Appendix G. This enables universal quantum computation
using the qubit surface code, provided that the Clifford
group can be implemented separately. A pictorial summary
of our protocol is presented in Fig. 1.

We emphasize that our protocols are more general and
can be used to extract logical operations from the quantum
double D(G), where G is any non-Abelian group realized
as a split extension of two Abelian groups. Consider, for
instance, the case G = Zp �ψ Zq. Applying our protocol
in this context yields a controlled-anyon automorphism
gate,

Cψ : |ab〉 �→ |atb〉, (3)

where a ∈ Zp labels the target qudit, b ∈ Zq labels the
control qudit, and t is determined by the group action
ψ : Zq → Aut(Zp).

In addition to demonstrating the logical action of our
protocol, we analyze aspects of its fault tolerance with
respect to errors occurring after state preparation and
those occurring before state preparation. To correct these
errors, we propose a heralded decoding scheme for the
S3 quantum double. Unlike decoders designed for fault-
tolerant quantum computation with non-Abelian anyons,
our decoder is relatively simple, utilizing probabilistic
syndrome measurements arising from the commuting pro-
jector model for the quantum double of S3. We present
arguments for the fault tolerance of our protocol to local
stochastic Pauli noise, while a detailed analysis of mea-
surement errors and circuit-level noise within the protocol
is left for future work.

This paper is organized as follows: in Sec. II, we discuss
Abelian surface codes and the procedures of code exten-
sion and shrinkage. In Sec. III, we detail the procedure for
a CC gate between a Z2 surface code and a Z3 surface code.
In Sec. IV, we discuss how the previous section can be
generalized to obtain other non-Clifford logical gates from
qudit surface codes. In Sec. V, we detail how error cor-
rection can be performed during the course of our CC gate
protocol.

II. SURFACE CODE PRELIMINARIES

A. Stabilizers and Logical Operators

In this section, we detail out conventions for the surface
codes used in the rest of the work. The bulk stabilizers of

the standard Z2 surface code are

(4)

and the bulk stabilizers for the Z3 qutrit surface code are

(5)

Violations of qubit vertex stabilizers and qubit pla-
quette stabilizers will be referred to as e and m anyons,
respectively. Similarly, violations of qutrit vertex and qutrit
plaquette stabilizers will be referred to as ẽ and m̃ anyons.
In order to encode logical information, we place both codes
on lattices with smooth boundary conditions on the top and
bottom boundaries and rough boundary conditions on the
left and right boundaries. Specifically, this means that e (ẽ)
anyon string operators may terminate on the rough bound-
aries without creating any anyons and m (m̃) anyon string
operators may terminate on the smooth boundaries of the
qubit (qutrit) surface code without creating any anyons.
Such string operators are the logical operators of the code.
We remark that stabilizers at the rough and smooth bound-
aries are obtained by simply truncating the bulk plaquette
and star operators, respectively.

The Z2 surface code admits logical operators Z̄ and
X̄ satisfying Z̄X̄ = −X̄ Z̄ and Z̄

2 = X̄
2 = 1, and thus

stores one logical qubit. The configurations of the logical
operators are displayed below:

(6)

Similarly, the Z3 code admits logical operators Z̄ and
X̄ satisfying the algebra Z̄X̄ = ωX̄ Z̄ and Z̄3 = X̄ 3 =
1 for ω = e2π i/3 and thus stores one logical qutrit. The
configurations of the logical operators are displayed below.

(7)
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Both here and in future sections we draw the lattice for
the Z3 code in brown to distinguish it from the Z2 code,
which is drawn in black.

The Z3 code has a Z2 symmetry given by a global
charge-conjugation operation UC = ∏

e Ce that leaves
its stabilizers invariant but applies a logical qutrit
charge-conjugation operation C. It is precisely this symme-
try that will be gauged (as defined in the following section)
to obtain the S3 quantum double.

In Appendix C, we further discuss generalizations of
these Abelian surface codes to non-Abelian surface codes
associated to any finite group G.

B. Z2 Gauging Map

In this section, we review the Z2 gauging map, which
will be the main tool to prepare topologically ordered states
throughout this work [30,31].

The Z2 gauging map is a map between states with Z2
global symmetry to states with Z2 gauge symmetry. We
define the Z2 symmetric state |+〉⊗Nv on the Hilbert space
of qubits on the vertices v of a square lattice with a global
symmetry of Uv = ∏

v Xv . The output state of the map lies
in the Hilbert space of qubits on the edges e of the square
lattice. The gauging map sends the Z2 symmetric operators
Xv and ZvZv′ to

∏
〈e,v〉 Xe and Ze, respectively, where v and

v′ share edge e.
This map can be implemented via a finite-depth circuit

with measurement and feedforward [16,32]. In particular,
we start with a Z2 symmetric state |+〉⊗Nv on the vertices
and the state |0〉⊗Ne on the edges. The surface code ground
state |Z2〉 can be prepared on the edges via the following
circuit:

|Z2〉 = 〈+|⊗Nv
∏

〈e,v〉
CXv→e|0〉⊗Ne |+〉⊗Nv . (8)

One can check that the stabilizers for the new ground state
|Z2〉 are exactly those in Eq. (4). In practice, the overlap
is instead performed using projective measurement—we
discuss how to deal with incorrect measurement outcomes
later in this section.

The conceptual idea is that the unitary entangling the
edge qubits and vertex qubits,

∏
〈e,v〉 CXv→e, creates a 2D

cluster state, which is a symmetry-protected topological
phase protected by the 0-form symmetry Uv = ∏

v Xv and
the 1-form symmetry Ue = ∏

e∈γ Ze, where γ is any closed
loop of edge qubits on the square lattice. It is a general
property of such SPTs that measuring out the vertex qubits
in the symmetric basis will cause the symmetry of the edge
qubits to be spontaneously broken. This is due to the mixed
anomaly between the zero-form and one-form symmetries
[33,34]. In this particular case, the state that spontaneously
breaks the 1-form symmetries is the Z2 toric code.

C. Code Extension and Shrinkage

Now we discuss how to use the gauging map to perform
code extension. The setup is that we already have a surface
code initialized in an arbitrary logical state, and we would
like to extend the code in a particular direction (for exam-
ple, to the right), or equivalently increase its horizontal
code distance.

First, we introduce ancilla qubits initialized in the |+〉
state on the vertices and in the |0〉 state on the edges of the
extended lattice in the manner shown in Eq. (9). We then
apply the 2D cluster state entangler UCX = ∏

〈v,e〉 CXv→e
between these ancilla qubits and the qubits on the right-
most column of the surface code. We have drawn the
ancilla vertex qubits in red and ancilla qubits on edges in
turquoise,

(9)

As a second step, we measure out the red vertex qubits
in the X basis. This has the effect of creating the desired
Z2 surface code state up to some number of e anyons on
the rightmost column of the code, whose positions come
from the X = −1 measurement outcomes. However, these
anyons can be readily removed by acting with Z operators
directly to the right of a violated stabilizer, as shown,

(10)

Since the application of these Z operators commutes
with both X̄ (as shown above) and Z̄ (trivially), such a cor-
rection creates logical coherence between the surface code
bulk and newly created code.

We now show that we can perform shrinkage of the left
boundary by measuring out qubits in the Z basis. However,
this has the byproduct of producing m anyons at the left
boundary of the code corresponding to Z = −1 measure-
ment outcomes. We draw a sample configuration below
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with measured links dashed and Z = −1 outcomes in red,

(11)

It is a property of the surface code state that the mea-
surement outcomes in the |1〉 state must appear in closed
loop configurations on the dual lattice, including noncon-
tractible lines that go from the top boundary to the bottom
boundary. While measurement of all the qubits in the Z
basis will collapse the logical state of the surface code,
partial measurement need not. In fact, measurement of
some number of columns on the left boundary fixes a par-
tial loop configuration that terminates on some number
of m anyons; the remaining loop configuration fluctuates
according to the logical state of the surface code. After
such a partial measurement, we can always eliminate the m
anyons in a way that there are no noncontractible Z = −1
lines, or m anyon lines aligning with the measurement
record. As an example, we can eliminate the m anyons in
Eq. (11) in the following way, forming a contractible loop:

(12)

In the case that the measurement record indicates that
we have measured Z = −1 in a noncontractible line, we
apply X̄ correction operator to the remaining surface code
state. This is because the Z̄ logical operator counts the par-
ity of the number of noncontractible lines in the state. If
we measure out such a line, the parity of noncontractible
lines in the remaining state has flipped, thus swapping the
logical ¯|0〉 state with the logical ¯|1〉. Thus, this correction
operation ensures that the logical state of the shrunken sur-
face code is that same as that of the original surface code.
Such a correction operation is shown below:

(13)

III. CONTROLLED-CHARGE-CONJUGATION
GATE (CC) FROM THE S3 QUANTUM DOUBLE

Here we detail the protocol that yields a CC between
a qubit and a qutrit surface code utilizing the S3 quantum
double. The protocol is outlined in Fig. 1. It is worth noting
that our protocol implements a CC gate between a qubit
and a qutrit surface code, both of which can be initialized
in arbitrary logical states.

A. Code Injection: Symmetry Enrichment of the
Ground State

As the first step, we show in this section that we can
inject the logical state of both codes into the S3 quantum
double by performing the Z2 gauging map. This will con-
struct a domain wall between the Z2 surface code and a
newly created S3 surface code. While we introduce the
commuting projectors for the S3 code in this section, a
more detailed discussion regarding its anyon content and
its boundaries can be found in Appendices A and D,
respectively.

Everywhere in the region in which we would like to cre-
ate the S3 surface code, we introduce ancilla qubits on the
vertices initialized in the |+〉 state and on the edges initial-
ized in the |0〉 state, on top of a Z3 surface code. As a first
step, we apply a finite-depth circuit of local CC gates from
the Z2 code to the Z3 code as shown,

UCC =
∏

〈v,e〉→,↓
CCv→e, (14)

(15)

We refer to this step of the S3 code preparation as
symmetry-enrichment since we are coupling the Z2 sym-
metry Uv = ∏

v Xv of the ancilla qubits to the UC = ∏
e Ce

symmetry of the Z3 surface code with the CC gates. This is
done by coupling each vertex qubit to the two edge qutrits
directly to the left and directly below it.

Once this entangling unitary is performed between the
qubits and qutrits, we can perform the Z2 gauging map
exactly as described in Eqs. (9) and (10). When the Z2
gauging map (or equivalently code-extension process) is
preceded by the symmetry-enriching unitary, we refer to
it as the charge-conjugation gauging map. This procedure
creates a small slab of S3 topological order in the region
that the qubits and qutrits overlap. It further allows us to
coherently inject the Z2 logical state into the non-Abelian
topological order, as we will show later.
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We now describe the commuting projectors of the bulk
S3 code as obtained from the symmetry-enrichment and
gauging map circuits [17]. Before any entangling gates are
applied, we have the following stabilizers in the region that
the qubits and qutrits overlap:

(16)

After applying UCC , the stabilizers now become

(17)

(18)

The exponentiated operators indicate qutrit operators
that are controlled on the eigenvalues of qubit operators.
After applying UCX , the qutrit stabilizers remain the same,
but the qubit stabilizers get modified to

(19)

Lastly, we measure all the vertex qubits in the X basis.
If we obtain Xv = 1 on all vertices, we are left with the
following operators whose simultaneous +1 eigenspace
describes the bulk of the ground state of D(S3):

(20)

(21)

We now discuss the algebra of these operators. The
Bp , Av operators are inherited from the qubit surface code

stabilizers and satisfy B2
p = A2

v = 1, while the B̃p , Ãv oper-
ators are inherited from the qutrit surface stabilizers and
satisfy B̃3

p = Ã3
v = 1. We further note that [B̃p , Bp ′] =

[Ãv , Bp ′] = 0 for all possible vertices v and plaquettes
p , p ′. On the other hand, B̃p ′ commutes with Ãv for all
p ′ 
= p , where p is the plaquette directly above and to
the left of v. As for B̃p and Ãv , we have the relation
B̃p Ãv = ω−Z1Z4+Z2Z3 ÃvB̃p , where the Zi are used to label
the Z operators on the plaquette p as according to Eq. (A6).
The upshot of this is that B̃p and Ãv do commute in the
subspace where Bp = 1, whereas they do not commute
otherwise.

Av commutes with Bp for all plaquettes p , but it only
commutes with B̃p ′ , and Ãv′ for all p ′ 
= p and for all v′ 
=
v, where p is the plaquette directly to the right and below
v. As for B̃p and Ãv , we have the relations AvÃv = Ã2

vAv
and AvB̃p = B̃2

pAv.
Despite the fact that the operators stabilizing the code

space are not all mutually commuting, the projectors onto
the +1 eigenspaces of all four operators commute. As a
result, the ground state of quantum double of S3 is referred
to as a commuting projector model. In Appendix B, we
discuss the relationship between this commuting projector
model and Kitaev’s S3 quantum double.

We refer to the violations of the modified qutrit stabiliz-
ers Ãv and B̃p as C and F anyons, respectively. Similarly,
we refer to the violations of the modified qubit stabiliz-
ers Av and Bp as B and D anyons, respectively. Only the
B anyon is Abelian, while the remaining anyons are non-
Abelian. Of course, simply stating the presence of non-
Abelian anyons does not completely specify the state of
the stabilizers—we must also specify the internal state of
the anyon. For a more detailed account of the anyons of the
S3 quantum double and how they relate to the commuting
projectors in Eq. (20), see Appendixes A and B.

Similar to e anyons created in Eq. (10), Abelian B
anyons will be created within the S3 quantum double if
the measurements yield an outcome of Xv = −1 [32].
These can be identically corrected by applying strings of
Z operators extending to the right boundary. Boundary
projectors are obtained by truncating the bulk stabilizers
appropriately, as discussed in Appendix D.

After the S3 code is extended by a single column via the
gauging map, we remark that a round of error correction
within the S3 quantum double should be performed in order
to ensure that the gauging map does not propagate nonlocal
errors. See Sec. V for more details.

B. Code Injection: Symmetry Enrichment of the
Logical Operators

We now describe the transfer of logical operators of
both codes into the S3 quantum double. Beginning with
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the qubit code, we note that the Z̄ logical operator is sim-
ply extended into the S3 code after the application of the
charge-conjugation gauging map—it spans from the left-
most boundary of the Z2 code to the rightmost boundary
of the S3 code as shown:

(22)

This corresponds to the anyon map e ↔ B.
As for the logical X̄ operator, different representa-

tives are obtained by multiplying by qubit star stabilizers.
Within the qubit code, this results in a mere topological
deformation of the operator. However, within the S3 code,
these stabilizers are dressed by extra C operators. As a
result, representatives of the X̄ operator are given by mem-
branes of C operators extending to the left, as illustrated
below:

(23)

The operator shown creates a D anyon line extending
between the top and bottom smooth boundaries of the S3
code written as a finite-depth two-dimensional circuit. This
is in contrast to other works that write the D anyon ribbon
operator as a linear-depth one-dimensional circuit [35,36].
The correspondence between these two representations is
discussed in Ref. [21].

Now we discuss the transfer of the Z3 logical operators.
After applying UCC , X̄ maps to

(24)

After applying UCX , X̄ does not change. However, after
measuring out the vertex qubits, we must replace every
vertex Zi operator with its result after the gauging map.
Because they are charged under the Z2 symmetry Uv , each
Zi turns into a nonlocal string after gauging as shown
below:

(25)

Here we define γi = γZ
∏

j ≤i Zj to be a nonlocal string
that each X operator in the logical operator is conditioned
on. While we depicted one particular representative of
these strings, any representative that terminates on the right
boundary of the S3 code is a valid one.

Based on the creation of D(S3) to the right of D(Z2),
we remark that the nonlocal string γZ must end on the right
boundary of the S3 code. Physically, this comes from the
fact that γZ is the anyon line for both the e anyon of the Z2
code and the B anyon for the S3 code, and B anyons do not
condense at the lefthand domain wall between the D(S3)

and D(Z2). At the level of the lattice stabilizers and the
gauging duality circuit, an X operator on a vertex qubit
can be identified exactly with a product of Z operators
along any path extending to the right boundary, while the
extra vertex qubits placed at the D(S3) and D(Z2) interface
prohibit such an identification at the left boundary.

Lastly, we consider the logical Z̄ operator of the Z3

code. Similar to the analysis of X̄ , we simply have to expo-
nentiate the operator by nonlocal γ̃i strings extending to the
right boundary of the S3 code,

(26)

Here we use γ̃i = ∏
j ≤i Zj to denote a product of Z oper-

ators extending to the right of a given vertex. We remark
that this expression for the logical operator is exactly the
form of the C anyon ribbon operator presented in Ref. [36].

Within the S3 code, the new representatives of the X̄
and Z̄ logical operators preserve the commutation relation
Z̄X̄ = −X̄ Z̄ . To verify the commutation relation between
X̄ and Z̄ , observe that they fail to commute only at the
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FIG. 2. We schematically show the states in the superposition
of the D(S3) wavefunction in the Z basis. Each state is a D(Z3)

wavefunction with a charge-conjugation domain wall configu-
ration applied to the state. After the qubits of the S3 code are
measured out in the Z basis, one such state is obtained with the
Z = −1 measurement outcomes bounding the domain walls.

edge e where they intersect. At this edge, both logical
operators are conditioned on the same string γe. Since
ZγeX γe = ωX γeZγe , it follows that the commutation rela-
tion Z̄X̄ = ωX̄ Z̄ is preserved.

C. Code Ejection: Z Measurement and C Feedforward

To facilitate the code ejection procedure, let us first
make some comments on the nature of the qubit part of
the S3 wavefunction. Viewing it in the Z basis, we see that
Z = −1 configurations must occur in closed loop configu-
rations on the qubit dual lattice due to the qubit plaquette
stabilizer Bp . Two loop configurations that are related by
a contractible loop ∂R can be related by multiplying by
Av stabilizers within R; this has the effect of applying a
membranelike charge-conjugation operation to region R on
the qutrits. We comment that if a contractible loop crosses
over from the Z2 code to the S3 code that charge conjuga-
tions act only in the part of the loop that is within S3. If
there is a noncontractible line of Z = −1 qubits, it signi-
fies a noncontractible charge-conjugation domain wall, so
to the right of this domain wall, charge conjugations are
applied to the exterior of the loops instead of the interior.
In essence, within D(S3), Z = −1 loops signify charge-
conjugation domain walls of the Z3 code, as shown in
Fig. 2.

We now eliminate the qubits of the Z2 code on the left
by performing measurements in the Z basis in a column-
by-column fashion. This process can be interpreted as
ungauging the Z2 charge conjugation symmetry since we
map the Z2 part of the S3 code to a product state. As we
measure from left to right, we will obtain a measurement

record of Z = −1 outcomes that is a partial loop config-
uration. We remark that in the intermediate stages of the
measurement, we produce some number of m anyons at
the left boundary of the Z2 code, aligning with the par-
tial loop configuration of the measurement record. While
we are within the Z2 code, these anyons can be actively
eliminated in a manner that closes off the partial loop
configuration in a contractible way (up to some logical cor-
rection if a noncontractible loop arises in the measurement
record)—this was discussed initially in Sec. II.

After the left Z2 code is completely eliminated, remain-
ing m anyons on the left boundary become D anyons within
the S3 code, associated with violations of the Bp operators.
Notice that the qubit Z operator commutes with Ãv and
B̃p , so no other anyons will be created. This anyon config-
uration is depicted below, where the dashed links denote
qubits that have been measured out,

(27)

While it naively seems necessary to apply active correc-
tion to the D anyons within the S3 code involving the D
anyon ribbon operators, this step is not necessary, given
that we have access to the measurement record of qubits
in the Z basis. The main idea is that we postpone cor-
rection of the D anyons until they turn into m anyons on
the representative of the Z2 code on the right. We cre-
ate the representative using the same Z2 code-extension
procedure,

(28)

Measuring out qubits of the S3 code in the Z basis from
left to right, we will obtain one particular loop configu-
ration of Z = −1 and an insertion of charge-conjugation
domain walls on the Z3 code that align with it, as shown in
Fig. 2. Such charge conjugation operations need to be cor-
rected by applying the appropriate C feedfoward operation,
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which will return the Z3 stabilizers back to their original
form.

When the Z = −1 domain walls are contractible, we
apply C to its interior (if the domain wall crosses the region
of both S3 and Z2, then we only apply C to the part of the
interior that is in S3). If the measurement record indicates
a noncontractible line, then it suffices to apply the logical
operator X̄ to the state, along with a charge-conjugation
membrane on all the qutrit links to the right of the applied
logical. Such a correction operation is shown below:

(29)

This operation accounts for the modified Z3 stabilizers and
the modification of the Z2 logical state due to the non-
contractible line. It can be performed online while the
Z2 qubits are being measured, or it can equivalently be
performed at the end once all the qubits within S3 are
eliminated given access to the full measurement record.

Finally, once all the qubits of the S3 code are eliminated,
we find that remaining D anyon lines that were not closed
off become m anyons in the right Z2 code, which can be
corrected in a contractible manner as shown:

(30)

Throughout the course of our protocol, the D anyons cre-
ated from measurement will always be confined to the left
boundary of the S3 code. Any anyons present in the bulk
of the S3 code will be from outside errors—as a result, the
error correction protocol discussed in Sec. V will solely act
in the bulk of the code and will not remove the anyons con-
fined to the boundary. This error correction step should be
performed after the ejection of each column.

D. Code Ejection: Transformed Logical Operators

Once code ejection is complete, we are left with the Z2
code to the right of the Z3 code, and a controlled-charge-
conjugation CC applied between them. We now show that

the logical operators of both codes transform into their
expected result under the CC gate.

To understand the transfer of the logical Z̄ operator, we
note that the Z = +1 measurement outcomes in the code
ejection procedure allow us to simply truncate the logical
operator. As for contractible Z = −1 loops, we notice that
they will always intersect the representative of Z̄ an even
number of times, allowing us to similarly truncate the oper-
ator. As for noncontractible lines of Z = −1 observed in
the measurement record, this results in a flip of Z̄ to −Z̄ ,
or equivalently a swap of the logical ¯|0〉 and the logical ¯|1〉
state. However, in our code ejection procedure, every time
such an event occurs we apply the X̄ operator. Thus, in all
cases, the Z̄ operator of the left D(Z2) will turn into the Z̄
of the right D(Z2) after the protocol is performed.

As discussed above, the logical X̄ operator gets dressed
by a membrane of C as shown in Eq. (23) as it passes
through D(S3). Thus, once the protocol is complete, we
obtain the transformation X̄ → X̄ C̄, where C̄ is a global
charge-conjugation operation on the Z3 code.

To understand the logical action on the Z̄ and X̄ oper-
ators, we must understand the nonlocal string that these
operators are conditioned on and how it transfers into the
representative of the Z2 code on the right. In particular,
the nonlocal string will extend into the right Z2 code, as
shown:

(31)

Recall that each X operator in the logical is condi-
tioned on a string γi = γZ

∏
j<i Zj . Equation (31) shows

one possible representative γZ .
In the final step of the protocol, qubits of the S3 code are

measured out in the Z basis. Subsequently, the Z operators
of the γZ string that are in D(S3) will get replaced by their
results from measurement, allowing us to truncate each γi
to an operator living solely in the Z2 code.

Recall that Z = −1 outcomes will come in some loop
configuration once all the m anyons remaining in the
Z2 code are closed off into contractible loops accord-
ing to the measurement record. All contractible loops of
Z = −1 measurement outcomes intersect each γi twice,
so we are free to shorten the string without changing its
overall sign. As for noncontractible lines, recall from our
protocol above that whenever a noncontractible line is
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observed in the measurement record we apply a X̄ cor-
rection operation, so these also keep the overall sign of γi
invariant.

Thus, once the qubits of the S3 code are fully measured
out, we find that the X̄ operator is now conditioned on
a truncated nonlocal string that is precisely the logical Z̄
operator of the right Z2 code,

(32)

In other words, X̄ → X̄ Z̄
. Using an identical argument,

we see that the nonlocal strings in Eq. (26) can be truncated

to the Z2 code, implying that Z̄ → Z̄ Z̄
as well.

Therefore, based on the above action on the logical oper-
ators, we have executed a CC from the qubit code to the
qutrit code using this protocol.

E. Summary of the protocol

We summarize our protocol in the following algorithm:

(1) Initialize codes as in Fig. 1(a) with the Z2 code to
the left of the Z3 code. Initialize a square lattice of
ancilla vertex qubits in the |+〉 state and ancilla edge
qubits in the |0〉 state.

(2) We next perform code extension by a single column
c at the right edge of the current qubit code state,

(a) If and only if c contains both qubits and qutrits,
apply UCC on c.

(b) Apply UCX on c.
(c) Measure Xv for all vertices v in c obtaining

measurement outcomes xv .
(d) If xv = −1, then apply Ze on the edge e directly

to the right of v.

(3) We next perform code shrinkage by a single column
c at the left edge of the current qubit code state,

(a) Measure Ze for all edges e in c obtaining mea-
surement outcomes ze and append {ze} to the
measurement record.

(b) If the measurement record now contains a new
contractible loop ∂R, apply

∏
e Ce to the portion

of R that contains qutrits.
(c) If the measurement record contains a new non-

contractible line γ , apply X̄ on the Z2 code and
apply

∏
e Ce to all qutrits to the right of γ .

(d) If and only if c contains only qubits, identify the
m anyons using the measurement record. Apply
finite-depth

∏
X string operators to eliminate

the m anyons in a contractible manner.

(4) We now describe the error correction step, which is
performed after each execution of steps 2 and 3 for
each column c,

(a) In the bulk of Abelian codes, measure vertex
and plaquette syndromes and apply standard
decoders for the qubit and qutrit surface codes.

(b) In the bulk of S3 code, apply the S3 non-Abelian
decoder (discussed in Sec. V).

F. Group-Holonomy Interpretation of Protocol

In this section, we provide an alternative interpretation
of our protocol that relies on viewing code-states in the
computational qubit and qutrit basis.

We motivate a quantity called the S3-valued holonomy,
which is an invariant of the protocol. At the beginning,
note that the logical state of the Z2 code can be viewed
in the basis of Z̄ , meaning that it depends on the prod-
uct of the Z-eigenvalues of qubits extending from the left
side to the right side of the Z2 code. Similarly, the logi-
cal state of the Z3 code can be viewed in the basis of Z̄ ,
meaning that it depends on the product of Z-eigenvalues
of qutrits extending from the left side to the right side of
the Z3 code. These operators can be seen in Sec. II. View-
ing both the qubit and qutrit eigenvalues as elements of S3,
we can define an S3-valued group holonomy that is defined
as the S3-valued product of group elements extending from
the leftmost part of the system to the rightmost part of the
system. We claim that this holonomy is an invariant of
the protocol. In Appendix C, we discuss the group-valued
holonomy more generally for G-surface codes, where G is
any finite group.

When the Z2 and Z3 codes are separate from each other,
which occurs at either the beginning or the end of the pro-
tocol, it is clear that the left-to-right code-extension and
code-shrinkage procedures shown in Sec. II preserve the
S3 holonomy, as they will preserve the individual Z3 and
Z2 logical states of the codes.

Now we tackle the part of the protocol where the qubits
and qutrits codes overlap in the S3 code. Recall from the
gauging map in Sec. II that the Z̄ logical simply gets
extended, whereas the Z̄ operator turns into the C anyon
line operator shown in Eq. (26) in the region that the
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codes overlap. Then, we can compute the S3 holonomy of
the extended operators as quantity as the product of the
extended Z2 operator viewed as an element of S3 multi-
plied by the extended Z3 operator viewed as an element of
S3. To be more precise, we define a function gS3 that maps
qubit and qutrit operators to elements of S3. We can write
this S3 holonomy by passing the product of the extended
operators into gS3 ,

gS3(ZkZk−1 · · · Z0ZZkZk−1···Z0
k · · ·ZZ1Z0

1 ZZ0
0 )

= sqk sqk−1 · · · sq0rnk(−1)q0+···+qk · · · rn1(−1)q1+q0 rn0(−1)q0

= rnk sqk rnk−1sqk−1 · · · rn0sq0 ,

where s2 = r3 = 1, srs = r2 are the generators of S3, and
we have used the S3 group algebra to simplify the prod-
uct. After this simplification, we see that the product of
the extended operators has become the S3-valued product
of the qubit and qutrit eigenvalues from the leftmost to
the rightmost part of the system, which is precisely the S3
holonomy as defined above.

Using this, there is a very simply interpretation of the
CC logical gate. Suppose we have a basis logical state basis
state |q〉 ⊗ |n〉 where q ∈ Z2, n ∈ Z3, where q denotes the
eigenvalue of Z and n denotes the eigenvalue Z . Then,
both the initial and final group-valued holonomy must be
equal to sqrn = rn(−1)qsq. However, at the final part of the
protocol, the Z3 code is to the left of the Z2 code. Thus, the
final logical state can be read off as |q〉 ⊗ |n(−1)q〉, and this
is precisely the action of a CC gate.

IV. CONTROLLED-AUTOMORPHISM GATE (Cψ)
FROM NON-ABELIAN SURFACE CODES

In this section, we demonstrate that a large class of
non-Abelian topological orders can be used to perform
non-Clifford logical gates between stabilizer codes by
generalizing the protocol presented in the main text for
D(S3).

We consider a Zm surface code and a Zn surface code.
We refer to the Zn code as the base code and the Zm code
as the symmetry code, as we will elaborate on later.

(33)

Here we show the logical operators X , Z of the Zm surface
code and logical X ,Z operators of the Zn surface code.
They satisfy the algebras Z X = e2π i/mX Z and Z X =
e2π i/nX Z as well as Z̄m = X̄ m = 1 and Z̄n = X̄ n = 1.

We consider an automorphismψ : Zm → Aut(Zn). This
automorphism defines a split extension of Abelian groups,

1 → Zm → G → Zn → 1, (34)

where G is a non-Abelian group.
Similar to the D(S3) example, we then entangle the

logical states of the base code and the symmetry code
into D(G) by gauging the Zm automorphism symmetry
of the base code. The column-by-column gauging proce-
dure generalizes almost identically from the S3 example.
We replace CC symmetry enrichment unitary with the Cψ
unitary, and we replace the Z2 gauging map with the Zm
gauging map [18],

(35)

We depict the logical operators of the Abelian codes and
their injection into the non-Abelian code D(G). Here [ẽ]ψ
and [m̃]ψ denote non-Abelian orbit anyons that come from
the Zn base code, and σ and φ are the gauge flux and gauge
charge of the Zm anyon automorphism symmetry, respec-
tively. We see that within the non-Abelian code D(G), the
logical operators of the symmetry code have now been
transformed into the automorphism symmetry charge and
flux lines of the base code.

Lastly, when the codes are ejected using an analogous
Z measurement and ψ feedforward procedure discussed
above, we obtain a controlled-automorphism gate Cψ
whose logical action is shown below:

(36)

Here ψ = ∏
e ψe is the circuit that generates the automor-

phism symmetry of the Zn code, which we assume satisfies
ψm = 1. We further define

ψZ(Z) =
m∑

i=0

¯|i〉〈̄i| ⊗ ψ iZ(ψ i)† (37)

as an operator that acts the automorphism ψ on the Zn base
code conditional on the logical state of the Zm symme-
try code. As an example, for G = S3, ψ is simply C and

CZ(Z) ≡ ZZ
.

In particular, by using the group Z
2
2 for the base code

and the group Z2 for the symmetry code and a automor-
phism that swaps the two Z2 factors, we can obtain a
non-Clifford Controlled-SWAP or Fredkin gate between 3
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qubit surface codes by entangling into the D4 = Z
2
2 � Z2

quantum double. This non-Clifford gate can be used to per-
form universal quantum computation with qubit surface
codes, provided that the entire Clifford group is also exe-
cutable. All the circuits in Sec. III can be utilized in the
D4 case by simply replacing the C automorphism of the S3
code with the SWAP automorphism of two surface codes.

We remark that our procedure yields a different non-
Clifford gate than those discussed in Ref. [28] due to the
difference between our D4 model—which is obtained by
gauging the SWAP symmetry of Z

2
2 surface codes—and

the Z
3
2 type-III twisted quantum double model introduced

in the latter.

V. ERROR CORRECTION AND FAULT
TOLERANCE OF THE CC GATE

In this section, we comment on a potential route to per-
forming error correction during the execution of the CC
gate protocol and the extent to which it is fault-tolerant.
We focus mainly on the D(S3) example, as it is most rele-
vant for near-term experiments, but similar arguments hold
for any of the general protocols presented.

When only Abelian codes are present at the beginning
and the end of the protocol, ordinary syndrome measure-
ments of vertex and plaquette stabilizers can be performed.
Once syndromes are identified, an appropriate decoder,
such as a maximum-likelihood (ML) or minimum-weight
perfect matching, can be used to correct errors. For qudit
surface codes, standard decoders used for qubit surface
codes do not apply, so generalized decoders must be used
instead [37]. Thus, as long as we operate below the thresh-
old of both codes, the sliding protocol will not fail at these
steps.

In the remainder of this section, we split the discussion
of fault tolerance within the non-Abelian code into three
sections. First we discuss the importance of extending the
codes column by column due to errors that occur before the
gauging map. In Appendix E, we discuss how single qubit
and single qutrit X , Z and X ,Z errors create violations of
operators in Eq. (20). Finally, we propose a procedure in
which general errors can be corrected. We leave a numer-
ical analysis of the threshold of our decoder against single
qubit and qutrit errors to future work.

A. Errors before the Z2 gauging map

In Sec. II, we discussed how the gauging map can
be performed column-by-column in order to extend sur-
face codes to the right. A crucial reason for this is due
to the nonlocality of the gauging map; after its execu-
tion, operators charged under the gauged symmetry can
become nonlocal, rendering an analysis of fault-tolerance
significantly more challenging. Thus, it is important to
understand how errors that occur before the code exten-
sion is performed propagate through the gauging map. As

an example, if a Ze error occurs within the Z3 code imme-
diately before a single column c of gauging map is applied,
we get the following error within D(S3):

(38)

We remark that if the S3 code is not prepared in a
column-by-column fashion but instead prepared all at
once, the Z error in the Z3 code would become an opera-
tor conditioned on a nonlocal string extending to the right
in the S3 code, turning it into a nonlocal error. When done
column-by-column, the error only violates Av and Ãv sta-
bilizers near the right boundary of the code, making its
correction significantly easier. Analogously, we can show
that X errors before the gauging map will only violate B̃p
and Av stabilizers at the right boundary of the code.

To summarize, by performing error correction directly
after just a single column of gauging map is applied, we
are able to pass a state with purely local errors into the S3
decoding procedure, as we detail next.

B. Insights into a Heralded S3 Decoding Strategy

In this section, we discuss a procedure in which errors
can be corrected as the S3 quantum double is prepared. As
described in the previous section, this includes single qubit
and single qutrit errors that occur before and after the Z2
charge-conjugation gauging map, as long as the S3 code
is prepared in a column-by-column fashion. It can also
be used for any local errors applied after the S3 code is
prepared. In contrast to previous approaches, we directly
correct the syndromes of the qubit-qutrit model instead of
attempting to correcting anyon errors [38]. As an aside, we
comment that the approach of correcting the syndromes of
the commuting projector model allows for a general, more
efficient approach for decoding non-Abelian topological
orders with large numbers of anyon types.

The first step of the decoding procedure is to correct the
Bp = −1 syndromes, which are created, for example, by
qubit X errors. They are associated to both D and E anyon
excitations as described in Appendix B. In the non-Abelian
code D(S3), such error strings probabilistically create vio-
lations of the Ãv and B̃p operators along the length of the
string, as discussed in Appendix E. One simple approach to
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correct these errors is to measure Bp operators and correct
Bp = −1 errors analogously to the correction of m anyons
in the toric code, by pairing up with X string operators
in the bulk or connecting to the top or bottom boundary.
However, such a correction probabilistically leaves behind
C and F anyons that need to be corrected in future steps.

Here we also present a heralded decoding strategy,
which takes into account the fact that all of the Bp and the
Ãv operators on different sites form a commuting set. Thus,
we can measure both of these operators on all sites at once
at the beginning of our decoding process to inform which
X correction string to apply. In particular, for a string of X
errors of length 	, the probability that there are no Ãv viola-
tions along the length of the string is 1

3	
. In the limit where

the qubit and qutrit error rate is small, we employ a strat-
egy of preferentially pairing up Bp = −1 syndromes along
paths that contain Ãv syndromes. Doing so minimizes the
number of new C and F anyons created. We leave a pre-
cise algorithm for determining such paths to future work.
One can equivalently perform the aforementioned strategy
by measuring Bp and the B̃p operators as well.

The next step is to correct Ãv and B̃p syndromes, which
originate from either qutrit errors or are created from the
X strings used to eliminate Bp syndromes. Once all the Bp

operators are set to 1, all pairs of Ãv and B̃p operators will
commute with each other as discussed in Sec. III, so they
can be measured simultaneously. As a result, the correction
of Ãv syndromes can be performed independently of B̃p
syndromes.

Without loss of generality, we consider the correction
of Ãv syndromes with the case of B̃p syndromes follow-
ing almost identically. We first discuss the choice of paths
to eliminate these syndromes, and then we discuss the
sequential, adaptive circuit used to do so on a given path.

Based on our choice of correction strings {γi} used
to eliminate Bp = −1 syndromes, we first correct the C
anyons that were created along the length of each γi. Once
this is finished, the remaining C anyons are created by
qutrit errors. In the limit where the qutrit error rate is small,
we preferentially pair up Ãv = ω,ω2 syndromes on paths
that have other syndromes along the path versus paths that
have no syndromes. In particular, for two syndromes sepa-
rated by a path γ of length 	, the probability of having no
other Ãv stabilizers along the path is 1

2	
. We leave a precise

algorithm for determining C anyon pairings to future work.
We now present a measurement and feedforward cir-

cuit used to remove a pair of C anyons along a chosen
path γ . The main idea is to sequentially measure Ãv
syndromes along γ and adaptively apply Z and Z† cor-
rection operations dependent on all previously obtained
measurement outcomes. While the measurement of Ãv will
create Abelian B anyons along the length of γ , the advan-
tage of this approach is that it replaces the correction of
non-Abelian anyons with the correction of Abelian anyons,

which is comparatively easier. For more details, see the
adaptive string operators introduced in Appendix F.

We emphasize that because the C anyons can fuse to
themselves, the action of the measurement and feedfor-
ward circuit on the initial pairing may produce more C
anyons. Thus, the pairing procedure must be repeated in
multiple rounds until the C anyons are eliminated. Indeed,
it is argued in Ref. [38] that multiple rounds of correction
must be applied for cyclic anyons. An analogous argument
holds for the F anyon syndromes.

Once these non-Abelian syndromes are eliminated, there
still are some number of Abelian B anyons left to cor-
rect. These are readily eliminated by using an appropriate
Z2 surface code decoder to pair up anyons using Z string
operators.

Thus, we have demonstrated that by first correcting Bp

syndromes, then correcting Ãv and B̃p syndromes, and
finally Av syndromes, we can return the S3 code to the
ground state in the presence of qubit and qutrit errors. To
place our procedure within a renormalization group (RG)
decoder framework, we envision performing each of the
aforementioned three steps at all scales before proceeding
to the next step. These aforementioned syndromes cover
all of the relevant anyons in the S3 quantum double neces-
sary to return the code to its ground state. Our method to
correct the Z2 syndromes associated to the B and D anyons
can simply be done with Z2 finite-depth string operators;
however, due to the cyclicity of the C and F anyons, a pre-
cise decoder to eliminate the Z3 syndromes is an excellent
question for future work. We leave a study of an analytical
and numerical calculation of a threshold of D(S3) for our
heralded decoding strategy against qubit and qutrit errors
to future work.

VI. DISCUSSION AND OUTLOOK

In this paper, we have proposed a protocol that realizes
non-Clifford logical operations between Abelian surface
codes. The advantage of our approach is that the qudit
surface codes remain in their ground state throughout the
entire process, thereby simplifying the error correction
process.

We have explicitly demonstrated how the protocol
applies to a qutrit surface code and a qubit surface code,
realizing a controlled-charge-conjugation (CC) gate. Fur-
thermore, we generalize the approach to surface codes
based on arbitrary Zp and Zq gauge groups, where our pro-
tocol implements a nontrivial controlled-anyon automor-
phism. Given recent advances in preparing ground states of
qubit and qutrit surface codes across multiple experimen-
tal platforms, our protocol can be directly implemented in
these settings.

In this work, we have addressed gates obtainable from
quantum double models with gauge group that is the split
extension of two Abelian groups. The gates obtained are

010361-13



ROHITH SAJITH et al. PRX QUANTUM 7, 010361 (2026)

controlled-automorphism gates from an Abelian symme-
try code to an Abelian base code. A natural question is
what gates are obtainable from quantum doubles whose
gauge group is the central extension of two Abelian
groups. Recall that a central extension G of a group H by
another group K is given by a two-cocycle ω : H 2 → K .
Indeed, in the preparation of the quantum double D(G),
the symmetry-enriching unitary that is applied is a doubly
controlled gate CCω with the action

CCω|h1〉|h2〉|k〉 = |h1〉|h2〉|kω(h1, h2)〉, (39)

where |h1〉, |h2〉 ∈ C[H ] are H -qudit basis states and |k〉 ∈
C[K] is a K-qudit basis state [18]. Analogous to the split
extension case, we suspect that there exists a protocol that
extracts this symmetry-enriching CCω gate from D(G) at
the logical level. It also is an interesting theoretical ques-
tion whether one can obtain gates in higher levels of the
Clifford hierarchy via quantum doubles of general solvable
groups by nesting the split and central extension proto-
cols. We leave a more detailed analysis of both of these
questions to future work.

We have also discussed error correction and fault-
tolerance procedures within our protocol. In particular, we
have studied error correction in the presence of single-
qubit and single-qutrit errors, both before and after the
gauging process. We have proposed insights into how
to construct a heralded decoder for the quantum dou-
ble of S3 that uses properties of the non-Abelian anyons
to more effectively pair up syndromes. A theoretical or
numerical analysis of the corresponding error thresholds
of our decoding protocol remains an important direction
for future work. Establishing such results would be the
first step toward implementing our procedure on a quantum
processor. One open question is how to perform error
correction in the presence of measurement errors.

We also note that in the recent work Ref. [28], the
authors establish a correspondence between circuit imple-
mentations and the path-integral formalism. Investigating
the 3 + 1D spacetime picture, or a topological field the-
ory (TFT) description, of our protocol could offer another
promising direction. While the TFTs for the ground states
of non-Abelian topological order have been explored, it
remains an open question how to properly incorporate all
anyons and symmetry defects into the TFT framework
[39]. It is known that certain diagonal non-Clifford gates,
such as the CCZ and T gates, can be derived from path
integrals of topological actions defined via cup products
of Z2-valued cocycles. However, since such path integrals
can only diagonal phase gates and the CC gate is nondiag-
onal, it would be interesting to explore how our protocol
might fit into the TFT framework.

Note added. After this manuscript was posted, related
work appeared exploring non-Clifford gates obtainable

from quantum double models using lattice surgery [40].
Our results agree where they overlap.
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APPENDIX A: REVIEW OF THE S3 QUANTUM
DOUBLE

In this section, we review the quantum double of S3
and its categorical data. Since it is isomorphic to D3, the
group S3 can be generated by a rotation element r and a
reflection element s satisfying the algebra r3 = s2 = 1 and
srs−1 = r2. In particular, the group can be written as a split
extension

1 → Z3 → S3 → Z2 → 1, (A1)

with an automorphism σ : Z2 → Aut(Z3) where the non-
trivial element of Z2 swaps r with r2.

The group has three conjugacy classes: [1] = {1}, [r] =
{r, r2}, and [s] = {s, rs, r2s}. It further has three irreducible
representations: the one-dimensional trivial irrep 1, the
one-dimensional sign irrep s that assigns the value −1 to
elements in [s], and lastly a two-dimensional irrep 2, where

r =
(

0 −1
1 −1

)

, s =
(−1 1

0 1

)

. (A2)
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Kitaev’s quantum double is defined on an oriented
square lattice with the Hilbert space C[S3] on each edge
[3]. We label this onsite space by an orthonormal basis
{|g〉 | g ∈ S3}. A natural set of operators that can be defined
on this Hilbert space is a set of shift operators by the
elements of S3

Lg
+|h〉 = |gh〉, Lg

−|h〉 = |hg−1〉, (A3)

where g, h ∈ S3.
We can further define projectors onto each individual

basis state of C[S3]

Tg
+|h〉 = δg,h|h〉, Tg

−|h〉 = δg−1,h|h〉. (A4)

The Hamiltonian for the quantum double of S3 can be
written as H = −∑v AS3

v −∑
p BS3

p , where AS3
v is a gener-

alized vertex projector and BS3
p is a generalized plaquette

projector. We use the superscript to distinguish these oper-
ators from star and plaquette operators that will be defined
later. We define AS3

v = 1
6

∑
g∈S3

Ag
v , where

(A5)

is a generalized vertex shift operator by the element g.
The generalized plaquette operator Bh

p is defined as a
projector onto the subspace the Hilbert space that has
group-valued flux equal to h on the plaquette p . We can
write such an operator as

(A6)

The operator in the Hamiltonian BS3
p is equal to Be

p , which
projects onto states with no flux.

We also define the notion of a site s = (v, p) as a vertex
v along with a plaquette p that is directly to the left and
directly up from v. It can be easily verified that all pairs of
AS3
v and BS3

p commute on all pairs of sites, so the quantum
double is a commuting projector model. The model has a
unique ground state |S3〉 when placed on a topologically
trivial manifold.

We may now discuss the anyon content of the quantum
double of S3. Each anyon is associated to an irreducible
representation of D(S3), the Drinfel’d double or quantum
double of S3 [3]. It is well-known that for finite groups,
irreps of D(S3) are labeled by a pair (C, R), in which C is
conjugacy classes and R is the irreducible representations
of the centralizer of a representative element of the con-
jugacy class. In this prescription, pure charges correspond

to anyons with trivial conjugacy class [1], and pure fluxes
correspond to anyons with the trivial irrep 1. All other
anyons are dyons. We write a full list of anyons and their
fusion rules in Tables I and II.

It will also be useful for our purposes to view D(S3) as
the result of gauging the Z2 charge-conjugation symmetry
of D(Z3), or the qutrit toric code. The Z3 toric code has
nine anyons generated by 〈1, ẽ, ẽ2〉 × 〈1, m̃, m̃2〉, where ẽ
is the Z3 gauge charge and m̃ is the Z3 gauge flux. The
charge-conjugation symmetry acts by swapping ẽ ↔ ẽ2

and m̃ ↔ m̃2, a transformation which preserves the braid-
ing statistics of the Z3 topological order. We can thus view
D(Z3) as a symmetry-enriched topological order enriched
by a Z2 topological symmetry.

We now discuss how to obtain the anyon content of
D(S3) via gauging. Gauging the charge-conjugation sym-
metry of the Z3 topological order amounts to prolif-
erating all closed charge-conjugation symmetry defects
in the ground state of the theory. This will identify
Abelian anyons that transform nontrivially under the anyon
automorphism symmetry into a single orbit non-Abelian
anyon. For each anyon a in D(Z3), we define a non-
Abelian anyon [a] to be an orbit of a under charge con-
jugation. In addition, we must introduce a gauge charge
and a gauge flux associated to the Z2 symmetry that is
gauged.

Upon doing this, we obtain a representation for anyons
in D(S3) that is shown in Table I. A quick way to deduce
the matching between the two representations is by utiliz-
ing the quantum dimensions of the anyons. In the quantum
double prescription, the dimension of an anyon ([c], ρ) is
equal to |[c]| · dim(ρ). Meanwhile, in the SET prescrip-
tion, the quantum dimension of an orbit non-Abelian anyon
will be the size of the orbit. Simply this information allows
us to match all the anyons. We note that φ must be the B
anyon because it is the only other Abelian anyon other than

TABLE I. Correspondence between anyon data for the Z3 toric
code with gauged charge-conjugation symmetry and D(S3). φ
and σ correspond to the gauge charge and gauge flux of the
charge-conjugation symmetry, respectively. Below QD denotes
quantum double and SET denotes symmetry-enriched topologi-
cal order.

S3 Quantum Double

Conjugacy SET
class Centralizer Irrep Dim QD label label

[1] S3 1 1 A 1
[1] S3 s 1 B φ

[1] S3 2 2 C [ẽ]
[s] Z2 1 3 D σ

[s] Z2 s 3 E φσ

[r] Z3 1 2 F [m̃]
[r] Z3 ω 2 G [ẽm̃]
[r] Z3 ω̄ 2 H [ẽm̃2]
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TABLE II. Fusion rules of D(S3). These can be obtained from the S-matrix and the Verlinde formula, as described in Ref. [3].

× A B C D E F G H

A A B C D E F G H
B B A C E D F G H
C C C A + B + C D + E D + E G + H F + H F + G
D D E D + E A + C + F + G + H B + C + F + G + H D + E D + E D + E
E E D D + E B + C + F + G + H A + C + F + G + H D + E D + E D + E
F F F G + H D + E D + E A + B + F H + C G + C
G G G F + H D + E D + E H + C A + B + G F + C
H H H F + G D + E D + E G + C F + C A + B + H

the vacuum. C is a pure charge, so it must correspond to
[ẽ]. The F anyon is a pure flux, so it matches with [m̃].
Matching topological spins, we find that [ẽm̃] and [ẽm̃2]
correspond to anyons G and H . There is no orbit of Z2
charge conjugation of order 3, so D and E are equal to σ
and σφ, respectively.

For a more general prescription of how anyons in a topo-
logical order transform under the gauging of a topological
symmetry, we refer the reader to Refs. [42,43].

APPENDIX B: RELATION BETWEEN KITAEV’S
D(S3) MODEL AND THE QUBIT-QUTRIT MODEL

In this section, we briefly outline the connection
between Kitaev’s original model for D(S3) and provide a
mapping from it to the qubit-qutrit model presented in the
main text.

First, it is useful to represent the algebra of left and
right shift operators for the group S3 in terms qubit and
qutrit operators. We decompose the onsite Hilbert space
C[S3] into C

2 ⊗ C
3 and use an orthonormal basis labeled

by {|sq〉 ⊗ |rn〉 | q ∈ {0, 1}, n ∈ {0, 1, 2}}, where we use r to
denote the reflection element and s to denote the rotation
element of S3. Then, the action of the left and right shift
operators becomes

Lr
+|sqrn〉 = |sqrn+(−1)q〉,

Lr
−|sqrn〉 = |sqrn−1〉,

Ls
+|sqrn〉 = |sq+1rn〉,

Ls
−|sqrn〉 = |sq−1r−n〉.

In terms of qubit and qutrit operators, we can equate

Lr
− = I ⊗ X †,

Lr
+ = |0〉〈0| ⊗ X + |1〉〈1| ⊗ X † = X Z ,

Ls
+ = X ⊗ I ,

Ls
− = X ⊗ C.

We now can rewrite the operators of the quantum double
Hamiltonian in terms of qubit and qutrits. We first remark

that AS3
v can be written as the product of two projectors,

AS3
v =

(
1 + Ar

v + Ar2
v

3

)(
1 + As

v

2

)

. (B1)

After using the operator dictionary, we find that Ar
v = Ãv

and that As
v = Av as shown in Eq. (20).

As for the plaquette projectors Bh
p , we can obtain

them by substituting in gi = sqirni into the equation
g1g−1

2 g−1
3 g4 = h = sqhrnh ,

q1 + q2 + q3 + q4 = qh,

(n1 − n2)(−1)q1+qh − n3(−1)q1+q2+qh + n4 = nh.

The first condition on clearly q1, q2, q3, q4 yields the
qubit plaquette projector upon setting qh = 0. Once this is
enforced and we set nh = 0 as well, the second condition
can be simplified into

n1 − n2 − n3(−1)q2 + n4(−1)q1 = 0, (B2)

which yields the modified qutrit plaquette projector B̃p .
Thus, indeed Kitaev’s S3 model and the qubit-qutrit model
obtained from the gauging map are equivalent.

We can also write down projectors onto the A − H
anyons of the S3 quantum double in the qubit-qutrit lan-
guage for a given site s = (v, p) [44]:

(1) For the A anyon, Av = Bp = 1, and Ãv = B̃p = 1.
(2) For the B anyon, Av = −1, Bp = 1, and Ãv = B̃p

= 1.
(3) For the C anyon, Av = Bp = 1, and B̃p = 1 in all

cases. Then, we have two possibilities: Ãv = ω and
Ãv = ω2. The complete projector onto the C anyon
is a projector onto both of these internal states.

To describe the remaining flux and dyon anyons, we
need to define operators that measure the flux on a plaque-
tte. To do this, we split the plaquette projector condition
into two cases. In the case where qh = 0, we define the
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projector B̃+
p ,

(B3)

Similarly, in the case where qh = 1, we define the projec-
tor B̃−

p ,

(B4)

Using these modified projectors, we can enumerate the
possibilities for the remaining anyons by using B̃+

p and B̃−
p

to measure flux,

(1) For the D anyon, Bp = −1 in all cases. We then have
three possibilities: (1) B̃−

p = 1, Av = 1, (2) B̃−
p =

ω, ÃvAv = 1, (3) B̃−
p = ω2, Ã2

vAv = 1. The complete
projector onto the D anyon is a projector onto all
three of these internal states.

(2) For the E anyon, Bp = −1 in all cases. We
then have three possibilities: (1) B̃−

p = 1, Av = −1,
(2) B̃−

p = ω, ÃvAv = −1, (3) B̃−
p = ω2, Ã2

vAv = −1.
The complete projector onto the E anyon is a pro-
jector onto all three of these internal states.

(3) For the F anyon, Bp = 1 in all cases. We then have
two possibilities: (1) B̃+

p = ω, Ãv = 1, (2) B̃+
p =

ω2, Ãv = 1. The complete projector onto the F
anyon is a projector onto these two internal states.

(4) For the G anyon, Bp = 1 in all cases. We then
have two possibilities: (1) B̃+

p = ω, Ãv = ω2, (2)
B̃+

p = ω2, Ãv = ω. The complete projector onto the
G anyon is a projector onto these two internal states.

(5) For the H anyon, Bp = 1 in all cases. We then have
two possibilities: (1) B̃+

p = ω, Ãv = ω, (2) B̃+
p =

ω2, Ãv = ω2. The complete projector onto the H
anyon is a projector onto these two internal states.

As a final comment, we remark on the quantum cir-
cuits needed to measure the operators Av, Ãv , Bp , B̃p . For
the order-two operators Av and Bp , we perform entangling
gates between an ancilla qubit a in the state |+〉 and the
code qubits and qutrits and finally measure out the ancilla
in the X basis. Similarly, for the order-three operators Ãv
and B̃p , we perform entangling gates between an ancilla
qutrit a in the state ˜|+〉 and the code qubits and qutrits
and finally measure out the ancilla in the X basis. Given
the operators in Eq. (20), it is straightforward to construct
these entangling gates; we refer the reader to Section IV of
Ref. [45] for analogous circuits.

APPENDIX C: QUANTUM DOUBLE SURFACE
CODES

In this section, we make some more general comments
on quantum double surface codes for a general finite group
G. The bulk Hamiltonian and the commuting projectors are
the same as those defined in Appendix A, except operators
live in C[G] instead of C[S3].

For our purposes, we will consider the quantum dou-
ble defined on surface code boundary conditions, where
the above Hamiltonian hosts |G| degenerate ground states.
The quantum double surface code is defined on the lattice
shown below, where each edge hosts a C[G] qudit,

(C1)

We have drawn the positions of the Av and Bp terms in
the bulk of the surface code. On the top and bottom bound-
aries, the Av term is simply truncated, while on the left
and right boundaries, the Bp term computes the flux as in
Eq. (A6) by setting the missing link to the e group element.

To understand the ground states of the group-based sur-
face code, we consider states that are in the flux-free sub-
space Hff , or those that satisfy Bp = 1. In this subspace, all
of the Ag

v operators map flux-free states to flux-free states
for any g ∈ G. We consider equivalence classes product
states |{ge}〉e∈E in the flux-free subspace that are related
by application of Ag

v operators. It is easy to see that such
operators preserve the group-valued holonomy of a state

ḡ ≡
∏

e∈γ
ge, (C2)

which is defined as a product of group elements on a path
γ running from the left to right boundaries of the surface
code. Due to the flux-free condition, every choice of γ
will yield the same value of ḡ. It turns out that having the
same value of ḡ is also a sufficient to guarantee that two
states |{ge}〉e∈E and |{he}〉e∈E are in the same equivalence
class. Thus, the |G| distinct logical states {|g〉 | g ∈ G} are
obtained by superposing over all states |{ge}〉e∈E that are in
the same equivalence class.

We now discuss logical operators of the group-based
surface code. As in the Z2 surface code, we have a
generalized-Z type logical operator that extends from left
to right and a generalized-X type logical operator that
extends from top to bottom.

We first discuss the Z-type logicals. As in the Z2
case, these turn out to be charge-anyon ribbon operators
that go from left to right boundary. Given an irreducible
representation � of G, the generalized Z-logical can be
written as
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(C3)

where each choice of i, j = 0, . . . d� − 1 corresponds to a
different operator and d� is the dimension of the represen-
tation �. It immediately follows that the action of these
operators on the group-holonomy logical basis is

Z�
ij |g〉 = [�(g)]ij |g〉. (C4)

For the case of the S3 quantum double, the B anyon
logical operator is associated to the sign irrep s of S3,
whereas the C anyon logical operator is associated to the
two-dimensional irrep 2. The forms presented in the main
text can be obtained by using the operator dictionary in
Appendix B.

As for the generalized-X type logical operator, we
expect a combination of the shift operators to generate
a logical from the top to the bottom boundary. We can
see that the following two operators straddling the left
and right boundaries Lg and Rg commute with the bulk
commuting projectors,

(C5)

and have the following logical action:

Lg |h〉 = |gh〉, Rg |h〉 = |hg−1〉. (C6)

Representatives of these operators exist in the bulk;
however, they are supported on membranes that terminate
on either the left or right boundaries, as in Eq. (23). The
bulk representatives are obtained by multiplying by Ag

v

operators. The D anyon logical operator can be obtained
from these bulk membrane operators by choosing g = s,
whereas the F anyon logical can be obtained by choosing
g = r.

APPENDIX D: ROUGH AND SMOOTH
BOUNDARIES OF THE S3 QUANTUM DOUBLE

In this section, we provide lattice realizations for the
rough and smooth boundaries of the S3 quantum dou-
ble. These arise from rewriting the boundary commut-
ing projectors for the general quantum double model in

Appendix C in terms of qubits and qutrits. In particular,
the rough boundary is described by the Lagrangian algebra
A + B + 2C, and the smooth boundary is described by the
Lagrangian algebra A + D + F . Recall from Appendix A
that the B and C anyons are the Abelian and non-Abelian
charge of quantum dimension 2, respectively, and the D
and F anyons are non-Abelian fluxes of quantum dimen-
sion 3 and 2, respectively. Here, ribbon operators for
charge anyons can terminate on the rough boundary, while
those for flux ribbons can terminate on the smooth bound-
ary. These boundaries are obtained by applying the Z2
charge-conjugation gauging map to the left, right, top, and
bottom boundaries of lattices shown in the main text.

For the rough boundary, we distinguish between the left
and right sides of the system. The star projectors remain the
same as the bulk. On the left side, the plaquette projectors
are

(D1)

On the right side, the plaquette stabilizers are

(D2)

On the top and bottom smooth boundaries, the plaquette
stabilizers are the same as they are in bulk. On the top side,
the star stabilizers are

(D3)

On the bottom side, the star stabilizers are

(D4)

APPENDIX E: ERRORS AND SYNDROMES
AFTER D(S3) STATE PREPARATION

Once the quantum double ground state |S3〉 is prepared,
we can derive the violated projectors due to the application
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of qubit X and Z errors as well as qutrit X and Z errors.
Such errors will locally violate the commuting projectors
introduced in Eq. (20), which we refer to as S3 syndromes.
We compute the probabilities of various syndromes occur-
ring in the presence of the aforementioned errors. Unlike
the Abelian case, such errors are generally not ribbon oper-
ators for anyons within the non-Abelian phase. For our
purposes, we simply care about eliminating syndromes and
returning D(S3) back to the ground state. In the case of the
charge anyons B and C, such violations correspond directly
to anyons and their internal states. In contrast, for flux
anyons D and F , we choose to directly measure the flux
operators that stabilize the ground state, which do not map
directly onto the flux measurements that characterize the
internal states of these anyons as discussed in Appendix B.

On a single qutritZ error, we consider the following pair
of vertices v, v′ with an error Ze acting in between them,

(E1)

We would like to analyze the syndromes of the state
Ze|S3〉. We define two projectors onto the different eigen-
values of Ãv , or equivalently the internal states of the C
anyon,

PÃv
ω = 1 + ω2Ãv + ωÃ2

v

3
, PÃv

ω2 = 1 + ωÃv + ω2Ã2
v

3
.

(E2)

Using these projectors, notice that PÃv
ω Ze|S3〉 = Ze|S3〉,

meaning that there is a C anyon on vertex v with inter-
nal state Ãv = ω. Similarly, we find that Ãv′Ze|S3〉 =
ω−ZeZe|S3〉, meaning that there is also a C anyon on vertex
v′ but with an indefinite internal state that is conditioned
on Ze. Indeed, we can calculate the probability of being in
each of the two internal states,

〈S3|Z†
e PÃv′

ω Ze|S3〉 = 〈S3|Z†
e PÃv′

ω2 Ze|S3〉 = 1
2

. (E3)

In addition to the C anyons created, we also violate Av . In
particular, we find that

〈S3|Z†
e PAv

−1Ze|S3〉 = 1
2

, (E4)

where PAv
−1 = 1−Av

2 is a projector onto states with a B anyon
on vertex v. Thus, the state Ze|S3〉 is in an equal superpo-
sition of having Av = 1 and Av = −1. Despite there being
no definite outcome for PB

v , we say there is just a C anyon
on vertex v due to the S3 fusion rule B × C = C.

We can now analyze the case of qutrit X errors, which is
similar to the Z case. Here we consider two adjacent pla-
quettes p and p ′ with an Xe error occurring on a connecting
edge e:

(E5)

Since Bp = Bp ′ = 1, this means that the appropriate
operator to measure to determine the plaquette fluxes are
B̃+

p and B̃+
p ′ . We see that B̃+

p Xe|S3〉 = ω2Xe|S3〉, while
B̃+

p ′Xe|S3〉 = ωZe′Xe|S3〉, so plaquette p has flux r2 while
plaquette p ′ has indefinite flux that depends on Ze′ . More-
over, since all the Ãv operators are not violated, we have F
anyons on both p and p ′.

Writing down projectors onto internal states of the F
anyon requires measurement of B̃+

p . Similarly, later we
will see that projectors onto the internal state of the D
anyon require the measurement of B̃−

p . In order to mini-
mize the number of distinct operators we have to measure,
we choose to do error correction by simply measuring B̃p .
The appropriate projectors are

PB̃p
ω = 1 + ω2B̃p + ωB̃2

p

3
, PB̃p

ω2 = 1 + ωB̃p + ω2B̃2
p

3
.

(E6)

Indeed, we can calculate the probability amplitudes of
being in each eigenstate

〈S3|X †
e P

B̃p ′
ω Xe|S3〉 = 〈S3|X †

e P
B̃p ′
ω2 Xe|S3〉 = 1

2
, (E7)

so plaquette p ′ is in an equal superposition of having B̃p ′ =
ω and B̃p ′ = ω2.

Like before, we see that Xe does not commute with Av ,
and we have

〈S3|X †
e PAv

−1Xe|S3〉 = 1
2

, (E8)

meaning we probabilistically have a violated Av syndrome.
When a single qubit Z error is applied, it is clear that

two adjacent qubit star stabilizer Av are flipped to −1,
and no other projectors are flipped. These correspond to
an adjacent pair of Abelian B anyons.

We lastly consider a qubit Xe error that occurs in the
setup in Eq. (E5). First, we immediately see that Bp =
Bp ′ = −1, so the appropriate flux operators to measure are
B̃−

p and B̃−
p ′ . Since Av′ |S3〉 = B̃−

p |S3〉 = |S3〉, we see that
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the site (v′, p) has a D anyon in the first internal state as
described in Appendix B. On the other hand, the D anyon
on plaquette p ′ is in an indefinite internal state.

As discussed above, we perform error correction by
measuring B̃p and B̃p ′ , obtaining the following syndrome
probabilities. Using the projectors defined in Eq. (E6),

〈S3|XeP
B̃p ′
ω Xe|S3〉 = 〈S3|XeP

B̃p ′
ω2 Xe|S3〉 = 1

3
. (E9)

Similarly, we see that Xe violates the Ãv′ operator on
vertex v′—we can compute the probability of the three
internal states of the C anyon on v′,

〈S3|XePÃv
ω Xe|S3〉 = 〈S3|XePÃv

ω2Xe|S3〉 = 1
3

. (E10)

Thus, we see that the Xe error creates a pair of D anyons
on plaquette p and p ′ as well as a C anyon on vertex v′. In
particular, this implies that a string of X errors will create
Ãv and B̃p violations along the length of the string.

The probabilities computed in this section (along with
those associated for more general errors) can be fed into
a simulation of the error correction of the S3 ground state.
In particular, after errors occur and syndromes are mea-
sured in the order prescribed in the main text, a simulation
of error correction requires one to sample from the prob-
ability distribution for each syndrome. We emphasize that
this is distinct from the Abelian case, where syndromes are
instead deterministic.

APPENDIX F: CORRECTION PROCEDURES FOR
S3 ERROR CORRECTION

In this appendix, we detail the sequential adaptive cir-
cuits needed to eliminate Ãv and B̃p syndromes. As men-
tioned in the main text, the first step of our error correction
procedure is removing Bp = −1 syndromes using a her-
alded decoder that additionally utilizes the Ãv syndrome
information. Once this is done, we can correct Ãv and B̃p
independently.

We split this appendix into two sections: First, we tackle
the case of correcting C anyons with no knowledge of
what operators created the syndromes (i.e., local or nonlo-
cal operators) and demonstrate that they can be cleaned up
to either vacuum or a C anyon with a sequential adaptive
circuit, up to some Abelian B anyons. Second, we illustrate
that this correction procedure can eliminate a path of local
Z and Z† errors into Abelian B anyons.

1. Sequential Adaptive Circuit for C Anyons

To illustrate our procedure, we analyze the case of Ãv
syndromes along a chain of four sites,

(F1)

As an example, we have shown a chain of four sites with
syndromes Ãv1 = ω, Ãv2 = 1, Ãv3 = 1, Ãv4 = ω2, meaning
we have C anyons on vertices v1 and v4.

We now demonstrate how to fuse such a syndrome con-
figuration into either vacuum or a single C anyon on vertex
v4. The first step is to apply a Z†

e1 operation, changing the
syndromes to

(F2)

Next we measure Ãv2 , which effectively measures Ze1 .
Since Av2 does not commute with Ãv2 , such a measure-
ment will put us into a superposition of having no anyon
on v2 and having a B anyon on v2. We postpone the correc-
tion of B anyons to the last step of the decoding protocol
as discussed in the main text. Let us denote the measure-
ment outcome as ze1 . We then apply an adaptive correction
operation Z−ze1

e2 . This modifies the syndromes to

(F3)

As before, we measure Ãv3 , which effectively measures
Ze2 . Let us denote the obtained eigenvalue of Ze2 as ze2 .
Subsequently, we apply an adaptive correction operation
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Z−ze1 ze2
e3 , which yields

(F4)

The final step is to measure Ãv4 . This allows us to obtain
a measurement result ze3 for Ze3 . We now see that Ãv1 =
Ãv2 = Ãv3 = 1, while Ãv4 = −1 + ze1ze2ze3 , meaning that
whether the obtained syndrome fuse to vacuum or another
syndrome depends on the measurement results.

If the syndrome in Eq. (F1) was created by local opera-
tors along the length of the string, then we must have that
ze1ze2ze3 = 1 because the global topological charge of the
S3 code subject to purely local errors must be vacuum. On
the other hand, if the syndromes on v1 and v4 were from
different C anyon vacuum pairs, then there is a nonzero
probability that ze1ze2ze3 = −1, meaning that the two orig-
inal C anyons fuse to another C anyon. We note that an
analogous correction procedure exists for correcting B̃p
syndromes utilizing adaptive X correction operations.

To understand this physically, recall from Sec. III that
in the S3 wavefunction, Z = −1 measurement outcomes
imply the presence of a change conjugation domain wall,
or in the gauged picture, a D anyon line. From the braiding
properties of the S3 quantum double, two C anyons cre-
ated from vacuum that re-fused along a path that crosses
a D anyon line will fuse to another C anyon. Similarly,
for the case of B̃p syndromes, two F anyons created from
vacuum that re-fused along a path that crosses a D anyon
line will fuse to another F anyon. Thus, the value of
ze1ze2ze3 tells us whether there are an even or odd number
of charge-conjugation domain walls separating the anyons
at v1 and v4.

We remark that it is alternatively possible to correct
the above syndromes purely unitarily with linear depth
circuits. Such circuits will mirror expressions for the C
anyon found in Eq. (26) and in other references [35,36].

2. Correction of Local Z/Z† errors

We consider the correction a pathZ andZ† errors acting
on the S3 ground state to demonstrate how the circuit from
the previous section can fuse a chain of local errors to up
to the presence of Abelian B anyons. As described in the
main text, an analogous circuit exists for correcting paths
of X and X † errors by measuring B̃p syndromes.

In particular, let Za1
e1 ,Za2

e2 , and Za3
e3 errors act on edges

e1, e2, e3, where ai ∈ {1, −1} are unknown to us. After

measuring the Ãv operators, we obtain the following syn-
dromes all along the length of the path:

(F5)

Generalizing calculations from Appendix E, one can show
that each of the stabilizers in the bulk of the string is vio-
lated with probability 1

2 . Here ze1 , ze2 , ze3 indicate that each
of the vertex stabilizers have been collapsed to a defi-
nite eigenvalue. Note crucially that we do not have direct
access to the zei values because the ai values are unknown.
However, we can still execute our adaptive circuit moving
from left to right.

Note that the measurement of Ãv1 allows us to learn a1.
We now apply a Z−a1

e1 correction operation, changing the
syndromes to

(F6)

Notice that this correction operation eliminates the ze1

dependence in the eigenvalue of Ãv2 . We subsequently
measure Ãv2 , which allows us to learn the value of a2.
Repeating the procedure for e1, we apply a Z−a2

e2 correction
operation, which gives us the syndromes

(F7)

On the last step, we measure Ãv3 : this allows us access to
a3 and applying a Z−a3

e3 correction operation eliminates all
syndromes.

As discussed, the measurement of Ãvi does not necessar-
ily commute with Avi operators. Thus, in the case that we
get a nontrivial syndrome of ω,ω2 from the measurement,
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we create a superposition of having a B anyon or no anyon
on the measured site, as discussed in Appendix E.

APPENDIX G: MAGIC STATE GENERATED
FROM THE PROTOCOL

In this section, we explicitly show how our protocol
can probabilistically generate magic states for qubit sur-
face code. To set conventions for the logical states of both
codes, we use the computational basis |biaj 〉 to describe the
basis states of C

2 ⊗ C
3, where i ∈ {0, 1} and j ∈ {0, 1, 2}.

In describing the matrices below, we order this basis by
{1, ba, a2, b, a, ba2}.

In addition to a logical CC gate, we will further utilize
the logical generalized Hadamard gate on the Z2 × Z3 sur-
face code that is given by H = ⊗

e He followed by code
rotation. Given the fact that Z2 × Z3 is isomorphic to Z6,
we define H for the Z6 qudit as

H = 1√
6

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 1 1 1 1
1 ω ω2 ω3 ω4 ω5

1 ω2 ω4 1 ω2 ω4

1 ω3 1 ω3 1 ω3

1 ω4 ω2 1 ω4 ω2

1 ω5 ω4 ω3 ω2 ω

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (G1)

where ω = e2π i/6. One can check this matrix is equivalent
to H2 ⊗ H †

3 on the C
2 ⊗ C

3 Hilbert space. Note that this
operator is composed of operators in the second Clifford
hierarchy of qubit and qutrit operators.

The controlled-charge-conjugation gate is given by

CC =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

. (G2)

Consider the following operation obtained by composing
the above gates:

H †CCH = 1
3

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

3 0 0 0 0 0
0 1 0 1 − √

3i 0 1 + √
3i

0 0 1 0 0 0
0 1 + √

3i 0 1 0 1 − √
3i

0 0 0 0 1 0
0 1 − √

3i 0 1 + √
3i 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

(G3)

To obtain a qubit magic state, we start with the ini-
tial state |ψ〉 = 1√

2
(|0〉 + |b〉). After applying the H †CCH

gate, we get

H †CCH |ψ〉 = 1

3
√

2

(
3|0〉 +

(
1 −

√
3i
)

|ba〉

+ |b〉 +
(

1 +
√

3i
)

|ba2〉
)

. (G4)

Now we measure the Z3 layer in the onsite Ze basis.
This has the effect of measuring the logical state of the
Z3 code in the Z basis, or equivalently the {|aj 〉} basis.
Postmeasurement, we obtain three possible states on the
remaining Z2 code depending on the measured eigenvalue
of Z . If the measured Z3 state has Z = 1, which occurs
with probability 5

9 , the Z2 state becomes

|ψ1〉 = 1√
10
(3|0〉 + |1〉) . (G5)

This state can be utilized as a magic state for the Z2 sur-
face code since it can only be obtained by a Bloch sphere
rotation by an angle that is not a rational multiple of 2π
[46–51]. In other two cases, the measured states are not
magic states. However, by repeating this procedure many
times, we can obtain at least one qubit magic state with
probability arbitrarily close to 1.

We can instead measure out the Z2 layer of the state in
Eq. (G4) in the onsite Ze basis. When the measured Z2 state
satisfies Z = −1, the measured Z3 state we get is

|ψ2〉 = 1
3
|0〉 +

(
1
3

− i√
3

)

|1〉 +
(

1
3

+ i√
3

)

|2〉. (G6)

This state is not a qutrit stabilizer state, but we leave it
to future work to prove that this state can be utilized for
universal qutrit computation.
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and M. D. Lukin, High-fidelity parallel entangling gates on
a neutral-atom quantum computer, Nature 622, 268 (2023).

[7] S. A. Moses et al., A race-track trapped-ion quantum
processor, Phys. Rev. X 13, 041052 (2023).

010361-22

https://doi.org/10.1142/S0217979290000139
https://doi.org/10.1103/PhysRevB.41.9377
https://doi.org/10.1016/s0003-4916(02)00018-0
https://doi.org/10.1063/1.1499754
https://doi.org/10.1038/s41586-023-06927-3
https://doi.org/10.1038/s41586-023-06481-y
https://doi.org/10.1103/physrevx.13.041052


NON-CLIFFORD GATES BETWEEN STABILIZER CODES VIA. . . PRX QUANTUM 7, 010361 (2026)

[8] R. Acharya et al., Quantum error correction below the
surface code threshold, Nature 638, 920 (2024).

[9] M. Iqbal, A. Lyons, C. F. B. Lo, N. Tantivasadakarn,
J. Dreiling, C. Foltz, T. M. Gatterman, D. Gresh, N. Hewitt,
C. A. Holliman, J. Johansen, B. Neyenhuis, Y. Matsuoka,
M. Mills, S. A. Moses, P. Siegfried, A. Vishwanath, R. Ver-
resen, and H. Dreyer, Qutrit toric code and parafermions in
trapped ions, Nat. Commun. 16, 6301 (2025).

[10] M. Iqbal, N. Tantivasadakarn, R. Verresen, S. L. Camp-
bell, J. M. Dreiling, C. Figgatt, J. P. Gaebler, J. Johansen,
M. Mills, S. A. Moses, J. M. Pino, A. Ransford, M. Rowe,
P. Siegfried, R. P. Stutz, M. Foss-Feig, A. Vishwanath, and
H. Dreyer, Non-Abelian topological order and anyons on a
trapped-ion processor, Nature 626, 505 (2024).

[11] C. Mochon, Anyons from nonsolvable finite groups are suf-
ficient for universal quantum computation, Phys. Rev. A 67,
022315 (2003).

[12] C. Mochon, Anyon computers with smaller groups, Phys.
Rev. A 69, 032306 (2004).

[13] S. X. Cui, S.-M. Hong, and Z. Wang, Universal quantum
computation with weakly integral anyons, Quantum Inf.
Process. 14, 2687 (2015).

[14] M. Freedman, A. Kitaev, M. Larsen, and Z. Wang, Topo-
logical quantum computation, Bull. Am. Math. Soc. 40, 31
(2003).

[15] S. B. Bravyi and A. Y. Kitaev, Fermionic quantum compu-
tation, Ann. Phys. 298, 210 (2002).

[16] S. Bravyi, I. Kim, A. Kliesch, and R. Koenig, Adap-
tive constant-depth circuits for manipulating non-Abelian
anyons, arXiv:2205.01933.

[17] R. Verresen, N. Tantivasadakarn, and A. Vishwanath,
Efficiently preparing Schrödinger’s cat, fractons and
non-Abelian topological order in quantum devices,
arXiv:2112.03061.

[18] N. Tantivasadakarn, A. Vishwanath, and R. Verresen, A
hierarchy of topological order from finite-depth unitaries,
measurement and feedforward, PRX Quantum 4, 020339
(2023).

[19] N. Tantivasadakarn, R. Verresen, and A. Vishwanath, The
shortest route to non-Abelian topological order on a quan-
tum processor, Phys. Rev. Lett. 131, 060405 (2023).

[20] Y. Ren, N. Tantivasadakarn, and D. J. Williamson, Effi-
cient preparation of solvable anyons with adaptive quantum
circuits, Phys. Rev. X 15, 031060 (2025).

[21] Y. Li, H. Sukeno, A. P. Mana, H. P. Nautrup, and T.-C.
Wei, Symmetry-enriched topological order from partially
gauging symmetry-protected topologically ordered states
assisted by measurements, Phys. Rev. B 108, 115144
(2023).

[22] G. Dauphinais and D. Poulin, Fault-tolerant quantum error
correction for non-Abelian anyons, Commun. Math. Phys.
355, 519 (2017).

[23] A. Schotte, G. Zhu, L. Burgelman, and F. Verstraete, Quan-
tum error correction thresholds for the universal Fibonacci
Turaev-Viro code, Phys. Rev. X 12, 021012 (2022).

[24] A. Schotte, L. Burgelman, and G. Zhu, Fault-tolerant error
correction for a universal non-Abelian topological quantum
computer at finite temperature, arXiv:2301.00054.

[25] A. Bauer and J. C. Magdalena de la Fuente, Planar fault-
tolerant circuits for non-Clifford gates on the 2D color code,
arXiv:2505.05175.

[26] D. Jing, P. Sala, L. Jiang, and R. Verresen, Intrinsic herald-
ing and optimal decoders for non-Abelian topological
order, arXiv:2507.23765.

[27] S.-J. Huang and Y. Chen, Generating logical magic
states with the aid of non-Abelian topological order,
arXiv:2502.00998.

[28] M. Davydova, A. Bauer, J. C. M. de la Fuente, M. Webster,
D. J. Williamson, and B. J. Brown, Universal fault tolerant
quantum computation in 2D without getting tied in knots,
arXiv:2503.15751 [quant-ph].

[29] Y. Ren and P. Shor, Topological quantum computation
assisted by phase transitions, arXiv:2311.00103.

[30] B. Yoshida, Topological phases with generalized global
symmetries, Phys. Rev. B 93, 155131 (2016).

[31] A. Kubica and B. Yoshida, Ungauging quantum error-
correcting codes, arXiv:1805.01836.

[32] N. Tantivasadakarn, R. Thorngren, A. Vishwanath, and
R. Verresen, Long-range entanglement from measuring
symmetry-protected topological phases, Phys. Rev. X 14,
021040 (2024).

[33] Y. Li, M. Litvinov, and T.-C. Wei, Measuring topological
field theories: Lattice models and field-theoretic descrip-
tion, arXiv:2310.17740 [cond-mat.str-el].

[34] X.-G. Wen, Classifying gauge anomalies through symmetry-
protected trivial orders and classifying gravitational anoma-
lies through topological orders, Phys. Rev. D 88, 045013
(2013).

[35] A. Lyons, C. F. B. Lo, N. Tantivasadakarn, A. Vishwanath,
and R. Verresen, Protocols for creating anyons and defects
via gauging, Phys. Rev. Lett. 135, 200405 (2025).

[36] Y. Li, Z. Song, A. Kubica, and I. H. Kim, Domain walls
from SPT-sewing, arXiv:2411.11967 [quant-ph].

[37] F. H. E. Watson, H. Anwar, and D. E. Browne, Fast fault-
tolerant decoder for qubit and qudit surface codes, Phys.
Rev. A 92, 032309 (2015).

[38] J. R. Wootton, J. Burri, S. Iblisdir, and D. Loss, Error cor-
rection for non-Abelian topological quantum computation,
Phys. Rev. X 4, 011051 (2014).

[39] M. Barkeshli, Y.-A. Chen, S.-J. Huang, R. Kobayashi, N.
Tantivasadakarn, and G. Zhu, Codimension-2 defects and
higher symmetries in (3 + 1)D topological phases, Scipost
Phys. 14, 065 (2023).

[40] S.-J. Huang, A. Warman, S. Schafer-Nameki, and Y. Chen,
Hybrid lattice surgery: Non-Clifford gates via non-Abelian
surface codes, arXiv:2510.20890 [quant-ph].

[41] N. Manjunath, V. Mattei, A. Tiwari, and T. D. Ellison,
Universal quantum computation with group surface codes,
(2025) (to be published).

[42] M. Barkeshli, P. Bonderson, M. Cheng, and Z. Wang, Sym-
metry fractionalization, defects, and gauging of topological
phases, Phys. Rev. B 100, 115147 (2019).

[43] D. Bulmash and M. Barkeshli, Gauging fractons: Immo-
bile non-Abelian quasiparticles, fractals, and position-
dependent degeneracies, Phys. Rev. B 100, 155146
(2019).

[44] K. Laubscher, D. Loss, and J. R. Wootton, Universal quan-
tum computation in the surface code using non-Abelian
islands, Phys. Rev. A 100, 012338 (2019).

[45] L. Chen, Y. Ren, R. Fan, and A. Jaffe, A universal circuit
set using the S3 quantum double, npj Quantum Inf. 11, 112
(2025).

010361-23

https://doi.org/10.1038/s41586-024-08449-y
https://doi.org/10.1038/s41467-025-61391-z
https://doi.org/10.1038/s41586-023-06934-4
https://doi.org/10.1103/PhysRevA.67.022315
https://doi.org/10.1103/PhysRevA.69.032306
https://doi.org/10.1007/s11128-015-1016-y
https://doi.org/10.1090/S0273-0979-02-00964-3
https://doi.org/10.1006/aphy.2002.6254
https://arxiv.org/abs/2205.01933
https://arxiv.org/abs/2112.03061
https://doi.org/10.1103/PRXQuantum.4.020339
https://doi.org/10.1103/PhysRevLett.131.060405
https://doi.org/10.1103/b9hf-gx4f
https://doi.org/10.1103/physrevb.108.115144
https://doi.org/10.1007/s00220-017-2923-9
https://doi.org/10.1103/PhysRevX.12.021012
https://arxiv.org/abs/2301.00054
https://arxiv.org/abs/2505.05175
https://arxiv.org/abs/2507.23765
https://arxiv.org/abs/2502.00998
https://arxiv.org/abs/2503.15751
https://arxiv.org/abs/2311.00103
https://doi.org/10.1103/physrevb.93.155131
https://arxiv.org/abs/1805.01836
https://doi.org/10.1103/PhysRevX.14.021040
https://arxiv.org/abs/2310.17740
https://doi.org/10.1103/physrevd.88.045013
https://doi.org/10.1103/q2c6-nd6r
https://arxiv.org/abs/2411.11967
https://doi.org/10.1103/physreva.92.032309
https://doi.org/10.1103/physrevx.4.011051
https://doi.org/10.21468/scipostphys.14.4.065
https://arxiv.org/abs/2510.20890
https://doi.org/10.1103/physrevb.100.115147
https://doi.org/10.1103/physrevb.100.155146
https://doi.org/10.1103/physreva.100.012338
https://doi.org/10.1038/s41534-025-01063-4


ROHITH SAJITH et al. PRX QUANTUM 7, 010361 (2026)

[46] L. M. Adleman, J. DeMarrais, and M.-D. A. Huang, Quan-
tum computability, SIAM J. Comput. 26, 1524 (1997).

[47] A. Barenco, A universal two-bit gate for quantum computa-
tion, Proc. R. Soc. Lond. Ser. A: Math. Phys. Sci. 449, 679
(1995).

[48] A. Barenco, C. H. Bennett, R. Cleve, D. P. DiVincenzo, N.
Margolus, P. Shor, T. Sleator, J. A. Smolin, and H. Wein-
furter, Elementary gates for quantum computation, Phys.
Rev. A 52, 3457 (1995).

[49] E. Bernstein and U. Vazirani, in Proceedings of the Twenty-
fifth Annual ACM Symposium on Theory of Computing
(SIAM Journal on Computing, Philadelphia, PA, 1993),
pp. 1411–1473.

[50] D. E. Deutsch, Quantum computational networks, Proc. R.
Soc. Lond. Ser. A. Math. Phys. Sci. 425, 73 (1989).

[51] P. O. Boykin, T. Mor, M. Pulver, V. Roychowdhury, and F.
Vatan, On universal and fault-tolerant quantum computing,
arXiv:quant-ph/9906054.

010361-24

https://doi.org/10.1137/S0097539795293639
https://doi.org/10.1098/rspa.1995.0066
https://doi.org/10.1103/PhysRevA.52.3457
https://doi.org/10.1098/rspa.1989.0099
https://arxiv.org/abs/quant-ph/9906054

	I.. INTRODUCTION
	A.. Main results and ideas

	II.. SURFACE CODE PRELIMINARIES
	A.. Stabilizers and Logical Operators
	B.. Z2 Gauging Map
	C.. Code Extension and Shrinkage

	III.. CONTROLLED-CHARGE-CONJUGATION GATE (CC) FROM THE S3 QUANTUM DOUBLE
	A.. Code Injection: Symmetry Enrichment of the Ground State
	B.. Code Injection: Symmetry Enrichment of the Logical Operators
	C.. Code Ejection: Z Measurement and C Feedforward
	D.. Code Ejection: Transformed Logical Operators
	E.. Summary of the protocol
	F.. Group-Holonomy Interpretation of Protocol

	IV.. CONTROLLED-AUTOMORPHISM GATE (C) FROM NON-ABELIAN SURFACE CODES
	V.. ERROR CORRECTION AND FAULT TOLERANCE OF THE CC GATE
	A.. Errors before the Z2 gauging map
	B.. Insights into a Heralded S3 Decoding Strategy

	VI.. DISCUSSION AND OUTLOOK
	. ACKNOWLEDGMENTS
	. DATA AVAILABILITY
	. APPENDIX A: REVIEW OF THE S3 QUANTUM DOUBLE
	. APPENDIX B: RELATION BETWEEN KITAEV'S D(S3) MODEL AND THE QUBIT-QUTRIT MODEL
	. APPENDIX C: QUANTUM DOUBLE SURFACE CODES
	. APPENDIX D: ROUGH AND SMOOTH BOUNDARIES OF THE S3 QUANTUM DOUBLE
	. APPENDIX E: ERRORS AND SYNDROMES AFTER D(S3) STATE PREPARATION
	. APPENDIX F: CORRECTION PROCEDURES FOR S3 ERROR CORRECTION
	1.. Sequential Adaptive Circuit for C Anyons
	2.. Correction of Local Z/Z errors

	. APPENDIX G: MAGIC STATE GENERATED FROM THE PROTOCOL
	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


