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General spin models from noncollinear spin density functional theory and spin-cluster expansion
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We present a data-efficient framework for constructing general classical spin Hamiltonians by combining the
spin-cluster expansion (SCE) with fully self-consistent noncollinear spin density functional theory (DFT). The
key idea is to fit the SCE model to magnetic torques rather than to total energies. Because torques are site-
resolved vectors, each spin configuration provides many informative regression targets, improving conditioning
and substantially reducing the number of required DFT calculations, especially for large supercells. Applied to
the B20-type chiral magnets Mn1−xFexGe and Fe1−yCoyGe, the resulting SCE models determine full pairwise ex-
change tensors—including isotropic exchange, symmetric anisotropic exchange, and the Dzyaloshinskii-Moriya
interaction—and predict the helical spin period via a micromagnetic mapping. The composition trends and the
divergence of the period at the chirality sign-change point are well reproduced, in agreement with experiment.
Moreover, the systematic nature of SCE enables controlled assessment of interaction order: As the training
spin configurations become more disordered, the lowest-order model loses torque accuracy, whereas including
higher-order interactions restores predictive power. These advances enable near-DFT-accurate spin models for
finite-temperature magnetism and complex spin textures at modest computational cost, providing an extensible
route to quantitative first-principles parametrization and predictive materials design.

DOI: 10.1103/qqlf-d531

I. INTRODUCTION

Recent advances in spintronic materials and technologies
have been substantial, laying the groundwork for ultrafast,
energy-efficient devices that exploit atomic-scale magnetic
order and spin dynamics [1,2]. In parallel, first-principles
methods—especially density functional theory (DFT) [3,4]—
have become central for the understanding and design
of magnetic and spintronic materials. However, fully ab
initio treatments often reach practical limits when addressing
finite-temperature magnetism and mesoscopic spin dynamics.
Consequently, a broad class of statistical-mechanical models
that coarse grain the spin degrees of freedom has been devel-
oped [5–11]. A natural coarse graining is to map the electronic
system onto a classical spin Hamiltonian that retains only the
orientations of local magnetic moments as degrees of free-
dom. The remaining electronic degrees of freedom, including
charge and longitudinal-amplitude fluctuations, are thereby
absorbed into effective interaction parameters that reproduce
the energy of a given spin configuration.

In the immediate neighborhood of a locally stable mag-
netic configuration, a pairwise exchange-tensor model is often
sufficient:

E =
∑
i, j

∑
α,β

Jαβ
i j eiαe jβ, (1)
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where the Greek indices α, β denote Cartesian components,
eiα is the α component of the unit vector êi specifying
the moment direction at site i, and Jαβ

i j is the two-body
exchange interaction tensor between sites i and j. Such a
lowest-order description, however, can become insufficient
when one seeks a unified description over a broader set of
spin configurations, in which case higher-order terms become
necessary. For example, temperature-dependent effective two-
body isotropic terms (the Heisenberg interactions)—arising
from the renormalization of higher-order interactions—can be
important for modeling finite-temperature magnetic energet-
ics [12]. Furthermore, recent studies suggest that higher-order
interactions have an important role for the stabilization of
complex spin structures, such as chiral spin textures and
skyrmions [13–15]. Accordingly, the importance of establish-
ing quantitative methods to evaluate higher-order interactions
is increasingly pronounced.

Systematically extending Eq. (1) to include higher-order
terms in a Taylor-series fashion is challenging because the
customary basis functions are not orthogonal. This lack of
orthogonality leads to ill-conditioned regressions and, under
crystal symmetry, introduces cumbersome constraints among
model parameters. As a theoretically rigorous alternative,
Drautz and Fähnle proposed the spin-cluster expansion (SCE)
method [16,17]. Within SCE, the magnetic energy is a func-
tion of the unit vectors êi representing a spin direction at site i:

ESCE({êi}) = J0 +
∑
C

∑
l>0

∑
m

JClm�Clm({êi}), (2)

where J0 is a reference energy, C is the cluster index, JClm are
the SCE coefficients, and �Clm is a basis function formed by
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products of spherical harmonics Ylm,

�Clm({êi}) = (
√

4π )nC

nC∏
i=1

Ylimi (êi ), (3)

with nC the number of sites in cluster C and l = (l1, . . . , lnC ),
m = (m1, . . . , mnC ). Here, l > 0 is understood component-
wise, i.e., li � 1 for all sites in the cluster (not merely l �= 0).
In spherical coordinates (θ, φ),

Ylm(θ, φ) = (−1)m

√
2l + 1

4π

(l − m)!

(l + m)!
Plm(cos θ )eimφ, (4)

where Plm are the associated Legendre polynomials related to
the Legendre polynomials Pl via

Plm(x) = (1 − x2)m/2 dmPl (x)

dxm
. (5)

The set {�Clm}, together with the constant term, forms a com-
plete orthonormal basis set [16]. By increasing the maximum
degree l and the cluster size, the model can be systematically
refined to better reproduce the underlying energy landscape.

In principle, the SCE coefficients JClm can be obtained
by regressing to constrained noncollinear spin DFT total en-
ergies, as shown in earlier SCE work [18] and by analogy
with the cluster expansion for substitutional alloys [19]. In
practice, however, magnetic interactions operate on energy
scales far smaller than chemical interactions in alloys, which
demands higher precision from DFT. Moreover, whereas alloy
variables are discrete, spin orientations are continuous, so the
configuration space is vast; fits that rely only on total energies
therefore require prohibitively many samples to reproduce
the energy landscape with accuracy. A practical solution
is to augment the regression with information beyond total
energies—namely, derivatives of the total energy with respect
to spin orientations (magnetic torques). The use of derivatives
is well established elsewhere: In finite-displacement phonon
calculations, one fits DFT-computed atomic forces to build
Taylor-expanded potentials [20,21], and machine-learning in-
teratomic potentials train on both energies and forces [22]. In
magnetism, analogous strategies—fitting to magnetic torques
from noncollinear spin DFT—have been applied primarily to
some spin models [11,23–25]. Integrating these ideas into the
SCE framework yields a data-efficient and systematic route to
the derivation of general spin models.

In this work, we present an efficient and scalable SCE
framework fitting to magnetic torque data. Unlike earlier SCE
implementations [18,26,27], our approach is able to treat
spin-orbit coupling (SOC) explicitly, which breaks global
spin-rotational invariance and necessitates anisotropic terms
in spin models. This enables nonperturbative evaluation of
arbitrary anisotropic terms in the spin Hamiltonian, including
single-ion anisotropy, symmetric exchange anisotropy, and
the antisymmetric Dzyaloshinskii-Moriya interaction (DMI).
The paper is organized as follows. Section II presents the
theoretical framework: We formulate SCE using real spherical
harmonics to ensure a real-valued energy in the presence
of SOC (Sec. II A), construct symmetry-adapted basis func-
tions to enforce crystal symmetries (Sec. II B), and describe
the torque-fitting regression together with the Cartesian-
polynomial representation of real spherical harmonics used to

evaluate torque derivatives (Secs. II C and II D). Section III
applies the method to B20-type chiral magnets Mn1−xFexGe
and Fe1−yCoyGe. We first summarize the computational de-
tails (Sec. III A) and the mean-field-based sampling scheme
for generating temperature-controlled training spin configu-
rations (Sec. III B). We then describe the SCE-based spin
model and its mapping to a micromagnetic form (Sec. III C),
demonstrate the data efficiency of torque fitting (Sec. III D),
derive micromagnetic parameters and the helical period
(Sec. III E), and assess the role of higher-order interactions
using more strongly disordered configurations (Sec. III F).
Finally, Sec. IV summarizes the main findings and discusses
possible extensions. Our implementation is released as an
open-source Julia package, Magesty.jl.

II. THEORY

A. Spin-cluster expansion with real spherical harmonics

In the original implementation of SCE [16,17], complex
spherical harmonics were employed. Subsequently, Ref. [26]
ensured a real-valued energy by assuming global spin rotation
invariance (i.e., neglecting SOC) together with time-reversal
symmetry. When SOC is included, however, using complex
spherical harmonics requires explicit constraints on the SCE
coefficients to guarantee that the total energy remains real. To
avoid this bookkeeping and to simplify implementations, we
work with real spherical harmonics.

The real spherical harmonics Zlm are defined by

Zlm =

⎧⎪⎪⎨⎪⎪⎩
(−1)m√

2
(Ylm + (−1)mYlm̄), m > 0,

Yl0, m = 0,

(−1)m

i
√

2
(Yl|m| − (−1)|m|Yl|m|), m < 0,

(6)

where m̄ ≡ −m and |m| ≡ −|m|. Collecting the harmonics
for a fixed l into column vectors ordered by increasing m as
Zl ≡ (Zll̄ , . . . , Zll )T and Y l ≡ (Yll̄ , . . . ,Yll )T, [with (·)T de-
noting transpose], the transformation in Eq. (6) can be written
compactly as

Zl = Cl Y l , (7)

where Cl is a unitary matrix. An explicit form is

Cl = 1√
2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

i 0 · · · 0 · · · 0 −i(−1)l

0 i · · · 0 · · · −i(−1)l−1 0
...

...
. . .

...
...

...
...

0 0 · · · √
2 · · · 0 0

...
...

...
...

. . .
...

...

0 1 · · · 0 · · · (−1)l−1 0

1 0 · · · 0 · · · 0 (−1)l

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(8)

with construction rules given in Ref. [28].
The SCE written in terms of real spherical harmonics is

obtained by replacing the complex-harmonic basis �Clm in
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Eq. (2) as

ESCE({êi}) = J0 +
∑
C

∑
l>0

∑
m

JClm�Clm({êi}), (9)

�Clm({êi}) = (
√

4π )nC

nC∏
i=1

Zlimi (êi ). (10)

The prefactor (
√

4π )nC is chosen such that the cluster basis
functions are orthonormal with respect to the scalar product

〈�Clm|�C′l ′m′ 〉 ≡ 1

(4π )Na

∫
dê1 · · ·

∫
dêNa �Clm �C′l ′m′

= δCC′ δl l ′ δmm′ , (11)

where Na is the total number of sites and
∫

dêi denotes inte-
gration over the unit sphere [16,26].

For products over multiple sites, it is convenient to use
Kronecker products. Define the block vectors

Zl ≡
nC⊗
i=1

Zli , Y l ≡
nC⊗
i=1

Y li , (12)

and the corresponding transformation

Cl ≡
nC⊗
i=1

Cli = Cl1 ⊗ Cl2 ⊗ · · · ⊗ ClnC
. (13)

Then, the complex-to-real mapping factorizes as

Zl = ClY l . (14)

B. Construction of symmetry-adapted basis functions

A system that possesses a symmetry represented by a
group G must have an energy that is invariant under every
symmetry operation in G. In the framework of the SCE, this
invariance can be achieved by constructing symmetry-adapted
basis functions as appropriate linear combinations of original
ones (�Clm), such that they form a basis for the identity
representation of the group G. For this purpose, we apply a
group-theoretical projection-operator method. The essential
part of constructing the projection-operator method in the
context of the SCE has already been explained in Ref. [27].
The key difference from the approach in Ref. [27] is that
while they assume global spin-rotational symmetry and time-
reversal symmetry to ensure real valuedness of the model, we
do not impose the former symmetry. Instead, we employ real
spherical harmonics to ensure that the SCE model remains
real valued; although either set of spherical harmonics is
equivalent in principle, using the real form offers the practical
advantage that both the basis functions and the SCE coeffi-
cients remain strictly real in the implementation. Below, we
describe the projection-operator approach for the case using
real spherical harmonics.

We consider a paramagnetic (gray) group Ḡ0, which con-
sists of a space group G0 and the time-reversal operation T̂
as

Ḡ0 = G0 + T̂ G0, (15)

where T̂ G0 is the set formed by the product of the time-
reversal operation T̂ and the symmetry operations belonging
to the space group G0. Note that we do not impose any

symmetry of a specific magnetic order; magnetic space-group
symmetries are not considered. Magnetic space groups may
emerge when the original spin Hamiltonian is approximated
by an effective field Hamiltonian (e.g., by the mean-field
approximation), but they do not represent the fundamental
symmetry group that the original spin model is required to
obey. The projection operator of the identity irreducible rep-
resentation P̂id is defined as follows:

P̂id = 1

|Ḡ0|

⎛⎝∑
ĝ∈G0

ĝ +
∑
ĝ∈G0

T̂ ĝ

⎞⎠, (16)

where ĝ is the crystal-symmetry operation in G0 and |Ḡ0| is
the order of group Ḡ0. The desired symmetry-adapted basis
functions are eigenfunctions of the matrix represented as

〈�C′l ′m′ |P̂id|�Clm〉. (17)

We decompose ĝ into two commuting operations: (1) a per-
mutation of site labels ĝsite induced by the mapping of atomic
positions and (2) a basis rotation ĝrot acting on spherical har-
monics at fixed arguments (i.e., we rotate the basis functions
rather than the arguments êi). An example of ĝ acting on a
basis function �Clm is shown in Figs. 1(a) and 1(b). From
this example, the effect of the site mapping is clear; it merely
permutes the site indices in the basis functions. Accordingly,
in what follows we focus on how the point-symmetry (basis-
rotation) part ĝrot acts on the basis functions, and we omit the
explicit site-permutation part ĝsite for conciseness. The matrix
form of the first term in the right-hand side of Eq. (16) is
written as

1

|Ḡ0|
∑
ĝ∈G0

ĝ
.= 1

|Ḡ0|
∑
ĝ∈G0

〈�C′l ′m′ |ĝ|�Clm〉 = 1

|Ḡ0|
∑
ĝ∈G0

�l (ĝ).

(18)

Since the basis functions consist of the Kronecker product as
Eq. (12), �l (ĝ) is written as

�l (ĝ) =
nC⊗
i=1


li (ĝ), (19)

where 
li (ĝ) is the matrix representation of the symmetry
operation ĝ acting on Zli . If the point-symmetry operation part
of ĝ corresponds to a proper rotation R̂, i.e., the determinant
of the transform matrix equals 1, 
l (ĝ) can be obtained from
the Wigner D-matrix and C l in Eq. (8) as follows [28]:


lmm′ (R̂) = 〈Zlm|R̂|Zlm′ 〉
=

∑
m′′m′′′

C∗
lmm′′Clm′m′′′ 〈Ylm′′ |R̂|Ylm′′′ 〉

=
∑

m′′m′′′
C∗

lmm′′Dlm′′m′′′ (R̂)Clm′m′′′ . (20)

Therefore, �l can be expressed as

�l (R̂) = C∗
l Dl (R̂)CT

l , (21)

where Dl (R̂) is the Kronecker product of the Wigner D-
matrices in the same manner as in Eq. (19). Even for improper
rotations R̂′ (with determinant −1), the matrix representations
are obtained by noting that any R̂′ can be written as the product
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FIG. 1. Example of a symmetry operation ĝ acting on a basis function, where ĝ is a counterclockwise rotation of 90◦. The circles and
accompanying arrows represent atoms and spin directions, respectively. (a) Original function �Clm = 4πZ11̄(ê1)Z11(ê2). (b) Transformed
function ĝ�Clm = −4πZ11(ê1)Z11̄(ê3). For clarity, color images of px (corresponding to Z11) and py (corresponding to Z11̄) orbitals are also
shown.

of a corresponding proper rotation R̂ and spatial inversion Î ,
i.e., R̂′ = R̂Î = Î R̂. Because spin is an axial (pseudovector)
quantity, spatial inversion does not reverse its direction; it
merely permutes the site (cluster) indices. Hence,

Î �Clm = �C′lm, (22)

where C ′ ≡ Î (C) denotes the image of the cluster under in-
version. Therefore, the matrix representation of any improper
rotation R̂′ = R̂Î can be obtained in the same manner as for
proper rotations (up to the index permutation induced by Î).
Finally, the time-reversal operator T̂ flips the spin direction,
T̂ êi �→ −êi. Therefore,

T̂ �Clm
({êi}

) = (−1)
∑nC

i=1 li �Clm
({êi}

)
. (23)

It follows that only cluster terms with an even
∑nC

i=1 li are
T̂ even and therefore allowed as a time-reversal-invariant
function, whereas terms with an odd

∑nC
i=1 li are T̂ odd and

thus excluded [26]. Combining this with the spatial symmetry
operations, we can construct the projector onto the identity
irreducible representation. The symmetry-adapted basis func-
tions are the eigenfunctions of P̂id with eigenvalue 1 [28].
In the actual calculations, we used SPGLIB library for the
evaluation of crystal symmetry [29].

C. Estimation of SCE coefficients utilizing
local magnetic torques

We estimate the SCE coefficients using effective magnetic
torques obtained from constrained noncollinear spin DFT
[30]. The torque at atomic site i, T i, is defined as the energy

gradient on the unit sphere cast into a physical torque,

T DFT,i ≡ êi × ( − ∇êi EDFT
) = mi × Bi, (24)

where EDFT is the total energy, mi = |mi|êi is the local mag-
netic moment, and Bi is a site-averaged effective magnetic
field. At self-consistency, Bi is transverse to êi and equal
in magnitude and opposite in direction to the constraining
field [30]. Hence, both sides of −∇êi EDFT = |mi|Bi lie in the
tangent plane at êi [24]. For completeness, the gradient on the
unit sphere with respect to êi = (eix, eiy, eiz ) is

∇êi f (êi ) = ∇ f (êi ) − (êi · ∇ f (êi )) êi, (25)

∇ f (êi ) = ∂ f

∂eix
i + ∂ f

∂eiy
j + ∂ f

∂eiz
k, (26)

with i, j, k the Cartesian unit vectors.
Let J be the NI vector collecting the irreducible, symmetry-

adapted SCE coefficients (excluding J0). The SCE energy can
be written as

ESCE({êi}) = J0 + uTJ, (27)

where u = ∂ESCE({êi})/∂J is a vector function of the spin
directions. The corresponding torque is

T SCE,i = êi × ( − ∇êi ESCE
) = êi × [ − (∇êi u

T)
J
]
. (28)

Collecting all sites, this becomes the linear relation

T SCE = A J, (29)

where T SCE ∈ R3Na and A ∈ R3Na×NI has block rows

A =

⎛⎜⎜⎜⎝
−ê1 × (∇ê1 u1

) −ê1 × (∇ê1 u2
) · · · −ê1 × (∇ê1 uNI

)
−ê2 × (∇ê2 u1

) −ê2 × (∇ê2 u2
) · · · −ê2 × (∇ê2 uNI

)
...

...
. . .

...

−êNa × (∇êNa
u1

) −êNa × (∇êNa
u2

) · · · −êNa × (∇êNa
uNI

)
⎞⎟⎟⎟⎠.
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For Ndata spin configurations, we stack the site torques and design matrices:

T̃ SCE = Ã J, T̃ ≡

⎛⎜⎜⎝
T 1

T 2
...

T Ndata

⎞⎟⎟⎠, Ã ≡

⎛⎜⎜⎝
A1

A2
...

ANdata

⎞⎟⎟⎠. (30)

Identifying T̃ SCE with the DFT torques T̃ DFT, we determine J by minimizing the squared Frobenius-norm loss

L = ‖ T̃ DFT − T̃ SCE‖ 2
2 . (31)

When the system is well determined, the least-squares estimate of J is given by

J = (ÃTÃ)−1ÃTT̃ DFT. (32)

D. Real spherical harmonics represented as polynomials of Cartesian coordinates

In torque-fitting regression formalism, we must evaluate gradients of the spherical harmonics with respect to the unit vector
[cf. Eq. (28)]. Differentiation in spherical coordinates (θ, φ) is numerically ill-conditioned near the poles (sin θ → 0). To avoid
these coordinate singularities, we represent the spherical harmonics as polynomials in the Cartesian components of the unit
vector, which yields well-behaved analytic derivatives via ∂/∂ex, ∂/∂ey, and ∂/∂ez. The gradient of the complex spherical
harmonics with respect to the unit vector was already derived in Ref. [31]. Here, we present expressions for the gradients of the
real spherical harmonics in their Cartesian-polynomial form. See also Appendix A for details of the derivations.

The complex spherical harmonics Ylm for m � 0 can be written in Cartesian coordinates as follows [31]:

Ylm(êi ) = (eix + ieiy)mP̄lm(eiz ), (33)

P̄lm(eiz ) = (−1)m

√
2l + 1

4π
× (l − m)!

(l + m)!

dm

dem
iz

Pl (eiz ). (34)

For m < 0, the corresponding expressions follow from the relation Ylm̄ = (−1)|m|Y ∗
l|m|. Hereafter, we omit the arguments êi and

the spin index i when not explicitly required. From Eqs. (6), (33), and (34), we obtain the real spherical harmonics in Cartesian
coordinates as follows:

Zlm =

⎧⎪⎪⎨⎪⎪⎩
(−1)m

√
2P̄lm(ez )

∑[m/2]
k=0 (−1)k

(m
2k

)
em−2k

x e2k
y , m > 0,

P̄l0(ez ), m = 0,

(−1)m
√

2P̄l|m|(ez )
∑[(|m|−1)/2]

k=0 (−1)k
( |m|

2k+1

)
e|m|−(2k+1)

x e2k+1
y , m < 0,

(35)

where [x] denotes the floor function (i.e., the largest integer
less than or equal to x) and

(m
k

)
is the binomial coefficient.

The gradient of the real spherical harmonics with respect
to the unit vector ê can be derived using Eqs. (25) and (26) as
follows:

∇êZlm(ê) = ∇Zlm(ê) − (ê · ∇Zlm(ê))ê, (36)

∇Zlm(ê) = ∂Zlm

∂ex
i + ∂Zlm

∂ey
j + ∂Zlm

∂ez
k. (37)

The partial derivatives ∂Zlm/∂eα (α ∈ x, y, z) for m > 0 are
given by

∂Zlm

∂ex
= (−1)m

√
2mP̄lm(ez )

[(m−1)/2]∑
k=0

(−1)k

(
m − 1

2k

)
× em−1−2k

x e2k
y , (38)

∂Zlm

∂ey
= −∂Zlm̄

∂ex
, (39)

∂Zlm

∂ez
= (−1)m

√
2

(
dP̄lm(ez )

dez

) [m/2]∑
k=0

(−1)k

(
m

2k

)
em−2k

x e2k
y .

(40)

For m = 0,

∂Zl0

∂ex
= ∂Zl0

∂ey
= 0, (41)

∂Zl0

∂ez
= dP̄l0(ez )

dez
. (42)

For m < 0,

∂Zlm

∂ex
= (−1)m

√
2|m|P̄l|m|(ez )

[(|m|−2)/2]∑
k=0

(−1)k

×
(|m| − 1

2k + 1

)
e|m|−2−2k

x e2k+1
y , (43)

∂Zlm

∂ey
= ∂Zl|m|

∂ex
, (44)
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∂Zlm

∂ez
= (−1)m

√
2

(
dP̄l|m|(ez )

dez

) [(|m|−1)/2]∑
k=0

(−1)k

×
( |m|

2k + 1

)
e|m|−2k−1

x e2k+1
y . (45)

We adopt the convention that whenever the upper limit of a
summation is smaller than the lower limit, the sum is taken
to be empty and hence evaluates to zero. In particular, in
Eq. (43) the upper limit �(|m| − 2)/2� is negative for |m| = 1,
so the sum vanishes and ∂Zl 1̄/∂ex = 0. Based on the above
expressions, we can evaluate the gradients of the SCE basis
functions for a given spin configuration.

III. APPLICATION

B20-type chiral magnetic compounds Mn1−xFexGe and
Fe1−yCoyGe exhibit helical spin structures [32–42]. These
compounds have a moderate SOC strength, making them suit-
able test beds for developing DFT-based methods to evaluate
the DMI [43–46]. Here, we apply the SCE method to the
B20-type compounds and examine the applicability via the
evaluation of exchange interactions, DMI, and helical spin
period.

A. Computational details

For the constrained noncollinear spin DFT calculations, we
used the VASP package [47,48] with the projector augmented-
wave method [49] and the generalized-gradient approximation
functional of Perdew, Burke, and Ernzerhof [50]. The con-
strained local-moment approach [30] was employed to fix the
directions of the atomic magnetic moments, while allowing
their magnitudes to relax. Spin-orbit coupling was included
self-consistently. The electronic energy-convergence thresh-
old was set to 10−7 eV/atom. A plane-wave cutoff energy of
300 eV and a 5 × 5 × 5 k-point grid were used for a 2 × 2 × 2
cubic supercell (64 atoms). The lattice constant and internal
atomic positions were taken from the experimental values of
FeGe reported in Ref. [33]. Atomic radii of 1.242 Å for Fe and
1.161 Å for Ge were used for the constrained local-moment
calculations. We used a 2 × 2 × 2 cubic supercell including
64 atoms with experimental structural parameters of FeGe
[33] and constructed an SCE model using spin configurations
sampled from states close to the ferromagnetic state, follow-
ing the sampling procedure described in Sec. III B. For the
composition-dependent micromagnetic parameters discussed
in Sec. III E, we emulated changes in chemical composition
by electron and hole doping, while keeping the structural pa-
rameters fixed to those of FeGe. Note that the SCE coefficients
obtained from a finite supercell are subject to finite-size ef-
fects. In a finite supercell with periodic boundary conditions,
these parameters do not represent interactions between iso-
lated individual sites, but rather effective interactions defined
for sites i and j under periodic repetition. These finite-size
effects decrease as the supercell size increases.

We also comment on the relaxation of the moment mag-
nitudes in constrained noncollinear spin DFT calculations.
In classical spin models, including the SCE model, êi is
not necessarily interpreted as a local magnetic moment of

fixed magnitude, but rather as a dimensionless unit vector
representing the orientation of the local magnetic moment.
From this perspective, just as the total energy is treated as a
function of êi, the magnitude of the local magnetic moment
may also be regarded as a dependent variable determined by
{êi} [16]. The energy change arising from variations in the
moment magnitudes can then be effectively incorporated into
SCE coefficients.

B. Sampling method based on the mean-field approximation

Constructing an SCE model requires sampling spin config-
urations that adequately span the magnetic states of interest.
In general, building a model that reproduces energies across
arbitrary magnetic states with high accuracy within a realistic
computational budget will demand sophisticated strategies,
which we defer to future work. In the applications presented
below, we instead assume that the relevant magnetic states
are known a priori. For this setting, we employ a practical
mean-field-based sampling scheme for the Heisenberg model
that efficiently generates spin configurations representative of
the target states [12,51,52]. Within the mean-field Heisenberg
model, the single-site orientational probability density P(êi )
takes the von Mises-Fisher form,

P(êi ) = 3m/τ

4π sinh(3m/τ )
exp

(
3m · êi

τ

)
, (46)

where m = 〈ê〉 = mê (0 � m � 1) is the site-independent
thermal average of the spin and τ = T/T MFA

c is a reduced
temperature (T is the temperature and T MFA

c is the mean-field
critical temperature). The parameters m and τ are self-
consistently related; fixing one automatically determines the
other. Therefore, by choosing τ , one can sample êi from this
distribution to generate spin configurations representative of
the target magnetic disorder within the mean-field approxi-
mation. Please refer to Ref. [12] for the derivation and further
details. In this study, we used τ = 0.1 for demonstrating data
efficiency (Sec. III D) and for deriving micromagnetic param-
eters (Sec. III E), while τ = 0.3 was additionally employed
to evaluate higher-order interaction terms (Sec. III F). All
constrained noncollinear spin DFT calculations for the spin
configurations generated according to the sampling procedure
described above converged successfully.

C. Spin-cluster expansion and micromagnetic models

For the SCE model, we first consider the constant term and
two-body interactions with the lowest l index as

ESCE = J0 +
∑
i, j

lmax=1∑
li,l j=1

li∑
mi=−li

l j∑
mj=−l j

Ji jlmZlimi (êi )Zlj mj (ê j ).

(47)

The sum
∑

i, j runs over all ordered pairs with i �= j (self-
terms are excluded), and each pair is counted twice. We
included all possible two-body pairs (Fe-Fe, Fe-Ge, and Ge-
Ge). While the Ge moment is largely induced and therefore
small, including Ge-related pairs avoids imposing an a priori
truncation and lets their contributions be assessed quanti-
tatively. By constructing symmetry-adapted basis functions,
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the number of independent SCE coefficients excluding the
constant term resulted in 196. This SCE model is equivalent to
the generalized Heisenberg model consisting of the isotropic
exchange term, DMI, and anisotropic symmetric interaction
term as

E = −
∑
i, j

Ji j êi · ê j +
∑
i, j

Di j · (êi × ê j ) +
∑
i, j

êT
i �i j ê j,

(48)

where Ji j is the isotropic exchange parameter, Di j is the DMI
vector, and �i j is the anisotropic symmetric interaction matrix
with conditions �i j = �T

i j and tr[�i j] = 0. The conversion
rule from SCE coefficients to Ji j , Di j , and �i j is explained
in Appendix B.

We make a few remarks on the spin-model parame-
ters. In our formalism, symmetry-adapted on-site (one-body)
anisotropic terms can also be included. Although the B20-
type structure considered here is macroscopically cubic, the
local symmetry at each atomic site is lower than cubic,
so a uniaxial anisotropy term, corresponding to the l = 2
spherical-harmonic components, can in principle appear. We
therefore performed additional fittings including this on-site
term for all compositions. However, we confirmed that both
the on-site term itself and its inclusion have only negligi-
ble effects on the other SCE coefficients and the resulting
micromagnetic parameters A, D, and λ, which are defined
below. We therefore neglected the on-site term in the present
study. In addition, the symmetry-adapted basis functions are
automatically consistent with Moriya rules [53]. For example,
in B20-type FeGe, the DMI vectors for the Fe-Fe and Ge-Ge
bonds oriented along the [111] direction are constrained by
the threefold rotation symmetry to be parallel or antiparallel
to the rotation axis.

Following Refs. [44–46,54], we employ a micromagnetic
energy functional derived from Eq. (48) together with the B20
crystal geometry. Exploiting the cubic symmetry of the B20
structure, the energy functional can be written as [54]

E [m(r)] = 1

V

∫
V

dr [A((∇mx )2 + (∇my)2 + (∇mz )2)

+ D m · (∇ × m)], (49)

where m(r) = (mx(r), my(r), mz(r)) is the normalized magne-
tization field, A is the spin-stiffness constant, and D is the
spiralization constant; under cubic symmetry, the anisotropic
symmetric exchange term does not contribute to the micro-
magnetic parameters. The parameters A and D are calculated
as [46]

A = 1

2

∑
i, j

Ji jRi j · Ri j, (50)

D =
∑
i, j

Di j · Ri j, (51)

where Ri j = R j − Ri is the relative vector between atoms i
and j. The helical period λ then follows as

λ = 4π |A/D|. (52)

The sign of D does not affect λ but sets the handedness (right
or left handed) of the helix [36]. In the exchange-DMI-only

(a)

(b)

FIG. 2. Comparison of the convergence with respect to the
number of DFT data points Ndata for energy-fitting (black) and
torque-fitting (red) regression. Panels (a) and (b) show the first-
nearest-neighbor Fe-Fe exchange coupling J01 and the magnitude of
the DMI vector |D01|, respectively. The insets enlarge the torque-
fitting regression results for Ndata � 100.

model, λ diverges as D → 0, corresponding to the ferromag-
netic limit.

Note that the evaluation of the micromagnetic parameters
A and D in Eqs. (50) and (51) explicitly depends on the
intersite distance Ri j . This point is closely related to the
finite-size effects discussed in Sec. III A, since in a finite
supercell the interactions are effectively renormalized under
periodic boundary conditions. Therefore, a 1 × 1 × 1 cell is
not sufficient for their proper evaluation, because the renor-
malized interactions in such a cell do not retain the distance
dependence required in these expressions.

D. Data efficiency of the regression scheme

We first demonstrate that torque-fitting regression re-
duces the number of required DFT data points. Figure 2
plots the convergence of the first-nearest-neighbor Fe-Fe ex-
change coupling J01 and the magnitude of the DMI vector
|D01| versus the number of DFT data points for the torque-
fitting and energy-fitting approaches. In the conventional
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energy-fitting regression, both parameters begin to stabilize
around Ndata = 196, which is the number of independent pa-
rameters in the SCE model. In contrast, the torque-fitting
regression requires far fewer DFT data points for parameter
convergence, because each configuration supplies 3Na torque
components (the x, y, and z components on each atom) rather
than a single scalar energy. A simple counting argument there-
fore suggests a potential reduction in the required number
of configurations by a factor on the order of 3Na relative
to energy fitting (i.e., ∼1/192 for the present system with
Na = 64), although the practical gain depends on correla-
tions among torque components, symmetry constraints, and
the resulting conditioning of the design matrix. Consistently,
we observe that convergence is achieved with only a small
number of data points. Collectively, these reductions make the
SCE model practical and data-efficient when parametrized via
torque-fitting regression. As the supercell size grows (and thus
Na increases), the relative efficiency over the energy-fitting ap-
proach becomes even more pronounced, making torque-fitting
parametrization especially advantageous for larger supercells.

We comment on a small discrepancy, approximately
0.6 meV, between the converged values obtained by energy
fitting and torque fitting in Fe-Fe J01 [Fig. 2(a)]. A possible
origin of the discrepancy is the difference in how contributions
from the interstitial region enter the spin-model parameters.
In the present torque fitting, we define the local magnetic
moments in terms of atomic spheres containing most of the
magnetization density and use the torques acting on them in
the fitting. In the energy fitting, the local magnetic moments
are defined in the same way, but the energy contributions
from the interstitial region outside those atomic spheres are
also reflected in the resulting spin-model parameters. Thus,
the difference is not so much a matter of one approach being
superior to the other, but rather a consequence of a difference
in viewpoint regarding how local magnetic moments and the
torques acting on them are defined.

E. Evaluation of micromagnetic parameters

Figures 3(a)–3(c) show the composition dependence of A,
D, and λ, respectively. The number of data Ndata is set to
100. For the spin-stiffness constant A [Fig. 3(a)], we find
sizable deviations from previous theoretical studies [44,46]
across the composition range of Mn1−xFexGe. Given that
the experimental magnetic transition temperatures of FeGe
and MnGe are ≈280 K [33] and ≈170 K [34], respectively,
and that within mean-field theory the critical temperature is
proportional to A, the results of Grytsiuk et al. [46] capture
the expected trend (they evaluated spin-model parameters by
a perturbative approach), whereas our data exhibit the oppo-
site tendency. A likely origin is the limited simulation cell
used here (the 2 × 2 × 2 supercell). Indeed, Ref. [13] reports
that the nearest-neighbor Ji j between Mn atoms in MnGe
is roughly twice as large as the nearest-neighbor Fe-Fe Ji j

in FeGe; nevertheless, the smaller transition temperature of
MnGe can be understood as arising from contributions of
longer-range Ji j . However, within the SCE framework this
discrepancy can be systematically reduced by increasing the
supercell size; the remaining choice becomes a trade-off be-
tween computational cost and accuracy.

Regarding the parameter D [Fig. 3(b)], its composition de-
pendence agrees well with previous theoretical studies. In par-
ticular, we find the sign change of D around x(Fe) ≈ 0.6–0.7
and y(Co) ≈ 0.6. As noted above, the helical period λ di-
verges at compositions where D = 0. Figure 3(c) compares λ

calculated from A and D as Eq. (52) with experimental results.
Experiments likewise show a divergence near x(Fe) ≈ 0.8
and y(Co) ≈ 0.5; aside from modest offsets, the overall trends
are consistent. These offsets are reasonable in light of our
computational setup—varying the electron number only while
fixing the structural parameters—and fall within the expected
uncertainty. In Appendix C, we discuss the convergence of A,
D, and λ for FeGe and Mn0.35Fe0.65Ge, the latter correspond-
ing to the composition at which λ diverges. We also present in
Appendix D the composition dependences of λ and the
magnetic transition temperature obtained within the mean-
field approximation following Ref. [13], which confirms
that the spin-spiral state is stabilized also at the mean-field
level. Overall, although finite-size effects associated with the
supercell used here are present, our calculations indicate that
the SCE framework attains systematically improved accuracy
as the cell size is increased. In the following, we evaluate
the impact of spin fluctuations—a representative temperature
effect—where the advantages of SCE become particularly
pronounced.

F. Higher-order interactions for thermally disordered states

Whether a spin model can accurately capture the impact of
thermal magnetic disorder is a key requirement for quantita-
tive modeling. Following the τ = 0.1 results presented above,
we increase the reduced temperature to τ = 0.3, sample 100
spin configurations, and construct the corresponding SCE
model. We also construct an SCE model with the expansion
cutoff in Eq. (47) raised from lmax = 1 to lmax = 2 as

ESCE = J0 +
∑
i, j

lmax=2∑
li,l j=1

li∑
mi=−li

l j∑
mj=−l j

Ji jlmZlimi (êi )Zlj mj (ê j ),

(53)

which, in conventional spin-model language, is equivalent to

E = −
∑
i, j

Ji j êi · ê j +
∑
i, j

Di j · (êi × ê j )

+
∑
i, j

êT
i �i j ê j +

∑
i, j

Bi j (êi · ê j )
2 + H (4)

aniso, (54)

where Bi j is the isotropic biquadratic interaction parameter
and H (4)

aniso collects SOC-induced quartic anisotropic two-spin
interactions.

The blue and gray points in Fig. 4(a) compare DFT torques
with those from the lmax = 1 SCE model at τ = 0.1 and
τ = 0.3, respectively, with all other settings identical, thereby
isolating the effect of increased magnetic disorder. At τ =
0.1, the lmax = 1 SCE reproduces the DFT torques closely,
whereas its predictive accuracy becomes less accurate at
τ = 0.3. These trends indicate that truncation at lmax = 1 is
valid at very low temperatures but insufficient at elevated
temperatures. In contrast, at τ = 0.3, extending the SCE to
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FIG. 3. (a) Spin-stiffness constant A, (b) spiralization constant D, and (c) helical spin period λ in Mn1−xFexGe and Fe1−yCoyGe. The two
red dashed lines indicate the compositions at which λ diverges in this study. Results from previous theoretical works by Gayles et al. [43],
Kikuchi et al. [44], Grytsiuk et al. [46], and Koretsune et al. [45] as well as experimental works by Grigoriev et al. [36], Turgut et al. [41],
Spencer et al. [40], and Guang et al. [42] are also presented for comparison.

lmax = 2 substantially improves the torque prediction accu-
racy relative to lmax = 1. We attribute the reduced lmax = 1
accuracy at τ = 0.3 to the larger spread in the magnetic mo-
ment magnitude of Fe, |mFe|, as discussed below.

Figure 4(b) shows histograms of the Fe magnetic-moment
magnitude, |mFe|, at τ = 0.1 and τ = 0.3 (the Ge moments
are negligible compared with those of Fe and are therefore
omitted). The τ = 0.3 distribution is visibly broader than
at τ = 0.1, indicating larger dispersion in |mFe|. This broad
variance in |mFe| is strongly correlated with local magnetic
disordering. To quantify short-range order among Fe-Fe pairs,
we define for each Fe site i the average relative angle to its

first-nearest Fe neighbors,

〈θi〉 = 1

N1NN(i)

∑
j∈1NN(i)

arccos(êi · ê j ), (55)

where 1NN(i) is the set of first-nearest Fe neighbors of site
i and N1NN(i) is the number of Fe atoms in the set 1NN(i).
Figure 4(c) clearly shows that larger 〈θi〉 leads to the shrink-
age of |mFe|; i.e., |mFe| strongly depends on local magnetic
order. Figure 4(d) presents the τ = 0.3, lmax = 1 parity plot
with points color coded by the deviation from the modal
Fe-moment magnitude at τ = 0.3, |mFe| − |mFe|mode. Taken
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FIG. 4. (a) Parity plot of site-resolved torque components: The horizontal axis shows TDFT,iα and the vertical axis shows TSCE,iα , where
α ∈ {x, y, z}. (b) Histogram of Fe-moment magnitude |mFe| at τ = 0.1 (blue) and τ = 0.3 (orange); bin width 0.01 μB. (c) |mFe| as a function
of 〈θi〉 defined in Eq. (55). (d), (e) Parity plots of Fe torques at τ = 0.3 for lmax = 1 and lmax = 2, respectively [same axis definitions as in
panel (a)]. In panels (d) and (e), points are color coded by the deviation from the mode of Fe-moment distribution, |mFe| − |mFe|mode with
|mFe|mode = 1.265μB.

together, these results indicate that the degradation of the
lmax = 1 SCE torque predictions with increasing τ stems from
its inability to capture the temperature-dependent spread in
local-moment magnitudes |mFe| induced by magnetic dis-
ordering. Moreover, the improvement of torque predictive
accuracy by including higher-order interactions can be un-
derstood intuitively from Fig. 4(c); these terms provide the
nonlinear angular dependence needed to reproduce the en-
ergy and torque for configurations with large relative spin
angles, which cannot be captured by the low-order lmax = 1
model. Indeed, the torques on atoms with strongly shrunk
local moments—poorly captured by the lmax = 1 model
[Fig. 4(d)]—are reproduced much more accurately by the
lmax = 2 SCE model [Fig. 4(e)].

Experimentally, while the helical period λ of FeGe exhibits
only weak temperature dependence from a quite low temper-
ature to the critical temperature, the spin-stiffness constant
A decreases with increasing temperature [39]. Clearly, this
implies that an exchange-DMI-only model, with parameters
determined at a single temperature, is insufficient to quantita-
tively describe magnetic order over a broad temperature range.
To address this issue, two approaches can be considered: (1)
employ a temperature-dependent exchange-DMI-only model
or (2) construct a spin model that includes higher-order in-
teractions capable of describing a broader temperature range
(i.e., a broader spin configuration space). However, as we
have shown, the lmax = 1 SCE model cannot adequately

renormalize the effects of fluctuations in the local-moment
magnitude |mFe|; thus, option (2) is the more appropriate route
for capturing magnetism across a wide temperature range. In
this context, the advantages of SCE become particularly pro-
nounced: By tuning the model capacity—e.g., increasing lmax

and/or the set of included clusters—one can systematically
build quantitative spin models. In practice, care must be taken
to monitor and mitigate overfitting during model selection.

Finally, we note a conceptual distinction from approaches
based on the magnetic force theorem [55,56]. Whereas MFT
extracts interaction parameters from the change in single-
particle energy induced by infinitesimal spin rotations about
a chosen reference state within a frozen potential, the SCE
method samples finite spin rotations and fits quantities ob-
tained from fully self-consistent DFT calculations, thereby
reflecting the total DFT energy. Therefore, provided that
finite-size effects are adequately controlled, SCE offers a
complementary self-consistent route to estimating higher-
order couplings, especially in regimes where finite rotations
or longitudinal fluctuations are relevant.

IV. CONCLUSION

We have proposed a supercell-based framework for
evaluating magnetic interactions of arbitrary form within
SCE. In this approach, diverse spin configurations and their
site-resolved magnetic torques are computed by constrained
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noncollinear spin DFT and used as training data, enabling a
highly efficient torque-fitting regression for the SCE model.
We applied this framework to representative chiral magnet
systems, B20-type FeGe and its variants Mn1−xFexGe and
Fe1−yCoyGe. The computed spiralization constant D agrees
with other theoretical studies, and the compositions where
the helical period diverges are also correctly reproduced.
As a distinctive strength of SCE, we have demonstrated
the importance of higher-order interactions in moderately
disordered magnetic states of FeGe. At elevated temperature,
the Fe magnetic moments exhibit a wide variance around the
modal value. As a result, the lowest-order truncation fails
to maintain torque predictive accuracy, whereas including
higher-order terms restores agreement. The variance of
the local moment strongly depends on the local magnetic
disorder (i.e., relative spin angles between nearest-neighbor
spins), and higher-order interactions play a compensating role
when these relative angles become large. Thus, although the
SCE model does not include an explicit degree of freedom
for the moment magnitude, spin-configuration-dependent
changes in the moment length are implicitly captured through
higher-order interactions.

A variety of extensions of the SCE framework are
conceivable. In this work, we preselected a magnetic state
of interest and sampled spin configurations in its vicinity;
however, because the SCE basis is complete and orthogonal,
it can—within the regime where the mapping from spin
configuration to energy is single valued—represent the
energies of arbitrary magnetic states. When combined
with strategies that efficiently sample a broad manifold of
configurations, this should enable quantitative descriptions
over wide temperature ranges and high-fidelity predictions of
more complex magnetic textures. While the use of supercells
increases computational cost, it also enables direct treatments
of atomic displacements. Since spin and lattice degrees of
freedom can couple strongly (e.g., via lattice vibrations
[57–61] and magnetoelastic effects [62–64]), a supercell
approach that explicitly displaces atoms offers a route to
computing spin-lattice coupling with higher accuracy.
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APPENDIX A: REAL SPHERICAL HARMONICS
IN CARTESIAN COORDINATES

Here, we summarize the derivation of the Cartesian forms
of the real spherical harmonics and their derivatives. The real
spherical harmonics Zlm are defined in terms of the complex
Ylm as

Zlm =

⎧⎪⎪⎨⎪⎪⎩
(−1)m√

2
(Ylm + (−1)mYlm̄), m > 0,

Yl0, m = 0,

(−1)m

i
√

2
(Yl|m| − (−1)|m|Yl|m|), m < 0,

(A1)

and the Cartesian form of the complex spherical harmonics
Ylm for m � 0 is [31]

Ylm(êi ) = (eix + ieiy)mP̄lm(eiz ), (A2)

P̄lm(eiz ) = (−1)m

√
2l + 1

4π
× (l − m)!

(l + m)!

dm

dem
iz

Pl (eiz ), (A3)

where m̄ ≡ −m and |m| ≡ −|m|. For m < 0, the correspond-
ing expressions follow from the relation Ylm̄ = (−1)|m|Y ∗

l|m|.
For m > 0, suppressing the site index and writing

(ex, ey, ez ) for the Cartesian components,

Zlm = (−1)m

√
2

(Ylm + (−1)mYlm̄) = (−1)m

√
2

(Ylm + Ylm
∗)

= (−1)m

√
2

P̄lm(ez ){(ex + iey)m + (ex − iey)m}

= (−1)m

√
2

P̄lm(ez )
m∑

k=0

(
m

k

)
em−k

x ek
y (ik + (−i)k )

= (−1)m
√

2P̄lm(ez )
[m/2]∑
k=0

(−1)k

(
m

2k

)
em−2k

x e2k
y , (A4)

where [x] denotes the floor function (i.e., the largest integer
less than or equal to x) and

(m
k

)
is the binomial coefficient.

Similarly, for m < 0,

Zlm = (−1)m

i
√

2
(Yl|m| − (−1)|m|Yl|m|)

= (−1)m

i
√

2
(Yl|m| − Y ∗

l|m|)

= (−1)m
√

2P̄l|m|(ez )
[(|m|−1)/2]∑

k=0

(−1)k

×
( |m|

2k + 1

)
e|m|−(2k+1)

x e2k+1
y . (A5)

For m = 0,

Zl0 = Yl0 = P̄l0(ez ). (A6)

In the above derivations, we used the identities

ik + (−i)k =
{

0, if k is odd,

2(−1)k/2, if k is even,
(A7)

ik − (−i)k =
{

2i(−1)(k+1)/2, if k is odd,

0, if k is even.
(A8)
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The Cartesian derivatives then follow directly. For m > 0,
∂Zlm

∂ex
= (−1)m

√
2

(
∂Ylm

∂ex
+ ∂Y ∗

lm

∂ex

)
= (−1)m

√
2

P̄lm(ez )[m(ex + iey)m−1 + m(ex − iey)m−1]

= (−1)m

√
2

mP̄lm(ez )
m−1∑
k=0

(
m − 1

k

)
em−1−k

x ek
y (ik + (−i)k )

= (−1)m
√

2mP̄lm(ez )
[(m−1)/2]∑

k=0

(−1)k

(
m − 1

2k

)
× em−1−2k

x e2k
y , (A9)

∂Zlm

∂ey
= (−1)m

√
2

(
∂Ylm

∂ey
+ ∂Y ∗

lm

∂ey

)
= (−1)m

√
2

P̄lm(ez )[im(ex + iey)m−1 − im(ex − iey)m−1]

= (−1)m

√
2

imP̄lm(ez )
m−1∑
k=0

(
m − 1

k

)
em−1−k

x ek
y (ik − (−i)k )

= (−1)m+1
√

2mP̄lm(ez )
[(m−2)/2]∑

k=0

(−1)k

(
m − 1

2k + 1

)
× em−2−2k

x e2k+1
y , (A10)

∂Zlm

∂ez
= (−1)m

√
2

(
dP̄lm(ez )

dez

) [m/2]∑
k=0

(−1)k

(
m

2k

)
em−2k

x e2k
y .

(A11)

For m = 0,
∂Zl0

∂ex
= 0, (A12)

∂Zl0

∂ey
= 0, (A13)

∂Zl0

∂ez
= dP̄l0(ez )

dez
. (A14)

For m < 0,

∂Zlm

∂ex
= (−1)m

i
√

2

(
∂Yl|m|
∂ex

− ∂Yl|m|
∂ex

)
= (−1)m

i
√

2
P̄l|m|(ez )[|m|(ex + iey)|m|−1

− |m|(ex − iey)|m|−1]

= (−1)m

i
√

2
|m|P̄l|m|(ez )

|m|−1∑
k=0

(|m| − 1

k

)
e|m|−1−k

x ek
y (ik − (−i)k )

= (−1)m
√

2|m|P̄l|m|(ez )
[(|m|−2)/2]∑

k=0

(−1)k

(|m| − 1

2k + 1

)
e|m|−2−2k

x e2k+1
y , (A15)

∂Zlm

∂ey
= (−1)m

i
√

2

(
∂Yl|m|
∂ey

− ∂Yl|m|
∂ey

)

= (−1)m

√
2

|m|P̄l|m|(ez )
|m|−1∑
k=0

(|m| − 1

k

)
× e|m|−1−k

x ek
y (ik + (−i)k )

= (−1)m
√

2|m|P̄l|m|(ez )
[(|m|−1)/2]∑

k=0

(−1)k

(|m| − 1

2k

)
× e|m|−1−2k

x e2k
y , (A16)

∂Zlm

∂ez
= (−1)m

√
2

(
dP̄l|m|(ez )

dez

) [(|m|−1)/2]∑
k=0

(−1)k

×
( |m|

2k + 1

)
e|m|−2k−1

x e2k+1
y . (A17)

APPENDIX B: CONVERSION FROM THE SCE MODEL
TO A CONVENTIONAL SPIN MODEL

For the l = 1 sector, we relabel the real spherical har-
monics by Cartesian indices via Z1x ≡ Z11, Z1y ≡ Z11̄, and
Z1z ≡ Z10, and define Z1(êi ) ≡ (Z1x(êi ), Z1y(êi ), Z1z(êi ))T.
Using √

4π/3 Z1(êi ) = êi,

the two-body l = 1 contribution of the SCE energy can be
written as

E (2)
l=1 = 4π

∑
i, j

Z1(êi )
T J(1)

i j Z1(ê j ) (B1)

= 3
∑
i, j

êT
i J(1)

i j ê j ≡
∑
i, j

êT
i Ji j ê j, (B2)

with the identification

Ji j = 3 J(1)
i j , J(1)

i j = (
J (1)

i j,μν

)
μ,ν∈{x,y,z}. (B3)

Thus, the conventional exchange tensor Ji j is obtained
directly from the l = 1 block of the SCE coefficients.
Decomposing Ji j into isotropic, symmetric traceless, and an-
tisymmetric parts gives

Ji j = − 1
3 tr Ji j, (B4)

�i j = 1
2

(
Ji j + J T

i j

) + Ji j I, (B5)

Wi j = 1

2

(
Ji j − J T

i j

)
, (B6)

where I is the identity matrix. The antisymmetric exchange
Wi j is in one-to-one correspondence with the DMI vector Di j .
At the component level,

Wαβ
i j =

∑
γ

εαβγ Dγ

i j, (B7)

Dγ
i j = 1

2

∑
αβ

εαβγ Wαβ
i j , (B8)
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where εαβγ is the Levi-Civita symbol. Combining with Wi j =
1
2 (Ji j − J T

i j ), we obtain

Dγ

i j = 1

4

∑
αβ

εαβγ

(
J αβ

i j − J βα
i j

)
. (B9)

In matrix form, Eq. (B7) is equivalent to

Wi j =

⎛⎜⎜⎝
0 Dz

i j − Dy
i j

− Dz
i j 0 Dx

i j

Dy
i j − Dx

i j 0

⎞⎟⎟⎠. (B10)

Moreover, for any vectors a, b one has the identity

aT Wi j b = Di j · (a × b), (B11)

which makes the equivalence of the antisymmetric exchange
term êT

i Wi j ê j and the DMI form Di j · (êi × ê j ) explicit.

APPENDIX C: CONVERGENCE OF MICROMAGNETIC
PARAMETERS

We show the convergence of the micromagnetic parameters
with respect to the cutoff of the magnetic interactions in FeGe
and Mn0.35Fe0.65Ge, the latter corresponding to the compo-
sition at which the helical spin period λ diverges. Here, in
evaluating the spin-stiffness constant A and the spiralization
constant D defined in Eqs. (50) and (51), we vary the cutoff of
the interactions included in the summation and plot the result-
ing A and D in Fig. 5. For A, we find that the convergence is
relatively poor for Mn0.35Fe0.65Ge because of the contribution
from long-range Ji j , whereas it is reasonably good for FeGe.
This is likely related to the point discussed in Sec. III E: Ref-
erence [13] reported that, in MnGe, long-range pairwise Ji j

interactions make a significant contribution to A. Therefore,
the present result suggests that highly accurate calculations
for Mn-containing systems require larger supercells, which
remains an important subject for future work.

APPENDIX D: MEAN-FIELD ANALYSIS

In Sec. III E, we evaluated the helical spin period λ via
the mapping to the micromagnetic model. Here, we perform
a mean-field analysis to evaluate the helical spin period λ, as
an alternative approach. The analysis method employed here
is based on Ref. [13]; in that work, the magnetic free energies
of MnGe and FeGe were analyzed using a spin model derived
from the Curie-Weiss paramagnetic state. In contrast, here we
use spin-model parameters derived from sampling near the
ferromagnetic state (τ = 0.1). Below, we first summarize the
mean-field analysis method following Ref. [13].

The classical spin model considered here is given by

E = −
∑
R,R′

∑
μν

êT
RμJμν (R′ − R)êR′ν, (D1)

where J represents the exchange coupling tensor defined in
Appendix B, R is a Bravais lattice cell vector, and μ, ν(=
1, . . . , nsub) are sublattice indices. The exchange coupling
tensor J satisfies the following symmetry relations:

Jμν (−�) = J T
νμ(�), � = R′ − R. (D2)

FIG. 5. Convergence of the micromagnetic parameters (a) A and
(b) D with respect to the cutoff distance for the magnetic interactions
in FeGe and Mn0.35Fe0.65Ge.

We introduce the local order parameter

mRμ = 〈êRμ〉 (D3)

and decompose the spin direction into its mean value and
fluctuation,

êRμ = mRμ + δêRμ. (D4)

For one interaction term, with � = R′ − R,

êT
RμJμν (�)êR′ν = (mRμ + δêRμ)TJμν (�)(mR′ν + δêR′ν )

(D5)

= mT
RμJμν (�)mR′ν + δêT

RμJμν (�)mR′ν

+ mT
RμJμν (�)δêR′ν + δêT

RμJμν (�)δêR′ν .

(D6)

In the mean-field approximation, the last term, which con-
tains correlations between fluctuations on different sites, is
neglected. Therefore,

êT
RμJμν (�)êR′ν � êT

RμJμν (�)mR′ν + mT
RμJμν (�)êR′ν

− mT
RμJμν (�)mR′ν . (D7)

Using the symmetry condition in Eq. (D2), the two linear
terms give identical contributions after summation over all
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FIG. 6. Spin-spiral period λ evaluated for the spin model de-
rived in Sec. III E using the mean-field approximation (green circles)
and the micromagnetic model (red diamonds) for Mn1−xFexGe and
Fe1−yCoyGe.

pairs. Thus, the mean-field Hamiltonian becomes

EMF = −2
∑
Rμ

hMF
Rμ · êRμ +

∑
R,R′

∑
μν

mT
RμJμν (R′ − R)mR′ν,

(D8)
where

hMF
Rμ =

∑
R′ν

Jμν (R′ − R)mR′ν . (D9)

The single-site partition function is given by

ZRμ =
∫

d�Rμ exp
(
2βhMF

Rμ · êRμ

) = 2π

βhMF
Rμ

sinh
(
2βhMF

Rμ

)
.

(D10)
This gives

mRμ = 1

ZRμ

∫
d�RμêRμ exp

(
2βhMF

Rμ · êRμ

)
=

(
coth(2βhMF

Rμ ) − 1

2βhMF
Rμ

)
ĥ

MF
Rμ , ĥ

MF
Rμ = hMF

Rμ

hMF
Rμ

.

(D11)

Note that Eq. (D11) is a self-consistent equation for the order
parameter mRμ, since hMF

Rμ depends on mR′ν via Eq. (D9).
Near the magnetic transition temperature, the magnitude of

the order parameter is sufficiently small. Therefore, Eq. (D11)
can be expanded with respect to

xRμ = 2βhMF
Rμ . (D12)

Using the Taylor expansion of the Langevin function,

L(x) = coth x − 1

x
= x

3
− x3

45
+ O(x5), (D13)

we obtain, to the leading order,

mRμ = 2β

3
hMF

Rμ + O(|m|3). (D14)

Substituting Eq. (D9) into Eq. (D14) gives the linearized
mean-field equation

mRμ = 2β

3

∑
R′ν

Jμν (R′ − R)mR′ν . (D15)

The lattice Fourier transform of the order parameter is defined
as

mμ(q) = 1√
N

∑
R

e−iq·RmRμ, (D16)

where N is the number of Bravais lattice cells. The exchange
coupling tensor in Fourier space is defined as

Jμν (q) =
∑
�

e+iq·�Jμν (�). (D17)

Then, Eq. (D15) can be rewritten in the Fourier space as

mμ(q) = 2β

3

∑
ν

Jμν (q)mν (q). (D18)

Collecting the spin and sublattice components into a 3nsub-
dimensional vector,

M(q) =

⎛⎜⎜⎝
m1(q)
m2(q)

...

mnsub (q)

⎞⎟⎟⎠, (D19)

we can rewrite Eq. (D18) as

M(q) = 2β

3
J (q)M(q), (D20)

where J (q) is the 3nsub × 3nsub matrix defined by

J (q) =

⎛⎜⎜⎜⎜⎜⎝
J11(q) J12(q) · · · J1nsub (q)

J21(q) J22(q) · · · J2nsub (q)
...

...
. . .

...

Jnsub1(q) Jnsub2(q) · · · Jnsubnsub (q)

⎞⎟⎟⎟⎟⎟⎠.

(D21)
From Eq. (D2), J (q) is Hermitian, and its eigenvalues are
real. A nonzero solution at q appears when

2β

3
ηn(J (q)) = 1, (D22)

where ηn(J (q)) is the nth eigenvalue of J (q). Therefore,
the first instability from the paramagnetic state occurs for the
mode that maximizes the largest eigenvalue of J (q):

qmax = arg max
q

ηmax(J (q)), (D23)

and the spin-spiral period is given by λ = 2π/|qmax|.
Figure 6 shows the spin-spiral period λ in Mn1−xFexGe and

Fe1−yCoyGe, evaluated using the mean-field approximation
and the micromagnetic model. In both cases, the analysis is
based on the same spin model derived in Sec. III E. Although
the absolute values of λ differ between the two approaches,
their overall composition dependences are similar. This result
supports the conclusion that the spin model derived in this
work stabilizes a spin-spiral state.
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