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Fluid displacement in porous media is a key process in many industrial and environmen-
tal applications. When a less viscous fluid displaces a more viscous one in porous media or
Hele-Shaw cells, a finger-like interfacial pattern known as the Saffman-Taylor instability
typically occurs. Recently, partially miscible systems have attracted attention because they
exhibit multiple droplet formations instead of conventional fingering. While the effects
of Hele-Shaw-cell gap width on hydrodynamic instability have been well established in
fully miscible and immiscible systems, where narrower gaps produce thinner and more
numerous fingers, the influence of gap confinement in partially miscible systems remains
unclear. In this study, we experimentally investigated the effect of gap width on fluid
displacement dynamics in a partially miscible PEG-Na,SO,-water system. The droplet size
decreased and the number of the droplets increased as the gap became smaller, indicating
that confinement intensified droplet formation. The total interfacial length was successfully
scaled using the flow rate, flow velocity, and gap width, collapsing onto a universal curve
when expressed as a function of flow-rate-to-gap ratio. The derived empirical exponent
was consistent with a force balance between inertial and capillary stresses, suggesting
a transitional “inertia-modified capillary” regime. This scaling framework provides pre-
dictive insights into the interfacial morphology of partially miscible systems, bridging
thermodynamic interfacial forces and hydrodynamic flow.

DOI: 10.1103/qcgd-hd4v

I. INTRODUCTION

The Saffman-Taylor instability [1] or viscous fingering (VF) [2,3] produces a finger-like inter-
facial pattern when a more viscous fluid is displaced by a less viscous fluid in porous media or in
Hele-Shaw cells. Hele-Shaw cells, which consist of a thin gap between two parallel plates [4], are
frequently used instead of porous media because the governing flow equation in Hele-Shaw cells is
identical to that in porous media [5].

VFs are classified into two categories: fully miscible and immiscible. A fully miscible system has
infinite mutual solubility, meaning the two fluids are completely soluble in each other, and diffusion
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plays a key role in this system. By contrast, an immiscible system exhibits zero mutual solubility,
where the two fluids do not dissolve in each other; thus, the composition of the initial solutions
remains unchanged over time. In this system, interfacial tension is critical. The fingers in immiscible
systems are wider than those in fully miscible systems because of interfacial tension [3]. Studying
VF is important for several environmental and industrial processes, such as chromatography [6],
digestive fluid transport [7], frontal polymerization [8] and oil recovery [9].

The effect of the gap width in Hele-Shaw cells on VF dynamics has been extensively investigated
in recent studies [10—14]. Al-Housseiny et al. experimentally [10] and theoretically [11] examined
the control of immiscible VFs using a geometric strategy in which the Hele-Shaw cell had a
constant depth gradient along the flow direction. Zheng et al. [12] experimentally and theoretically
suppressed immiscible fingering dynamics using a time-dependent gap strategy, where the gap width
of the Hele-Shaw cells varied with #'/7 (¢ represents time). Bongrand and Tsai [13] experimentally
demonstrated the complete displacement of more viscous oil by less viscous air in radial Hele-Shaw
cells with a fixed gap gradient. They investigated the stability of VF patterns by varying the gap
gradient and injection flow rate, and compared their experimental results with linear stability theory,
showing that the critical threshold capillary number increased with the gap gradient, which is in
good agreement with the theoretical prediction. Nand et al. [14] experimentally and numerically
revealed that the gap width affects fully miscible VFs. They observed that increasing the gap
width suppressed VF instability for a fixed mobility ratio and flow rate. In both classical theory
and this study, instability increased with the Péclet number (Pe), defined as the ratio of advection
rate to diffusion rate. However, even at a fixed Pe, the instability weakens as the gap widens,
indicating a gap effect on instability. They also simulated VF dynamics with different gap widths
using comsol software, employing Darcy’s law for two-dimensional flow and the Stokes model for
three-dimensional flow. The Darcy model qualitatively reproduced the experimental results.

The effect of the gap, such as throat width and porosity, on VF dynamics in porous media has also
been studied. The definition of “gap” in porous media varies among research groups. In some cases,
it corresponds to the average throat width, while in others it represents the porosity. The governing
equations of flow in Hele-Shaw cells and porous media are equivalent only when permeability is
homogenous in the porous medium.

Wang et al. [15] numerically examined the effects of porosity and wettability on immiscible VF
dynamics in porous media. By varying these parameters, they constructed a phase diagram of mor-
phologies, including viscous fingering, capillary-fingering-like patterns, and suppressed instability.
Pak et al. [16] numerically investigated how morphology changes, such as erosion and dilation of
particles in porous media, influence immiscible fluid displacement dynamics. They modified both
the porosity and throat width, observing that the wide-throat model contained larger oil clusters,
whereas the tighter (dilated) model contained smaller clusters. Osei-Bonsu ez al. [17] experimentally
investigated the effects of pore throat size (i.e., porosity or permeability) on immiscible fluid
displacement dynamics with foam production. They found that changes in permeability did not
affect displacement efficiency. Heterogeneity also plays a significant role in fluid displacement
dynamics in porous media [18-21].

A third VF category, the partially miscible system, has been recently studied [22-34]. Several
definitions for partially miscible systems currently exist. In one definition, two solutions are brought
into contact and one component from one solution diffuses into the other [22,23,27]. In another, both
solutions mutually dissolve [28], so that the compositions of the initial solutions differed from those
at later stages because phase separation occurs at the interface. In both cases, the solutions in the
partially miscible system exhibit finite mutual solubility. The present study focuses on the latter
case.

Partially miscible VFs produce multiple droplet formations instead of a finger-like patterns due
to phase separation and spontaneous convection during phase separation [28]. The convection
arises from the Korteweg force [35—40], which is driven by a chemical potential gradient across
the interface between fluids of increasing viscosity. Experimental studies have focused on the
effects of components, including the degree of partial miscibility or degree of phase separation,

014005-2



SCALED INTERFACIAL LENGTH IN PARTIALLY ...

N
(=]

(O8]
S

(partially miscible)

Region 11
*

[\
S

—
(=}

PEG concentration [wt%]
E
%.

egion I

v by | ———
00 5 10 15 20 25

Na,SO, concentration [wt%]

FIG. 1. Phase diagram of the PEG-Na,SO,4-water system used in this study. The black solid circle indicates
the concentration of 36.5 wt % PEG solution and white solid circle implies 20 wt % Na,SO, solution. These
solutions are brought into contact with each other, resulting in the concentration shown in a black star. The
black solid curve indicates a so-called binodal curve.

injection flow rate, and mobility (such as viscosity contrast between fluids) on partially miscible
displacement dynamics [26,28-30,32,34]. However, the influence of the Hele-Shaw gap width on
partially miscible systems has not yet been investigated, even though it strongly affects droplet
formation dynamics.

Therefore, this study experimentally investigates the effect of the Hele-Shaw gap width on VF
dynamics, as well as the influence of injection flow rate and flow velocity. Displacement experiments
were performed using partially miscible PEG-Na,SO4-water solutions under ambient conditions to
systematically examine how geometric confinement and flow parameters affect interfacial behavior.
The evolution of fingering and droplet formation was recorded and analyzed to clarify the mecha-
nisms governing instability development in partially miscible fluid displacement.

II. METHODS

A partially miscible system was prepared using polyethylene glycol (PEG; average molecular
weight, M,, = 8000), Na,SOy4, and water at room temperature and atmospheric pressure [41].
Figure 1 shows the phase diagram of the PEG-Na;SOy4-water system. The solution composition
used in this study was identical to that used in previous work [28].

When the initial concentrations of the displacing and displaced liquids lie within Region II
(Fig. 1), the system is partially miscible, as it separates with finite mutual solubility. By contrast,
when the initial concentration lies within Region I, the system forms a single phase, indicating a
fully miscible system in which the fluids completely mix into a homogenous phase over time. The
boundary curve between Regions I and II is referred to as the binodal curve.

The initial concentration was varied by changing the Na,SO4 concentration, while maintaining
the more viscous liquid as a 36.5 wt % PEG solution, dyed with 0.1 wt % indigo carmine for
displacement visualization. Although the Na,SO,4 concentration was altered, the solution viscosity
remained nearly constant. For instance, when the displaced liquid was 36.5 wt % PEG-63.5 wt
% water [black solid circle () in Fig. 1] and the displacing liquid was 20 wt % Na,;SO4-80 wt
% water [open circle () in Fig. 1], the mixture composition became 18.25 wt % PEG-10 wt %
Na,;S04-71.75 wt % water [black star (x) in Fig. 1]. This composition was considered to represent
the interfacial composition during fluid displacement. Moreover, because this composition lies on

014005-3



SUZUKI, NABAE, AND MAMORI

TABLE I. Symbols and their definitions in this study.

Symbol Definition Physical meaning Unit

b Gap width of Hele—Shaw cell Controls confinement; affects mm
hydrodynamic instability

q Flow rate Injected fluid volume per unit uL min~!

time

v Flow velocity (= g/b) Linear velocity uL min~! mm™!

f Flow velocity ratio Nondimensional flow length

D Fractal dimension Describes interfacial complexity

S Randomness Quantifies instability strength

1 Total interfacial length Thermodynamic measure of mm

interface development

the binodal curve in Fig. 1 (Region II), the system, where 36.5 wt % PEG was displaced by 20 wt
% Na,;SOy4, underwent phase separation, confirming that it was partially miscible.

Previous studies have confirmed that all solutions used here behaved as Newtonian fluids
[28,42,43]. In our previous study [43], the viscosity and density of each solution was measured
and reported as follows: 36.5 wt % PEG had a 112 mPas viscosity and 1.07 g cm? density, while 20
wt % Na,SO, had a 2.08 mPas viscosity and 1.19 gcm ™3 density.

Table I summarizes the symbols and corresponding definitions used in this study. In particular,
the linear velocity (v) is defined as g/b because a fixed representative radius (r) was used. The exact
expression for the linear velocity is ¢/(2w rb). In radial Hele-Shaw flow, the physically relevant
characteristic velocity at the advancing front is the Darcy-type gap-averaged velocity u, = ﬁ,
which has the correct units of [L/T]. Strictly speaking, the quantity g/b is therefore a flux-like
parameter rather than a true velocity. In this study, however, we use v = ¢g/b as a convenient
flow-rate-based control parameter because, in the range of radii relevant to the fingering dynamics,
the factor 27 varies only weakly between experiments, making u, approximately proportional to
q/b. Thus, v should be interpreted as a hydrodynamic forcing parameter proportional to the Darcy
velocity rather than as the exact local velocity field.

Displacement experiments were conducted using Hele-Shaw cells with various gap widths (0.05,
0.10, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40, 0.50, 0.60, and 0.70 mm) (Fig. 2). The cells consist of two
parallel acrylic plates. The size of the cells is 14x 14 cm and the recorded diameter of the cells is
116 mm. The gap is controlled by the thickness of metal plates.

Less viscous fluid
(20 wt% Na,SO, solution)

More viscous fluid

. / (36.5 wt% PEG solution)
Injection rate ¢

pump

140 mm
gap b

T

camera

metal plate

FIG. 2. Schematic of the fluid displacement apparatus.
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FIG. 3. Time evolution of fingering dynamics at various gap widths. From left to right, the gap width was
(a) 0.05, (b) 0.10, (c) 0.15, (d) 0.20, (e) 0.25, (f) 0.30, (g) 0.35, (h) 0.40, (i) 0.50, (j) 0.60, and (k) 0.70 mm.
From top to bottom, the image was taken when the radius of the longest finger or outermost droplet reached
10, 20, 30, 40, and 50 mm. The linear flow velocity (¢/b) was fixed at 186 uL min~' mm~".

The more viscous 36.5 wt % PEG solution was first used to fill the cell, followed by injection of
the less viscous 20 wt % Na, SOy solution at controlled flow rates (9.3—1302 uL min~'), depending
on the gap width, to maintain a constant reference linear flow velocity of 186 uL min~' mm~!.
Additional experiments were performed at higher velocities of 2vg, 5vg, and 10vq (372, 930, and
1860 uL. min~! mm ™!, respectively) to study the effect of flow velocity. Each experiment continued
until the outermost finger or droplet reached a radial distance of 50 mm. The displacement processes
were recorded from below using a video camera. To obtain quantitative data such as droplet
count and average size, the images were first converted to grayscale and binarized using image;.
For complex patterns, the interfaces were manually traced on paper, scanned, and converted into
binary images. The number and size of droplets were then measured using imagej software. Each
experimental condition was repeated three times to ensure reproducibility, and the error bars in the
figures represent standard deviations. In addition, we showed that the resolution of the camera used
in this study was sufficiently high to analyze the displacement. The resolution of the camera is 1920
x 1080 pixels. The length of one image pixel in a 20 wt % Na,SOy case is calculated to be 0.08369
mm. Hence, the area of 1 pixel was 0.08369> mm? = 0.00700 mm?. However, the average droplet
size excluding a mother finger for Fig. 3(b) (shown later) was 6.319 mm?. This value corresponded
to 902 pixels. Thus, noise had little effect on the results of this study because the droplets occupied
a sufficient pixel size.

III. RESULTS AND DISCUSSION

Figure 3 shows the time evolution of the displacement when the 36.5 wt % PEG solution was
displaced by a 20 wt % Na,SOy solution at various gap widths. The flow rate was adjusted so that
the flow velocity remained constant at 186 uL min~' mm~") for all gaps. For example, when the
gap was 0.05 mm, the flow rate was 186 x 0.05 = 9.3 uL min~!. In Fig. 3, the first row shows
the dynamics when the radius of the longest finger or outermost droplet reached 10 mm, while the
second, third, fourth, and final panels correspond to 20, 30, 40, and 50 mm, respectively. The time
evolution proceeds from top to bottom for each gap.

In classical Saffman-Taylor instabilities, both fully miscible and immiscible systems exhibit
finger-like interfacial patterns [3]. However, partially miscible systems have been reported to form
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FIG. 4. (a) Number of droplets (Ngropiec) and (b) average droplet size (<A>) as functions of gap width (D).
Error bars represent the standard deviations from three repeated experiments. The plotted data was taken when
the radius of the longest finger or outermost droplet reached 50 mm.

multiple droplets instead of distinct fingers [28]. In the present experiments, increasing the gap
width led to an increase in droplet size. Several droplets appeared as time progressed. The lighter
blue color observed for smaller gaps resulted from the thinner PEG layer, as a larger gap increased
the optical thickness, making the color appear darker blue owing to reduced light transmission.

Figure 4 shows the number and average size of the droplets as a function of the gap width. When
the gap was small, droplets did not spread isotropically, resulting in significant differences in their
numbers and sizes. Moreover, the dye became diluted, blurring the droplet boundaries, making the
number and size of smaller droplets difficult to accurately measure. As the gap width increased,
the number of droplets decreased, while the average droplet size increased (Fig. 4). Conversely,
smaller gaps produced more numerous and smaller droplets, but these often merged during analysis,
resulting in an underestimation of their apparent number.

The effect of flow velocity on the displacement dynamics is presented in Fig. 5, where the flow
velocity was 186, 372, 930, and 1860 uL min~! mm~!, from top to bottom. The number of droplets
decreased as the flow velocity increased. At larger gaps (b > 0.35 mm), droplet formation was
suppressed, and finger-like structures appeared instead. Consequently, the droplet size increased
with increasing flow velocity. This behavior contrasted with that in fully miscible or immiscible

(@) 005mm  (b)0.10mm (c)0.15mm (d)020mm (e)025mm (030 mm (g)035mm (h)040mm (1)050mm () 0.60 mm (k) 0.70 mm

FIG. 5. Fingering dynamics for various flow velocities and gap widths. From left to right, the gap width
was (a) 0.05, (b) 0.10, (c) 0.15, (d) 0.20, (e) 0.25, (f) 0.30, (g) 0.35, (h) 0.40, (i) 0.50, (j) 0.60, and (k) 0.70
mm. From top to bottom, the linear flow velocity (¢/b) was vy, 2v, Svg, and 10vy (vy = 186 uL min~' mm™").
Each image was taken when the radius of the longest finger or outermost droplet reached 50 mm.
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FIG. 6. Relationship between the fractal dimension (D) and gap width (). Error bars represent standard
deviations from three repeated experiments.

systems, where the finger width decreases or the number of fingers increases as the flow velocity or
flow rate increases.

To quantify the interfacial patterns, the fractal dimension (D) was measured using the box-
counting method [44], which is commonly used for quantitative evaluation of fingering dynamics
[45-48]. The fractal dimension provides information regarding the geometrical properties of
branched patterns, allowing comparisons among different conditions. The D values were calculated
based on binarized images processed with imagej (Fig. 6). The measured D values ranged from
1.6 to 1.8, consistent with literature values for radial viscous fingering [45,46,48,49]. Auerbach
and Strobel [49] reported that D approaches 1.7 in the viscous regime (Re ~ 1; Re: Reynolds
number) and decreases to 1.5 in the inertia regime (Re ~ 200) for water-glycerol miscible systems.
In the present study, the fractal dimension increased with the gap width as droplet formation
was suppressed and broader fingers developed. This behavior likely occurred because the fractal
dimension was dependent on the covered area of the less viscous solution. This result indicates that
hydrodynamic instability became more suppressed as the gap increased. However, this observation
differs from that reported in previous literature [49]. In the present study, the Reynolds number (Re
= pvr/u) remained constant because the linear velocity (v) was fixed, while the gap width varied
and both density (p) and viscosity () were constant. Therefore, the fractal dimension gradually
changed even when under constant Re conditions. Although the fractal dimension provides infor-
mation on hydrodynamic characteristics, it does not reflect chemical or thermodynamic properties.
Furthermore, the same trend was observed across different flow velocities. Overall, the D values
were smaller at vy than at 2vy, Svg, and 10vy. However, no significant difference was observed at a
specific b value for different flow velocities, except vg.

We defined randomness (S) to quantitatively evaluate the interfacial instability dynamics, and the
results are shown in Fig. 7. The randomness parameter S was defined as the number of pixel-to-pixel
transitions between black and white along a line scan of the binarized image, normalized by the
total number of scanned pixels. In practice, each binary image was scanned pixel by pixel, and
every change in pixel value (white to black or black to white) was counted. The value of S was then
obtained by dividing this count by the total number of scanned pixels. Preliminary tests confirmed
that S is independent of the scanning direction.

S, originally defined through image binarization, can also be interpreted from a thermodynamic
perspective. A higher S corresponds to a larger interfacial area and stronger concentration gradient,
implying enhanced local entropy production. This is because S reflects the spatial heterogeneity
of the chemical potential field and can thus be regarded as a measure of entropy production in
nonequilibrium interfacial dynamics, since entropy production is defined as % SJ-VudV, where
T is the absolute temperature, J is the mass flux, u is the chemical potential, and V is the volume
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FIG. 7. Randomness (S) as a function of gap width (). Error bars represent standard deviations from three
repeated experiments. The plotted data was taken when the radius of the longest finger or outermost droplet
reached 50 mm.

[29,50,51]. Conversely, a smaller S value reflects an energetically stabilized, ordered interface
configuration dominated by interfacial tension. Therefore, S represents a macroscopic manifestation
of the competition between hydrodynamic advection and thermodynamic phase separation.

The relationship between S and b is illustrated in Fig. 7. S decreased as the gap increased,
indicating that hydrodynamic instability was more suppressed at larger gaps. In the partially
miscible PEG-Na,SO,4 system, the decrease in S with increasing gap demonstrates that con-
finement suppressed thermodynamic instability. Thus, a reduction in S signifies a shift from a
thermodynamically driven phase-separation regime (high-entropy interface) to a hydrodynamically
stabilized regime (low-entropy interface). This trend remained consistent even when the flow
velocity was varied. The randomness parameter S counts the frequency of pixel-level transitions
along the interface, reflecting the geometric irregularity owing to hydrodynamic fingering and
droplet formation. A decrease in S with increasing gap width therefore indicates smoother interfaces
and reduced interfacial complexity, consistent with suppressed hydrodynamic instability. Note that
although S and D measure different characteristics—local irregularity and multiscale geometrical
complexity, respectively—they both decrease or increase systematically with the suppression of
droplet formation. Therefore, while no direct mathematical relationship exists between S and D,
they exhibit consistent trends because they capture different manifestations of the same physical
stabilization process.

We also measured the number of droplets at various flow velocities, as shown in Fig. 8. The
flow velocities vy, 2vy, Svy, and 10v, correspond to 186, 372, 930, and 1860 yL min~' mm™!,
respectively. For all flow velocities, the number of droplets decreased as the Hele-Shaw cell gap
increased. As the gap widened, the patterns became more hydrodynamically stable, forming thicker
and fewer fingers. This behavior is further reinforced by interfacial tension, a characteristic of
partially miscible systems. At low injection velocities, numerous droplets formed to maximize the
interfacial area. By contrast, at higher injection velocities, the pattern was determined by the balance
between interface instability (fingering) caused by injection and droplet formation. Therefore, even
at the same gap width, the number of droplets decreased as the flow velocity increased.

The interfacial length of the pattern was analyzed from a chemical thermodynamic perspective.
Here, we define the total interfacial length (/) as the sum of the perimeters of all droplets and the
interfacial lengths of the fingers. I can be interpreted thermodynamically as a measure of interfacial
free energy. In partially miscible systems, the evolution of I reflects the competition between the
reduction of bulk free energy through phase separation and the increase in interfacial energy due to
interface creation. Although the total interfacial length [ increases when numerous small droplets
are formed, / cannot be expressed solely in terms of the number and size distribution of droplets.
This is because the interfacial geometry in the present system includes not only circular droplets
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FIG. 8. Number of droplets (Ngropiet) for various flow velocities as a function of gap width (b). Error bars
represent standard deviations from three repeated experiments. The plotted data was taken when the radius of
the longest finger or outermost droplet reached 50 mm.

but also extended finger boundaries generated by the combined effects of hydrodynamic stretching
and phase separation. Therefore, / should be regarded as an integrated geometrical measure that
incorporates contributions from both droplet interfaces and convoluted finger structures. As a result,
changes in droplet number and droplet radius correlate with variations in 7, but a simple analytical
relationship between these quantities does not exist. The trends shown in Figs. 7-9 collectively
reflect this mutual but nontrivial dependence.

The observed decrease in I with increasing gap width indicates that geometrical confinement en-
hanced the thermodynamic driving force toward stable, low-energy configurations. Conversely, the
nonmonotonic dependence of I on flow velocity suggests a transition between diffusion-dominated
and advection-dominated regimes, where the system explores metastable configurations of higher
interfacial energy under nonequilibrium forcing. The dependence of I on the gap width is shown in
Fig. 9. The total interfacial length decreased as the gap increased, regardless of the flow velocity.
At small gaps, thermodynamic effects dominated over hydrodynamic effects, resulting in numerous
droplets and longer interfacial lengths. However, for most gap widths, the interfacial length at 2v,
was greater than that at 10vy, indicating no correlation between the interfacial length and flow
velocity.

Finally, the total interfacial length of the pattern was scaled with the flow velocity, flow rate,
and gap width as shown in Fig. 10. The dimensionless parameter f represents a multiple of the

2000
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FIG. 9. Total interfacial length (/) as a function of gap width (b) for various flow velocities. Error bars

represent standard deviations from three repeated experiments. The plotted data was taken when the radius of
the longest finger or outermost droplet reached 50 mm.
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FIG. 10. Scaled interfacial length (If) as a function of ¢/b*. The plotted data was taken when the radius of
the longest finger or outermost droplet reached 50 mm.

reference flow velocity (vg). The horizontal axis (¢/b?) is a parameter based on Darcy’s law for
Hele-Shaw flows, reflecting the hydrodynamic effect in this study. The vertical axis represents
the scaled interfacial length (If), reflecting chemical thermodynamic effects. The scaled interfacial
length If was defined as I f = I x f, where I is the measured total interfacial length and f = v /vy is
the flow-velocity ratio. In this sense, If represents a hydrodynamically weighted interfacial length.
Plotting If against g/b*, which reflects the effective shear rate, allows comparison across different
flow velocities and gap widths and reveals the underlying scaling behavior.

As shown in Fig. 10, If is proportional to (q/bz)o'és. Therefore, the total interfacial length is
related to the flow velocity ratio f, flow rate ¢, and gap b. This relationship implies that the
observed pattern was due to a balance between chemical thermodynamics and hydrodynamics.
Because I reflects the thermodynamic contribution and ¢, f, and b are hydrodynamic parameters,
the interfacial length can be predicted by the flow rate and gap width. The obtained scaling, If
« (gq/ b2)0'68, suggests that the total interfacial length was governed by the competition between
thermodynamic interfacial tension, which favored minimizing /, and hydrodynamic shear effects,
enhanced by increasing f or g. The inverse dependence on b indicates that stronger confinement
enhanced diffusive mixing and droplet nucleation, effectively increasing interfacial complexity.

The present scaling is based on dimensional quantities without full nondimensionalization (e.g.,
by capillary number, Péclet number, or Korteweg number). Therefore, the obtained relationship
is specific to the PEG-Na;SOy4-water system under room-temperature conditions. However, the
scaling exponent is expected to remain similar for other partially miscible systems with comparable
interfacial tension and viscosity contrasts.

The experimentally obtained scaling relation, I f o (q/bz)o'ég, can be physically interpreted by
considering the balance between interfacial tension and hydrodynamic shear effects in the confined,
partially miscible system. In a Hele-Shaw geometry, the characteristic shear rate (y) is proportional
to ¢/b?, because the local velocity gradient in the gap direction scales as the mean velocity U ~ ¢/b
divided by the gap thickness b. Thus, the observed empirical relation can be rewritten as

Wi

If oc %% ~ p5. (1)

This scaling can be derived from a simple force balance between inertial stress and interfacial
tension. The interfacial length / f represents the total area of newly formed interface and is inversely
related to a characteristic domain size (L) as I f ~ A/L, where A is the observation area. Assuming
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that the domain size is determined by the condition that inertial and capillary stresses are balanced,
i.e., Weber number of order unity (We = pLU?/o = py>L®/o ~ 1 when U = y L), we obtain

1 2
Ifo<zcx)'/?. (3)

and hence,

Here, p and o denote the fluid density and interfacial tension, respectively. The exponent 2/3
derived from this scaling is in excellent agreement with the experimental value of 0.68, indicating
that the interface morphology was governed by competition between capillary relaxation and weak
inertial stretching under shear.

By contrast, if the system were entirely in a viscous-capillary regime (Ca = uyL/o ~ 1), the
characteristic length would scale as L ~ o /(uy), giving I f o y. Alternatively, in a diffusion-
controlled regime dominated by Korteweg stresses (K/L> ~ uy) [52-54], one would expect L ~
[K/(uy)]'? and hence If o /3. Such viscous-capillary and Korteweg-viscous scaling relations
are well established in the theoretical literature on interfacial dynamics and phase ordering. For
diffuse interfaces, the Korteweg stress scaling originates from the Cahn Hilliard theory [53], while
the associated length-scale evolution in phase-separating systems is discussed comprehensively by
Bray [54].

The experimentally observed exponent (0.68) therefore lies between the viscous-capillary and
Korteweg-viscous limits but is closer to 2/3, supporting the interpretation that pattern selection
occurs in a regime where weak inertia and interfacial tension are balanced. This analysis suggests
that the present PEG-Na,SO4-water system, though nominally at low Reynolds number, operates

near a transitional “inertia-modified capillary regime.” The scaling law I f (q/bz)o'68 therefore
arises naturally from the physical constraint We ~ 1 under confinement.

IV. CONCLUSIONS

This study systematically investigated the effects of the gap and flow rate on the displacement
of a more viscous fluid by a less viscous one in a Hele-Shaw cell using a partially miscible
PEG-Na,SO4-water system. Compared with fully miscible and immiscible systems, which typically
exhibit fingering patterns, the partially miscible system produced multiple droplets.

In this study, we found that the droplet size decreased and the number of droplets increased as
the gap width decreased, indicating that the droplet formation intensified under strong confinement.
As the flow velocity increased, the number of droplets decreased, and when the gap was sufficiently
large (b > 0.35 mm), droplet formation was suppressed and classical fingering reappeared. This
behavior contrasted with conventional trends observed in fully miscible and immiscible systems,
where increasing flow velocity typically leads to thinner fingers and a greater number of fingers.

The randomness parameter obtained from image binarization decreased with increasing gap
width increases, indicating that hydrodynamic instability was suppressed under larger gaps. Sim-
ilarly, the fractal dimension determined by the box-counting method increased as the gap increased,
reflecting the suppression of droplet formation and the development of wide fingers. The total
interfacial length decreased with increasing gap at all flow velocities. In addition, a nonmonotonic
relationship was observed between the flow velocity and interface length. For instance, the interfa-
cial length was larger at 2v, than at 10v for several gaps. This may be related to a nonmonotonic
behavior of finger width against flow rate due to the balance of interfacial hydrodynamics and
chemical thermodynamics [26]. However, numerical simulations should be conducted to completely
understand this mechanism—such a challenging issue is left as a future work.

A key finding of this study was the discovery of a scaling law that reflects the balance between
inertial stretching and capillary relaxation under geometric confinement. The derived empirical
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exponent agreed well with theoretical predictions based on Weber number scaling (We ~ 1),
situating the system in a weakly inertial, capillary-dominated regime. This result complements the
known viscous-capillary (I f o ) and Korteweg-viscous (I f oc y!'/?) limits, establishing a unified
framework for pattern selection in partially miscible displacement systems.

The present study demonstrates how the competition between hydrodynamic forcing, geometric
confinement, and thermodynamic phase separation governs the onset, suppression, and morpho-
logical features of partially miscible viscous fingering. In particular, we identify conditions under
which phase-separation-driven droplet formation and interfacial deformation are either enhanced
or arrested by the imposed flow. These findings contribute to the growing research trend focusing
on the coupling between hydrodynamics and phase separation, especially the flow-induced arrest
phenomena that emerge when phase separation occurs within a moving liquid-liquid interfacial
region. Such mechanisms directly relate to a methodology for controlling interfacial hydrodynamics
via phase separation [55], which has potential applications across a wide range of fields. On the
large scale, understanding how flow suppresses or promotes interfacial pattern formation is relevant
to enhanced oil recovery [9], CO; sequestration [56], and the mitigation or manipulation of oil slicks
on the ocean surface [57-59]. On the small scale, the ability to modulate interfacial patterns through
gap thickness, flow rate, and thermodynamic driving force is useful for the design of microfluidic
devices and flow-assisted emulsification technologies where precise control over mixing, dispersion,
and morphology is required [60,61].

Furthermore, the aqueous two-phase system (ATPS) used in this study is itself employed in
biological and biochemical applications, including the dynamic microcompartmentation of cells,
proteins, and nucleic acids [62,63], and it has recently been recognized as a model for membrane-
less organelles [64]. The present results—showing how imposed flow can either arrest or promote
droplet formation and interfacial structuring—provide a physical framework that may help identify
the molecular components, physical properties, and mechanisms underlying intracellular phase sep-
aration. Such mechanisms are believed to regulate spatial organization and information processing
within membrane-less organelles [65,66].
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