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The development of prototype quantum information processors has progressed to a stage where small
instances of logical qubit systems perform better than the best of their physical constituents. Advancing
toward fault-tolerant quantum computing will require an understanding of the underlying error mechanisms
in logical primitives as they relate to the performance of quantum error correction. In this work we
demonstrate the novel capability to characterize the physical error properties relevant to fault-tolerant
operations via cycle error reconstruction. We illustrate this diagnostic capability for a transversal
controlled-NOT (CNOT) gate, a prototypical component of quantum logical operations, in a 16-qubit
register of a trapped-ion quantum computer. Our error characterization technique offers three key
capabilities: (i) identifying context-dependent physical layer errors, enabling their mitigation, (ii) contex-
tualizing component gates in the environment of logical operators, validating the performance differences
in terms of characterized component-level physics, and (iii) providing a scalable method for predicting
quantum error correction performance using pertinent error terms, differentiating correctable versus
uncorrectable physical layer errors. The methods with which our results are obtained have scalable resource
requirements that can be extended with moderate overhead to capture overall logical performance in
increasingly large and complex systems.
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I. INTRODUCTION

It is widely believed that a quantum computer will need
to employ quantum error correction (QEC) in order to
operate at sufficient scale to run algorithms of practical
interest [1,2]. The goal of realizing a fault-tolerant, digital
quantum computer has recently seen great experimental
progress in different hardware platforms employing QEC
from the first universal fault-tolerant gate sets [3], encoded
logical circuits [4], beyond-breakeven magic state gener-
ation [5], to operation of codes where logical state

preparation and quantum memories perform better than
the best unencoded constituent qubits [6,7].
These early demonstrations of QEC have motivated the

need for new characterization tools, to verify the function-
ality of QEC and to validate the fault-tolerant operation of
logical components. A significant challenge for any such
tool is in how to characterize logical devices at a scale
reaching tens or hundreds of physical qubits. Early quan-
tum characterization, verification, and validation (QCVV)
techniques such as randomized benchmarking [8–10],
process tomography [11], and gate set tomography
[12,13] have been applied primarily on the smallest
building blocks of quantum circuits or provide highly
condensed information for larger blocks. Recently, several
techniques have emerged that are based on the idea of
characterizing blocks of quantum operations such as layers
or cycles of parallel operations across many qubits to
extract representative error descriptions that account for
crosstalk and idling errors [14–16]. These techniques
deliver a flexible error characterization framework based
on a resource cost versus information gain trade-off,
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enabling QCVV for intermediate- to large-scale quantum
systems that includes both component characterization and
full-system characterization methods suitable for current
devices.
Characterizing logical operations and their errors has been

studied in the literature, for example, by promoting physical
layer techniques to encoded variants [17]. The transition
from physical layers to logical layers is not trivial since
logical qubits and the QEC machinery needed for them can
generate violations of common error-model assumptions for
current QCVV techniques [18]. Encoded qubits possess
features that are not dominant or are altogether absent on the
physical layer such as repeated stabilizer readout via mid-
circuit measurements, and future operations conditioned on
the outcomes of earlier measurements. While recent pro-
posals have made progress on benchmarking these features
[19–22], to what extent useful information can be gained
about logical performance across physical layers remains a
central challenge for QCVVof error-corrected systems.
In this work we apply cycle error reconstruction (CER)

[15], a method for scalably reconstructing error character-
istics, to characterize a logical primitive. Specifically, we
demonstrate this characterization method for a transversal
controlled-NOT (CNOT) gate on a pair of logical qubits
realized with the seven-qubit Steane code [23] imple-
mented on a trapped-ion quantum computer [3,24,25].
We theoretically develop and experimentally demonstrate
three principal applications of this new “error characteri-
zation for QEC” capability.

(i) We demonstrate the effectiveness of CER to obtain
detailed and statistically precise information about
the error characteristics for quantum gate operations
relevant to the successful execution of fault-tolerant
logic. We optimize the resources required under an
adjustable trade-off between resource cost and in-
formation gain so that we can acquire accurate
multiqubit correlated Pauli error rates across a large
array of qubits on a short time frame for our
experimental platform.

(ii) With the data obtained from CER, we validate
detailed error models for describing multi-physi-
cal-qubit systems in the context of logical opera-
tions. We demonstrate how the overall noise
characteristics of the transversal CNOT gate are well
understood in terms of the noise characteristics
obtained via CER from individual (physical) CNOT

gates together with well-characterized idling error
rates.

(iii) We demonstrate the predictive capacity of the CER
approach by bounding the logical fidelity based on
the learned errors. We extend the graphical noise
model framework based on the Gibbs random field
framework [26,27] to account for the action of the
transversal CNOT gate, and show that low Hamming
weight CER data can be used to construct a global

error model for the physical process. With our CER
data, we use our global error model to predict and
classify correctable versus uncorrectable error con-
tributions of the transversal CNOT gate under quan-
tum error correction.

In this study we focus on illustrating these capabilities in
the context of a layer of transversal gate operations
performed in a 16-qubit array of trapped ions, expecting
that this approach will be applicable to broader contexts by
adapting the global error models as appropriate to the
specific logical gate and fault-tolerant architecture.
The paper is structured as follows. We begin in Sec. II

with an overview of CER, focusing on the practical aspects
—including required resources—involved with executing a
suite of experiments. We briefly outline the experimental
platform in Sec. III. The main results of this work are
presented in Sec. IV: We apply CER to both individual
physical CNOT gates as well as the transversal CNOT gate,
providing detailed error information of both the individual
component gates and the overall transversal operation. We
use this CER data to validate our error model, demonstrat-
ing that component-level characterization together with
simple device physics can be used to predict system-level
characteristics. We also show how CER data together with a
Gibbs random field model can be used to make predictions
about logical-level performance [26,27]. This work con-
cludes in Sec. V with future directions.

II. CYCLE ERROR RECONSTRUCTION

We begin with an exposition of cycle error
reconstruction [15]. We will use this technique to study
the noise characteristics of a transversal CNOT gate [28], as
well as the seven individual physical CNOT gates that
constitute this gate.
Earlier benchmarking methods employed sequences of

random gates, which effectively twirl the error by averaging
it over a unitary 2-design [29], to yield a single-number
fidelity benchmark that is robust to state preparation and
measurement errors (SPAM) at low resource cost [8].
Clifford randomized benchmarking [9,10] is arguably the
most well-known and common instance of this, where the
n-qubit Clifford group is the relevant 2-design. In a
departure from this, CER builds on the randomized, iterated
circuit structure developed in cycle benchmarking [14] and
eigenvalue estimation techniques [30,31] to characterize
fine-grained information about the error model affecting
target cycles of interest. These methods leverage the
generalized twirling and compilation strategy of random-
ized compiling [32], which in our usage only requires
randomizing over products of single-qubit operators rather
than n-qubit Clifford operators. The CER method generates
multiple decay parameters and leverages these parameters
to estimate large sets of Pauli error probabilities for the
cycle of interest, which provides enhanced predictive and
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diagnostic utility. For comparison, related methods such as
averaged circuit eigenvalue sampling and layer bench-
marking have been proposed to characterize cycle errors
but are restricted to characterizing Clifford operations, and
the latter produces only a summative fidelity over cycle
errors [16,33].

A. Setting and conventions

Let us first define terminology and objects that we will
require in the following sections. The eponymous cycle of
CER refers to a sequence of operations in a quantum circuit
that occur “in parallel,” that is, within one time step
determined by the operational capabilities of a device.
These operations may be grouped together based on their
ability to be parallelized in time on a device, or alter-
natively, we might require that each gate is supported on
disjoint sets of qubits even though in an actual experiment
each operation would need to be implemented serially. We
divide these cycles into two types: “easy cycles” and “hard
cycles.” Easy cycles are composed of well-characterized
operations with relatively high fidelity for a given device,
such as single-qubit rotations. Hard cycles will contain
operations that are comparatively noisy, such as entangling
gates or midcircuit measurements, which we seek to
characterize. Any circuit can be written as an alternating
sequence of easy and hard cycles.
In cycle error reconstruction we aim to characterize the

errors on these noisier hard cycles. The hard cycle of
interest is applied to a set of initial states and measured over
different bases for a variable number of cycles. These hard
cycles H are interleaved between easy gates P, where the
easy gates are randomized in order to enforce a Pauli twirl,
as schematically depicted in Fig. 1. This division between
easy and hard cycles ensures that any systematic error
associated with the interleaved easy cycles will be small
relative to the error on the hard cycle of interest.

In order to learn the profile of the noise introduced by the
hard cycle we need to learn various Pauli eigenvalues,
whose definition and estimation are outlined in Sec. II B.
Given estimates for the Pauli eigenvalues we are then able
to infer quantities of interest, namely, the Pauli error
probabilities of the hard cycle.
For clarity we will provide some basic definitions and

conventions. We define the single-qubit Pauli group P as
the set of single-qubit Pauli operators with equivalence up
to global phase P ¼ P1 ≔ fI; Z; X; Yg. We likewise define
the n-qubit Abelian Pauli group Pn, whose elements are the
tensor product of single-qubit Pauli operators with equiv-
alence up to global phase. We may write elements of Pn in
terms of products of elements in P1, indexed by the qubit
they act on, e.g., P ¼ ZiYjYk � � � has Z act on qubit i, Y act
on qubit j, and so on.
We will also consider the restriction of elements in Pn to

arbitrary subsets of qubits. The restriction of Pauli P to the
qubits indexed by elements of set S is denoted PS. For
example, ½Z1X2Y4�f1g ¼ Z1, ½Z1X2Y4�f2;3g ¼ X2I3, or
½Z1X2Y4�f4;1g ¼ Y4Z1. Note that the ordering of indices
in the set is used here to typographically order the restricted
Pauli. Similarly, we denote by PS the subgroup of Pn that is
supported on only the qubits of S. It will also be useful in
this context to define the map ω between arbitrary Pauli
operators P and Q, defined as

ωðP;QÞ ¼
�
1 P and Q anticommute

0 P and Q commute:
ð1Þ

The n-qubit Pauli operators form a Hermitian basis for
Hilbert space, so any quantum channel G can be expressed
in terms of the Pauli basis as

GðρÞ ¼
X

Pi;Pj ∈Pn

χijPiρP
†
j ;

where χij is the so-called process or χ matrix of coef-
ficients. The χ matrix generally has ∼16n nontrivial
parameters, presenting one of the central challenges of
QCVV: to characterize quantum channels given that they
have exponentially many parameters. A special case of
GðρÞ is the stochastic Pauli channel, which can be
expressed in the form

PðρÞ ¼
X

Pi ∈Pn

piPiρP
†
i ; ð2Þ

where pi ¼ χii is the classical probability of some Pauli
operator Pi occurring in the quantum channel. Evidently,
the number of nontrivial parameters in P is drastically
smaller than in G: at most 4n − 1. These smaller operators
are often more practical to study.
Many common sources of noise fall outside the class of

stochastic Pauli noise models. However, an arbitrary

FIG. 1. Cycle benchmarking circuit design [14] leveraged to
learn individual Pauli eigenvalues to relative precision. Illustrated
in this example is the simpler form that is sufficient for any
Clifford hard cycle H where easy cycles are Pauli randomized
cycles P [15]. The easy cycle B includes local rotations to prepare
Pauli product states and define the measurement basis. The
randomized Pauli cycle A eliminates bias from measurement
errors.
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channel can be tailored into a stochastic Pauli channel by
averaging or “twirling” over the Pauli group such that

GPnðρÞ ¼ 1

jPnj
X

Pi ∈Pn

PiGðP†
i ρPiÞP†

i ¼
X

Pi ∈Pn

χiiPiρP
†
i ;

where jPnj is the cardinality of Pn. By averaging over the
Pauli group in this manner the off-diagonal i ≠ j terms of
the channel are eliminated so that the average statistics are
described by a stochastic Pauli channel GPn .
Channels of interest are generally hard cycles that are not

the identity or idling operation. Typically we have some
ideal channel H that is implemented imperfectly as
H̃ ¼ E ∘H, where E is the noise channel we are interested
in quantifying. We are thus not always able to insert
random Pauli operators either side of the noise channel
E, but we may still interleave operations either side of H̃.
We can effectively twirl E if we instead insert a Pauli
operator Pc

i ¼ H†ðPiÞ before H̃ for each random Pi

inserted after H̃.
The procedure of inserting a random Pauli on one side of

a gate, a corresponding conjugate operator on the other side
of the gate, and then compiling these operations together
into a single layer is known as randomized compiling [32].
When the hard cyclesH are composed of Clifford gates, Pc

i
will be a Pauli operator and compiles together with other
Pauli operators to give a single Pauli cycle between each
hard cycle. The hard cycles we study in this work—single
and transversal CNOT gates—satisfy this criterion. Through
usage of randomized compiling we will assume all average
noise is described by Pauli channels unless otherwise
stated. We also assume throughout that the noise channel
introduced by H̃ is time independent; i.e., we do not
account for drift.

B. Pauli eigenvalue learning

The Pauli eigenvalue λPi
of a Pauli channel P is a

parameter that describes the change in the Pauli Pi expect-
ation value resulting from an arbitrary state ρ passing
through this noise channel; that is,

hPiiPðρÞ ¼ tr½PiPðρÞ� ¼ λPi
trðPiρÞ ¼ λPi

hPiiρ: ð3Þ

The parameters λPi
correspond to the matrix eigenvalues of

a Pauli noise channel in the Liouville superoperator
representation, which motivates the naming convention.
If we expressP in terms of Kraus operators, as in Eq. (2),

it is straightforward to show that

λPi
¼

X
Pj ∈Pn

ð−1ÞωðPi;PjÞpj; ð4Þ

which is a discrete Fourier transform of the Pauli error
probabilities pj [20,34,35]: a linear transformation called

theWalsh-Hadamard transform. (In other works λPi
has been

called the Pauli fidelity [15,20,36], but it would be more
appropriately called a quasifidelity since λPi

can be negative
and fidelities are typically non-negative quantities.)
The eigenvalues are determined in a manner that is

robust to SPAM by the same noise amplification common
to other randomized methods, that is, repeated application
PmðρÞ of the hard cycle to some initial state ρ for different
values of m. The eigenvalues are then obtained by fitting
the decay λmPi

of the Pauli expectation value hPii.
Hard cycle operations will generally act nontrivially on

Pauli operators, meaning that each source of noise is also
affected by the hard cyclesH that follow it. A Pauli error Pi
before a hard cycle H would be entirely indistinguishable
from an error HðPiÞ occurring after the hard cycle, as
shown in Fig. 2.
The hard cycles we use in this work are elements of the

Clifford group, meaning that HðPiÞ ¼ Pj ∈Pn and that
Hr ¼ I is the identity channel for finite r since the Clifford
group is finite. Hence there is a finite set of distinct Pauli
eigenvalues that affect the decay of a given Pauli expect-
ation value, rather than just one. To capture this relation, we
define the orbit P↻H under the action ofH for each Pauli P,
as follows [15]:

P↻H ≔ fHkðPÞjk∈Zrg: ð5Þ

Unless Pi is invariant under the action of H, that is,
HðPiÞ ¼ Pi, the observed decay parameter associated with
hPii will not simply be λPi

of P. Instead the action of the
hard cycle means we observe the ensemble-averaged Pauli
orbital eigenvalue, the geometric mean of all the Pauli
eigenvalues in the orbit of P. This composite decay
parameter is given by

λP↻H ¼
�Y

Pi ∈P↻HλPi

�
1=jP↻Hj

: ð6Þ

Accordingly, all Pauli expectation values that share such an
orbit will have the same decay rate, expressing a degen-
eracy in the learnable decay rates.
There are methods that can be used to further resolve the

constituent Pauli eigenvalues out of the orbital eigenvalues
[15,36]. However, there are fundamental limits on the
learnability of Pauli noise [36] that demonstrate we cannot

FIG. 2. Circuit representation of how a single Pauli error (red
stars) propagates through a single CNOT gate thereby changing its
profile. Since errors occur probabilistically it is impossible to
distinguish one type of error Pi before the gate from the
corresponding error HðPiÞ after the gate.
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do this for all Pauli eigenvalues while also achieving
relative precision [15,31,37], meaning that the number of
shots required to reduce the uncertainty in the estimated
error rates will grow as those error rates get smaller. Here
we will adopt the inherent cycle averaging as a feature—
rather than a problem to address—allowing us to reduce
the required number of independent parameters to learn
while also maintaining relative precision. Relative pre-
cision in the estimation of a decay parameter λ is achieved
by letting the largest number of cycle repetitions m satisfy
mL ∼ ½1=ð1 − jλjÞ�. In essence this means repeating the
noise channel an appropriate number of times so that the
aggregate decay is sufficiently large. Initial fidelity
estimates can be used to determine the relevant order
of magnitude for mL. Thereafter, ongoing eigenvalue
estimates can be used to refine the largest value mL. It
is important to note that relative precision is obtained in
1 − jλj [31], which is the pertinent quantity to ensure that
relative precision is inherited by the Pauli error proba-
bilities we eventually want to estimate.

C. Probability marginalization

Pauli eigenvalues are related to Pauli error probabilities
through Eq. (4). Given all Pauli eigenvalues, one only
needs to invert Eq. (4) to produce the full probability
distribution over n qubits. However, there are jPnj ¼ 4n

distinct Pauli eigenvalues to learn and a corresponding 4n

Pauli error probabilities. Even for moderate system sizes
this becomes impractically many parameters.
That said, many if not most of the error terms in Pn are

unlikely to contribute substantially to the overall error. A
typical and reasonable assumption held in both QEC and
QCVV is that high-weight errors are less likely than low-
weight errors in many devices. With this in mind, rather
than considering the full 4n probabilities of the twirled
channel, it is more practical to marginalize over the
probability distribution and focus on the most important
error terms.
The marginal probability of a Pauli P over some subset S

of n qubits is defined as

μSðPÞ ¼
X
Pi ∈Pn
½Pi �S¼P

pðPiÞ; ð7Þ

where we remind the reader that Pi is an n-qubit Pauli
operator in Pn, and ½Pi�S ¼ P denotes that the restriction of
Pi to the subset S must equal P. Generically we refer to a
marginal probability distribution over n qubits as “n-qubit”
marginals.
It is reasonable to assume the most substantial error

terms will be supported on the qubits on which physical
gates are being applied, in our case, the qubits that are being
acted upon by CNOT gates. Accordingly, these qubits are the
most natural choice over which to marginalize. We refer to
two-qubit marginals over a single CNOT gate as a “1-CNOT

gate” marginal distribution. Since we are interested in
crosstalk we also want to characterize errors that are
supported on idling qubits in the register or across multiple
CNOT gates. For the latter, we will look at four-qubit
marginal distributions across pairs of CNOT gates, which
we refer to as “2-CNOT gate” marginal distributions.
Marginalizing in this way focuses on relevant error

terms, while also drastically cutting down the number of
eigenvalues that we need to learn. As mentioned previously,
we also reduce resource costs by using probabilities of error
terms associated with a Pauli orbit [15],

μSðP↻HÞ ≔
X

Q∈P↻H

X
Pi ∈Pn
½Pi �S¼Q

pðPiÞ; ð8Þ

rather than keeping individual Pauli error probabilities.
Combining Eqs. (4) and (8) we can obtain the marginal
probabilities of the Pauli orbitals of H with the orbital
eigenvalues of Eq. (6) [15],

μSðP↻HÞ ¼ jP↻Hj
jPSj

X
Pi ∈PS

ð−1ÞωðP;PiÞλP↻H
i
; ð9Þ

for Pauli orbit P↻H ⊂ PS.
By collating marginal probabilities and unique eigen-

values into vectors, μ and λ, we can straightforwardly
express equations like Eqs. (4) and (9) in the form μ ¼ Wλ.
If λ consists of all Pauli eigenvalues in Pn, W is the Walsh-
Hadamard transform. More generally, Eq. (9) allows for W
to have elements that are zero, and may cause certain
eigenvalues to contribute asymmetrically to different mar-
ginal probabilities.
Estimates of marginalized probability distributions of

this kind will often calculate negative probabilities, which
are unphysical. Negative estimates can sometimes be
attributed to insufficient sampling causing poor precision.
However, even adequately sampled estimates can maintain
negative probabilities whenever the true probability is close
to 0; any amount of error in λ can immediately incur
negativity in the estimated probability. It is standard
practice to take such probabilities and map them to the
nearest all-positive probability distribution on the proba-
bility simplex, which generally provides better estimates of
the true probabilities [26,31]. That is, find μ0 such that

min
μ0

kμ0 − μk2 such that μ0 ≥ 0; 1Tμ0 ¼ 1: ð10Þ

However, our experimental estimates are for λ, not μ.
Ideally we should aim to find λ0 close to the estimated λ
such that μ0 is positive; that is,

min
λ0

kλ0 − λk2 such that μ0 ¼ Wλ0 ≥ 0; 1 ≥ λ0 > 0:

ð11Þ
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The final condition that 1Tμ0 ¼ 1 corresponds to λI ¼ 1,
which is always true for trace-preserving maps.
In the case where W is the Walsh-Hadamard transform,

WTW ∼ I such that Eqs. (10) and (11) are entirely equiv-
alent. In our case, since we marginalize over Pauli errors in
the same orbit, we haveWTW≁I. Accordingly, we will use
Eq. (11), which takes into account how some eigenvalues
have a larger impact on particular marginal probabilities.

D. Graphical model under Gibbs random field (GRF)

As the number of physical qubits becomes large, even
simply describing the full probability distribution of Pauli
error rates becomes inefficient. We use the concept
of the Gibbs random field [26,31], which is a strictly
positive probability distribution obeying certain physi-
cally motivated assumptions known as global Markov
property. The global Markov property is defined as
follows. Assume that for two variables xA and xB, over
qubits A and B, there is a separating set of vertices SA;B
(and these vertices are associated with variables xSA;B); that
is, for every path from A to B we go through at least one
vertex in S. Then the global Markov property asserts that
pðxA; xBjxSA;BÞ ¼ pðxAjxSA;BÞpðxBjxSA;BÞ, for every choice
of variables xA and xB and separating set SA;B. In other
words, the marginal distribution over A and B is condi-
tionally independent given the values of the separating set
variables. This can be graphically displayed in a factor
graph, which has two types of nodes: variable nodes
which are qubits and factor nodes which connect these
variables. These factor nodes describe the correlations that
are possible according to the global Markov property.
Importantly, the Hammersley-Clifford theorem [38] states
that if a strictly positive distribution obeys the global
Markov property for a factor graph, it can be factorized
over that graph.
Proximity in a factor graph does not necessarily imply

physical proximity. It rather implies a mechanism to spread
correlation that necessitates some form of coupling, which
may depend on proximity in some parameter including
space or frequency. There are many different mechanisms
by which error correlations can spread. A prime avenue for
the introduction of correlated errors is via the control to
which we subject the computational system. Trapped ions
are comparatively well isolated and therefore suffer rela-
tively few common sources of correlated errors. One such
source is optical crosstalk whose strength typically decays
with physical distance such that error correlations are
predominantly nearest neighbor while next-nearest neigh-
bor is usually already below threshold for detection.
The entangling gate mechanism itself utilizes the

motional modes of the ion chain which are global proper-
ties of the crystal and are therefore prominent candidates
to spread correlations nonlocally. The avenue by which
error correlations could spread is residual spin-motional

entanglement at the end of a gate. Such residual entan-
glement can arise from miscalibration or stochastic
fluctuations in gate parameters. The sensitivity of the
gate to these effects depends further on the average
phonon occupation in the mode(s) of interest. Under ideal
conditions, the gate will address only two ions out of the
full ion register, leaving the remaining qubits in a product
state between spin and motion. Upon completion of an
imperfect gate, residual correlations between the motional
and electronic state remain for the ions that were inter-
acted with, while the ions in the rest of the register are
unaffected. As we discussed before, optical crosstalk that
would introduce entanglement between spin and motion
on the remaining register is limited predominantly to
nearest-neighbor interactions.
The error correlations of single-qubit and entangling

gates realized in the used trapped-ion experiment are
assumed to be nearest neighbor. We can abstract to a
Gibbs random field connectivity graph as discussed in
Sec. IV, which we will use to make predictions about
logical performance. Each qubit is connected to its partner
in the entangling gate and the corresponding neighbors.
The considerations above are tailored to our experiment

and may not hold in general. Other platforms may be
dominated by different error sources and error correlations,
and the details of the relevant GRF model and its compact-
ness will vary. Regardless, this GRF framework can be
applied generally.

E. Optimizing experimental parameters

The time budget in many QCVV settings is primarily
determined by the number of discrete configurations that
must be run, which includes the desired number of distinct
sequence lengths, initial states, and measurement bases. In
our experimental context, the number of Pauli-frame
randomizations multiplies the number of distinct configu-
rations as well for the purpose of budgeting time. The
number of configurations ultimately increases with the
number of unique eigenvalues that have to be learned in
CER. Therefore, concentrating on marginal probabilities
greatly reduces the number of experimental parameters
required. The exponential scaling of the number of eigen-
values with qubit number n reduces to an order-k poly-
nomial when focusing on all possible marginalizations over
k qubits since 4kðnkÞ ¼ OðnkÞ. Here we marginalize over
single CNOT gates and pairs of CNOT gates, corresponding
to k ¼ 2 and k ¼ 4, respectively.
In the same vein, we want to learn chosen experimental

parameters in as few experimental runs as possible. One
can extract up to 2n different Pauli expectation values in
parallel, but generally this requires entangled input states
and measurements which contribute to SPAM. However,
for hard cycles from the Clifford group certain finite
sequence lengths are equivalent to performing the identity
operation. Our hard cycle is a transversal application of
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CNOT gates, so we specifically have H2ðρÞ ¼ ρ. Hence, by
choosing Hm such that m is even, we guarantee that easily
prepared Pauli product states will be mapped to Pauli
product measurements, keeping the contribution of SPAM
low. At the same time, the measurements resolve each qubit
and we can infer multiqubit Pauli measurement outcomes
by taking the product of single-qubit Pauli measurement
outcomes. This reduces the number of experiments further
because we are able to extract all 2n distinct Pauli expect-
ation values from n-qubit product states.
Expounding on our particular case, we can determine the

specific number of configurations that we require, as
illustrated in Fig. 3(a). By choosing even values for m
and only preparing states that give unique orbital eigen-
values we can measure all 1-CNOT gate orbital eigenvalues
(63 nontrivial eigenvalues in total) with 4 initial states.
Notably, the number of initial states required for 1-CNOT
gate marginals remains the same for an arbitrary number of

CNOT gates applied in parallel. The reason this is achievable
is because preparing Pauli eigenstates on one CNOT gate
does not obstruct the preparation of Pauli eigenstates on
another CNOT gate; that is, the same initial state can be
prepared on each respective CNOT gate in parallel.
However, the same is not possible for 2-CNOT gate
marginalization, where some four-qubit marginals may
preclude another four-qubit marginal from being measured
at the same time.
A naive estimate for the total number of configurations

needed for 2-CNOT gate marginals would be 4 × 4 ¼ 16

initial states. However, the set ðP1P2Þ↻H ≠ P↻H
1 × P↻H

2 .
This can be observed simply by noting the cardinality of the
sets: ðP1P2Þ↻H ¼ fP1P2;HðP1P2Þg has an orbital length
of two, but P↻H

1 × P↻H
2 is a set of 4 elements. For our

choice of hard cycle, equality is satisfied wheneverP1 or P2

is mapped to itself, up to a change in sign. Consequently,
we often need to prepare P1 and P1P2, increasing the
number of initial states from 16 to 36. When considering all
possible 2-CNOT gate marginalizations in the transversal
seven CNOT gate case, three distinct tilings, shown in
Fig. 3(a), are needed such that 100 initial states are required
in total (3 × 36 ¼ 108, minus 8 redundancies) to learn 44 ×
ð7
2
Þ ¼ 5376 expectation values.
Aside from the number of distinct configurations that

must be measured, another key factor in the overall
resource budget is how many shots have to be allocated
to each configuration. The precision with which the decay
parameters can be estimated depends on the number of
samples, due to shot noise. At the same time, randomized
compiling requires averaging over a sufficiently large
number of Pauli-frame randomized circuits in order to
achieve meaningful decays. Ideally one would measure
each shot allocated to a particular eigenvalue estimation
with a different instance of random interleaved Pauli
operators. However, for many hardware platforms, includ-
ing ours, different configurations—irrespective of whether
they are required by randomized compiling or to obtain
different eigenvalues—are more costly than repeated exe-
cution of the same experiment.
There is therefore a trade-off between experiment wall-

clock time and estimator variances, governed by how many
shots are performed per randomization and the number of
randomizations in total for a fixed overall budget. Some
platforms admit hardware-assisted execution of parame-
trized circuits [39] and hardware-efficient randomized
compiling [40] that reduce or entirely eliminate this addi-
tional time overhead. Similarly, we can note that through
Eq. (9) some eigenvalues are more important in the
determination of the marginal error probabilities than
others; preferential shot allocation to these can improve
estimation precision at fixed budget as well.
For each experiment the results of Fig. 3(b) were used as

a rough guideline for the amount of time that would be
necessary to achieve some desired level of accuracy, and

(a)

(b)

FIG. 3. Optimization of experimental resources. (a) The num-
ber of distinct experiments to run for a single, two, and seven
parallel CNOT gates to obtain all unique orbits is 4 (the eigenstates
of elements from the set A, for 1-CNOT gate orbits), 4 × 9 ¼ 36
(all combinations of A and B, for 2-CNOT gate orbits), and 36 ×
3 ¼ 108 (all tilings C of elements from A and B, for all possible
2-CNOT gate orbits over seven CNOT gates), respectively.
(b) Trade-off between number of randomizations per initial state
and shots per randomization for an eigenvalue estimate of λZX.
The color scale depicts the standard deviation in estimates of λZX
at the chosen experimental parameters, estimated by subsampling
over an experimental dataset. In total the dataset included 300
randomizations with 650 shots each. In our platform changing the
randomization is more costly than repeating a shot. Time in
minutes to estimate a fixed initial state using three values for m is
indicated by red contours. Total shots required is obtainable by
the product of the shots per randomization, total randomizations,
the distinct sequence lengths m, and the distinct initial states.
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what parameters would be appropriate to doing so. We
typically used 40 randomizations per initial state and 150
shots per randomization for measuring 1-CNOT gate orbital
eigenvalues and minimize the variance. One initial state
took around 40 min. The 2-CNOT gate orbital eigenvalues
were typically measured with 20 randomizations and 200
shots per randomization, increasing the variance slightly
and reducing the run-time per initial state to roughly
20 min.

F. Uncertainties and noise floors

There are many factors that are culpable for how
estimated quantities can vary between experiments.
Some statistical factors are anticipated as part of the
experimental design and therefore entirely controllable,
such as shot noise and randomizations (see Sec. II E).
However, there are also factors that are outside of the
control of an experiment, for instance, in the form of device
drift. That being the case, it is important to contextualize all
estimates with error bars, ranges, and bounds.
Error bars shown in figures depicting marginal error rates

are determined by bootstrapping the data over the time
period of the experiment. Where calculated, the range is
reported to one standard error unless stated otherwise. Such
bars do not bound the long-term performance of the device,
rather, they signify the variance in the experimental data
over the time frame that the data were obtained.
Under the assumption that errors on the easy cycles are

gate independent, which includes the case where easy gates
have negligible error, the CER theory is exact. In this case
errors estimated under CER correspond to the composition
of the (arbitrary) error map on the hard gate cycle of interest
combined with the error map from the easy gate cycles
[15,32]. If the easy gate errors exhibit significant gate-
dependent variation, then the error reconstruction from
CER is no longer exact, but has a correction term (inherited
from the theory of randomized compiling [32]) that
decreases quadratically with the average variation over
the errors across the easy gate set [15]. This variation is
upper bounded by the average error rate over the set of easy
gates [32], which can be independently determined by
standard randomized benchmarking [9] or cycle bench-
marking [14].
In our experiment, the easy cycles are not entirely

noiseless and thus confer an average-noise channel of their
own for each hard cycle. Since each single-qubit operation
is applied serially, the remaining qubits idle as one qubit is
acted upon by a random Pauli operation. Over an entire
easy cycle dephasing errors can build up in addition to
noise from imperfect X and Y pulses. The easy cycle error
rate is an order of magnitude smaller than the hard cycle
error rate; however, the total error rate of the average-noise
channel of the easy cycle is the same order of magnitude as
the marginal error rates of specific Pauli errors.

Experiments to ascertain the overall error rates of the
average-noise channel were conducted by applying a series
of random Pauli cycles of different sequence lengths and
marginalizing over individual qubits in the register. The
marginal error rate of the average-noise channel was
determined for each qubit and these were averaged to give
the average single-qubit marginal error rate of the average-
noise channel. The value of this single-qubit marginal error
rate has been included as a noise floor in figures presenting
marginal error rates, illustrated in light gray. A dark gray
region is also shown at one third of the light gray value,
which would be the error rate of a specific Pauli error
assuming depolarizing noise from the easy cycle. Error
terms that are within the light gray region are likely to be
significant errors, but deserve scrutiny.

III. EXPERIMENTAL SETUP

All experimental results presented in this paper are
implemented in a trapped-ion quantum processor
[3,24,25]. Sixteen 40Caþ ions are trapped in a macro-
scopic linear (“blade”) Paul trap with asymmetric rf drive
configuration. The trap parameters are set such that the
ions crystallize in a linear chain. The motional and
electronic states of the ions are controlled via laser and
radio-frequency pulses. Each ion encodes one qubit in the
electronic Zeeman sublevels j0i ¼ j42S1=2; mJ ¼ −1=2i
and j1i ¼ j32D5=2; mJ ¼ −1=2i connected via an optical
quadrupole transition at a wavelength of 729 nm.
The Coulomb interaction between the ions gives rise to

collective motional modes of the ions, which are used to
mediate entangling operations between any desired pair of
qubits. Single-ion addressing in the radial chain direction
with light at the 729-nm qubit transition allows for arbitrary
single-qubit and arbitrary-pair two-qubit gate operations.
The harmonic potential confining the ions leads to inter-ion
spacings that are nonuniform such that addressing errors
like optical crosstalk depend on which ions are addressed,
as seen in Fig. 4(a). More details on the setup can be found
in Ref. [24].
The native gate set used in the setup consists of arbitrary-

angle single-qubit rotations Rðθ;ϕÞ around any axis in the
equatorial plane of the Bloch sphere (pulse area θ and angle
ϕ relative to þX) implemented via laser pulses resonant
with the optical qubit transition, single-qubits Z rotations
“virtually” implemented in software, and maximally entan-
gling two-qubit gates MSð�π=2Þ ¼ exp½∓ iðπ=4ÞX ⊗ X�
implemented via the Mølmer-Sørensen interaction [41].
The MS gate belongs to the class of geometric phase gates
generated by optical forces where entanglement between
qubits not natively interacting is created via a mediating
boson, here excitations of the joint motional mode of the
ion crystal. The MSð�π=2Þ gate is equivalent to the CNOT

gate up to local rotations [42], compiled here as
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ð12Þ

The MS gates employed here utilize the center-of-mass
radial motional mode of the ion crystal as the mediating
boson. Using the global phononic bus of the motion to
create entanglement means that we have to perform MS

gates serially even when two gates feature disjoint support.
There are control-theoretic gate modulation techniques to
circumvent this limitation, e.g., in Ref. [43], which are
however not part of this work.
All experiments are submitted as Qiskit [44] circuits

that undergo a transpilation procedure contracting single-
qubit gates before and after a hard cycle shown in Fig. 1.
The setup is subject to continuous, automatic calibration
routines, whose purpose is to maintain system perfor-
mance. These routines autonomously halt user-queued
measurements and adjust experimental parameters before
resuming. A consequence of this is that any measurement
will be subject to drifts and stochastic fluctuations, as well
as discontinuous changes in operational parameters.
Characterization experiments therefore have to be under-
stood as long-term average machine behavior, which we
argue is both extremely common and the most reasonable
interpretation.
For the purposes of this study we map qubits to ions as

shown in Fig. 4(a). Two logical qubits, each encoded in a

seven-qubit code, require 2 × 7 code qubits; ions 7 and 8
are chosen to idle since errors are expected to be highest at
the center of the chain. The choice of mapping from ions to
qubits is nonunique and different mappings present trade-
offs for certain implementation aspects. The ion-to-qubit
mapping chosen here maximizes average distance between
the ions involved in individual CNOT gates of the transversal
setup shown in Fig. 4(b) but is not assumed to be optimal in
any respect.

IV. RESULTS

In this section, we present the analysis of CER applied to
individual CNOT gates, as well as to seven CNOT gates acting
transversally as a logical operation.
We analyze how the noise profile of an individual CNOT

gate changes in different experimental contexts, that is, as
we vary which qubits in the ion chain the CNOT gate acts
and the size of the hard cycle. When operated transversally,
we find with a fixed qubit-to-ion mapping that our trans-
versal CNOT gate performance is well described by the
individual CNOT gates (component level) in conjunction
with simple device physics: additional dephasing through
idling.
We further estimate logical error rates from physical

errors characterized up to 2-CNOT gate marginal distribu-
tions using the nearest-neighbor Gibbs random field model
of Fig. 4(c). This particular choice of simple model is based
on the observation that error correlations in the ion-trap
platform are typically only short range, which is corrobo-
rated by the 2-CNOT gate characterization afforded by CER.

(a)

(b) (c)

FIG. 4. Arrangement of a transversal CNOT gate on a 16-ion register at different levels of abstraction. (a) An ion chain in a harmonic
potential arranges with inter-ion distances growing toward the edges. Pairs of tightly focused laser beams (color gradients of same shade)
are used to address ion pairs. Ions at the center are expected to see more crosstalk from neighbors due to tighter packing. Ions 7 and 8
(lighter shade) always idle. (b) Circuit layer abstraction of the chain with two logical registers that are logically separate (shading) and
are connected via a transversal CNOT gate only. (c) Gibbs random field abstraction where qubits (blue spheres) possess error correlations
only with others if they are connected via nodes in the graph (yellow squares).
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A. Error characterization of a single CNOT gate

We begin by studying how the noise profile of a CNOT

gate depends on its support in the ion crystal. The laser
beams used to control the ions’ electronic and motional
state have finite spatial extent even in the absence of
optical imperfections, meaning that optical crosstalk
depends on distance between ions. The spacing of ions
in the crystal as formed in a harmonic potential differs at
the center and the periphery of the chain. Ions will also
experience increasing levels of micromotion the further
they are away from the trap potential minimum. The
Mølmer-Sørensen gate implemented in this work uses
primarily the radial center-of-mass motional mode of the
ion chain to mediate entanglement, whose coupling
strength is uniform across the chain. However, close-by
higher motional modes contribute to the gate as well,
whose coupling and contribution to errors depends on an
ion pair’s position in the chain. Combining these, we
expect errors that arise through the drive to depend on the
support of the gate, even assuming otherwise ideal
behavior. There are many different experimental imper-
fections that will also depend on ion position.
We now demonstrate the use of CER for characterizing

individual physical CNOT gate on two different supports,
qubit pairs (1, 14) and (7, 8). As shown in Fig. 5(a), idling
qubits see predominantly Z errors, which arise through
uniform dephasing caused by magnetic field fluctuations
on spatial extents much larger than the ion chain, as well as
laser frequency and phase fluctuations that are also homo-
geneous across the register. As shown in Fig. 5(b), for the 1-
CNOT gate error terms we can generally see a hierarchy of
orbits for the magnitude of the associated error: Orbits with
Pauli weight 1 such as ZI have the highest errors, followed
by orbits that have mixed weight 1 and weight 2 such as
fXI; XXg, and orbits of only weight 2 such as fYZ; XYg
being the lowest. This is the ordering we expect given the
expectation that individual Pauli errors are weakly corre-
lated. Deviations from this ordering, more specifically
higher order terms deviating from simply the product of
individual rates, are indicative of quantum-correlated
errors. When the support of the CNOT gate is on ions that
are directly adjacent to each other, such deviation can be
observed, where the mixed-weight orbits fXI; XXg and
fYI; YXg are much larger on CNOT8;9 gate than their
counterparts on CNOT1;14 gate. On the other hand, the
qualitative error profile for qubits that are further separated
is similar.
Discerning different errors on individual qubits provides

opportunities to identify and remove errors at their source,
as we now demonstrate. The CNOT gates in our setup are
implemented using the compilation into the native gate set
in Eq. (12). This means that on a circuit level the
information gathered about CNOT gates is useful, but it
obfuscates the origin. For example, the increase in XX
errors for adjacent support, shown in Fig. 5(b), could be

explained by a ZI error just before the MS gate. This error is
more likely for adjacent support since the addressed
interaction laser beams have high intensity and cause ac
Stark shifts at neighboring ions, a coherent effect that is
evident only in this configuration.

(a)

(b)

FIG. 5. Noise profile of a single CNOT gate embedded in a 16-
ion register over different supports. (a) Heatmap of single-qubit
marginal error rates over each idling ion for three distinct single
CNOT gate experiments. Qubits that the CNOT gate is supported on
are colored as in (b). Red boxes highlight, before and after
removal, a high Z error on qubit 6 caused by incorrect quadrupole
shift compensation. (b) Comparison of two-qubit marginal error
rates on the single CNOT gate. Braces highlight error terms that are
notably distinct across different supports; in particular, the
dominant error rates for CNOT8;9 gate are distinct from those
found for CNOT1;14 gate which acts on non-adjacent qubits. We
find that ZX error terms are often associated with miscalibrations
of gate power, as highlighted in Fig. 6. A dominant ZX error

term on CNOTð�Þ
1;14 gate is reduced in the later experiment

for CNOTð��Þ
1;14 gate.
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Other error sources may enter through miscalibration
and can be removed upon identification, as we show in
Fig. 5(a). While the majority of idling qubits suffer near-
identical dephasing errors, qubit 6 is more affected. There
are few spatially dependent effects that would cause
dephasing so strongly localized. Using the fine-grained
information obtainable in CER, we identified qubit 6 to
have a faulty setting for the optical quadrupole shift
compensation we apply to all laser pulses. Similarly, the
weight-2 orbit fZXg has by far the largest marginal error
rate, even though we would expect the opposite based on
independent error sources. This is likewise observed in
Fig. 6(a). Through the CNOT gate compilation we however
know this error to be a correlated XX error at the native gate
level, which may be caused by a gate power miscalibration
(see Appendix for details). Knowing this, we tracked the
first occurrence of this behavior in time and could ulti-
mately trace it to an incorrect setting of the applied laser
power depending on the ion pair. We stress that both of
these error sources have been inadvertently introduced and
were subsequently easily removed, but their identification
using CER reinforces the diagnostic utility that it provides,
directing the search for error sources rather than simply
stating the existence of more or fewer errors.
The overall wall-clock run-time for CER of a single

CNOT gate suite with 40 randomizations per initial state and
150 shots per randomization on one support takes about
2–3 hours after optimization; this time includes automatic
calibration routines and other overhead of operation.

B. Transversal CNOT gate

We now apply CER to the transversal CNOT gate as
would be applied in many Calderbank-Shor-Steane (CSS)
codes, including the seven-qubit Steane code. A transversal
CNOT gate here means that a logical operation between two
code blocks is executed by applying bitwise physical CNOT
gates between the constituent physical qubits of each code.
Transversal operations are ideal for performing quantum
logic, as they restrict the propagation of errors. The
transversal CNOT gate also satisfies our criterion for a hard
cycle since the supports of individual operations are
disjoint. In the all-to-all connectivity of trapped ions we
are free to choose this mapping in whatever way we deem
appropriate; a separation of code blocks, for example, does
not have to be at all reflected in physical locations. The
mapping we chose to adopt here, however, is very similar to
the abstract arrangement of qubits in the code, as shown in
Fig. 4(b). This is a choice that follows from our previous
considerations about spatially dependent error sources—in
particular, optical crosstalk—and is backed by our findings
for single CNOT gates.
We expect the results of CER applied to the transversal

CNOT gate will differ from the individual single CNOT gate
results performed separately. When we execute several
CNOT gates in a hard cycle, each individual CNOT gate now

has neighboring qubits that have been or will be acted upon
by nontrivial entangling operations. Additionally, any
particular component CNOT gate in the set of seven
CNOT gates has to idle for an amount of time equivalent
to six more CNOT gates before it will be applied again in the
next step of the hard cycle repetition. This is due to the fact
that our entangling gates have to be applied serially, rather
than in parallel, through the gate mechanism. We would
expect therefore more crosstalk avenues and larger error
contributions caused by dephasing, leading to overall
higher error rates. The choice of ion-to-qubit mapping
here means that we would expect similar noise profile on all
pairs, with some variation due to the asymmetry of the
CNOT gate itself, as well as potential deviations for CNOT

gates at the edge of the chain because they have only one
neighbor rather than two.
We perform CER on a transversal CNOT gate realized as

in Fig. 4. The noise profile of the individual CNOT gates is
very similar [near-uniform rows in Figs. 6(a) and 6(b) or
similar-height columns in Fig. 6(d)] with the exception of
CNOT0;9 gate, where the roles of μSðIY↻HÞ and μSðIZ↻HÞ
do not match expectations. We further see that the ordering
of marginal sizes is the same as for individual CNOT gates
performed in isolation, that is, that the largest marginals
contain weight-1 Pauli operators, followed by mixed orbits,
and orbits consisting of weight-2 terms only are the
smallest. A departure from this trend is presented by the
mixed orbit fIZ; ZZg (or fIY; ZYg for CNOT0;9 gate), that
is nearly as large as the ZI term. All of these marginals are
associated with single-qubit dephasing errors, likely caused
by magnetic field fluctuations in the system.
When we marginalize over a particular CNOT gate in the

transversal setup [single column in Figs. 6(a) and 6(b) or
single color in Fig. 6(d)] we may compare this with CER
performed on the same CNOT gate in isolation, as explored
in Fig. 6. We see that the contributions associated with
dephasing in the transversal CNOT gate (fZIg and
fIZ; ZZg) are the largest and are far greater than would
be expected based on the single CNOT gate experiment.
However, this can be realigned with expectations if we
recall that the overall idling time per CNOT gate in the
transversal setup is substantially larger than for a single
CNOT gate where idling is only over the course of a single
easy cycle, rather than an idling time equivalent to six CNOT

gates in sequence. Consequently, we compare the 1-out-of-
7 CNOT gate data to a single CNOT gate where we add an
equivalent waiting time, the sequence being schematically
shown in Fig. 6(e), data in Figs. 6(f) and 6(g) in green and
blue, respectively. With both CNOT gates idling a similar
amount we can see good agreement, noting also that these
different datasets were taken considerable time apart from
each other leading to slightly different experiment
performance.
The overall wall-clock run-time for CER of a transversal

CNOT gate suite with 20 randomizations per initial state and
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(a)

(b) (d)

(e) (f) (g)

(c)

FIG. 6. Characterizations of a 14-qubit transversal CNOT gateH ¼ Q
6
i¼0 CNOTi;iþ9 in a 16-ion register. (a) Heatmap display of 1-CNOT

gatemarginals for each constituent CNOT gate. TheZX error terms are identified to be caused by amiscalibration of the MS gate power. (b) A
heatmap display of 1-CNOT gate marginals for a separate characterization experiment, after the source of the ZX signal was identified and
eliminated. In (a) and (b), marginals μSðZI↻HÞ and μSðIZ↻HÞ associated with dephasing are larger than for a single CNOT gate in isolation.
The error characteristics for each of the individual CNOT gates is similar (little change horizontally) with the exception of CNOT0;9 gate for
μSðIY↻HÞ and μSðIZ↻HÞ (highlighted in red). (c) Significant error terms for a 2-CNOT gate marginal, taken at the same time as (b), over
CNOT5;14 gate andCNOT6;15 gate.Marginal terms supported only on (6, 15) are shown first, then terms supported only on (5, 14), and then
all other terms with error rates higher than the dark gray region. (d) The same seven orbits from (b) as histograms, with the anomalous
strengths of CNOT0;9 gate again highlighted in red. Apart from the anomalous terms in CNOT0;9 gate, there is a much higher amount of
dephasing on control and target qubits due to time spent idling. Since the predominant difference from single CNOT gates in isolation appears
to be idling, we compare the noise profile of individual CNOT gates from the transversal CNOT gate of (d)with a single CNOT gate undergoing
an equivalent period of idling. (e) Experimental sequence for labels “delay” and “seven” in (f). The top circuit executes seven CNOT gates
successively andwe study themarginal on support (0,9) and (3,12). The bottomcircuit executes a single CNOT gate but idles for an additional
time equivalent to six CNOT gates being applied in sequence. Panels (f) and (g) are histograms of the marginals over CNOT0;9 gate and
CNOT3;12 gate, respectively, either as part of the full transversal CNOT gate or as a single CNOT gate with an equivalent idling time of the
transversal CNOT gate. Data in (g) were taken with machine performance deteriorated before ongoing larger maintenance. The idling errors
of (f) resemble the transversal CNOT gate errors, rather than additional dephasing.
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200 shots per randomization on seven supports takes about
40 hours after optimization; this time includes automatic
calibration routines and other overhead of operation.

C. Predicting logical error rates and performance

We now consider how the results of our CER experiment
and analysis can inform predictions about the performance
of the transversal CNOT gate operated as a logical gate on a
pair of quantum codes, as well as predictions about the
potential logical performance of such a transversal CNOT

gate if quantum error correction were to be applied.
First, we note that our CER experiment does not provide

the entire probability distribution of all Pauli errors, as
obtaining this joint probability distribution would require a
number of experiments performed that scales exponentially
in the system size—something we aim to avoid by using
CER. Indeed, the resources required to estimate the full
distribution are tantamount to those required for full
process tomography.
Nonetheless, as we show, our CER data can yield useful

and actionable information about physical and logical error
characteristics beyond just the few-physical-qubit margin-
als analyzed above, using a graphical model in the form of a
Gibbs random field, as described in Sec. II D. We adopt a
graphical model described by the factor graph shown in
Fig. 4(c) for the characterization of a transversal CNOT gate.
Under this physically motivated nearest-neighbor correla-
tion model we require only 1-CNOT gate and 2-CNOT gate
marginals to determine all other Pauli error probabilities,
taking each error in the orbit of a marginal to have equal
probability. Using this model, the joint probability distri-
bution of any random variable x is given by

pðxÞ ¼
�Y5

i¼0

pðxfi;iþ9gjxSfi;iþ9g Þ
�
× pðxf6;15gÞ; ð13Þ

and using the definition of conditional probability, we can
write it as

pðxÞ ¼
�Y5

i¼0

μðxfi;iþ9g; xSfi;iþ9gÞ
μðxSfi;iþ9g Þ

�
× μðxf6;15gÞ; ð14Þ

where Sfi;iþ9g is the separating set for qubits i and iþ 9,
which is the nearest neighbors of fi; iþ 9g, serving as
adjacent support.
Given access to 1-CNOT gate and 2-CNOT gate marginals,

such as shown in Fig. 6(c), we can reconstruct the joint
probability distribution of all random variables across the
nodes of the factor graph under the local Markov conditions
using Eq. (14).
With this joint probability distribution, we can compute

logical error rates associated with the transversal CNOT gate
by classifying errors into correctable and uncorrectable, in
accordance with the properties of the Steane code. The

Steane code, having distance d ¼ 3, can correct one
arbitrary weight-1 error on a single logical code block.
Furthermore, since it is a CSS code it may correct weight-2
errors composed of X and Z, namely, XiZj for i ≠ j. Here,
we look in particular at two copies of the seven-qubit
Steane code that are connected via a transversal CNOT gate.
In that context, errors remain correctable so long as they
satisfy these conditions independently on either code block.
This means all errors supported on a single CNOT gate are
correctable, since it remains weight 1 on each code block
under the action of the CNOT gate. Additionally, any
weight-2 XiZj over both code blocks is correctable, even
though it can spread via the transversal CNOT gate to a
higher weight term, because the error remains at most a
single X and single Z on each respective code block. All
errors that are stabilizer equivalent to these are correctable;
all other errors are uncorrectable. Whenever an orbit
contains mixed-weight terms, if any term in the orbit is
uncorrectable, then we classify the error as uncorrectable,
to give the worst-case error. The ability to distinguish fine-
grained errors, such as an uncorrectable X0X1 from a
correctable X0X9, is available to us through CER and is
what ultimately allows us to obtain logical estimates with
multiplicative precision.
We validate the evaluated total error rate of Fig. 7 by

using the same data to perform cycle benchmarking [14]. In
this analysis, 100 distinct initial states over seven CNOT

gates are prepared to estimate the 2-CNOT gate marginals.
From this data 20 eigenvalues are randomly sampled to
estimate the total gate fidelity. Resampling several times

FIG. 7. Probabilities of different error scenarios reconstructed
from transversal CNOT gate CER data using the GRF factor graph
of Fig. 4(c). Reconstructed nonzero error rates are grouped into
uncorrectable and correctable errors (including errors stabilizer
equivalent to correctable; see Sec. II D) assuming two logical
qubits encoded in seven-qubit Steane codes connected via a
transversal CNOT gate. The uncorrectable error rate has proba-
bility 0.088� 0.004, compared to total error rate 0.335� 0.003.
Error bars are obtained by bootstrapping the experimental data to
generate marginal error rates, as outlined in Sec. II F. The
reconstructed rates are reported here to 2 standard errors.
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gives an estimate for the variance. Note that cycle bench-
marking usually assumes the eigenvalues are uniformly
sampled at random; however, the data we are sampling over
is only a subset of the possible 14-qubit Pauli operators.
Nonetheless, this method provides an estimate for the
infidelity that can be compared with our GRF model.
Using this method estimates a total error of 0.362� 0.052
(2 standard deviations), which is in agreement with the
estimated value of our GRF model.

V. DISCUSSION AND OUTLOOK

In this work we have used cycle error reconstruction to
characterize the error profiles of single and transversal
CNOT gates between two code blocks of the seven-qubit
Steane code in a register of 16 ions. In our character-
izations, we found that the error profiles of individual
CNOT gates can vary depending on their specific support
on the register, which is in line with expectations based on
device physics. Consequently, this implies that attempts to
predict logical performance from physical components
should be done with explicit consideration of the context,
such as how the component gates vary across the register.
Characterizing the noise profile of all constituent compo-
nents of a logical operation with characterization tools like
CER can be important for predicting logical performance.
Regarding the noise profile of our transversal CNOT

gates, our results obtained with CER validate our model
that predicts system-level performance using single com-
ponent-level characterization together with a simple
device physics model of time-dependent dephasing.
Simultaneously, we have demonstrated diagnostic utility
by identifying and removing several experimental error
sources using the data provided by CER. Using a
physically motivated correlation model together with a
Gibbs random field approach, we are able to make further
predictions about expected logical-level performance
based on physical error characterization up to 2-CNOT
gate error terms only.
CER uses twirling to guarantee that the average-error

channel studied has the required stochastic Pauli form.
Coherent errors are averaged out as part of this process;
while this leads to considerable simplification and
increased efficiency in our error characterization, it can
complicate the identification of certain physical error
sources. Promisingly, as demonstrated here, identifying
coherence in error models is still possible with CER,
despite not using tailored approaches for estimating coher-
ent and incoherent contributions to the error profile such as
in Ref. [45]. Our demonstrated ability to identify coherent
terms without additional sequences suggests that there may
be ways to further reduce the experimental resources for
assessing coherence, or highlight in advance the likely
candidates for coherent noise that additional experimental
sequences can target.

The characterizations of this work include one-qubit,
two-qubit, and four-qubit error marginals obtained over
various experimental configurations. Ultimately, these
characterizations are made possible because the amount
of information obtained via CER is adjustable to the
amount of information desired by the experimentalist,
requiring less time resources when obtaining less informa-
tion. Using the reasonable assumption that high-weight
errors are less likely than low-weight errors, marginaliza-
tion captures the pertinent features of the full error profile.
This is a significant advantage over other QCVV methods,
where either the full process matrix or an average error is
extracted. For large system sizes, in particular, character-
izing the full process matrix is usually unfeasible. CER
remains effective at learning low-weight errors at large
system sizes, because disjoint marginal terms can be
extracted in parallel.
The time budget required to run CER on our trapped-ion

hardware is on the order of hours. Any prospect of
performing CER as part of the regular diagnostics of our
device would require a drastic reduction in acquisition time,
beyond what can be achieved by the resource optimization
performed here. A major driver in the overall time budget is
classical processing and communications delay in the
experimental control electronics and software. In the
superconducting community there exist hardware imple-
mentations where running parametrized circuits [39] and
randomized compiling [40] add no overhead compared to
running deterministic sequences. With the availability of
such hardware, the overall time savings for our system
would be orders of magnitude and the ideal experimental
parameters in shots per randomization and total random-
izations would change drastically. Wall-clock time is
related to the available experimental repetition rate and
so will depend on the hardware platform and implementa-
tion at large. Cutting down on experimental time per shot
also allows for the allocation of more shots in total, which
opens up the possibility to study crosstalk over more qubits
by considering larger marginals or to sample 2-CNOT gate
error terms at higher accuracy.
We have demonstrated a physical-level characterization

and used this data for predictions of logical performance.
It is also possible to perform CER directly at the logical
level. The studied hard cycles would then be logical
gadgets, which may include midcircuit measurements.
There are now a number of different benchmarking
routines for midcircuit measurements [19–22] that could
enable logical characterization in tandem with ongoing
error correction. Such methods focus on logical noise at
the expense of explicit physical-level characterizations,
which has been a core focus of this work in addition to the
specific application of estimating logical error rates. One
challenge for physical-level characterizations as system
sizes scale up is that the weight of relevant error terms
increases in tandem with the system size. By working with

NICHOLAS FAZIO et al. PHYS. REV. X 16, 011030 (2026)

011030-14



logical code states, and taking marginalizations specifi-
cally tailored for the chosen code, it is probable that GRF
models could be employed in a similar fashion, using
physical-level characterizations to make logical-level
predictions in larger codes scalably.
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APPENDIX: IDENTIFYING THE ORIGIN
OF ZX ERRORS

The averaged error channel obtained after twirling
contains no coherent elements. An important question
for diagnostics is therefore how we can discern coherent
errors using CER data. In Sec. IVA we presented single
CNOT gate data that showed prominent ZX errors, which we
ultimately traced to a miscalibration. These miscalibrations
are coherent errors that are not discernible in the eigenvalue
decay alone. However, the error channel in each random-
ized instance of an experiment still has coherent terms and
only in the average-error channel do we obtain stochastic
behavior. This means that when looking at individual data
points rather than just the average we can glean more
information. Of course, individual inspection is not a
particularly scalable procedure, where we would refer to
novel work to do so more efficiently [45].
Nonetheless, it is instructive to show how we can still

gain this information from the existing data, shown in
Fig. 8. The decay curves of Pauli expectation values are
used to estimate the eigenvalues. In this case, we can see
that all the unique decay curves fall in one of two groups:
Those that commute with ZX show slow decay and small
scatter in the individual data points around the mean. All
Pauli operators that do not commute with ZX show large
variation around the mean value and have relatively fast
decays. Factors that contribute to the variance of expect-
ation values include the shot noise of individual exper-
imental instances as well as the underlying true expectation
value of each instance. The spread of data in Fig. 8 extends
well into the negative expectation values for comparatively
low shot noise, which is associated with the buildup of
coherent noise and would not occur with incoherent noise.
This is a typical signature of coherent errors in twirled
channels, as was discussed in the literature in the context of
randomized benchmarking [47,48]. When coherent noise
commutes with a particular Pauli it leaves the correspond-
ing Pauli eigenstate invariant up to global phase, so these
coherent noise signatures are not present in the relevant
decays.

CHARACTERIZING PHYSICAL AND LOGICAL ERRORS IN A … PHYS. REV. X 16, 011030 (2026)

011030-15



[1] M. E. Beverland, P. Murali, M. Troyer, K. M. Svore, T.
Hoefler, V. Kliuchnikov, G. H. Low, M. Soeken, A.
Sundaram, and A. Vaschillo, Assessing requirements to
scale to practical quantum advantage, arXiv:2211.07629.

[2] A. M. Dalzell, S. McArdle, M. Berta, P. Bienias, C.-F.
Chen, A. Gilyén, C. T. Hann, M. J. Kastoryano, E. T.
Khabiboulline, A. Kubica et al., Quantum Algorithms:
A Survey of Applications and End-to-end Complexities
(Cambridge University Press, Cambridge, England, 2025).

[3] L. Postler, S. Heußen, I. Pogorelov, M. Rispler, T. Feldker,
M. Meth, C. D. Marciniak, R. Stricker, M. Ringbauer, R.
Blatt, P. Schindler, M. Müller, and T. Monz, Demonstration
of fault-tolerant universal quantum gate operations, Nature
(London) 605, 675 (2022).

[4] D. Bluvstein, S. J. Evered, A. A. Geim, S. H. Li, H. Zhou, T.
Manovitz, S. Ebadi, M. Cain, M. Kalinowski, D. Hangleiter
et al., Logical quantum processor based on reconfigurable
atom arrays, Nature (London) 626, 58 (2024).

[5] R. S. Gupta, N. Sundaresan, T. Alexander, C. J. Wood, S. T.
Merkel, M. B. Healy, M. Hillenbrand, T. Jochym-O’Connor,

J. R. Wootton, T. J. Yoder et al., Encoding a magic state
with beyond break-even fidelity, Nature (London) 625, 259
(2024).

[6] B.W. Reichardt, D. Aasen, R. Chao, A. Chernoguzov,W. van
Dam, J. P. Gaebler, D. Gresh, D. Lucchetti, M. Mills, S. A.
Moses et al., Demonstration of quantum computation and
error correction with a tesseract code, arXiv:2409.04628.

[7] R. Acharya, L. Aghababaie-Beni, I. Aleiner, T. I.
Andersen, M. Ansmann, F. Arute, K. Arya, A. Asfaw,
N. Astrakhantsev, J. Atalaya et al., Quantum error cor-
rection below the surface code threshold, Nature (London)
638, 920 (2025).

[8] J. Emerson, R. Alicki, and K. Życzkowski, Scalable noise
estimation with random unitary operators, J. Opt. B 7, S347
(2005).

[9] E. Magesan, J. M. Gambetta, and J. Emerson, Scalable and
robust randomized benchmarking of quantum processes,
Phys. Rev. Lett. 106, 180504 (2011).

[10] E. Magesan, J. M. Gambetta, and J. Emerson, Character-
izing quantum gates via randomized benchmarking, Phys.
Rev. A 85, 042311 (2012).

[11] Y. S. Weinstein, T. F. Havel, J. Emerson, N. Boulant, M.
Saraceno, S. Lloyd, and D. G. Cory, Quantum process

FIG. 8. Unique expectation value decay curves for single CNOT gate experiment showing signature of coherent ZX miscalibration. The
expected value of Pauli operators that anticommute (graphs with light shading) with ZX show large variance, whereas those that
commute with ZX (graphs with dark shading) show small variance. All graphs share axes ranges, mean (black disk) and standard
deviation (purple bars) of the expectation values of randomized circuits are indicated per sequence lengthm, and graphs are sorted by the
calculated marginal probabilities, not the decay parameters. Data displayed are for CNOT gate with support (0,9) for 40 randomizations
per initial state and 150 shots per randomization, with pII ¼ 96.54%.

NICHOLAS FAZIO et al. PHYS. REV. X 16, 011030 (2026)

011030-16

https://arXiv.org/abs/2211.07629
https://doi.org/10.1038/s41586-022-04721-1
https://doi.org/10.1038/s41586-022-04721-1
https://doi.org/10.1038/s41586-023-06927-3
https://doi.org/10.1038/s41586-023-06846-3
https://doi.org/10.1038/s41586-023-06846-3
https://arXiv.org/abs/2409.04628
https://doi.org/10.1038/s41586-024-08449-y
https://doi.org/10.1038/s41586-024-08449-y
https://doi.org/10.1088/1464-4266/7/10/021
https://doi.org/10.1088/1464-4266/7/10/021
https://doi.org/10.1103/PhysRevLett.106.180504
https://doi.org/10.1103/PhysRevA.85.042311
https://doi.org/10.1103/PhysRevA.85.042311


tomography of the quantum fourier transform, J. Chem.
Phys. 121, 6117 (2004).

[12] R. Blume-Kohout, J. K. Gamble, E. Nielsen, J. Mizrahi,
J. D. Sterk, and P. Maunz, Robust, self-consistent, closed-
form tomography of quantum logic gates on a trapped ion
qubit, arXiv:1310.4492.

[13] E. Nielsen, J. K. Gamble, K. Rudinger, T. Scholten, K.
Young, and R. Blume-Kohout, Gate set tomography,
Quantum 5, 557 (2021).

[14] A. Erhard, J. J. Wallman, L. Postler, M. Meth, R. Stricker,
E. A. Martinez, P. Schindler, T. Monz, J. Emerson, and R.
Blatt, Characterizing large-scale quantum computers via
cycle benchmarking, Nat. Commun. 10, 5347 (2019).

[15] A. Carignan-Dugas, D. Dahlen, I. Hincks, E. Ospadov, S. J.
Beale, S. Ferracin, J. Skanes-Norman, J. Emerson, and J. J.
Wallman, The error reconstruction and compiled calibra-
tion of quantum computing cycles, arXiv:2303.17714.

[16] E. T. Hockings, A. C. Doherty, and R. Harper, Scalable
noise characterization of syndrome-extraction circuits with
averaged circuit eigenvalue sampling, PRX Quantum 6,
010334 (2025).

[17] T. Wagner, H. Kampermann, D. Bruß, and M. Kliesch,
Learning logical Pauli noise in quantum error correction,
Phys. Rev. Lett. 130, 200601 (2023).

[18] A. Ceasura, P. Iyer, J. J. Wallman, and H. Pashayan, Non-
exponential behaviour in logical randomized benchmark-
ing, arXiv:2212.05488.

[19] L. Govia, P. Jurcevic, C. Wood, N. Kanazawa, S.
Merkel, and D. McKay, A randomized benchmarking suite
for mid-circuit measurements, New J. Phys. 25, 123016
(2023).

[20] Z. Zhang, S. Chen, Y. Liu, and L. Jiang, Generalized cycle
benchmarking algorithm for characterizing midcircuit mea-
surements, PRX Quantum 6, 010310 (2025).

[21] J. Hines and T. Proctor, Pauli noise learning for mid-circuit
measurements, Phys. Rev. Lett. 134, 020602 (2025).
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