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Manifold Learning for Olfactory Habituation to Strongly Fluctuating Backgrounds
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Animals rely on their sense of smell to survive, but important olfactory cues are mixed with confounding
background odors that fluctuate due to atmospheric turbulence. It is unclear how the olfactory system ha-
bituates to such stochastic backgrounds to detect behaviorally important odors. Here, we explicitly consider
the high-dimensional nature of odor coding, the natural statistics of odor fluctuations, and the architecture
of the early olfactory pathway. We show that their combination favors a manifold learning mechanism for
olfactory habituation over alternatives based on predictive filtering. Manifold learning is implemented in our
model by a biologically plausible network of inhibitory interneurons in the early olfactory pathway. We
demonstrate that plasticity rules based on the Intrator, Bienenstock, Cooper, and Munro (IBCM) model or
an online principal components analysis algorithm are effective at implementing this mechanism in turbulent
conditions and outperform previous models relying on mean background subtraction. Interneurons with an IBCM
plasticity rule acquire selectivity to independently varying odors. This manifold learning mechanism offers a path
toward distinguishing plasticity rules in experiments and could be leveraged by other biological circuits facing

fluctuating environments.

DOI: 10.1103/q62z-7j1d

I. INTRODUCTION

Most of us have experienced an odor fading to imper-
ceptibility after prolonged exposure. Habituation is a basic
building block of sensory cognition, allowing us to pay at-
tention to weak but important cues relevant for survival [1,2].
Across sensory modalities, numerous mechanisms for sensory
adaptation and habituation filter out irrelevant information;
these mechanisms must be considered in light of the statistical
features of natural scenes [3—7]. Though olfactory habituation
to regular stimuli is behaviorally well-characterized [8], less is
known about its computational basis in neural circuits facing
naturalistic environments.

The physics of odor transport poses a difficult habituation
problem, challenging simple models such as mean back-
ground subtraction. Unlike in vision and audition, olfactory
signals are transported by a physical medium that is turbulent
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at the spatial scales relevant for behavior. Wind velocities in
such environments have complex spatial and temporal fluc-
tuations, which segregate air into patches of odor and clean
air [Fig. 1(a)]. An olfactory sensory apparatus thus receives
a highly intermittent sensory signal, where clumps of intense
odor detections (“whiffs”) are separated by seconds to min-
utes of relatively clean air (“blanks”) [Fig. 1(b)] [9-11]. These
strongly non-Gaussian statistics make it nontrivial for olfac-
tory circuits to identify new odors mixed with a dominant,
fluctuating background.

The neurobiology of early olfaction outlines the underly-
ing circuit structure solving this habituation problem across
animal species [Fig. 1(c)]. In insects, odors are first detected
by olfactory receptors (ORs) located on olfactory sensory
neurons (OSNs) in the antennae. Each OSN often expresses
one olfactory receptor type (among ~50 different receptor
types in the fruit fly). Axons from OSNs expressing the same
receptor project to distinct locations called glomeruli in the
antennal lobe. Projection neurons (PNs) integrate signals from
a few glomeruli and project to higher order processing cen-
ters, including the mushroom body (where associations are
formed) and the lateral horn (which drives innate behaviors)
[12,13]. A strikingly similar architecture is present in mam-
mals: glomeruli are located in the olfactory bulb where OSN
input is processed and broadcast to diverse subcortical and
cortical regions [14].
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FIG. 1. Olfactory systems face stochastic, turbulent odor mixture inputs, for which manifold learning may be an optimal habituation
strategy. (a) Illustration of background and new odor concentrations time series, strongly fluctuating in a series of whiffs and blanks, according
to the turbulent atmosphere statistics derived in Ref. [9]. (b) Stationary probability distributions of whiff concentrations and whiff and blank
durations. (c) Structure of early layers in the olfactory network, annotated with fly (top) and mouse (bottom, when different from fly) anatomical
regions and cell types. MT: Mitral/tufted cell (d) Illustration of a hypothetical low-dimensional subspace spanned by background odors in the
space of OSN activities s;, with sample mixtures generated by log-normal odor concentrations. A new odor, Sy, generally has a component,
Snew, 1, lying outside of the background manifold. (e) Log-ratio of the difference in loss functions for new odor recognition between manifold
learning (Lp), predictive filtering (£,), or the combination of both strategies (L, p), in the special case of independent, orthogonal background
odors s, and new odors uniformly distributed on the unit hypersphere (Appendix A). For a sensory system tasked to detect new odors within
fast background fluctuations in a high-dimensional space, as it is the case with olfaction, manifold learning is the dominant strategy (loss

Lp ~ L, p). The olfactory space dimensionality is rescaled by the relative variance of background and new odors: Ns = Nso'? /o2

A characteristic feature of ORs is their broad tuning to
many odor molecules, such that each OSN is activated by
multiple odors [15]. Thus, OSN activity induced by a behav-
iorally relevant odor appearing in a naturalistic environment
is masked by possibly many background odors [16]. Biophys-
ical mechanisms for adaptation in a single OSN allow for
adapting the dynamic range of spiking output to the statistics
of receptor activity [17-20]. However, these single-neuron
mechanisms do not, on their own, disentangle contributions
from a new and relevant odor from those of irrelevant back-
grounds, suggesting that background subtraction occurs at the
neural population coding level, in a later stage of the olfactory
pathway [21-24].

The antennal lobe (AL) in insects and the olfactory bulb
(OB) in mammals are likely candidate regions for olfactory
habituation. Since most olfactory receptors are promiscuous,
the population activity of glomeruli in these regions repre-
sents an efficient combinatorial code for odors [25,26]. The
AL and OB further contain extensive local networks of in-
hibitory interneurons that mediate inter-glomerular crosstalk
before signals are broadcast to downstream processing centers
[27-30]. Consistent with this picture, plasticity mechanisms
in Drosophila antennal lobe inhibitory interneurons [called
local interneurons (LNs)] have been linked to the forma-
tion of olfactory memories during habituation [6,8,22,31-35].

new *

Building on these results, Shen, ef al. proposed a neural model
for olfactory habituation where LNs learn and subtract a time-
averaged background signal by integrating glomerular activity
over timescales of minutes [36]. While a mean filtering mech-
anism is plausible when backgrounds are stable, it cannot
filter out the strong fluctuations of naturalistic olfactory scenes
(Appendix C), hinting that other mechanisms are at play.
Here, we propose a conceptually distinct model for ol-
factory habituation to broadly activating backgrounds that
fluctuate on physically relevant timescales. As in previous
proposals, we assume that background subtraction is me-
diated by plasticity mechanisms in inhibitory interneurons
within the AL and OB. Our model is motivated by the
fact that the representation of a fluctuating odor traverses a
one-dimensional manifold (i.e., a curve) in a much higher-
dimensional glomerular activity space [23]. Consequently, a
mixture of backgrounds spans a manifold of dimensionality
equal to the number of fluctuating odors in the mixture. A net-
work that learns this low-dimensional manifold can thereby
subtract out background activity by projecting instantaneous
activity to the low-dimensional background manifold, high-
lighting components that are orthogonal to it [Fig. 1(d)].
Our proposed “manifold projection” mechanism thus re-
lies on the high-dimensional nature of olfactory coding,
and is still applicable when odors fluctuate on timescales
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comparable to timescales of neural signal propagation. Hence,
the characteristics of olfactory stimuli and circuits outline a
distinct habituation mechanism at the level of neural popu-
lation codes, which could also be used by other biological
circuits for background subtraction or novelty detection in
fluctuating, high-dimensional input spaces.

The structure of the paper is as follows. We first use a
minimal mathematical model to delineate the physical and
sensory coding regimes where a manifold projection strategy
outcompetes a predictive filtering mechanism for new signal
recognition among strong background fluctuations. Next, we
propose a biologically plausible model for manifold learning
implemented by inhibitory interneurons in the early olfactory
system. We consider two local plasticity rules—the Intrator,
Bienenstock, Cooper and Munro (IBCM) model [37] and
a biologically plausible online principal components analy-
sis (BioPCA) model [38]—which find the linear subspace
spanned by the background odors. Interneurons equipped
with either rule perform considerably better against fluctuat-
ing backgrounds than prior models and perform comparably
against each other. A detailed mathematical analysis of the
IBCM rule shows that interneurons acquire selectivity to in-
dependent odors in the mixture. Finally, we show that both
plasticity rules are robust across a range of physiologically
relevant physical and computational regimes.

II. RESULTS
A. Regimes of predictive filtering and manifold learning

We begin by delineating the physical and computational
regimes in which a manifold learning strategy for habitua-
tion outperforms a predictive filtering strategy. We consider
an olfactory system habituating for time 7 to a fluctuating
background, b(#). The components of these vectors represent
the glomerular activations corresponding to each OR type, and
thus reflect the coordinates of an odor in an Ng-dimensional
olfactory coding space. As in the rest of the paper, the back-
grounds b(¢) are mixtures of N odor vectors §,,

Ng
b(t) = ¢, (1)3,. (1)

y=1

where the concentration of the yth odor at time ¢ is ¢, (¢). Each
vector 8, encodes how strongly each OSN type is activated by
odor y and could represent a single odorant molecule or a
blend coming from the same source with fixed proportions.
Here, we have assumed additive odor mixtures to keep our
analysis tractable; our conceptual argument should also ex-
tend to nonadditive odor mixture coding [17,39-41] when
combined with algorithms for curved manifolds (Discussion).
The system subsequently responds at time 7 to a mixture
of the fluctuating background b(7") and a new, behaviorally
relevant target odor s,.y Which the target aims to recognize;
the total input is b(T') + Syew. An idealized circuit subtracts a
vector uy from the target-background mixture, where

T-1

ur = Y ub(T = j)+ POO(T) + Spew)- 2)
j=1

The first term represents a weighted average over the back-
ground’s history, corresponding to the predictive filtering
strategy, where scalar coefficients v; are set by the second-
order statistics of background fluctuations. The second term
corresponds to a simplified manifold learning strategy, where
the matrix P projects the current stimulus to the subspace
spanned by the background. The parameters v; and P are
learned during habituation such that the target odor Sy is
recovered (in the mean-squared-error sense) by subtracting ur
from the current input.

We analytically optimized v; and P to delineate how the
two strategies contribute to recovering the target odor Spey
from the mixture with b(7"), which depends on background
and new odor statistics (Appendix A). Figure 1(e) illustrates
the optimal reconstruction error for different autocorrelation
timescales of background fluctuations (), and dimensional-
ities of the olfactory coding space [Ng, Figs. 7(a) and 7(b)].
While the combined strategy is by construction always better
than each individual strategy, manifold learning alone ex-
plains all the performance when fluctuations are fast and the
dimensionality is large (small 7, large Ng).

The spectrum of turbulent fluctuations is dominated by
brief whiffs and blanks that can reach down to ~10 ms
[Fig. 1(b)]; predictive filtering, since it acts as a change de-
tector, would constantly respond to these whiffs. Taking the
filtering time step to be the smallest olfactory delay func-
tionally perceptible to mice and human (30-60 ms) [42,43],
we estimate that t < 100 steps for typical turbulent back-
grounds [Fig. 7(c)]. The number of OR types spans from a
few tens to thousands across different animals. The olfactory
space is high-dimensional compared to the typical number
of independent odor sources that might prevail in a natural
landscape. Thus, physics and neurobiology together indicate
that olfaction lies within the regime where a manifold learning
strategy is most effective.

B. Models of manifold learning in the early olfactory circuit
to improve new odor recognition

We now develop biologically plausible models of olfac-
tory habituation that rely on manifold learning. Following
[36,44], we formulate a mathematical description [Fig. 2(a)]
of the early olfactory circuit [Fig. 1(c)]. We use Drosophila
cell types for conciseness, but the model generalizes to other
organisms. The key component for habituation is a layer of
N LNs which receive inputs s from olfactory sensory neu-
rons (OSN) via synaptic weights M and are coupled with
lateral connections L, thus having activities h = LMs. OSNs
excite PNs with unit synaptic weights and LNs inhibit PNs
with synaptic weights W. The net activity of the PNs is thus
y=s— Wh.

Intuitively, in our model, interneurons learn to project in-
puts onto the low-dimensional subspace of background odors,
and subtract these projections from PNs. Interneurons can
therefore perform (linear) manifold learning with projection
matrix WLM. Last, PN activities are projected on a large
layer of Nx Kenyon cells (KCs) by sparse random connections
(fixed, not learned). The condition Ng > Ng ensures that the
5% most active KCs represent a distinct neural tag z for each
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FIG. 2. Recognition of new odors after habituation to a background

with different learning models. (a) Mathematical description of the

olfactory network. (b) Schematic of the numerical experiments performed to assess habituation performance. We generate a set of background
odors randomly, then integrate the network’s synaptic plasticity equations for 60 min of habituation to a simulated background time series,

where odor concentrations fluctuate according to the turbulent stochas

tic process illustrated in Figs. 1(a) and 1(b) (see Appendix B for

simulation methods). We then compute the network’s response to a new odor s,., mixed with the background. Odor vectors s,, Sy, are

randomly generated with exponentially distributed elements (Methods).

The recognition performance is quantified by the Jaccard similarity

between the neural tag of the mixture, zyx, and the neural tag (prehabituation) of the new odor alone, z,ey. This procedure is repeated for

several test times, random backgrounds, samples of each background, r:

andom new odors, and different new odor concentrations, for each

habituation model (none, average subtraction, BioPCA, IBCM). Parameter values are listed in the Methods. (c) Sample time series of the norm
of PN activity, to illustrate the extent of habituation (decrease in PN activity when exposed to the background) in each model. “Optimal P
response with the optimal manifold learning matrix P (no predictive filtering) as in Fig. 1(e) but generalized to encompass nonorthogonal and
correlated background odors (Methods). (d) Cumulative distribution of the Euclidean distance between new odors s, and each model’s PN
response to new odors mixed with the background, y,;, after habituation, across all background, odors, and new odor concentrations tested.

(e) Distribution of Jaccard similarities J(z,, Zmix) of the various models, a

possible odor. This dimensional expansion from PNs to KCs
implements locality-sensitive hashing of input identity [44].

Next, we consider biologically realistic synaptic plasticity
rules for weights M, L, and W to achieve adequate manifold
learning within this network. The optimal manifold projection
matrix P derived for Fig. 1(e) involves nonlocal terms and mo-
ments of the new odor distribution inaccessible to the network
[Eq. (9)]. Instead, we postulate a simple, unsupervised, local
learning rule for the inhibitory weights W: they evolve during
habituation to minimize the norm of the PN activity y by using
interneuron activities h. This optimization principle results in
simple Hebbian dynamics (Methods),

Wi _
Tj = ayh; — Wi,
with learning rate o and a regularization rate 8. This simple
update rule allows us to compare different models for the
projection weights M and L. We consider two models: (a)
the IBCM model of synaptic plasticity [37,45-47], and (b) the
BioPCA model [38] (for full model definitions, see Methods).
The IBCM model was proposed to explain neuronal selectiv-
ity to specific stimulus components [45]. Its connections with

3

cross all backgrounds and odor samples tested.

independent component analysis (ICA) [48,49] suggest that it
could provide a biologically meaningful basis for learning the
manifold of non-Gaussian backgrounds.

We perform initial numerical simulations, outlined in
Fig. 2(b), to assess the performance of different habituation
schemes. We compare these rules to the average subtraction
mechanism proposed in Ref. [36] (“Average”), as well as with
the absence of habituation (“None”) and the optimal manifold
learning matrix P derived in the previous section (Methods).
The dynamical equations for each plasticity rule are integrated
in the presence of a background as in Eq. (1), with concentra-
tions fluctuating according to the turbulent stochastic process
of Figs. 1(a) and 1(b). After this habituation period, we present
the network with mixtures of the background and new odors,
Smix = Sp(?) + Snew. To assess how well that odor is decoded
from the mixture, we compare its output with the neural tag
Znew Of the new odor alone. The background and new odor
vectors are randomly generated for each simulation with ex-
ponentially distributed elements and are thus nonnegative and
generically nonorthogonal (Methods).

We find that while average subtraction cannot inhibit the
strong fluctuations of turbulent backgrounds (Appendix C),
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FIG. 3. The IBCM model of synaptic plasticity learns olfactory background components. (a) [llustration of an IBCM neuron’s inputs from
OSNs, s, synaptic weights m, activity 4, and internal threshold ®. (b) OSN activities for a simple background process with 3 odors and
weakly non-Gaussian concentration fluctuations. (c) Time series of the IBCM neurons’ alignment with the different background odors (two
neurons are highlighted in green and blue, with line widths indicating different odors y). Each neuron predominantly aligns with one odor
(large dot product value & for one odor, small value A, for the others). This steady-state alignment matches our analytical predictions (dashed
lines, Appendix D). (d) Location, in the olfactory network model, of the different weights and neurons illustrated in other panels. (e) Time
series of the IBCM neurons’ inhibitory synaptic weights, W, for the neurons highlighted in panel (c). The steady-state values of these weights
can also be derived analytically (dashed lines) and align well with the simulations. (F) Norm of the response of projection neurons (PN) to
the background process during habituation. The analytical prediction (dashed line) over-estimates the actual inhibition, since it neglects the

contribution of fluctuations in M and W.

both the IBCM and BioPCA networks significantly reduce PN
activity in response to the background [Fig. 2(c)], comparably
to the optimal manifold learning matrix P. This confirms that
both models provide adequate projections on the background
subspace, allowing the Hebbian rule for W (3) to achieve its
function of minimizing PN activity.

Moreover, we compare the models’ performance for new
odor recognition after habituation at the level of PN activi-
ties [Fig. 2(d)] and neural tags [Fig. 2(e)]. For both metrics,
average subtraction provides a very limited improvement
compared to recognition without habituation, due to the strong
background fluctuations caused by turbulence. In contrast,
manifold learning implementations significantly improve odor
recognition, with both IBCM and BioPCA networks perform-
ing similarly. With respect to the distance in PN activity
between the new odor alone and mixed with the background
[Fig. 2(d)], these models result in a ~3-fold improvement,
but fall short of the optimum by a similar factor. This is not
surprising, since P is fine-tuned for the distribution of new
odors, which is unknown to the IBCM and BioPCA networks.
Nonetheless, in terms of the Jaccard similarity between neural
tags of the mixture and the new odor [Fig. 2(b), right], the
IBCM and BioPCA networks perform within 15% similarity
of the optimum [Fig. 2(e)], producing responses much closer
to the new odor than to background odors [Figs. 8(a) and
8(b)]. This performance increases with the distance between
the new odor and the background manifold, with close pairs
(lISnew, LIl = 0.4|Spew||) benefiting the least from manifold

projection [Fig. 8(c)]; the neural tag is altered in these cases
because the subtracted component of the new odor is signifi-
cant. Finer metrics than Jaccard similarity would be needed to
recover the full odor identity from the remaining component.
Still, manifold learning models improve recognition in >95%
of cases [Fig. 8(d)] and recover, on average, roughly 50% of
the KCs which are most activated by the new odor alone and
define its identity, even when it is present in the mixture at just
half the average whiff concentration [Fig. 2(e), left]. These
results prompt us to investigate in more detail how the IBCM
and BioPCA models learn the background manifold.

C. Analysis of background habituation by the IBCM model

We first focus on the IBCM model, since its mechanisms
are less intuitive than PCA and have classically been char-
acterized for visual input processes alternating between a
fixed set of vectors [37,50]. In its simplest form [Fig. 3(a)],
the IBCM model describes the slow variation of a neuron’s
synaptic input weights m (a row in matrix M) as

dm

T uh(h — ®)s(t) where h = m - s(t),

de 1

— = —(h* - 9), 4
” T(_)( ) 4)

where h is the activity in response to input s(¢), wu is the
learning rate, and © is an internal threshold converging to a
temporal average ® = (h?) with an averaging timescale to
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({-) denotes averages over the input fluctuations). In practice,
we include lateral mean-field inhibition between interneurons
with coupling parameter 7, a mild nonlinearity to & prevent-
ing excessively large activations, and a small (¢ < 1) decay
term —eum; see Methods for the full model equations. For
simulations with turbulent backgrounds, we use a variant of
the model from Ref. [46] where the learning rate is divided by
O to speed up convergence (Methods).

The IBCM theory rests on the intuition that the m equa-
tion introduces a competition between input patterns: inputs
that cause & > © are further reinforced, while subthreshold
ones are further depressed; consequently, a neuron responds
specifically to some inputs and does not respond to oth-
ers [45]. Based on previously studied settings (e.g., visual
cells [47]), this mechanism should work when the threshold
timescale tg is slow enough to average over fast input fluc-
tuations s(7), yet still fast compared to the learning rate u.
Remarkably, in our olfactory manifold learning network, the
IBCM neurons converged to odor-specific states, analogous to
the model’s properties in nonolfactory scenarios. The required
separation of timescales can be achieved, despite turbulent
plumes lasting seconds, to reach habituation within tens of
minutes.

To gain insight into how IBCM neurons learn the back-
ground subspace, we examine the fixed-point equations of the
model averaged over fast input fluctuations (Appendix D),
finding exact expressions for these solutions in terms of the
background concentration moments. From a linear stability
analysis (Appendix D6 and Fig. 9), we find that the only
stable fixed points are those where the alignment of the synap-
tic weights with background odor vectors, 4, = m - §,, take
a large positive value hg, (“specific”) for one odor y and a
small, possibly negative value A, (‘“nonspecific”) for all other
background components. Hence, an IBCM neuron learns to
selectively respond to one background odor: the classical
specificity property of this model [37] thus extends to quite
general input stochastic processes of the form given in Eq. (1).
From the solutions for m and h, we also derive analytical
expressions for the fluctuation-averaged inhibitory W weights
at steady-state (Appendix D 7). Overall, our results show that
a network of IBCM neurons performs manifold learning by
having each neuron selectively suppress one background odor.
Lateral inhibitory coupling between IBCM neurons (matrix L)
helps to push each neuron toward a different odor component
[51].

To confirm our analysis, we perform numerical simulations
with a simpler, weakly non-Gaussian background [Fig. 3(b),
Methods]. As expected, each IBCM neuron evolves over time
to align with one background component [Figs. 3(c) and 3(d)],
with steady-state average values of the dot products &, closely
matching our analytical predictions hgp, hys (dashed lines).
Different IBCM neurons (labeled by colors) become specific
to different odors (line transparencies). The W weights also
converge to steady-state average values matching our analyti-
cal results [Fig. 3(e)]. The network of IBCM neurons performs
habituation effectively, reducing both the mean and standard
deviation (fluctuations) of the PN activity norm below ~10%
of the input levels. Characterizing further the learning dy-
namics, we observe that the selectivity of IBCM neurons
is acquired in two phases, first approaching a saddle point
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FIG. 4. Habituation of IBCM and BioPCA neurons to turbulent
olfactory backgrounds. (a) Time series of the IBCM neurons’ synap-
tic weight alignment with background odor during habituation to a
six-odor background with the turbulent concentration stochastic pro-
cess illustrated in Figs. 1(a) and 1(b). Three neurons are highlighted
with colors. (b) Table of each neuron’s alignment after habituation,
showing that IBCM neurons becomes selective for one odor even in
this strongly fluctuating background. (c) Time series of the principal
values learned by local interneurons (LNs) obeying the BioPCA
model during habituation to the same turbulent background. These
principal values are stored in the inverse of the self-coupling weights
L' (inverse of the diagonal entries in the LN coupling matrix L). The
principal values learned by the first Ny neurons converge to averages
equal to the Ng nonzero eigenvalues of a PCA decomposition of the
background (dashed horizontal lines). (d) Alignment error between
the background subspace and the principal components learned by
the BioPCA LN (the rows of the LM matrix should be the principal
components), confirming the model does learn the PCA decomposi-
tion of the background.

before converging to a selective fixed point (Appendixes F
and G, Figs. 9 and 14). This selectivity is driven by skewness
(nonzero third moment) in the background statistics [37,52]
(Fig. 11).

Importantly, these properties of IBCM neurons are robust
across different background statistics. We observe similar
specificity and learning dynamics in IBCM neurons ex-
posed to log-normal background fluctuations (Fig. 12) and
in the simulations of Fig. 2 with the full turbulent statistics
[Figs. 4(a) and 4(b)]. In the latter case, averaging over long
whiffs and blanks requires a slower averaging time 7o and
learning rate p (Methods and Table II); despite stronger fluc-
tuations, IBCM neurons align with a single background odor
each. We investigate the convergence of the IBCM network
as a function of these rates and of the turbulent background
parameters in Fig. 15. We find robust convergence across a
10-fold range of rates centered around . = 0.1s7!, 7 = 165
[Figs. 15(b) and 15(c)]. The model can learn backgrounds up
to at least 8 odors [Fig. 15(f)] with whiffs and blanks lasting
up to the averaging time tg [20 s in Fig. 15(g)]. The optimal
learning rate, however, depends on the magnitude of OSN
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FIG. 5. Recognition performance as a function of olfactory space dimensionality and new odor concentration. See also Fig. 18. (a) For
various olfactory space dimensionalities Ns (i.e., number of OSN types) and new odor concentrations ¢, at test times, we perform simulations
like those in Fig. 2: the model habituates to a six-odor turbulent background for ~60 min before a new odor is introduced in the mixture. Each
(Ns, cnew) condition is tested across 64 backgrounds, 100 new odors, 5 test times post-habituation, and four background samples at each test
time. (b) New odor recognition performance, quantified by the Jaccard similarity between the new odor and the response to the mixture after
habituation, as a function of Ns, for different manifold learning models. Results shown here are for the new odor ¢, equal to the average
concentration of background odors, (c) (see Fig. 18 for all concentrations). “Optimal”: manifold learning matrix W derived in Fig. 1(e).
“Orthogonal”: similarity between the entire new odor and its component orthogonal to the background. “Rand. odors”: similarity between
two randomly selected odors (i.e., similarity by chance). The shaded area represents one standard deviation across replicates. (c) Recognition
performance as a function of the concentration at which the new odor is presented (multiples of (c)), for the fly case (Ns = 50; see Fig. 18(a)

for all dimensions). Same legend as panel (b).

activity; we provide an analytical understanding of the IBCM
convergence time in Appendix G and Fig. 14. When p is too
small, the model does not converge in time, and when u is too
large to ensure timescale separation 7 < 1/1tg, stochastic
oscillations arise, as reported in previous (nonolfactory) set-
tings [53] [Figs. 15(d) and 15(e)].

D. Comparison of IBCM and BioPCA learning

As a point of comparison, we also analyze how the
BioPCA network learns the background manifold in fluctu-
ating environments. Despite strongly non-Gaussian statistics,
the network converges to the expected PCA decomposition
fixed point (Methods, Appendixes E and F3). The matrix
L becomes nearly diagonal, containing the principal values
[Figs. 4(c) and 12(b)], while the rows of M converge to (scaled
versions of) the principal component vectors, as evidenced by
the error on their alignment decreasing to ~1% [Figs. 4(d),
12(c), and 13].

On the whole, both models achieve similar habituation
levels within ~30 min. However, they rely on distinct
mechanisms and converge to different vector bases for the
background manifold. BioPCA neurons learn principal com-
ponents: linear combinations of the true odors, distinguished
by their variance. IBCM neurons, in contrast, rely on higher
statistical moments of the inputs to select individual odor
sources. Both models require in principle one neuron per
background dimension, N; = N, to span the background sub-
space. Superfluous neurons have little effect for the BioPCA
model, where they reach principal values L; ~ 0. For the
IBCM network, extra neurons are helpful, increasing the prob-
ability that each background odor will be selected by at least
one of them.

Both models produce very similar habituation and odor
recognition performances in Fig. 2. They are also similar in
their robustness to OSN noise (Fig. 16), and in their perfor-
mance when combined with alternate Hebbian rules for the

W weights based on different L” norms (Appendix H and
Fig. 17). The BioPCA model mainly differs from IBCM in
its lower sensitivity to the magnitude of background OSN
activity but its higher alignment error when the number of
background odors increases [Figs. 15(h) and 15(i)]. We pro-
vide an analytical understanding of BioPCA convergence
dynamics, compared to IBCM, in Appendix G and Fig. 14.

E. Performance in various olfactory space dimensions

To understand the similar performance of the IBCM and
BioPCA versions of manifold learning, we investigate the
effect of various olfactory space parameters on them. We
perform numerical simulations analogous to those of Fig. 2(b)
for increasingly large olfactory space dimensions (Ns) and for
a wider range of new odor concentrations [Fig. 5(a)]. We con-
sider dimensionalities ranging from half (25) that of the fruit
fly (50) up to human (300) and mouse (1000) levels. While
the performance of the optimal manifold learning algorithm
increases with Ng up to a nearly perfect score, the IBCM and
BioPCA networks reach a very similar plateau at Ng ~ 100
[Fig. 5(b)]. Remarkably, this plateau corresponds to the sim-
ilarity between the new odor tag, Znew, and the tag Zpew 1 of
the new odor component orthogonal to the background, Ypew, 1
[“orthogonal” pink line, Fig. 5(b)]. This observation clarifies
why IBCM and BioPCA networks perform similarly: the local
rules for W (3), based on minimizing PN activity, cause the
parallel component of the new odor to be subtracted at the
same time as the background. As long as the M weights pro-
vide complete projections of the inputs, the network produces
a response Ymix ~ Spew, L. In comparison, the optimal matrix
P preserves some of the new odor’s parallel component, thus
maximizing the recognition of Spey.

Still, the levels of odor recognition reached by the IBCM
and BioPCA models are significant, several standard devia-
tions above chance similarity [black line, Fig. 5(b)]. They also
perform well above the average subtraction model, which was
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FIG. 6. Habituation and new odor recognition with nonlinear OSN responses. See also Fig. 20. (a) Nonlinear OSN response functions
[Eq. (23)] for various affinities K (grey lines), with highlighted curves showing the effect of changing K (dark blue) or the saturation log
threshold e (light blue). (b) Complementary cumulative distribution function (CCDF) Gy (x) of odor-OR affinities (x = inverse ECsgs).
Empirical values from Si, et al., 2019 [54]), and best fit of the form Gy (x) = tanh(1/bx*). When sampling odors from Gy, we clip large
affinities at the value indicated by the dotted vertical line. (c) Illustration of curved manifolds arising from OSN saturation, for a background
manifold with Ng = 6 odors in an olfactory space of Ns = 50 OSN types, for moderate nonlinearity (saturation log threshold € = 6.0). Points
are colored according to which odors have a nonzero concentration; arrows indicate vectors of affinities K,,. (d) Example IBCM network
simulation against the background in panel (c), showing that neurons still align with individual odor vectors K, for moderately nonlinear
manifolds. (e) Example BioPCA network simulation for the same background, with Ny = 12 neurons. The network roughly picks out the
principal values, although underestimating the largest one and compensating by having Ng + 1 neurons covering Ng components. Small
additional eigenvalues come from the manifold curvature. (f) New odor recognition performance after habituation as a function of the strength
of nonlinearity controlled by €. The test procedure is similar to Fig. 2; the new odor is mixed in at concentration 0.5 (c). The “Optimal P”
model indicates the best possible performance for a linear manifold projection.

similar to no habituation: in that model, new odor signals are =~ by temporal correlations between odors [Fig. 19(b)]. For a
masked by strong fluctuations away from the average. For complete correlation (p = 1), the background is effectively
higher new odor concentrations, manifold learning provides Np — 1-dimensional, and the models learn the corresponding
a more modest improvement [Figs. 5(c) and 18], because = decomposition.

habituation is not as crucial for very strong new odor whiffs Second, we extend our model to include a nonlinear
which dominate the background. Overall, both IBCM and saturating OSN response function [20,55] where the level
BioPCA interneurons subtract the background manifold from of nonlinearity is controlled by a free-energy difference €
olfactory inputs while preserving new odor signals in regimes [Fig. 6(a), Appendix I]. Odors are now defined by affinity
that are physically and computationally relevant for biological vectors K that we sample from our own fit of the empirical
systems. OR affinity distribution measured in Ref. [54] [Fig. 6(b)]. In
Figs. 6(c)-6(e), we find that IBCM and BioPCA networks
can approximate moderately nonlinear backgrounds. Strongly
curved manifolds, however, do reduce their efficacy (Fig. 20).

For simplicity, we have introduced the concept of manifold Our Discussion outlines possible improvements.

learning using independent odor concentrations ¢, (¢) and lin- Third, we consider the impact of OSN adaptation on a
ear odor mixtures sp = Zy ¢, (1)8,. However, real olfactory  fast timescale of 7, = 250 ms, by including negative feedback
spaces have temporal correlations between sources; real OSNs from OSN activity onto the (now dynamical) free-energy dif-
have nonlinear responses to odor mixtures and fast adaptation ferences ¢;(¢) in each receptor type i [Fig. 21(a)], as in Refs.
dynamics. We now relax each of these assumptions to test bio- [20,55]. We find that the combination of OSN adaptation and
logically plausible manifold learning circuits in a wider range ~~ LN-mediated habituation improves odor recognition perfor-
of biologically relevant conditions. First, we simulate IBCM mance compared to adaptation alone [Fig. 21(c)]. Conversely,
and BioPCA habituation to turbulent backgrounds where a adaptation favors the convergence of IBCM neurons by main-
pair of odor concentrations have Pearson correlation p in  taining OSN activity at a suitable amplitude [Fig. 21(e)].
Fig. 19 (Appendix B 1a). The performance of both mod-  In conclusion, manifold learning with BioPCA or IBCM
els for new odor recognition is not significantly impacted  interneurons emerges as a robust habituation mechanism in

F. Correlated and nonlinear background manifolds
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naturalistic backgrounds displaying correlations, nonlineari-
ties, and multiple timescales.

III. DISCUSSION

Sensory adaptation to olfactory backgrounds is particularly
challenging due to strong fluctuations generated by turbulent
mixing in naturalistic conditions. We showed that predictive
filtering strategies, which act on individual stimulus features,
cannot adequately distinguish between changes in activity due
to new odors and changes in activity due to fluctuations in
the background. An alternative class of habituation strate-
gies, manifold learning, could better identify new odors by
learning to subtract projections of the instantaneous inputs
onto the low-dimensional background manifold. We propose
that inhibitory interneurons, which modulate the activity of
principal neurons in early olfactory pathways, implement a
manifold learning strategy for habituation. We explore two
classes of synaptic plasticity rules, each of which combines a
Hebbian-like rule and a linear projection learning rule IBCM
or BioPCA). Our analysis shows that these simplified linear
manifold learning strategies are near-optimal for a range of
physiologically relevant parameters, including when back-
ground odors display strong fluctuations and correlations such
as those encountered in turbulent environments, as well as
moderate levels of nonlinear interactions. Both plasticity rules
show comparable performance on a habituation task, but learn
distinct stimulus features. Notably, IBCM neurons select bio-
logically relevant projections corresponding to independently
(or weakly correlated, Fig. 19) varying components in the
background mixture.

Recent theoretical work has argued that the PN-LN
connectivity pattern reflects correlations in PN activity, sug-
gesting that the PN-LN circuit whitens odor representations
in the antennal lobe [56]. However, the authors focused on
hardwired computations preadapted to a given set of odors
(i.e., offline), whereas we addressed a different problem al-
together, showing that online PCA is one plausible set of
synaptic plasticity rules to achieve background subtraction in
fluctuating environments.

Our theory provides salient predictions that could be tested
experimentally. The simplest observable feature is the de-
crease in both the mean and variance of PN (or M/T cells
in mice) activity after 20-60 min of exposure to turbulent
odor mixtures [Figs. 2(c) and 3(f)]. This phenomenon has
already been observed for simpler backgrounds in Drosophila
[8], which motivated our study. It could be directly tested in
mice by calcium fluorescence imaging of glomeruli [39]. PN
or glomerular activity should however be restored in response
to new odors orthogonal to the learned background. In com-
parison, temporal average filtering would fail to reduce PN
activity [Fig. 2(c)], while filtering based on recent samples [as
in Eq. (2)] would rapidly suppress the response to new odors
as well.

A more subtle feature in our proposed model is that LN
activity should, conversely, closely track background stimuli
in real time to keep inhibiting PN responses [Figs. 16(d)
and 16(e)]. It may be experimentally challenging, however,
to single out interneurons and record their fast fluctuations.
A corollary of this model feature (which might be easier to

measure) is that, since LN activity reflects projections on
the learned background manifold, these neurons should be-
come silent if the stimulus is suddenly switched to new odors
with null projections on the previous subspace. Their activity
should slowly recover on the timescale of habituation as they
learn the new background.

A third feature of habituation by manifold learning is that
new odor recognition performance decreases with the distance
to the background subspace [i.e., as the norm of the orthogonal
component s, | decreases; Figs. 8(c) and 8(d)]. This depen-
dence would not be as strong in predictive filtering strategies.
This correlation between odor recognition and distance from
new odors could be tested in behavioral experiments. Odor
vectors § and distances between them could be derived from
measurements of glomerular responses to odors at standard
concentrations, which provide an experimental proxy for OSN
type activations (as in Ref. [15] or Ref. [39]), or from com-
plete dose response curves (as in Ref. [54]).

Further theoretical work will also be necessary to refine
our proposed implementation of manifold learning in olfac-
tory circuits, and to couple this strategy with other odor
recognition mechanisms. Schemes more sophisticated than a
Hebbian rule for W would be necessary to reach the optimal
performance promised by manifold learning (Fig. 5) or to
fully exploit the biologically relevant projections learned by
IBCM neurons. Improved schemes leveraging predictive fil-
tering and temporal statistics could avoid subtracting the new
odor component that lies in the background subspace, and thus
bypass the limited efficacy of manifold learning for new odors
very close to background ones [Fig. 8(c)]. Also, in our study,
we mostly focused on linear background manifolds [Eq. (1)]
that could be decomposed into linear projections (h = LMs).
Conceptually, manifold projection—the idea of removing in-
put projections on the background manifold to isolate new
odor components [Fig. 1(d)]-also applies to nonlinear back-
grounds. While Fig. 6 shows that linear projection models
work against moderate nonlinearities, strongly nonadditive
mixtures will require olfactory circuit implementations of al-
gorithms that can learn curved manifolds, such as manifold
tiling [57].

The biological assumptions made in our model are sup-
ported by previous experimental studies, though further
measurements are necessary to validate specific predictions.
All connections in our network structure (OSN to PN, OSN
to LN, and LN to PN) are abundant in the connectome [12].
History-dependent processing occurs at the level of PNs in
flies [22,58] (in addition to OSNs) and the OB in mice [29].
Several studies found lateral inhibitory signals to be essential
for habituation [6,27,34,35]. Our model relies on odor-specific
PN inhibition by PN-to-LN plasticity for habituation, as ob-
served in Drosophila [8] and honeybees [59]. Of note, we
neglected feedback of PNs on LNs [31] and instead consid-
ered a feedforward network for mathematical simplicity.

By choosing to focus on early olfactory processing, we ne-
glected neuromodulatory inputs [60—62] and feedbacks from
higher-level cognitive functions [63,64]. For instance, while
we assumed background and new odors are merely defined
by their order of presentation, long-term memory of odors
and other computations in the piriform cortex [65] likely help
mammals focus their attention on relevant cues rather than on
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recognition in a simple background (Ornstein-Uhlenbeck), for the combined strategies (purple) and either single strategy (blue, red), as a
function of the autocorrelation time t, for fixed olfactory space dimensionality. The combined strategy is always better, but manifold learning
explains essentially all the loss reduction at low autocorrelation times (Lp, & Lp). (b) Same, as a function of the scaled olfactory space

dimension, N5 = Nso%/o2

- for fixed autocorrelation time T = 50 steps. Most of the loss reduction comes from one strategy or the other

on either side of the crossover region; manifold learning dominates in high dimensions. (c) Autocorrelation function of the concentration
fluctuations in the turbulent background of Figs. 1(b) and 1(c), showing an autocorrelation time of ~1.7 s.

uninformative odors for, e.g., odor trail tracking [66,67]. As
a counterpart to habituation, learning the manifold of target
odors could be a strategy by which mice rapidly identify pre-
viously learned odors within novel backgrounds [68]. Future
investigation on this aspect could draw upon recent advances
on attention mechanisms in artificial learning models [69].

Beyond olfaction, the interplay between habituation and
attention also arises in other biological systems perform-
ing chemodetection in fluctuating environments [70]. For
instance, in T cell antigen recognition [71], both (immune)
memory and (T cell receptor) signal processing networks play
important roles for pathogen detection amid a sea of irrel-
evant (self) antigens. The concept of background manifold
projection could also prove useful for algorithms perform-
ing figure-ground segregation in time-varying signals, such
as in video object detection [72]. Overall, we hope that our
proposed model of habituation via manifold learning will
motivate further theoretical and experimental efforts to clar-
ify how living systems meet the challenge of adaptation to
fluctuating backgrounds.

IV. MATERIALS AND METHODS

A. Odor vectors and concentrations

In our models, odors have a fixed, unit-normed direction,
and an amplitude along that axis set by their (fluctuating)
concentration: s(¢#) = c§. Except for the idealized setup of
Fig. 1(e), vectors for background (§,) and new (8;ey) odors
are drawn from the same distribution P;, by sampling i.i.d. ex-
ponential elements, then normalizing each vector. New odors
are tested at fixed concentrations cpey. Background concen-
trations ¢, (¢) follow a stochastic process, usually (Figs. 2 and
5) the turbulent process illustrated in Figs. 1(a) and 1(b). We
simulate each odor concentration as a telegraph-like process,
alternating blanks and whiffs with stochastic durations and
whiff concentrations. The power-law distribution of whiffs
and blanks durations (z,,, t,) have a lower cutoff at 10 ms
and upper cutoffs at 5 s (whiffs) or 8 s (blanks), respectively.

The whiff concentration distribution has a scale ¢y = 0.6.
To test the effect of temporal correlations between odors
(Fig. 19), we mixed independent turbulent processes using
the Cholesky decomposition of the desired covariance matrix.
We also considered weakly non-Gaussian (Fig. 3) and log-
normal (Fig. 12) background concentrations, by simulating
a multivariate Ornstein-Uhlenbeck {g, (¢)}, then transforming
these variables as ¢, (1) = g, () + vg, (1)* or ¢, (t) = 108,
respectively. We used a short autocorrelation time 7 = 20 ms,
an average (g) = 1/4/Ng, and standard deviation o, = 0.3.
For the non-Gaussian case, we set v = 0.2. Details of the
stochastic simulation methods are provided in Appendix B.

B. Optimizing predictive filtering and manifold
learning regimes

In Eq. (2), we introduced an idealized inhibitory network
response combining manifold learning and predictive filter-
ing. The objective of this network is to minimize the squared
distance between its response, b(T") + s, — u(7"), and the tar-
get odor alone, s,. The corresponding loss is

)

»CU,P = <
®)

where the average is taken across samples (concentrations)
from a given background and across new odors. Our goal was
to determine the ideal performance of such a network, and
the contribution of each habituation strategy depending on ol-
factory space parameters. We therefore solved for the optimal
scalar coefficients v; and the optimal Ns x Ns matrix P, as
an upper bound on the mechanisms that real networks could
learn during habituation. We minimized the loss by solving
g—fj = % = 0. Appendix A details the calculation and the
result; we obtained a general solution for any background
mixture, as defined in Eq. (1), considering zero-mean and

statistically independent concentrations.

T-1

b(T) = > vb(T = j) = POO(T) + Spev)
j=1
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FIG. 8. New odor recognition compared to background recogni-
tion after habituation. Supplement to Fig. 2. (a) Histograms of the
Jaccard similarity between the response to the mixture (background
and new odor) and the most similar background odor, across all
repeats (new odors, background samples, etc.) described in Fig. 2(a),
for two tested new odor concentrations. Low similarity is better: it
means that background odors are suppressed and do not dominate the
response to the new odor, due to habituation. In the absence of habit-
uation, the similarity to background odors remains high. (b) Scatter
plots of the similarity to the new odor (y axis, larger is better) versus
the similarity to the background (x axis). Manifold learning models
are generally above the diagonal, meaning their response is more
similar to the new odor than to the background, while habituation
by average subtraction (as well as no habituation) produce responses
still dominated by the background fluctuations (below diagonal). (c)
Jaccard similarity between zyx and znew plotted as a function of the
magnitude of the new odor component orthogonal to the background
(or equivalently, of the distance between the background odors and
the new odor), in each trial. For all models, the performance im-
proves as the new odor is less similar to the background. (d) For
the IBCM model, improvement in Jaccard similarity compared to
no habituation (Jigem — Inone)- Habituation by manifold learning
almost always (>95% of trials) provides an improvement, except
for rare background samples (<5%) where background odors are all
in blanks or in very dilute whiffs (then the new odor, by chance,
is not masked by the background). In panels (b), (c), and (d), each
point is the median across test times and background samples in each
individual background simulation (of which there are 100 repeats).

For Fig. 1(e), we considered a simpler particular case
where background odors are orthogonal, new odors are
drawn uniformly from the unit hypersphere, and background

concentrations have an exponential autocorrelation function
with time constant 7, (c,(t)c,(t + 5)) = 028, ,e~*1/*. The
minimized loss is then

L,p=Ngo?(1 — e 2")/(1 4+ Ns(1 —e 7)),  (6)

where Ns = (02/0.2)Ns and o? is the new odor concentration
variance. In the figure, we compared £, p with the limiting
cases of pure predictive filtering (£,, setting P = 0) and pure
manifold learning (Lp, setting v; = 0), which respectively
give losses

L, =Ngo?(1—e ™), Lp=Ngo?/(1+Ns). (7)

For the “optimal” strategy in Figs. 2 and 5, we needed
to derive the general solution (for nonorthogonal background
and new odors drawn from P;) for pure manifold learning
(v = 0) when the background has a nonzero average (as was
the case in our simulations). In that case, the optimal projec-
tion matrix is

P = ((bbT) + (b) (Snew) )M, ®

where M is the Moore-Penrose pseudoinverse (or the usual
matrix inverse, when it exists) of

M = (BDT) + (SnewSTery) + (B) (Snew) T + (Snew) (D)T . (9)

We evaluated numerically the moments (bbT), (SpewS].,, ) €tc.,
by sampling unit vectors S, Spw from P; and background
concentrations ¢, from the stationary distribution of the back-
ground process at hand—for Figs. 2 and 5, the turbulent

statistics shown in Figs. 1(a) and 1(b).

C. Mathematical model of the olfactory network

We model the instantaneous response of the olfactory net-
work [Fig. 2(a)] to a stimulus s(#) received at time ¢ as the
following set of neural activities in its different layers:

h(t) = ¢(LMs(t)) (interneurons), (10)
y(t) =s(t) — Wh() (PNs), 1D
z(t) = 5% most active in Ry(Qy(t)) (KCs), (12)

where ¢ is an element-wise nonlinearity and Ry clips ele-
ments below threshold 8. We used ¢ (x) = Agy tanh(x /Agy ) for
IBCM neurons to saturate their activity at a large Asy = 50 for
numerical stability; most of the time, x < Agy is in the linear
part of this function, so y ~s — WLMs. We did not apply
a nonlinearity for the BioPCA network, nor for the IBCM
model on simpler backgrounds (Fig. 3).

Then, the neural tag z is computed as in Ref. [36]. First,
PN activities are projected to the KC layer by the sparse Ng x
Ns binary matrix Q. Then, Ry clips Kenyon cells (KCs) with
activity below threshold; we set 6 = 61—0 X fNs x (s;), where
(s;) is the average OSN activity in the current input s(¢) and
f =6/50, the fraction of PNs forming a synapse with one
KC in Drosophila. Finally, the neural tag z is the set of all
nonzero KCs with activity above the 95th percentile of all KC
activities.

The matrix Q is generated by randomly picking fNs PNs
to project to each KC (i.e., picking fNg nonzero elements
in Q’s row for that KC). We generated a new Q for each
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background tested in the numerical experiments in Figs. 2
and 5. When varying the olfactory space dimensionality Ng
in Fig. 5, we preserved the relative size of PN and KC layers
Ns/Nx = 50/2000 found in Drosophila; hence, for mice with
Ns = 1000 OR types, we used Nx = 40 000 cortical cells (KC
equivalent), and the Q matrix had fNg = 120 M/T cells (PN
equivalent) projecting to each cortical cell. This ratio aligned
with experimental estimates in mice giving ~200 glomeruli
connected to a cortical cell, or 10% sparsity in Q [73-75].
The other matrices (M, W, L in BioPCA) are slowly updated
according to synaptic plasticity rules during a habituation run.

D. Hebbian learning rule for W

The W weights are learned according to the Hebbian rule
in Eq. (3). This rule derives from minimizing the average
squared PN activity with L? regularization on the W;;:

r , B 2
Lo = — L 2 w2 1
2 v 20 o v (13

where we recall that y =s — Wh. Taking the W dynamics
to be a gradient descent on Ly with rate «, d% =— ‘;‘CTW,
yields the aforementioned Hebbian rule. The average () ]is
replaced by time averaging over a time window 1/« using a
slow rate « to implement online averaging of fast background

fluctuations.

E. Average subtraction model

The “negative image” subtraction model proposed in Ref.
[36] is effectively a mean filtering or average subtraction
model. It can be recast in the form of our network structure
by having Ny = 1 interneuron with fixed activity & = 1, with-
out M or L weights. The W weights are then a vector Wy,
which is subtracted from the PN response input since & = 1:
¥(t) = s(t) — Wyye. The Hebbian rule above is then

dwaye

T = a(s(t) — Wavg) - ,Bwavg , (14)
which makes w,,, align, at steady-state, with the average of
the background over a time window, Wa, = == (s) (Ap-

o+,
pendix, C for details).

F. Network of IBCM neurons

Equation (4) presents the simplest form of the IBCM model
for a single neuron. In our olfactory network, we consider
N IBCM neurons with constant mean-field lateral inhibitory
coupling, as proposed in Ref. [37], corresponding here to a
matrix L with 1 on the diagonal and —n off-diagonal. Conse-
quently, the reduced activity /; of neuron i (i.e., element i of
h = ¢(LMs)) is

hi=|m;-s(t)—n) m;-st) | =0 -s(t), (15)
J#i
where we defined the inhibited weights m; = m; — ), m;,

and where ¢ is the tanh nonlinearity introduced in Eq. (10).
The complete dynamical equation for the synaptic weights m;

incoming into IBCM neuron i has additional terms due to this
coupling,

dm; -
o Ko, hi(h — ©;)¢"(m; - s(7))s(z)
—n Y ne,(hj — ©))¢ (M, - s(t)s(t) — epmy,
J#i
(16)

where ¢’ is the derivative of the nonlinearity. We have also
added a small decay term —epum; to eliminate any component
orthogonal to the background manifold in the random initial
weights. For simulations with turbulent background statistics,
we scaled the learning rate in the first two terms as

— n
O; + ke

This form is similar to the variant introduced in Ref. [46],
but we added a constant kg in the denominator to prevent
blowups at t = 0, where we initialize ® = 0. For simpler
backgrounds (Figs. 3 and 12), we did not include this variant
and simply used g = . Moreover, the internal threshold of
each neuron, ©;, evolves as

? — (- By, (18)

t 70

1o, (17)

such that it tracks the reduced neuron activity /; averaged on
an intermediate timescale 7g.

G. Network of BioPCA neurons

We used the “inverse-free PSP” version of the BioPCA
proposed in Ref. [38] directly for the M and L weights of the
interneuron layer. The model converges to a fixed point where
the L matrix is diagonal with the principal values in it, and
where the matrix LM contains the principal vectors in its rows,
with norms specified by the predefined diagonal matrix A
[[38], Lemma 3]. The model specifies dynamical update rules
for M and L’ = L™!, the inverse of L, rather than L directly. To
avoid nonbiological matrix inverse computations, the vector
of interneuron activities h is computed with a Taylor series
for L,

ha)= (L)' =L 'L YMs@t) ~ LMs,  (19)

where L'; contains the diagonal of L', and L', contains the
off-diagonal terms. This approximation is accurate at the fixed
point where L' is diagonal (L], — 0). The BioPCA dynamical
update rules converging to this PCA decomposition are

dM _
T pu(hsT — M), (20)

dr’ _ ,

v pr(hh™ — AL'A). 2y

In practice, we set Ay, = A(l — ’\(’]'\(,Ik__ll)) ), where A is the scal-

ing factor for M weights described below to make IBCM and
BioPCA perform similarly, and A, is the range of A values
(between 0 and 1). We followed the original paper’s recom-
mendation for the linear decrease of Ay with k and for setting
ur = 2uy For further comparison with the original paper
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TABLE 1. Definition of olfactory network model parameters.

Type Symbol Definition
Abbreviations OSN Olfactory sensory neuron (input layer)
PN Projection neuron (second layer, fly)
M/T Mitral/tufted cells (second layer, mouse)
KC Kenyon cells (third layer, fly)
PC Pyramidal cells (third layer, mouse)
LN Lateral inhibitory interneuron (inhibitory layer)
IBCM Intrator, Bienenstock, Cooper, Munro (inhibitory layer)
0-U Ornstein-Uhlenbeck process
PCA Principal components analysis
Dimensions Number of OSN types, dimension of input and PN layers

Number of inhibitory neurons

Number of background odor components

Number of Kenyon cells in the tag layer

N x Ng projection weights matrix, rows are m;

Ns x N inhibitory weights matrix, columns are w;

Ni x N coupling weights matrix

Ns-dimensional input vector

Ns-dimensional vector of PN activities

Projection weight vector of the jth LN (jth column of M)
Uncoupled activity of the jth LN neuron, given by m; - s
Uncoupled activity threshold of the jth IBCM neuron
Activity of the jth LN neuron after feedforward coupling
Activity threshold of the jth IBCM neuron after coupling
Inhibitory weights out of the jth LN neuron (jth row of W)
Neural tag of an odor projected on Kenyon cells

Weight matrices

Other dynamical variables

=R FOFOFE« w nTTFFEZ

W rates Learning rate of inhibitory weights W
Decay (regularization) rate of W
IBCM parameters He Adaptive learning rate of projection weights M (Law variant)
n Coupling strength of IBCM neurons (off-diagonal L;;)
To Averaging timescale of thresholds © ;
Asem Scale of M weights
A Saturating amplitude of IBCM neuron activity
ke Minimum denominator in the adaptive learning rate (Law variant)
e Decay rate of M weights
BioPCA parameters 7 Learning rate of projection weights M
173 Learning rate of coupling weights L
Apca Scale of weights M
Arange Range over which A’s diagonal decreases
Mavg Rate of averaging for the mean subtracted from BioPCA inputs
Background parameters (c) Average odor concentration (from any distribution)
o? Variance of odor concentrations (from any distribution)
m; Third moment of odor concentrations (from any distribution)
Ty Lower cutoff of whiff durations (turbulent)
Tnax.w Upper cutoff of whiff durations (turbulent)
Ty Lower cutoff of blank durations (turbulent)
Tinax.b Upper cutoff of blank durations (turbulent)
Co Concentration scale in turbulent p.(c) (turbulent)
o Lower concentration plateau in p.(c) (turbulent)
(g) Average of O-U process g(t)
ng Variance of O-U process g()
T Autocorrelation time (O-U-based backgrounds)
v Third moment factor in ¢ = g+ vg” (weakly non-Gaussian)
Nonlinear OSNs (Figs. 6, 20, and 21) K;, Affinity of OR type i for odor y
€; Free-energy difference of OSN type i
Froax Maximum OSN activity
T, OSN adaptation time constant (250 ms)
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TABLE II. Value of model and simulation parameters. Figure 8 uses the same parameters as 2. Figure 9 uses the same parameters as the
simulations related to each panel ((a): Fig. 3, (b): Fig. 12, (c¢): Fig. 2). Figure 18 uses the same parameters as 5. Time steps in simulations
correspond to 10 ms (such that 360 000 steps make 60 min). A* is the Apca value predicted to make it equivalent to IBCM, given in Eq. (J4).

Figure
Type Param. 2,8 3 4 518 6,20 10 11 12 13 14 15 16 17 19 21 22
Dims. Ns 25 25 25 50-10° 50 25 25 25 25 25 25 100 25 50 50 25
Np 6 3 6 6 6 2 3 6 2 3 Vary 6 6 4 6
Nk /1000 1 - - 140 2 - - 1 - - - 4 1 2 2 1
Rates Duration (min) 60 53 53 60 60 13 40 53 13 60 60 60 60 60 60 60
a/107* 1 2.5 1 1 05 25 25 1 25 1 05 1 Vary 05 05 1
B8/10~* 02 05 02 02 01 05 05 02 05 0.2 0.1 02 Vary 0.1 0.1 0.1
IBCM N 24 6 24 24 24 2 32 24 - 9 24 24 24 24 24 24
wiem/1073 125 15 125 075 075 25 25 075 - 1,2 Vary 075 125 1.0 1.0 125
Tp (steps) 1600 200 1600 2000 1600 300 150 200 - 200,150 Vary 2000 1600 1200 1600 1600
n/1072 25 25/3 25 25 2.9 20 1.56 2.1 - 0 25 25 25 25 29 25
Asem 1 1 1 1 1 1 1 1 - 1 1 1 1 1 1 Vary
Agat 50 oo 50 50 50 oo oo 50 - inf 50 50 50 50 50 50
ke 0.1 - 01 0.1 0.1 - - - - 01 01 01 01 01 0.1
g/1072 0.5 0 05 05 05 05 0 0 - 0.5 0 05 05 05 05 05
BioPCA M 6 - - 6 6,7(E - - 6 1 3 Ng 12 10 5 12 6
tpca/1074 1 - - 1 1 - - 5 5 02 Vary 1 1 1 1 1
Agen 2 - - 2 2 - - 2 2 2 2 2 2 2 2 2
Apca A* - - AF A* - - A* 5 9 9 A* A* A* 9 Vary
Arange 0.5 - - 0.5 0.5 - - 08 05 0.3 03 05 05 05 05 05
ave/1074 1 - - 1 1 - - 5 5 1 1 1 1 1 1 1
Turbulent back. Ty (step) 1 - 1 1 1 - - - - - 1 1 1 1 1 1
Thaxw (Step) 500 — 500 500 500 - - - - - Vary 500 500 500 500 500
7, (step) 1 - 1 1 1 - - - - - 1 1 1 1 1 1
Taxp (step) 800 - 800 800 800 - - - - - Vary 800 800 800 800 800
co 0.6 - 06 006 0.6 - - - - - Vary 06 06 06 06 0.6
Q. 0.5 - 05 05 0.5 - - - - - 05 05 05 05 05 05
0-U-based (g) - 1/3 - - - 0 1//3-05 0 1//3 - - - - - -
agz - 009 - - - 0.09 0.09 0.09 0.09 0.16 - - - - - -
Tp (Steps) - 2 - - - 2 2 2 2 4 - - - - - -
v - 02 - - - 0 002 O 0 0.2 - - - - - -

[38], note the following equivalence between our notation <> the so-called orthogonal Procrustes problem andis Q = UgV'T
theirs: M < W,L < M, s < x,and h < y. where Ur, V come from the SVD of UpcpaF'T = Up XV T [76].
In our simulations, we added an extra interneuron applying
the average subtraction mechanism described in Eq. (14), with
B = 0, upstream of the BioPCA model. This way, the BioPCA H. Nonlinear OSN response function
network learned the decomposition of the covariance matrix
rather than of (ssT), which still includes the average (s). This
choice did not change the model performance, but made it
more interpretable.
To measure the convergence of M’s columns to the PCA
vectors, in Fig. 4(d), we computed, at each time point, the
subspace alignment error proposed by Ref. [38],

To examine nonlinear background manifolds in Figs. 6,
20, and 21, we describe an odor y by its affinities K;, for
each olfactory receptor (OR) type i. We consider a Michaelis-
Menten saturation of OSN responses to a mixture of odors at
concentrations ¢, (¢):

Zy Kiyc, (1)
exp (;) + Zy Kiyey (1)

$5i(t) = Fmax (23)

IFQ — Upcallgos

, (22)
Upca Irop

EPro(M) = minQe@NS

We sample affinities K;, independently from our fit of the
where columns of Upca contains the Ng PCA vectors with empirical distribution measured by Si, et al. [54] [Fig. 20(b)].

nonzero eigenvalues, F = (A~'LM)T contains the eigen- In Figs. 6 and 20, we set €; = € Vi and control the level of
vectors learned in the network’s projection weights, and  nonlinearity with this parameter €. Fp,x is scaled with € to
v ||%mb = Tr(UTU) is the Frobenius matrix norm. The Q ma- maintain the average OSN activity in response to a strong

trix minimizing the distance to give the alignment error solves whiff of all odors at 2.5 (c). For more details, see Appendix 1.
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I. Scaling parameter A for M weights

In the BioPCA model, the scale parameter A in the A
matrix [see below Eq. (21)] controls the magnitude of weights
M. This scale influences the strength of habituation: larger
M ~ A weights allow smaller W ~ 1/A weights that are less
constrained by regularization [S term in Eq. (13)] and thus
further reduce PN activity. We set A to the value necessary to
achieve the same background reduction level as the IBCM net-
work, as predicted by our analytical calculations for the IBCM
fixed points and posthabituation PN activity; see Appendix J
for detailed expressions. Of note, we rescaled the u; rate to
wur/A? in the BioPCA model [Eq. (21)] to preserve exactly
the same learning dynamics for any A, just with M weights
scaled up or down.

For comparison, we introduced a similar scale parameter
Ajiscm in the IBCM model, but we generally kept it equal to
1 (its implicit value by default), since that was sufficient to
achieve complete background manifold projection (Fig. 22).
Similar to BioPCA, scaling of the learning rate u was required
for Aigem # 1 (Appendix J for details).

J. Numerical simulations and model parameter values

We integrated the stochastic differential equations of the
network, with the background processes simulated as de-
scribed above, using an Euler scheme with time step Ar = 10
ms. Below, we give rates in scaled units where this time
step = 1.

By default, we performed simulations lasting 360 000 time
steps (1 hour) with Ng = 25 dimensions, Nx = 40Ns Kenyon
cells, Ng = 6 background odors, Ny = 24 IBCM neurons or
N = N BioPCA neurons. For W Hebbian learning, we used
a =10~ and B=2x 1075, However, for Fig. 3 and Fig. 12,
we used Ng=3, =6 (IBCM), o =2.5x 107*, and
B=5x107>.

For the IBCM weights, we used by default u = 1.25 x
1073, 1o = 1600, n = 0.6/Ny, ke = 0.1, ¢ = 0.005, and A =
50 as the maximum amplitude of the nonlinearity ¢. For
the simple background in Fig. 3, we used u = 1.5 x 1073,
19 = 200, n = 0.5/N;, we did not apply the ¢ nonlinearity or
divide the learning rate by kg + ©. Also, for the simulations
in higher dimensions in Fig. 5, we used a slower learning
n=7175x 10~* and 1¢ = 2000. For the BioPCA model, we
used by default u = 1074, ur = 2u, and A, = 0.5 (the range
of A, entries). For Fig. 4, we fixed Apca = 8 instead of
the exact value making BioPCA and IBCM inhibit the back-
ground equivalently (described above). A full list of parameter
definitions and values is provided in Tables I and II.

The background process was initialized to a random sam-
ple from its stationary distribution. We initialized the W
weights to zero, and the M weights to random i.i.d. normal
samples with standard deviation 0.2 (or 0.3 for Fig. 4) for
IBCM, or standard deviation Apca/+/Ns for BioPCA. For
the latter model, we initialized L to the identity matrix (as
recommended in the original paper); for IBCM, we initialized
© to the value of & with the initial weights and background.

All simulation code supporting this study is publicly avail-
able on Github [77].
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APPENDIX A: OPTIMAL MODELS OF MANIFOLD
LEARNING AND PREDICTIVE FILTERING

In this Appendix, we detail the optimization problem we
solved to delineate regimes of predictive filtering and mani-
fold learning, as shown in Figs. 1(e) and 7.

1. Definition of the loss function

‘We want to minimize the loss function

2
Lop= < > (A1)
b~P,x~Q

as a function of the scalar coefficients v; (predictive filtering)
and of the matrix P (manifold learning). In this subsection,
we call by the background OSN input vector at time ¢’, and
x the new odor (appearing at time ¢), instead of s, and Spey-
The background is a linear combination of predefined odor
vectors, §,, weighted by stochastic concentrations, &, ., so
b, = Zg‘;l ¢,.r¥o. The background odor vectors are fixed
because habituation is always relative to a given background;
the loss is thus a function of the §,, . For simplicity in this con-
ceptual calculation, the concentrations are assumed i.i.d. and
stationary with mean zero, variance (&, ¢y ;) = azép,\, and
autocorrelation function (¢, &), y+5) = C(5)8,,, with C(0) =
o2; together, these concentrations statistics define the back-
ground vector distribution P. The new odors x come from a
probability distribution Q which we do not need to specify
now beyond assuming it has a zero mean and finite covariance
matrix (xxT).

t—1

b, — Y b, — P(b, +x)
=1

a. Remarks on notation

In this calculation, sums and matrix products are applied
over three different indices, denoting olfactory dimensions,
time, and background odors, e.g., (PX); = Zj Pijx;. To make
notation more concise, we rewrite several sums as dot prod-
ucts. To clarify the indices on which these products are,
we use boldface x on vectors in olfactory dimensions, and
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underlines _ (=) for vectors (matrices) in time dimensions. We

write out explicitly sums with Greek indices on background
.. Ny

odor indices, > 2

b. Expanding the loss function terms

With the above assumptions on the background and new
odor statistics, we can expand the square and write out the
different terms in the loss function. First, using the statistical
independence and zero mean property of x and b, the terms
to evaluate are

‘CU,P = <thb[> + Z ViV, (bt—lTbt—}’Il) +

I,m

(b, TPTPb,)

t—1
+ (XTPTPX) =273 " vr (b Thy—y) — 2 (b, TPhy)
=1
t—1
+2) v (b TPb;) .
I=1

We compute these terms more explicitly by using the back-
ground statistics defined above. The loss function is thus

t—1
L = Ngo?+ Np Z v, C —m)+JZZyTPTPyp
I,m=1 p=1
t—1
+ (XTPTPX) — 2Ng ) v,C(l) — 207 Z §TPY,
=1 p=I

t—1 Ng
+ 2(2 v,C(l)) > 3Py,
=1 p=1

We did not need to assume that background odors were
orthogonal to get this answer; the statistical independence
of their concentrations ¢,, removed cross-odor terms. Most
terms involve only P or v; only the last term couples the two
strategies together.

(A2)

2. Solving for the optimal P and v
a. Loss function derivatives and resulting optimum equations

We can now take the derivative of this loss function with
respect to the parameters v; and P;;. After working out the
derivatives of the different terms, the result is

t—1

=2Ng Y v C( — j) — 2NsC(j)
=1

oL
Bv]

+2 Zy P§, |C(j),

aP; =20’ ZPMZYP 1¥0.j +2ZP” (x1x;)
ij
—1 B
_ 2(02 _ Z sz(l)) Z $p.i90.-
=1 p=1

To shorten the notation of terms involving the auto-
correlation function C(s), we introduce the vectors ¢ =
«cay,...,Ct—1)) and v = (vy, ..., v_1), and the matrix
C“ = C(l — j). We note that C isa Toephtz matrix (i.e., Gj;

depends on i — j only) and is symmetric since C(i — j) =
C(j — i). These properties help to express its inverse explicitly
in some cases [79].

Setting the derivatives to zero to find the optimum param-
eters, we thus have a set of vector and matrix equations for v
and P, respectively:

Np
0=NsCv— [Ns— > §7P§, |c.
p=1

(A3)

Np
0=P[0?) 9,97+ (xxT) | —(0* = T0) > _§,5].
P p=1

(A4)

b. Solving for P in terms of v

The best solution path is to first solve for P in terms of v7¢,
then solve for v. We define the Ng x Ng symmetric matrix

M=0") 9,97 + (xxT),
P

(A5)

which admits a spectral decomposition M = UXUT and a
Moore-Penrose pseudoinverse M = UXTUT, which is the
actual inverse M~! when M is invertible (i.e., no zero eigen-
value in ¥). Equation (A4) thus takes the form PM = (o2 —
vTe) >, §,§], which can be inverted for Py = PUZEZUT,
the component of P in the subspace spanned by M’s eigen-
vectors of nonzero eigenvalues. The P component in the null
space of M, if any, is not constrained by this optimization
problem, so we set it to zero, and take P = Py,;. Hence,

= (02— vTc)Zy §IMT (A6)

c. Solving for v

We can now insert the implicit solution for P in Eq. (A3)
for v. We first evaluate the term

D> §IPy, =37 [(az —v70) me*]n
P P P

2

= (0° —vTc)Ngmy,

where we have defined

=— Z §1909TM ", .

pkl

(A7)

We have not assumed that background odor directions §, were
orthogonal but if that were the case, m, would simplify to

Z yIM *§,. We insert this result in Eq. (A3) and divide
by NB to isolate v. Here, we assume that the autocorrelation
matrix C is invertible, and defer the noninvertible case to
Appendix A7, because it amounts to a deterministic
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background. Here, using the inverse g’l, we find
v=C'e—o’mC'c+m@Te)C e,

This is still an implicit expression because vT¢ appears on the
right; taking the dot product of this expression with ¢, we can
isolate vT¢, then reinsert in the implicit equation for v to arrive
at an explicit solution (i.e., in terms of P, Q parameters),

1— azmy I
v= , (A8)
l—ym, =
where we have defined
y=c'C'c (A9)

J

L,p=Nso? +Nso"Cv+0> > §TPTP§, + (XTPTPx) — 2NpvTc — 207 Y §TP§, +20Tc Y §TPF, .

P

d. Replacing v in the P solution

Having solved for v, we can put it back in Eq. (A6) to
obtain an explicit solution for P,

(A10)

3. Evaluating the loss function at the optimum

For simplicity, we first rewrite the loss function in Eq. (A2)
using the underlined vector notation for ¢, v, C, giving

(Al1)
) 0

We need to evaluate multiple terms to insert the solutions for v and P in £. We find several simplifications by using the fact
that M and thus M™* and P are symmetric [Egs. (A5) and (A10)], commuting scalars resulting from intermediate dot products,
and renaming indices when appropriate. We find the following terms:

(xTPTPx) =
2

D IIPY =

) y

The second and third terms can be combined by noticing they
have the same form with sums over odor indices A, u, and
combining the bracketed terms to find 0 ) o Vo¥] + (xxT) =
M. Then, using the definition of the pseudoinverse, we have
MTMM™* = M, resulting in
o 2_ 2
o> Y §TPTPY, + (xTPTPx) = (—y> Ngm, .
p —ym,
Combining these expressions in £, we can cancel out a few
terms with further algebra and factorize common expressions,
finding a surprisingly simple form,
(02 —y)(1 —a’my)

ﬁu,P = Ng .

(A12)
I —ym,

We notice that the loss seems to scale proportionally with
the background subspace dimensions, Ng. Terms o2, y do not
depend on N but only on the autocorrelation and variance of
odor concentrations. The only term that could depend on Ng
is my, = NLB Zg&zl(?;&\)ﬂM*yP, but we generally expect
Npmy, ~ Ng. This is especially clear if we assume orthogo-

nality of the §, such that m, = NLB ZQ’B:I yIM*y, ~ O(1).

1-— szy 2
1—ym, v
yIm {02 > 9,97 }M*yﬁm,

P

JIMHXTM T §, 979,

Hence, there is no obvious tradeoff between the two
strategies—predictive filtering and manifold learning—as
a function of the background dimension. This makes
sense a posteriori. Predictive filtering tries to anticipate
Np independent, identically distributed odors, hence the
squared errors committed on each background component
add up in variance. Meanwhile, the error in manifold
learning increase with Np because a fraction ~Np of
the new odor, on average, will lie in the background
subspace.

However, there is a tradeoff between the strategies as
a function of the autocorrelation time, encoded in the pa-
rameter y, and the dimensionality of the olfactory space,
which enters m, through the new odor statistics (xxT) in M.
We expect y to increase with the autocorrelation timescale,
and m, to increase with the olfactory space dimension Nj.
Hence, as the autocorrelation time increases, y diminishes
the relative efficacy of manifold learning by reducing the
denominator 1 — ym,, while increasing the importance of
predictive filtering by reducing the numerator factor o> — y.
This tradeoff will be clearer in the special case studied in
Appendix A 6.
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4. Summary of the general optimal solution

We recapitulate the optimization results here. The optimal
v and P are

2
l—o0"my, _,

v=——"-2_L %, (A8)
1-— ymy =
2 _

p=2 "7 Z §.9TM7, (A10)

1 —ym, p

and they give a minimum loss of

— 1 —

L)y = N C T =) A1)

I_Vm\

where Ng is the number of i.i.d. background odors, o2 is the
variance of each odor concentration &, ,, and where we have
defined background parameters

=cTC e, (A9)
=— Z FT90IIMTS,, (A7)

p r=1
in which M =0>>» §,§7 + (xxT), (A5)

P
¢ =C)=(CprCpreiy (e€f{l,2,....0—1}),

G, =Cl—))=(CoreiCprsj) - (A13)

5. Limiting cases: P =0and v =0
a. Predictive filtering only: P = 0
When P = 0, we can directly solve Eq. (A3) for v, finding

_ -1
Vpg=C ¢

which yields a loss of

As long as y < o>~which should be the case if the autocor-

relation function decays with time—we have £, p < L, since

1—o%m, .
: X < 1 in that case.
—ymy

b. Manifold learning only: v = 0

When v = 0, we can directly solve Eq. (A4) in terms of
M, resulting in

Py_g = o? ZypyTM+

which yields a loss of

Lp = Ngo*(1 — o’my). (A15)

As long as m, < J;—which should be the case since M* ~
1/0* and m, is some projection of it on the background

1 /%" _ | in that case.
—ymy

subspace—then £, p < Lp, since

6. Special case: exponential kernel, X uniform on hypersphere

To make these results more concrete, we now consider a
simple case of background statistics where expressions such
as y, my, etc., can be computed analytically in terms of
interpretable parameters. We consider an exponential auto-
correlation function and new odors uniformly sampled on a
hypersphere. This is the case plotted in Figs. 1(e) and 7.

a. Exponential autocorrelation kernel, to evaluate y

We suppose that each odor concentration ¢, , is indepen-
dent of other odors and forms a Gaussian process with expo-
nential autocorrelation kernel C(s) = (&, /&, y45) = e 1/*
with autocorrelation time t (i.e., the Ornstein-Uhlenbeck pro-
cess). A small t corresponds to fast fluctuations compared to
the timescale of learning. In this case, the symmetric Toeplitz
matrix C;; = o2(e~"/7)li=/l is a Kac-Murdock-Szegé matrix
(form A;; = rl"=J1, r 2 1), which has an explicit inverse, pro-
vided in Ref. [[79], sec. 1.3]. This inverse is the tridiagonal

L, =Ng(@>—y). (Al4)  matrix
J
1 —e /T 0 0
1_i | _e-l/r 1-{-.6‘ 2/t _e. 1/t 0
N 0%1—e? O —e._"/f 14 .e'_z/f —e:_]/f
0 0 —e !/ 1

It is not hard to check that this is indeed the inverse of C. This
allows us to evaluate -

e—l/r
0

1o
I

thus y = ¢TC e = 02727,

0
b. New odors X uniform, and §, orthogonal, to evaluate m,

Moreover, we suppose that new odors take the form x =
&%, where &, has variance o2 possibly different from the

new

(
background odors, and where X is uniformly sampled on the
Ns-dimensional unit hypersphere. In that case, by symmetry,

the new odor covariance matrix is (xxT) = "ew I, with I the
Ns x Ng identity matrix. Additionally, we assume that back-
ground odors are orthogonal to each other: §T§, = &y
These choices allow us to compute M+ explicitly. We first
note that M = (xxT) + 02" » ¥, has full rank, and thus

M* = M~'. We define the rescaled olfactory dimension

Ns = ——Ns
UHCW

(A16)
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to simplify expressions (equal to Ng if the background and
new odors have the same concentration variance, o2, =

0?). We can compute that inverse by repeatedly applying

the Sherman-Morrison formula to the sequence of matrices

M, = NLS]I + Z];:l §,97, k < Np. Proceeding by induction,

we eventually find the inverse of the full matrix M~ =
—237-1

o MNB,

~ ~ Ng

Ng Ng

LY b & T

o2 Ns +1 ; Yoo

We can thus evaluate the matrix product appearing in the
optimal P solution,

STt — Ns 5. oT
.9, M ZZ)’A)’A o2(Ns _}_I)ZYAYA

Ns +1 o2 Zyﬂyp ’
using §7§, = chp, which also allows us to compute

=— Zy,,yMyTM+

1
NS+102N Zy‘)y'\yky”—_ﬁ +1°

c. Optimal v, P and loss function in this background choice

Inserting the above expressions for y, M, my, etc., into
the general optimal solution, we find

1

_ -1/ —
v = = e 5 Vj>1 = 07
FT L Ns(1 - e 7~
Ns(1—e ) &y
= . prp’
L+ Ns(1 —e7?/7) £~
and a minimum loss of
1— 672/r

Ev,p = NB(72

14+ Ng(1 — e2/7)’ (AL7)

Here, we see clearly that there is no tradeoff as a function of
Ng: both strategies have an error that increases proportionally
to Np. At least, we clearly see the transition from predictive
filtering to manifold learning as Ns decreases or T decreases.
For small correlation times, 1 — e’z/ T & 1, so the main reduc-
tion of the loss comes from the factor (also the case if
N is large). Meanwhile, for large correlatlon 7, the reduction
comes from the numerator 1 — e~ & 0, while the Ng term
in the denominator is rendered ineffective—the same is true if
N is small.

d. Special cases P = 0 and v = 0 in this background choice

For further comparison, the optimal solutions and loss
function in the pure predictive filtering case (P = 0) with our
specific background choice are

-1/t
V1,p=0 = € / ’

L, = Ngo2(1 — e 7).

Vizo p—o =0,
(A18)

In the pure manifold learning case (v = 0), these are rather

- Ng
N, n a
o= azzypyTW > N"9.90. (Al9)
Ns+1 pa
N 2
Lp= 27 (A20)
Ns + 1

e. Plots of the loss function versus Ng and ©
Jor the different strategies

We notice that the loss is proportional to Ngo?in all strate-
gies for our special background choice, hence we can illustrate
the relative efficacy of predictive filtering and manifold learn-
ing by plotting £/(Ngo?) as a function of Ns and 7, the two
background parameters for which there is actually a transition
between the two strategies. Figures 7(a) and 7(b) show the
single-strategy losses £, [Eq. (A18)] and Lp [Eq. (A20)] com-
pared to the loss for both strategies applied simultaneously,
L,.» [Eq. (A17)].

We see that even for a small olfactory space dimension,
Ns = 50 as in the fruit fly, and moderately long correlation
timescales, manifold learning performs much better than pre-
dictive filtering, as discussed in the main text. When L, p
is close to either £p or L£,, it means that the corresponding
strategy contributes most of the loss reduction. We can thus
draw a “phase” diagram of where habituation is dominated
by manifold learning (large Ns, small 7) or by predictive
filtering (small Ns, large 7). The (smooth) transition occurs

when Lp = L,, which happens at 1 — ™%/ = N_+1’ which

is at T &~ 2(Ng + 1) for large Ns. This is shown in Fig. 1(e).
There is a large region (in red) where manifold learning is the
most effective strategy.

7. Noninvertible autocorrelation matrix g

In the above derivations, we assumed that the autocorre-
lation matrix C was invertible. The case where C has a zero
determinant turns out to imply that the stationary process is
not truly stochastic but rather a deterministic recurrence rela-
tion. To see this, recall that c has elements c = Ci—j)=

(€r—icz—j), where c;_; is the concentration of one of the (i.i.d.)
odors, and t can be shifted to any time because the process
is stationary. The matrix C is symmetric, real, and positive
semidefinite, so its eigenvectors form a complete orthonormal
basis; if it is noninvertible, it has at least one zero eigenvalue
with (nonzero) eigenvector u. As a result,

N,
= Y Wity (¢ iCip)

I,m=1

N;

= Z Wity {Cr41-1Cr41—m) (from stationarity)
I,m=1
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N, 2 -1
= <<Z ulct+ll> > = 0= Zulct+1—l
I=1 =1

N,
1 t
== ]Ezz UICry1-1s (A2D)

showing that the odor concentration at time ¢ can be exactly
predicted from previous samples at times 2, 3, ..., ¢ — 1: this
is a deterministic recurrence relation of order N, — 1, from
which a sequence of N, — 1 concentrations determines all
future ones (due to stationarity). Hence, in this special case,
predictive filtering will be able to exactly subtract the back-
ground at time step ¢ based on the previous # — 1 samples.
Note that if one finds #,_; = 0 above (so 1/u,_; isn’t defined),
and maybe u;_;, u,_3, ... = 0 as well, there must eventually
be a u;—; #0, k <t — 1, since u is not a zero vector. The
derivation can then be repeated but shifting indices of ¢;, c,, by
+k instead of +1, to isolate ¢, in terms of ¢y 1, Cka2, ... Cr—15
the result is a deterministic recurrence relation of order N, —
k, based on which predictive filtering still works perfectly.

As a consequence, manifold learning is not required in
the nonstochastic scenario where C is not invertible, because
predictive filtering can perfectly anticipate the background b, .
However, this special case is not the general setting of fluctu-
ating backgrounds we were interested in, and all background
processes we considered in this study are truly stochastic, i.e.,
with an invertible C.

a. Predictive filtering coefficients for noninvertible C

For completeness, we derive the explicit expression of
the coefficients v; in terms of the null eigenvector el-
ements u;. If u; is the first nonzero element u;, then
we have, for each i.i.d. background concentration, c,, =
— i1 W Cprixr. Defining the summation index m =
[ — k, multiplying by the odor vector J,, and summing over
odors p, we recover full background vectors

t—1—k t—1—k

1 —Um+k
bt = - E Yo E Utk Cpt—m = E btfm .
U
P m=1

u
m=1 k

Comparing to the argument of the loss function, b, —

J

Z,;} v;b,_;, we read off the coefficients v; to make this ar-
gument zero and thus £ = 0:

Ul+k

—— for1<<I<<t—1—k,
V) = Uy

0 forl >t —1—k.

(A22)

Consequently, P = 0 is the optimal manifold learning matrix
in the absence of stochasticity. One can also show that this
choice of v is equal to C*¢, where C* is the pseudoinverse
of C (inverse in the nonnull subspace), and c is the vector of
autocorrelation values C(1),C(2),...C(t — 1). This results
from setting V,£ = 0 and using Eq. (A21) to establish that
¢ is orthogonal to zero-eigenvalue eigenvectors: ¢’ u = 0.

APPENDIX B: SIMULATING BACKGROUND ODOR
FLUCTUATIONS

1. Turbulent statistics

We use the statistics of whiff durations p;, (t ), blank dura-
tions py, (#,), and whiff concentrations p.(c) derived in Ref.
[9], with the exponents and statistics for an atmospheric
boundary layer. We simulate each background odor concen-
tration as a telegraph-like process, as illustrated in Fig. 1,
by drawing a next blank duration at the end of a whiff, a
next whiff duration at the end of a blank, and a concen-
tration for each whiff from p.. As the simulation advances
per time steps Af = 10 ms, we keep track of how much
time is left in the current whiff or blank as well as of the
current concentration, and update when that time runs out.
This method neglects intrawhiff concentration fluctuations,
as well as correlations between successive whiff and blank
durations, but captures the main challenges of varying whiff
concentrations and power-law (long-tailed) distributions of
durations. We now describe these distributions and how we
numerically sample from them.

For the durations of whiffs and blanks, the distribution is a
power law with exponent —3/2 and a lower cutoff at ty, Ty.
For numerical stability, we prevent abnormally large durations
by imposing also an upper cutoff at Tiyax b, Tmax,w. and we use
sharp cutoffs, corresponding to a probability density function

0 if ty < 75 Oortx > Thnax x

Pr () = 1 ( f

where Ay = 27, (1 — (Tmux,x/rx)’l/z) is a normalization con-
stant. From these distributions, the average duration of a whiff
or blank is the geometric average of the limits, since

Tmux,x t _3/2 t
(tx> = / (_> A_dt = Tmeax,x (X =bor W) )
Tx X

Tx

so the probability x to be in a whiff is

-1
tW T X
x = (tw) — 1+ Tb L max,b '
(tw> + <tb) Tmeax,w

-3/2 .
—) lf Tx § tx S Tmax,x

(x=borw), (B1)

(

The probability distribution of whiff concentrations c¢ is
therefore 0 with probability 1 — x [illustrated by the point
at ¢=0 in Fig. 1(c), left] or, with probability x, the
conditional distribution p, given there is a whiff. Hence,
pe(c) = (1 — x)8(c) + xpc(c|whiff). The conditional dis-
tribution has a tail p. ~ e~/ /c, where cy is a typical
concentration scale, and a probability plateau near ¢ = 0.
As illustrated in Fig. 1(c), left, we use a sharp transition
at a.co for some o, < 1, with a uniform probability on the
range below, (0, a.cp], corresponding to a probability density
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function

o</

) - if ¢ 2 a.c
pe(c|whiff) = {7 ) ) (B2)
£ if ¢ < a.co

|- &1

S
B

®cCo

where A, = e~ % + E|(a,) is a normalization constant and E|
is the exponential integral,

am:f m%<
' |

Of note, the average whiff concentration then has the analyti-
cal expression

(1 +ac/2)coe™
Ao '

To sample from these distributions during a simula-
tion, we use the inverse transform method: given a random
uniform (0, 1) sample », we generate a sample of a ran-
dom variable X following the cumulative distribution function
(cdf) Fy as x = FX_I(r). The cdf for the whiff or blank dura-
tions is

oo
(€) whifr =/ dc ¢ pe(c|whiff) =
0

0 ift, < 14

(1=(t/r0)™)
1= (T /7)1
1

Fi(1) =

Taking the inverse, we generate #, from uniform samples r as
— Tx

B [1—-rd- (Tm'clx,x/":x)71/2)]2
As a check, notice that t, = 1, the lower cutoff, when r = 0,

and #x = Thax x, the upper cutoff, when r = 1.
The cdf for the conditional whiff concentrations is

0 if c<O

Iy (x=borw). (B3)

F.(c|whiff) = if 0 <c<ac,

¢
a Agcoe*c
1
- A—uEl(C/CO)

Hence, given a random uniform sample r, we generate a
sample c as

if ¢ > a.co

c=Flp = | A fr S Rleceo) =z
cE[ (Ag(1 —r)) if e, <I' < 1,
(B4)

where E° ! is the inverse exponential integral. This inverse
function does not have an analytical closed form, so we
evaluate y = E; '(x) at a given x numerically by solving
the equation E;(y) — x = 0 for y, using Brent’s method [80]
with suitable bounds on the solution. For numerical accuracy,
for x < 1, we solve in log scale, log(E;(y)) — log(x) = 0, to
expand the range of E;(y) values. For larger x, y becomes
very small (e.g., x =2 =~ E;(0.08237)), so we solve for z =
log(y). For x > 30, y is small enough (y ~ 10713) to use
the approximation E; (y) = —y — log(y) — O(y) [[81], 6.6.1],
where y = 0.577. .. is the Euler-Mascheroni constant, so the
equation is inverted directly: y = e77 7.

Hence, overall, for each update when a whiff starts, we
use two random uniform(0, 1) samples, one for #, [using
Eq. (B3)], one for ¢ [using Eq. (B4)]; only one sample is
needed when a blank starts, for t, (B3). In our simulations,
we use the following typical parameter values, the same for
all background odors: t, = 7,, = 10 ms = 1 time step for the
lower whiff or blank duration cutoff, i w = 5000 ms and
Tnax,p = 8000 ms for the maximum whiff and blank durations,
respectively, ¢y = 0.6 for the (arbitrary) concentration scale,
and o, = 0.5 for the lower whiff concentration cutoff.

Moreover, to sample a concentration from the station-
ary distribution, we draw a first uniform(0, 1) sample r; to

if 7y < tx < Thaxx
if Tmax,x g Ix

(x=Dborw).

(

determine whether there is a whiff, with probability x (whiff
if r < x), or a blank (¢ = 0). Then, if in a whiff, draw a
second uniform sample r, to generate a concentration ¢ using
Eq. (B4).

a. Correlated turbulent odor sources

To correlate turbulent odor concentrations, we first sim-
ulate Np independent turbulent concentration processes ¢'.
Second, we correlate these processes using the Cholesky de-
composition R of the target covariance matrix, as

where o2RRT = target covariance.
(B5)

¢ =R(c' — () + (¢)

Specifically, in our simulations in Fig. 19, we correlated the
last two odors, 2 and 3 by convention, while the first two
(0 and 1) remain i.i.d. with variance o2. In this case, the
Cholesky matrix has one 2 x 2 diagonal block and one nondi-
agonal block equal to

1 0
Rys = , (B6)
» (,023 V31— pé)

where py3 is the Pearson correlation between these odors.
Figure 19(a) shows a sample of this process when pp3 = 0.7.

2. Univariate Ornstein-Uhlenbeck process

To simulate a univariate Ornstein-Uhlenbeck (O-U) pro-
cess g(t) numerically, we use an exact update rule for finite
time steps At, derived from the analytical solution of the O-U
process. Taking the latest time step as a new deterministic
initial condition Ref. [[82], Eq. (2.47)],

8t + A1) = g()e™ /™ + \/o2(1 — e 28/m) £(r),  (BT)

where £(t) is white noise. The coefficients of g(¢) and &(¢)
can be computed in advance. This rule ensures a steady-state
distribution of g with the desired variance o> even when the
simulation time step is on the order of ty,.
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3. Multivariate Ornstein-Uhlenbeck process

The multivariate Langevin equation for the Ornstein-
Uhlenbeck process with zero stationary mean, g(¢), is covered
in Ref. [[83], Sec. 4.5.6], and can be simulated exactly using
the same trick as in the univariate case, Eq. (B7). In practice,
our simulations with O-U processes used independent and
identically distributed background odors, so the update matri-
ces were diagonal and the general simulation method reduced
to simulating Ng zero-mean univariate processes in parallel
[using Eq. (B7)], then adding the desired mean vector g, to it.

4. Weakly non-Gaussian fluctuating background

We simulate a multivariate Ornstein-Uhlenbeck process,
g as in Appendix B 3, with zero mean and identically dis-
tributed variables with stationary variance ag. Then, we take
¢, =80 +g + vg?, where v should be chosen small and
8o is the desired zeroth-order mean concentration. Then, the
concentrations have the following moments:

(c) = go + vo,,
Var[c] = ag2 + 2v2crg4,
((c = ()’ = 61)%‘,1 + 8v3ag6.

These results are straightforward to obtain by expanding c?
and ¢* and using higher moments of the Gaussian distribution
_ Q! 2

as required, i.e., (g?,k) = 37 agk. The important outcome is

that the third moment is of order v.

5. Log-normal background fluctuations

As above, we simulate identically distributed O-U vari-
ables with variance agz, add a mean go to them, then use
them as the log;, of the concentrations, transforming them
according to ¢, = 1088, Then, from the log-normal distri-
bution properties [84], the concentrations themselves have a
log-normal distribution with moments

(C) — 10g0+%6§ In10

Var[c] = (10%2 Ini0 _ 1)102go+aj 10,

((c = (€)") = Varle2(107 10 4 2), /107010 _ 1

We test habituation to this background with IBCM and
BioPCA networks in Fig. 12.

6. Numerical stability

Numerical integration of the W equations displays instabil-
ities when h reaches large magnitudes, e.g., when increasing
the scale parameter A (Fig. 22 and Appendix J). To en-
sure these are numerical errors rather than a true dynamical
instability of the fixed points, we perform a nonlinear numeri-
cal stability analysis of the Euler integrator. This integrator,
applied to the W matrix equation, is effectively a discrete

mapping,
W1 =W, + At(ayh' — BW,)
=W, + At(ash” — aW,hh" — BW,)

= BAt + W,(I + AtJ) where B=ash’,
J = —ahh' — gI.

We consider the worst-case scenario, when h reaches its max-
imal magnitude encountered in a simulation, h = hy,,x and
Jmax = —othychT — BI, and iterate the map in this case,

i . max
which gives

N—1
Wisn = AtBY (I + Atdyae)" + Wi(l + AtJa)".
n=0

Consequently, the stability depends on the eigenvalues of A =
I + AtJnax, but not on AtB (because the latter is not raised to
some power). Indeed, first note that the matrix A is symmetric
and diagonalizable as A = UDU with D = diag(};). Then, if
A has at least one eigenvalue with magnitude |A;| > 1, then
AN = Udiag(A¥)UT will have a diverging component as the
mapping is iterated (as N increases). To find the threshold
where this happens, we can read out the eigenvalues from the
expression of A = (1 — BAD) — o At || ax || imax AT

max?’
o 1= BA = [ PaAs
Tl — BAt

once,
N; — 1 times.

To see this, consider the rotation matrix R that aligns hy,x
with one of the unit vectors, e.g., (1,0, ...0): RART is then
diagonal with A} = 1 — BA? — ||hya||>a At in one row, Ay =
1 — BAt on the others. For large LN activity, A; is first to
reach a magnitude > 1, by becoming negative. Hence, we can
predict that numerical instabilities arise in the Euler integrator
when

) — BAt
M<—1=|hpx||">——— or At > ———.
a At B + o[ hmax|?
(B8)
Given a simulation of the M weights and h (which are not
destabilized), we can thus anticipate whether the W inte-
gration should be unstable by extracting ||/imax|| from the
simulation. The vertical lines in Fig. 22 indicate the smallest
A value for which this threshold is reached, in each model,
in the turbulent background considered. They coincide well
with the observed drops in model performance, confirming
these are due to Euler integrator instabilities. A linear stability
analysis of the W equations (computing the Jacobian of the
ODE near the fixed point, etc.) confirms that the solution is
linearly stable for any A. Hence, the observed divergences
are numerical limitations rather than true model performance
drops and would be remedied by decreasing the time step, Ar.

APPENDIX C: AVERAGE SUBTRACTION MODEL

In this Appendix, we examine the average subtraction
model from Ref. [36], and explain how it is insufficient against
fluctuating backgrounds. In our notation, it corresponds to a
vector w of inhibitory weights learned as

dw
— =as(t) — (¢ + B)w()
dt
and a PN response y(¢) = s(¢) — w (the LN activity is fixed to
1). If this network is exposed to a constant background odor
Sb.0, then the inhibition vector w converges to Wy = ﬁsb,o,

(ChH
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so the background is then perfectly subtracted. However, this

strategy fails if the background vector sy(¢) fluctuates ran-

domly over time. In this case, Eq. (C1) amounts to computing
1

the average background over a time window of duration Pl

as seen from the formal solution of the stochastic equation,
l !
w(t) =« / dt'e@tP=Dg 1)
0

assuming sp(7) started at a given initial value spo. From
the formal solution, assuming the background is a stationary
process, the steady-state average value of w is therefore pro-
portional to the average background, (w) = ﬁ (sp). If the
background process has an autocorrelation timescale much
faster than the learning rate, 1, < é, with its elements ap-
proximately obeying (As;(t1)As;(t2)) = qﬁe"’z”“/ % then to
leading order, the inhibitory weights have a small variance

o 2
o, .
a+ B 7

Hence, the inhibitory weights do not fluctuate much around
the constant average background, (sy), since the factor a1, <«
1. Therefore, this model computes the average background,
scaled by ﬁ, and subtracts this fixed quantity from sy (7) to
obtain the projection neuron activity y(¢) = sp(#) — w. Con-
sequently, the variance of the PN activity, y(¢), is not reduced
compared to the variance of the background:

Var[w;] = aty,

(y) = (sp) — (W) (sp) (reduction of the average),

but Var[y;] ~ aﬁ Vi (no reduction of the fluctuations) .
(C2)

These large remaining fluctuations in PN activity mix with
new odors appearing in the landscape and thus hinder their
recognition; this effect explains why the average subtraction
model does not provide a significant reduction in PN response
to the background, or improvement in new odor recognition
compared to the absence of habituation in Figs. 2, 5, 8, and
others.

APPENDIX D: ANALYTICAL SOLUTION OF THE IBCM
MODEL’S AVERAGE FIXED POINTS

To understand what projections are learned by IBCM neu-
rons, we derive analytical expressions for the synaptic weights
m of an IBCM neuron at stationary state. We first establish
approximate fixed-point equations for these weights averaged
over fast fluctuations of the background process sy(¢), as-
suming perfect separation of timescales between s, ®, and
m. Then, we obtain exact solutions to these approximate
equations.

1. Establishing the IBCM fixed-point equations

Let us first recall the stochastic differential equations de-
scribing the synaptic weights learning of an IBCM neuron
in a network with feedforward lateral coupling (Methods).
For tractability, we assume the activation function ¢ is the
identity function (instead of a nonlinearity like tanh), such that

h = LMs. We also set the decay term —eum; to zero. Then,
for each neuron i,

dmi - — — - — —
= Hahih = ©)s) = n Y i hih; — ©)s(0).
g J#i ’
(D1)
de;, 1 - _
- = —((h)* —©)). (D2)
1 To

The reduced activity of interneuron i is h; =, - s(t), where
the reduced weights m; = m; —n > i My Hence, h; varies
in time on two separate scales: rapidly with sensory inputs
s(¢) fluctuating on timescale 1, and gradually as the synaptic
weights m; are learned.

To make analytical progress, we focus on averages over fast
background fluctuations, denoted by brackets (-), while the
slow dynamical variables (M, ©) remain unchanged. More-
over, we make a quasistatic approximation on the thresholds:
we assume Tg is slow enough to average over background
fluctuations, yet fast enough that 72; remains unchanged over
the averaging time window (i.e., we neglect correlations be-
tween m and @). Hence, as in the original IBCM models
[45], we assume a perfect separation between the background,
threshold, and synaptic weight timescales: 7, K T <K ﬁ

Thus, averaging Eq. (D2), and setting %@t") = 0, we find

and we replace ®; in the m Eq. (D1) with this average.
Averaging that equation as well, and setting % = 0, we find
the IBCM fixed-point equations:

0= sz, (hilhi — (B:))s(0))

—n) i@, i — (©)s@) iefl,2,....N}.
i
(D3)

Defining terms ¢; = “a, (Ei(ﬁi — (@i))s(t)) and combining
them in a Nj-dimensional vector ¢, this system of equa-
tions can be written in matrix form

0= Lo,

where L is the N; x N matrix of feedforward inhibitory cou-
pling between interneurons, with 1 on the diagonal and —n
everywhere else. This L is a circulant matrix (each row is
a cyclic permutation of the previous row by one element to
the right); hence, except in the pathological cases n = —1 or
n= ﬁ (for which some of its eigenvalues are zero), L is in-

vertible and the unique solution is ¢ = L~'0 = 0. Therefore,
in general, the fixed points of the IBCM network are found by
setting each ¢; term to zero individually:

0=, (hithi — (©:))s() Vie{l,2,....N}. (D4)

Hence, in terms of the reduced synaptic weights m; and ac-
tivities &, the fixed-point equations for the network of IBCM
neurons decouple to take the same form as that of a single
IBCM neuron.

Before proceeding to solve this set of equations, we note
that the actual synaptic weights m; can be found from the m;
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solutions by inverting the matrix equation
M=LM=M=L"M,

where M contains the reduced m; in its rows. From the eigen-
vectors and eigenvalues of the circulant matrix L, the inverse
matrix elements are

MNMi—2)n—1
L— (Ni=Dn? +(N=2)n—1

—-n
(Ni—Dn* 4N —2)n—1

on the diagonal,

off-diagonal,

so the synaptic weights m; can be recovered from the reduced
ones, if necessary, as

[(Mi—2)p— 1m;—n 3, My
(Nt — D>+ (Nt — 2)n —

1
lfT] # mof— 1.
(D5)

m; =

2. IBCM fixed-point equations for i.i.d. background
concentrations

We will express the solutions to the fixed-point equations in
terms of the alignments, or dot products, of the IBCM synaptic
weights with the background odors,

Eiy =m;- §ya (D6)
|

(h(t)*) = ((m - s)*) =

VP

(h(1)s(1)) =

ZSV+Z (CyCp) h SV_Z(

and we imply these are averaged over fast background fluc-
tuations (i.e., we really look at (m;) - §,), The odor vectors
§, do not have to be orthogonal, but we assume they form
a linearly independent set. Specifying these dot products is
sufficient to obtain the complete solution, since the IBCM
dynamics only update weights in the background subspace
of s(¢) [Eq. (D1)]. The other directions are reduced to zero
by the slow decay term, —§um;, that we have added to the
full dynamics (Methods). For the rest of this section, we work
with reduced variables and drop the overlines on @i, m;, and
Eiy to simplify notation. We also drop the IBCM neuron index
i since the fixed-point equations Eq. (D4) are identical and
solved independently for each neuron.

Since we have decoupled the ® and m fluctuations in Eq.
(D3), we can divide by the learning rate and write

0 = (h(t)*s(t)) — (®) (hs(t)) .

We replace (®) = (h?), using our quasistatic approximation.
We now assume that the odor concentrations c,, (¢) are in-
dependent, identically distributed stationary processes. We
write ¢, (t) = (c) + ¢, (t) where (¢,) =0. The concentra-
tions have mean (c), variance (5}2,) = o2, and third moment
(&) = m3. We also let s(t) = sq + Z];YL ¢, ()8, and h(t) =
hg + Zy h, &, (t), where we have defined sq = (c) Zy S, and
hq = m - sq. We proceed to compute the averages appearing
in the fixed-point equation:

Z (cy(t)c, () hyh, = h3 + o*u?,

) ha +0hy)8,,

(h(t)*s(t)) = hsa + 2ha Y _ (€Ty) hpSy + sa thhy (@08y) + Y (E0028)) hyhi§,

Py

pY Py

= h(zjsd + 2hgo? Z hy,8, + o2ulsq + ms Z hi's‘y,

14

where we have defined

()Y hy
Y

Combining and expanding sq =

Np

and u® = Z n2. (D7)

hd=m~sd= y

y=1
c) Zy 8,, we have
Ng

0="> [(e) (h3+0?u?)(1 — ha)

y=l1
— 0°hy (hg + o°u” — 2ha) + m3h J8, .
Since the §, odors are linearly independent, we have, for each
IBCM neuron, a set of Ng equations specifying the neuron’s
alignment with each odor, A, . These are the fixed-point equa-
tions to solve for the A, s:
0 = (c) (h] + o*u?)(1 — hg) — 0°hy, (h] + o*u® — 2hy)

+mshl, Vy €{l,2,....Ng}, V neuron. (D8)

14

(

These equations are cubic polynomials in the A, s, since hy =
2 2 . .
)., hy and ut = >, hy. Thel.“e is a.lwa.yg a ﬁxed point at
h, =0V y, but it is unstable; trajectories initialized near the
origin move away from it during habituation.

3. Solution for a zero third moment background processes

We first examine solutions when m3 = 0, e.g., Gaussian
backgrounds, since the solutions simplify greatly in that case.
The equations then have two terms,

0 = (c) (h3 + o*u?)(1 — hg) — *hy, (W} + o*u* — 2hy),

which can be made individually zero by setting hq = 1
and o%u® = 1. Thus, these fixed points are defined by two

constraints,
Zh =

Zh—

1
- (D9)
C
1
o2’

(D10)
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which correspond, geometrically, to the intersection of a hy-
perplane where coordinates sum to one, and a hypersphere
of radius 1/02, respectively. All m weights on the resulting
(Ng — 2)-dimensional surface in the background subspace
are nonisolated fixed points when Ng > 2; Fig. 11(a) shows
a three-dimensional background example, with each neuron
converging to a point on the ring defined by these equations.
For a two-dimensional background, there can be zero, one, or
two isolated fixed points, while for a one-dimensional back-
ground, these equations do not apply.

The fixed-point equation for a Gaussian background admits
another set of solutions, where the two terms are not individ-
ually zero. Isolating h,,, we find it must have the same value
for every odor, h, = hg. Then, hy = Nghy, = NBh(Z), and we
can solve to find

{¢) +20°/(Ng +0?%)
h]/ = ho =
0?2+ Ng {c)
For a one-odor background, this solution would be the stable

fixed point; for higher dimensions, we find in practice that it
is unstable (see also Appendix D 4 a).

Vy e{l,2,...,Ng}.

4. Solution for a general background with nonzero
third moment

We return to solving the full fixed-point equations,
Eq. (D8), when m3 # 0. Now, because of the m3h, term,
setting iy = 1 and u> = 1/0°? does not satisfy the equations,
so we must solve for individual &, s. This leads to a finite
number of isolated fixed points: as shown in Fig. 11(b), the
third moment of the background breaks the degeneracy seen
in the Gaussian case.

First, we notice that the dot products EV of an IBCM neuron
can only take at most two different values at steady-state. To
show this, we take the difference between the equation for A,
and some other A, which gives

0= m3(hy + ha)(hy - hot)
— (hﬁa2 +o*u? — 2hd62)(hy —hy).

Either h, = h,, or if they have different values, then they are
related by the constraint

h§a2 + o*u? — 2hyo?

hy + hy =
v+ s

(D11)

Note that constraint (D11) is removed for Gaussian back-
grounds m3 = 0, explaining the nonisolated fixed points in
that special case. For any pair y, «, the r.h.s. is the same; if we
imagine a third dot product hg, then hy, +hy = h, +hg =
hy = hg, implying that there cannot be a third distinct value.
Therefore, either all A, s are equal, or they each take one of
two possible values.

a. All h,s are equal

First, consider the case where all h, =y, a unique dot
product value. Then u* = Ngy? and hg = N (¢) . Inserting
in Eq. (D8), we can factor out y?, giving

0 = y*[N; (¢)® +30°Ng (c) +m;3
—y(Ng (0)* +20°Ng (c)* + o*Ng)].

So, either y = 0, which is an unstable fixed point, or

B Né (c)® + 302Ng (¢) + m3
NG (e)* 202N ()2 + o4Ng

y (D12)
We conjecture that this fixed point is always unstable, based
on the linear stability analysis of Appendix D 6 below. Fig-
ure 9 shows that in the background process examples we
considered, it is a saddle point, approached before the IBCM
neuron becomes selective for a background odor.

b. Two different h,, values (general case)

Second, consider the case where m has a dot product equal
to y; with k; odors, and equal to y, with the remaining k, =
Np — ki odors. We let y; > y, by convention. The values y;
and y, will depend on the repartition &, k>, but there will be a
unique pair yy, y, for each choice of ki, k,. Moreover, in this
case,

ha = (c) (kiyr + k2y2) (D13)

W = kyy? + kay? . (D14)

Then, the set of N equations (DS8) really reduces to two
equations, one for all the , = y; and the other for y,, which
are symmetric under 1 < 2.
We start from Eq. (D11)—the difference between the two
values of h,,. We rewrite the equation in terms of y; and y, as
0=h —2hs+0%2 — 2y +y,)  (DI3)
o
by letting one of the &, s be equal to y; and the other, to y,. We
use this equation to replace, where appropriate, the following
term in the fixed-point equation (DS),

m
3+ o?u? = 2hg + G—j(yl +)

for, say, h, =y; (using y, would not make a difference),
resulting in

ms
<C>y1y2-
Together, Egs. (D15) and (D16) form our system of equa-
tions to solve for y; and y,. Obtaining the latter was the crucial
simplification to make, because it eliminates terms linear or
cubic in y; (we have managed to reduce the degree from
cubic to quadratic because the substitutions eliminated one
rooty; = y, = 0, which was not interesting). This allows us to
easily isolate y, in terms of y; (or viceversa). Indeed, writing
hq and u? in terms of the vi [Egs. (D13) and (D14)], we find it
takes the simple, symmetric form

m
0=0c2’—h— o—jhd(y1 +y2) — (D16)

0= aiy; — by\y2 + a2y3,

where
ai = o2k — ()2 k2 — m3—ic)k,- (i e{1,2)),
o
m3 (c)

b=2(c\kik, +

(k1 + k) + % (D17)

o2
This equation makes clear the symmetry of solutions under
exchange of labels 1 <> 2, confirming that we can keep only
the roots where y; > y,, knowing that other roots would be
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FIG. 9. Selective states are the only stable fixed points in the IBCM model. Eigenvalue with the largest negative real part in the Jacobian
matrix obtained in the linear stability analysis of the IBCM model (Appendix D 6), evaluated for each possible fixed point in (a) the weakly
non-Gaussian background of Fig. 3, (b) the log-normal background of Fig. 12, and (c) the turbulent background of Figs. 1(b), 1(c), 2, and 5.
The Jacobian matrix derived in Eq. (D21) is diagonalized numerically for each possible choice of specific and nonspecific odors. In the three
background examples considered, the only stable fixed points, i.e., fixed points where even the largest eigenvalue has a negative real part, are
those where the neuron is specific to only one odor, i.e., selective states. The saddle points where the neuron is equally sensitive to all odors,
in red, have some eigenvalues with positive real parts (largest is shown), and some with negative real parts.

found by exchanging k; and k,; in other words, the roots y}, ¥,
for k| = ko, k), = ky, are the solutions for &, k, with y, > y,
(this can be checked explicitly with the solution below). For
now, we write y; in terms of y;,

bﬂ:\/bz —4611(12
= T V1 =04y - (D18)

Formally, the numerator should be by, & +/b? — 4aaz|y1|,
but we can absorb the absolute value into %, compute the
solution for both « values, and keep the one with y; > y, at
the end. We now insert y, = «y; into Eq. (D15); another root
y1 = y» = 0 can be factored out, and we find the nontrivial
solution

2{c) (k1 + aka) + 3 (1 + )
(€)? (ki + aky)? + 02(ky + a?ky)

n= (D19)

Equations (D17), (D18), and (D19) form our analytical solu-
tion for the (approximate) fixed points of IBCM neurons in
terms of the dot products A, taking values y; and y,.

c. Condition of existence of nontrivial fixed points

The fixed points with y; and y, given by Egs. (D18)
and(D19) will only exist in R if the discriminant b*> — 4a;a,
in « is nonnegative. Writing this discriminant explicitly,

0_2
2
+ 12m3 <c)k1k2+m§(( ) (ki — k2) +—+2i2B>-
(©* o

(D20)

b2 — 4a1a2

= 40'2 <C>2k]k2 <NB -

In general, this expression will be >0, unless there is very
high variance and low average concentration, 0% > Np (c)z,
and vanishing third moment m3; — 0. This would be an un-
naturalistic setting corresponding to Gaussian, zero-average
background fluctuations.

5. Summary of the general fixed-point solutions

The fixed-point solution for i.i.d. odor concentrations with
mean (c), variance o2, third moment ms3, is summarized here.
The fixed points of m are characterized by their dot products
with the Np background odors, i, =m-§,. There are 2
fixed points in total: one with all 4, =0, one with all A,s
equal to (Appendix D4 a)

N2 (c)® +302Ng (c) +m;
N (e)* +202N3 ()* + o*Ng

h, = (D12)

and 2™ — 2 where k; dot products are equal to y;, and k, =
Ng — k; are equal to y,, with (7 «') choices for each possible

kye{l,...,Ng — 1}. The values y1 and y,, where by conven-
tion y; > y», are calculated as follows:
a4 = ok — )2k = 2 §C>k,» G e {1,2)),
o
b=2(c)>kik, + (>(k1+k2)+(> (D17)
b+b—4
q ==V TG (D18)
2612
Compute solutions for each sign in o
20 (kh +ako) + (14 a)
T+ ko) + 02+ o2k
y2» = ay;, Keep the pair where y; > y,. (D19)

Our linear stability analysis, below, suggests that the stable
fixed points of an IBCM neuron have one dot product equal to
y1 and all others equal to y,. This means the neuron becomes
selective: it is specifically responding to one background odor.
There are Ng such fixed points. We can therefore callm - §, =
y1 = hgp (specific) for that odor, and y, = h,s (nonspecific)
for all other odors. We observe close quantitative agreement
between these fixed point predictions and numerical simula-
tions in the weakly non-Gaussian background, Fig. 3(c). For
log-normal [Figs. 12(d) and 12(e)] and turbulent backgrounds
[Figs. 4(a) and 4(b)], we also observe that IBCM neurons
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align with individual background odors, but due to stronger
correlations between m and ®, the dot product values do not
exactly match Egs. (D17)—~(D19).

6. Linear stability analysis of IBCM fixed points

To support our empirical results on IBCM neuron selec-
tivity, we linearize the dynamical equations (D1) and (D2)
around a fixed point and compute the Jacobian matrix. Then,
we evaluate its eigenvalues, at least numerically, for every
fixed point, and check which fixed points are stable in a num-
ber of examples. Here, we perform this analysis for a single
neuron, and assume that weak coupling with other neurons
in the network does not fundamentally affect the stability
of single-neuron fixed points. We also assume a constant
learning rate ue = W, as would approximately be the case
at steady-state in the Law and Cooper variant used for full
simulations. Hence, the dynamical equations are

d
<—m> 1 (2sp) — 11(O) (hsy) .

dr
<d—®> = i<<h2> )
dt - 0 ’

Computing the Jacobian entries, recalling that # = m - s and
thus % =s;, we find

0 dmj
8m,
am

whsis;) — n® (sis;),

b >
212)-
e

These derivatives form the different blocks of the Jacobian
matrix, which is, in vector notation,

2u(hsosy) | —plhsy)
Dfm, ©) = [ —uO (sps]) (D21)
=l -

This expression is general. Now, computing more explicitly
the expectation values for i.i.d. concentrations as in previous
subsections,

<th) = haSq + 02 Z hygys
Y

2 A
(susT) = sas] + 02 ) 8,87,
v

(hsusy) = ha (spsT) + o Z hy (8487 +8,s])
Y

+2m3 Y hy8,8]
Y

The last two lines, along with ® = hﬁ + 02
main block of the matrix is

2u (hspsy) —

1%, mean that the

1O (sost)

= M[(zhd — hg — 02142) (Sds;lr + 02 Z’S\yg;)
14

+2m; Zhy@,ﬁ; + 202 Zhy (8487 + §ng):|.

14 14

We have defined here sq = (c) ), §,. We see that these mo-
ments depend on the specific odor components §,, making
an analytical calculation of eigenvalues hard in general. How-
ever, these expressions can be evaluated easily at the analytical
fixed points in several examples to check the stability in these
cases; we show the eigenvalues for weakly non-Gaussian,
log-normal, and turbulent background statistics in Fig. 9. In
all these examples, we find that the only stable fixed points
are those where the neuron has one dot product h, = hg,
(specific) and the Ng — 1 others are equal to h,s (nonspe-
cific). This property is robust against OSN noise, as shown
in Fig. 16. In that case, the IBCM and BioPCA models still
perform habituation to the true background subspace and new
odor recognition, until the OSN noise becomes comparable in
magnitude with odor signals [Fig. 16(h)].

7. Analytical W weights with IBCM neurons

We can also derive an analytical expression for the average,
steady-state values of the inhibitory weights W when the pro-
jection weights M converge to the IBCM fixed point derived
above. We assume there is at least one neuron per odor, Ny >
Ng. We call y; the background odor to which IBCM neuron j
is specific; thus, m; - §,, = hg, if ¥ = y;, hps otherwise. There
will be in general some number 7n, of neurons specific to
odor y.

We start by working on the W equation in matrix form,

w_ ay(Hh()T — W .

o (D22)

We define the (constant) matrix I', whose columns are the §,,,
and c the vector of odor concentrations. Then, s, () = I'c. We
also define the matrix H = LMT", in which row j gives the
alignment of IBCM neuron j with each odor, %;,. Since each
neuron is selective for one odor, each row contains hg, once
and h,s Ng — 1 times. Averaging the W equation over fast ¢
fluctuations, and neglecting correlations between ¢, W, and
H, we have

aw T T
a =a(l' = (W) (H)) (cc™) (H)T — B (W) .
Average signs on W and H are implied below. We define N =
(ccT) and evaluate it for i.i.d. odors,
N = (ccT) = (c)’ Oy, + 07D, , (D23)
where I is the Ng x Np identity matrix and Oy, is a Ng X
Np matrix filled with ones. We now set dW/d¢t = 0 and focus

on single columns of the equation, with the notation w; for
column j of W, and h; for column j of HT (th is the row j of
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H). The set of equations to solve for the w; is then

B

Zw; + WHNh; = TNh;.
o

(D24)

We notice here that all IBCM neurons with the same specificity y; will have the same h;, thus all columns w; with the same
y; will be identical, and we can denote them by w,,. This allows to rewrite sums over columns as sums over components, for

instance, > ; w; = ), n, w,. We moreover notice that

h + (Ng — Dhl = u?

h'h;, = _
K {2hsphns + (Vs — 2)hﬁs = hys(ha/ {c) + hsp — hys)

and that
h] Oy h; = h[v(hg + (Ng — 1)hy)
= (hsp + (N — Dha)?
_
()
where we defined v, a vector filled with ones, and recog-

nized hg = (c) Y., M-8, = (c)” (hyp + (Nz — 1)hys) for all
neurons specific to one odor. We also need to compute

Nhj = o’h; + (¢)? (hg + (Ng — Dhao)v = 6°h; + (c) haV,

(D26)

where we used Eq. (D23). We use the above results to evalu-
ate the two terms involving N in Eq. (D24). With some algebra
to combine coefficients efficiently, we find
WHN; = 02 (hgy — hoo)ny, Wy, + A 0, W,
Y

(D27)

2
I'Nh; = (;2(hsp — has)8y, + (?—)hns + hd>sd, (D28)
C

where we have used the average background expression, sq =
(c) Zy §,, and defined a coefficient independent of j,
o ol )
A= hd + Uhdhns +o hns(hsp - hns) . (D29)
c

We now insert Egs. (D27) and (D28) into Eq. (D24) for w; (or
equivalently, WVI)’ to find

o? —
_>hns + hd>sd1

(D30)
where we have defined another coefficient, different for each
J in general, unless all n,, are equal,

By,w; +AZ”VWV = 0 (hyy — hu)8y, + ((c
v

p
By =—+ 1,07 (hsy — hus)* . (D31)

Now, to solve Eq. (D30) for Wy, We look at the difference
between the equations for columns j and k, with y; # y;; this
eliminates common terms and allows us to isolate w,, in terms
of w,, and the known vectors §,, only:

2 n n

By, wy,, — By Wy, = 0" (hyp — hns)(sw - Syk)

B)/,' Uz(hsp_ hns)

B, B
¥

'k

= Wy, =
Yk

Doing this for each y; # y;, and noticing the expression re-
duces to w,, for yx = y;, we express Zy n,w, in terms of

(gyk - §V.f)'

ify; = w,

(D25)
else,

(
w,, only, and insert into Eq. (D30) to isolate w,,. Dividing
the result by B, (1 +A Zy ;—‘;), and rearranging with fur-
ther algebra gives our final expression for columns of the
matrix W,

o Gz(hsp - hns),\ hd + %hns
Y=g, TR a1 AK)
Yi Vi
Ac?(hg, — h
B o ( sp ns) Z ”_ygy ’ (D32)
B,(1+AK) ~B,

where we have defined K = ) 0 g—‘;. These are the analyti-
cal expressions that we compare to numerical simulations of
the W weights in Fig. 3(d) (weakly non-Gaussian) and Fig.
12(f) (log-normal), reaching close agreement at steady-state.
For backgrounds with slower, stronger fluctuations where the
correlations between M, W, and s(z) are not entirely negli-
gible (e.g., turbulent statistics), the agreement would be less
accurate. The numbers of neurons selecting each odor, n,,,
are inferred from the M weights numerical results, then used
to evaluate Eq. (D32).

Unfortunately, the expression for the instantaneous y(¢) =
s(t) — WLMs(t) with steady-state M, M weights is quite
cumbersome in general, due to the B,,. However, we find a
more compact expression for the average PN response: after
simplifying some terms,

S 1
<y>=<c>Z;—VyHAK
Y

X (E — 0% hs(hsp — hns)(n, Ng — KB, )). (D33)
o

The factor n, Ng — KB, is zero when all n, s are equal; hence,
the second term represents the bias incurred by having an un-
even distribution of IBCM neurons across odor components.
The threshold n* at which n,Ng — KB, = 0 for some n, is

#OZKF”, since we can show (using a Lagrange
multiplier to enforce ) ,Np =ny) that K is maximized by
having a uniform distribution n,, = n; /N, the threshold n* <
ny/Ng; hence, all components which have n,, > n;/Ng surely
have a positive factor (n,Ng — KB, ), and since h,s < 0 in
general, they have a negative bias in Eq. (D33); i.e., they
are suppressed less than other background odor components.
Conversely, if some n,, = 0 (no neuron specific to that odor),
then this odor is still partly subtracted, due to the nonspecific
response of other neurons, h,s < 0, but at the cost of less

n* =
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efficient inhibition of all other odors, and without overall
reduction of fluctuations since the factor % =1lifn, =0.

When all n,s are equal, the mean PN response to the
background, Eq. (D33), is minimized for the IBCM network,
and it reduces to a simple expression,

B/
=3 T NAS
where, recall, A is given by Eq. (D29), B by Eq. (D31) with all
n, equal, and sq = (c) ZV §, is the average background. We
use this simplified expression of the maximal habituation by
IBCM neurons to determine the A factor needed to match the
BioPCA and IBCM performances (Appendix J 2).

(D34)

APPENDIX E: ANALYTICAL FIXED-POINT SOLUTIONS
OF THE BIOPCA MODEL

We assume that the average background (s) =sg4 =
(c) ZI;,B:I §, is subtracted from s, from the input to the
BioPCA inhibitory neurons, and from y; hence, the effective
background to consider here is § = Z;YB:I ¢,8,, with (¢,) =0
and (¢2) = o’* for all components y . The LN activity is h(r) =
LMS5(t) and the PN response is y(¢) = S(¢) — Wh(z). The co-
variance matrix, from which a PCA with Ny components can
be computed, is

C=(@")=0") 887 =UDUT,

Y
where U is Ng x N, with its columns containing the Np
principal component vectors with nonzero eigenvalue, and
D is Ng x N and diagonal with the principal values in it,
Uiz, ief{l,2,...,Ng}. Since the §, are not orthogonal in
general, these eigenvalues are not all equal to the variance o2,
but should be on the same scale.

Given a background, U and D are known; we can thus ex-
press the steady-state solution of the BioPCA model in terms
of these PCA matrices. From Lemma 3 in Minden, et al. [38],
we expect the BioPCA model with Nj = Ng neurons (one
per background component) to have the following stationary
solution:

L' =D (principal values), (ED)

LM = AUT (projection on principal components), (E2)

where, recall, L’ = L~'. The input projections give interneu-
ron activities of

h(r) = LM3(t) = AUTS(1).

We insert the BioPCA stationary solution into the W equa-
tion (D22), where we average over fast § fluctuations,
assuming a separation of timescales between these fluctua-
tions and slow M, L, W learning, as in the IBCM case. Writing
the W equation in matrix form, this leads to

el (y®Oh' (1)) — pW

=a(l —WAUT) S8T) UAT — W.
Setting the W derivative to zero, replacing (S§7) = UDUT, we
can rearrange to isolate W,

W (Bl /o + ADAT) = UDAT.

Since D and A are both diagonal, the matrix in parentheses on
the left-hand side is diagonal with entries 8/ + A20?. It is
full-rank when N; < Ng, so we can invert the equation explic-

itly. Since DAT is also diagonal, we find

Aiio?
. > . (E3)

W =Udi —_—
lag(ﬂ/a_i_A%io_iz

Inserting this W back in the expression for the PN response,
y(t) =5 — Wh, we find

B/a
Blo+ Ao?

i

y=8-WAUTS = Udiag( )UT§, (E4)
where we have used the fact that UUT is a projector on the
background subspace to write § = UUTS, and where A;; =
Apca(l = X.(i+ 1)/Ng) for i =0, 1, ..., Ni. Hence, we see
that the BioPCA network projects the inputs on the principal
directions (UTS), reduces the amplitude of each component
by a factor /3/0t+—:20l2’ then reassembles these components

(leftmost U). Comparing to Eq. (D34) for the IBCM model,
the latter has a better reduction by a factor of approximately
(hsp — hns)? in the denominator, hence we need to increase the
A scale in the BioPCA network to match the performance of
these models, as explained in Appendix J2. We check some
of these predictions against numerical simulations in a back-
ground with log-normal [Figs. 12(b) and 12(c)] and turbulent
[Figs. 4(c) and 4(d)] concentration statistics. We also check
that these properties are relatively robust against OSN noise
(Fig. 16); the first Ng neurons still capture odor directions
corresponding to real odors, while additional neurons align
with orthogonal OSN noise components (which are part of
the full background PCA decomposition).

APPENDIX F: ANALYTICAL RESULTS FOR A
TWO-ODOR SIMPLIFIED BACKGROUND PROCESS

To gain further analytical insight into the convergence dy-
namics of IBCM neurons in particular, we study the simplest
nontrivial background, illustrated in Figs. 10(a) and 10(b). It
consists of two odors (s,, sp) with fluctuating proportion v(z)
following a Ornstein-Uhlenbeck process (Appendix B 2),

s(t) = (3 +V(0)sa + (3 = V(O)sp - (F1)

We start by calculating the average fixed points of the
IBCM neurons synaptic weights, m;. The fixed-point equa-
tions (D4) are identical for all neurons, so we focus on one
neuron and omit index i. As in Appendix D, we assume that
timescales are well separated, replace ©® = (h?), and neglect
correlations between v, ®, and m. We work with reduced
weights and activities ﬁ,-, averaged over fast fluctuations, so
overlines and () are implied for the rest of the section. In-
dividual neurons’ weights m can be recovered from Eq. (D5).
Moreover, for this simple background, the learning rate can be
chosen constant, Wiy = M- Hence, the fixed-point equation to
solve here is

0= (h’s(t)) — (®) (hs(1)) .
Now, we rewrite

S(t) = sq +V(t)ss,
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FIG. 10. IBCM learning dynamics on a simplified background model. (a) Schematic of the simplified background model described in
Appendix F: a 1D manifold generated by two odors s,, s, with fluctuating proportion v(¢) following a Ornstein-Uhlenbeck process with
() =0, 02 = 0.09, autocorrelation time 1, = 20 ms. The deterministic part is sq = %(sa + sp) and the stochastic part, s, = s, — sp. The
two odors are randomly sampled from the default distribution (exponential iid elements, then normalized). (b) Time series and stationary
distribution of the ratio of odors a and b. (c) Alignment of the two IBCM neurons with the background odors. One neuron becomes specific
to s, the other, to s,. The average dot products at steady-state match the analytical fixed points calculated in Eq. (F2), iy = 1 & 1/(20). (d)
Analysis of the two-phase dynamics of an IBCM neuron. Left: visualized in terms of the alignments (dot products) with odors a and b, m first
reaches a saddle point, then one of the two selective stable fixed points, respectively at times 74 and f, closely matching their analytical values
[Egs. (F8) and (F9)]. Right: visualized in terms of the alignments /4 and hg with the deterministic and stochastic components, sy and s, the
saddle at time 74 corresponds to the time at which the deterministic part /4 reaches its fixed-point average value 1, and the final steady-state,
when the stochastic part reaches its fixed-point value +1/o. (e) Scaling of the convergence times #4 (left) and #; (right) as a function of the
initial dot product magnitudes, €4 and €;. The numerical simulations match the analytical expressions, valid for small €s. (f) Time series of the
inhibitory weights (elements of W), following the Hebbian dynamics of Eq. (F3), for the two neurons in the network (weights of LN j are in
column j of W). The steady-state values match closely the analytical values derived in Eq. (F4). (g) Reduction in PN activity after habituation,
compared to the background norm. The steady-state reduction matches the analytical prediction [Eq. (F5)] and is reached once the two neurons
select one odor each.

where we have defined sq = %(Sa +sp) (deterministic part) Since sq and s are linearly independent, both coefficients
and s; = s, — sy, (stochastic part). We examine the dot prod- ~ must be zero, leading to a system of two equations for hq
ucts of synaptic weights with these components, g = m - 54 and hs,

and hy = m - sg, such that h(t) = hq + V(¢ )hs. We can solve

for the two dot products kg and hg because they specify the 0 =h} — h} — o*h? + hgh?o?,
fixed points completely for Ng = 2 background components. ) ) 2.2
In term of these quantities, the fixed-point equation becomes 0=o0hs (hd +othy — Zhd) :

— 2 —
0 = ((hq + Vhs)"(Sq + VSs)) There is a trivial solution s = hq = 0, which is unstable. The

— ((hg 4 Ths)?) ((hq + Ths)(sq + VSs)) , other solutions are, by inspection,
0= (h] +o’h — h] — hahZo?)sq |
+ (Zl’lshd - h(zlhS - Gzhf)UZSS. ha=m-sq=1and hy =m s = i; J
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(a) Gaussian background
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FIG. 11. IBCM learning depends on higher-order moments of the background distribution. (a) Three-odor background with Gaussian
concentration fluctuations: each odor has ¢, = g, where g, follows a Ornstein-Uhlenbeck process (with (g) = 1/4/Ns, 02 = 0.09, correlation
time v =20 ms). Left: when the third moment is zero, synaptic weights m; =m; —n ;M have nonisolated fixed points on the
codimension-two ring defined by constraints (D9) (hyperplane) and (D10) (hypersphere). The figure is showing the first three dimensions.
Center: all neurons converge to these constraints. Right: alignments with individual odors can take a continuous range of values and do not
split into specific and nonspecific odors for each neuron. (b) Same as panel (a), but with small nonzero third moment added to the background
concentrations statistics, by taking ¢ = g + vg? for v = 0.2, leading to ((c — {c))*) ~ 0.01. Left: the fixed points become isolated, individual
neurons first converge to the codimension-two ring of the Gaussian case, then slowly approach one of three selective fixed points near that ring
(driven by the small third moment). Center: for each neurons, the sums of Eys and ﬁys have similar values to the Gaussian case, perturbed by
the small third moment. Right: alignments converging to selective fixed points with dot product values A, (with one odor), i, (with Ng — 1
odors); three neurons highlighted. Odor vectors were chosen to be symmetric around the origin in the first three dimensions, to clarify the
geometric picture.

or, in terms of the dot products with s, and s, 1. Analytical results: PN inhibition

From the steady-state solution for m, we can also compute
1 1 the steady-state inhibitory weights w. We assume there are

m-s, =1%+ % and 15 2% N = 2 neurons, one at each fixed point +-.
Averaging the W equation (D22) over background fluctua-
tions, writing outy = s — W LMs, and focusing on the column

Hence, we have two different stable fixed points, which we f .
or one neuron j, we have

call m; and m_ to indicate which sign the dot product with

s, takes. Figure 10(c) shows the convergence of a two-neuron d(w;) - .
network to%hese fixed points. To inter[%ret these expressions, a o (hj(s = WLMs)) = B (W) ¥j. (F3)
consider the response at the fixed point to some input sample  , go1ve for w 7, we set the derivative to zero, and we assume
s(): there are N = 2 IBCM neurons, one at each fixed point +. We
still assume a separation of timescales, and assume the m are
_ V() equal to their average fixed-point values, so at any time ¢, the
ha(t) =mu - (85 +V()sa) = 1 £ o (F2) IBCM neuron activity /(r) is given by (F2). We assume the

two neurons converge to fixed points + and —, respectively.
We thus establish equations to solve for the w; weights fixed-

We notice that &y =0 when Vv = Fo, that is, the IBCM point values, w, and w_. We have

neuron is nonresponsive to an odor component one standard

deviation away on one side of the average background, while dwy v(t) _ v(t)
it responds strongly to odors on the other side of the average. ar 0= a< <1 + T) |:Sd TS —wy (1 + T)
Hence, in this simplified background, the specificity property _

of IBCM neurons translates into selecting inputs one standard — w_ (1 — M) i|> — Bw. .

deviation away from the average. o
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FIG. 12. Habituation to log-normal background statistics. (a) (Left) Excerpt from the concentration time series of Ng = 6 odors, and (right)
histogram of the concentrations showing they follow a log-normal distribution. (b) In a six-neuron BioPCA network, learning dynamics of the
L matrix diagonal entries, which converge to the background’s principal values, as predicted in Appendix E (horizontal dashed lines). (c) (Top)
Alignment error (defined in Methods) of the BioPCA M weights with the background subspace, showing that the synaptic weights converge
to the principal components vectors, and (bottom) time series of the average diagonal and off-diagonal elements magnitude in L, showing the
matrix becomes nearly diagonal, as predicted. (d) Time series of Ny = 24 IBCM neurons’ alignment with the background odors §,,, with three
neurons highlighted (Ng = 6 dot products each). Each neuron aligns with one odor and reaches dot product magnitudes close to the analytical
expressions for hg,, s (Appendix D 5). Different neurons select different odors. (€) Table summarizing the alignment of each IBCM neuron
(with three highlighted). Plotted values are the dot products Ey averaged over the last 15 min of the simulation example. (f) Time series of
the W weights in the IBCM network, showing their convergence to the analytical predictions [Eq. (D32)]. (g) Example PN time series during
habituation by IBCM, BioPCA, and optimal manifold learning networks, compared to the absence of habituation (OSN input) and average
subtraction. (h) Performance of the different models for new odor recognition in log-normal backgrounds, tested in a sample background,
across 100 new odors, 10 background samples and 10 test times in that simulation. The plot compares the Jaccard similarity between mixture
and new odor responses to the similarity between mixture and background odor responses. Individual dots are medians across background
samples and test times. The plot shows that after habituation by the manifold learning models, the response is more similar to the new odor
(above the diagonal), while that is not the case in the absence of habituation or with average subtraction for most samples (below diagonal).

Solving for w and w_, we find answers summarized as IBCM neurons, the instantaneous PN activity is reduced to
S(t) = sq + V(t)ss — ﬁ+w+ —h_w_
o
Wi = (sa £ osy). (F4) a v
20 + =84 — Sq4+ oS
B o '3< )( d s)

Hence, each IBCM neuron inhibits the off-average compo- __“ (1 — E)(S 4 — 0Ss) = ﬂs(t). (F5)
nent for which it is selective, s(v = 40 ). Combining the two 20+ p o 2+ B/
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FIG. 13. BioPCA model learning dynamics on a simplified background model. We simulate a network with one BioPCA interneuron
habituating to the same two-odor toy model used in Fig. 10. (a) The first principal component (PC) corresponds to the stochastic component s,
along which the background fluctuates. (b) Time series of the synaptic weights m (single-row matrix M) of the BioPCA neuron, which converge
to the elements of the first PC vector multiplied by o2 ||s|| (dashed lines), as predicted in Eq. (F11). (c) Time series of the self-coupling L;; of
this neuron, which converges to the inverse of the eigenvalue (dashed), Eq. (F10). (d) Time series of the inhibitory weights w (single-column
matrix W), which converge to the first PC vector with a scale given in Eq. (F12). (e) Alignment error of the m (solid line) and w (dashed)
vectors with the first PC. Both alignment errors are below 0.1%; w aligns especially well due to its slow Hebbian dynamics (fluctuations are
amplified by nonlinearities in the BioPCA equations). (f) PN activity norm, ||y(¢)|| (solid blue line), closely matching the analytical predictions
for its average (dark orange) and instantaneous (dashed orange) values given the background trajectory, derived in Eq. (F13). The response to

the background is reduced to ~2% of its original amplitude.

Figures 10(f) and 10(g) show close agreement at steady-
state between numerical simulations and Eqs. (F4) and (F5).
Hence, by learning Ng = 2 linearly independent components
w. that are one standard deviation away from the average
background, the network is able to suppress any s(¢) from
that background, in real time, to a fraction 20%,8 of its original
amplitude. Therefore, not only the average, but also the vari-
ance of the background is reduced: background fluctuations
are actively suppressed by the IBCM-inhibitory neuron pairs.
However, new odors would not be suppressed in the same way,
because they have a component orthogonal to the vector space
of the learned background.

2. Analytical results: convergence time

The convergence time of the m weights of an IBCM neuron
can be estimated analytically in the two-odor simplified back-
ground; this analysis reveals the main parameters influencing
how long it takes to habituate to a fluctuating background.
Numerically, we observe that with the «, 8 rates chosen, W
weights converge at a similar pace.

We again make a quasistatic approximation on the thresh-
old ®, assuming it averages over the fast background
fluctuations but also converges fast enough to track the slow

variations of m,
O = ((m-sq+vm-s,)%) = h3 + o2,

where we made use of (V) = 0 and h(t) = hg + V(¢ )hs. Then,
we derive dynamical equations for the slow variables &y and
hq, by taking the dot product of ‘3—‘;‘ with sg and s4, averaging
over fast timescales of V(¢), and using the quasistatic ® above.
To simplify calculations, we assume that the two odor vectors,
s, and sp, have the same norm (like the §, in the general
case are unit normed); in this case, the vectors sq and s, are
orthogonal. Making use of these properties, we calculate, for
instance, for Aq,

dhy <dm

- =5 .sd> = 1 ((hq + Vhy)(hg + Vhy — ©)) 53

= u(h} + o*h? — hg(h3 + o2h2))s]

= pusy(1 — hg)(h + o*h2) . (F6)
By a similar calculation, we find for A
dh
d—: = po’sthy(2hg — (b} + 0*h2)) . (F7)

From Egs. (F6) and (F7), we can conclude there will be two
phases to the dynamics if the initial values of As(0) = ¢, and
ha(0) = €4 are small, and o2 is small also. The only positive
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term in % contains hg; hence, as long as hq is small, hq
will remain close to zero. The first phase therefore consists
in the growth of hq4 to its steady-state value of 1, while A
remains approximately equal to its initial value, ;. We call #4
its duration. After 4 has converged, the second phase consists
in the growth of h;. We call ¢, the duration of that phase.
Hence, hg reaches steady-state after a total time of 4 + £;.

We compute 74 (first phase duration) by integrating Eq. (F6)
from O to some fraction & (close to unity; we use £ = 0.9 in
practice) of the steady-state iy = 1, with the assumption that
hf is approximately constant and subdominant in that phase;
ie., h2 ~ €2 ~ 0. We find

€ dng [0
/ed 21— ) _/0 sqdt
_ bt 1 §(1 —en)
:t"‘usg[ed s+1“<ed<1—s>>}’ )

where 53 = [|sq]|.

Then, once hy & 1, the second phase starts. We neglect
subdominant terms and we integrate from #4 (time at which
hg = 1 but hy = € still) to tq + ;. We integrate hg from e
to +£/o: depending on the sign of the initial value ¢, the
system goes to either fixed point £1/0 (same sign as the
initial value). Hence,

h
E ~ MSSUZI’ZS
/o qpn s+
:/ — = ,usgath/ dr
€ hs Iq
1 £
=t = In|— (F9)
s2o? | o€

Figures 10(d) and 10(e) show that the approximations (F8)
and (F9) hold well in a range of initial values €; between
0.005 and 0.05, and €4 between 0.01 and 0.1. Importantly,
these analytical expressions show that convergence time is
faster if initial conditions are larger (note inverse € terms)
and the noise o2 is larger. It means that initial conditions
must be chosen to avoid very small dot products with inputs
initially. Then, larger background fluctuations trigger faster
convergence too, at least in this simple background model.
This is a surprising property of the IBCM model: fluctuations
drive the dynamics.

3. BioPCA neuron on the two-odor simplified background

We also characterized the behavior of the BioPCA model in
this simplified background. Since the background effectively
has one principal direction, s [Fig. 13(a)], a single BioPCA
neuron is needed to capture it. Then, the matrix M is only a
row vector mT and the matrix L is only a scalar £,s0 L' = ¢’ =
1/¢. Likewise, W is a column vector w and the matrix A is just
the scalar parameter A. Since we assume BioPCA receives the
input with the average subtracted, the background we consider
is § = v(¢)ss. We illustrate how to solve the BioPCA steady-
state equations in this simple case. With & = U()mTs,/¢’, the

dynamical equations simplify to

1 dmT _ N
= (W()mTss/€)v(t)sT —mT,
12974

1 d¢
g = (om0 = A2
L

Averaging over V() and setting the derivatives equal to zero,
we have two fixed-point equations,

0=02h/l's; —m,
0=o?h2/0* — A*C,

where we have defined 4, = mTs,. The first equation shows
that m is parallel to the first principal component: m =
|lm||ss/||ss|l. To find its magnitude, we take the dot product
of that equation with ss, which allows to factor out sy and
solve for ¢’. We find that £ does converge to the first principal
eigenvalue, which is o-2||s,||? in this simplified background,

1

Lyi=1/L}, = ———. (F10)
1 o?ls?
From the second equation, we then find Ay = Ac?|s;],
which means that m has a norm ||m| = Ao?|ss||?>. Hence,
we have m parallel to the first principal component,
m = Ac?|s,]|s; . (F11)

Also, the instantaneous response of this neuron to § is () =
fm -8(¢) = A|lss]|v(z). Inserting these expressions in the w
equation for this single neuron,

d
d_vtv = a(Allss|[v()(V(2)ss — W(AIss[[V(2))) — W .

Averaging over V(t) and solving for w, we find that it is also a
vector parallel to s,

o Alls,|
W= s -
o?||ss|PA% + B/a

Last, computing the PN instantaneous activity once the
BioPCA neuron has reached its learning fixed point, we find

B/a
Bla+ o2 A?|s|1?

Figure 13 shows that these analytical predictions for m, L, w,
and y(z) match numerical simulations very well. Hence, by
learning the direction of fluctuations along the first principal
component, the BioPCA neuron reduces the mean and stan-
dard deviation of fluctuations by a factor ﬁ/a-&-fz%’ to be
compared with the reduction achieved by the IBCM network,
in Eq. (F5).

(F12)

y@) =8@) — WLMS(t) = D(t)ss. (F13)

APPENDIX G: ANALYSIS OF IBCM AND BIOPCA
CONVERGENCE DYNAMICS

The goal of this Appendix is to derive analytical approxi-
mations of the full IBCM and BioPCA convergence dynamics
to habituation. We check these predictions quantitatively in
a simplified (weakly non-Gaussian) background in Fig. 14
and qualitatively in the full turbulent background simulations
of Fig. 15. Figure 14 uses the default IBCM model, while
Fig. 15 uses the Law and Cooper variant where the learning
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FIG. 14. Convergence time analysis of IBCM and BioPCA neurons in the weakly non-Gaussian background of Fig. 3. (a) Top: Alignments
h, =mTs, as afunction of time, in a network of 9 uncoupled IBCM neurons, when the learning rate and the initial m weights are small. Right:
table summarizing the specificity reached by each neuron. Bottom: PN response over time, showing that the network completes habituation
once each background odor is covered. (b) Same as panel (a), but for a larger learning rate and initial m synaptic weights, resulting in faster
convergence. (c) Trajectories of individual neurons from the simulation in panel (a), plotted in terms of the mean alignment 2y = (c) Zy h,, and
the sum of squared alignments, u?> = Zy hf,. Red vertical lines mark the analytical prediction for the duration of the first phase of convergence,
during which neurons reach the saddle point (expression in Appendix D). The dynamics take the form diy/dt ~ h3, leading to a convergence
time #;, derived in Appendix G 1. Pink vertical lines mark the analytical prediction for the duration #, of the second phase of convergence, during
which neurons diverge from the saddle point exponentially with a rate given by the largest eigenvalue of the Jacobian matrix at the saddle point
(Appendixes D and G 1). The phase II duration prediction 7, is made after the actual point at which the saddle is reached. (d) Convergence of
N = N = 3 BioPCA neurons in the same non-Gaussian background. The convergence time is primarily set by the exponential decay of each
diagonal entry of the coupling matrix L~! from their initial value of 1. Left: L diagonal entries vs true principal values (horizontal lines); the
vertical lines are the analytical predictions of the times ¢ at which L' converge to the true principal values o> with rates A ;. Middle: soon
after #;, the synaptic weights m; for neuron i increase in norm, aligning with the principal vector i. Right: habituation occurs soon after the
Ngth neuron has converged to its principal value.
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FIG. 15. Convergence of biologically plausible manifold learning networks as a function of various model and turbulence parameters. (a)
Definition of IBCM convergence metrics: the alignment strength A# is the difference between the largest and second largest &, of a neuron.
We also consider the variance over time of the 4, s and the fraction of odors covered by (i.e., aligning with) at least one neuron (right). We
perform simulations in Ng = 25 OR type dimensions. (b) Alignment strength as a function of the learning rate  and threshold averaging time
T, in a 3-odor turbulent background. For each choice of parameters, the line and shaded area are the mean and standard deviation across 32
simulations (different backgrounds) of the alignment strength averaged across 24 neurons in each simulation. (c) Alignment noise normalized
by the alignment strength, averaged across 32 simulations and all neurons. (d) Example IBCM dynamics when u is too low: most neurons
do not reach the saddle point to converge to specific alignment. (¢) Example IBCM dynamics when u is too high: neurons reach a nonzero
average alignment but with large stochastic oscillations, similar to oscillatory fixed points reported by Ref. [53] when tg is not < 1/ue. (f) Top:
alignment strength as a function of the number of background odors and the learning rate. Bottom: average fraction of odors covered. Statistics
across 32 simulations as in panels (b), (c). (g) Top: average alignment strength as a function of  and the absolute concentration scale ¢, which
sets the OSN inputs magnitude. Ak is scaled by the theoretical alignment strength (hy, — h,) to keep the convergence metric comparable across
conditions. IBCM convergence depends on this magnitude, such that compensating ¢y with & ~ 1/c2 maintains convergence; see Fig. 14 and
Appendix G. Bottom: as a function of whiff and blank maximum durations Tiax.w» Tmax.b» When g = 20 s. In the simulations at each grid point
of this panel, the learning rate u is adjusted (default: ;1 = 0.125s7" at Tnax.w =58, Tnaxp = 8 5) to keep (c)2 constant as (c) varies with the
choice of whiff and blank durations. (h) Convergence of a BioPCA network with N; = Ny = 3 neurons, measured by the subspace alignment
error (lower is better) defined in the Methods, as a function of the concentration scale ¢y and the learning rate . BioPCA is less sensitive
than IBCM to the background magnitude, depending only logarithmically on it (see Appendix G), but slow convergence and large fluctuations
occur in both models outside of an optimal range of w. (i) BioPCA convergence as a function of the number of background odors; BioPCA
appears less robust to manifold dimensionality than IBCM. Its performance as duration of whiffs and blanks is varied (not shown) behaves
similarly to that of the IBCM model, with good convergence for #,, and #, up to 20 s. Values reported in panels (g)—(i) are averages across 32
simulations performed for each set of parameters.
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rate is divided by kg + ® [Eq. (J3)]. This variant does not
qualitatively change the behavior as a function of .

1. IBCM convergence occurs in two phases

To make progress, we analyze an individual IBCM neuron
without coupling to other LNs (n = 0); the scaling of the
derived expressions generalize to complete networks in tur-
bulent backgrounds (Fig. 15), clarifying how background and
model parameters influence convergence of IBCM neurons to
selective fixed points.

We start from the dynamical equation for the alignment
of the synaptic weights m with (unit-normed) odor §,, h, =
mTS,. We average over fast background fluctuations and
neglect temporal correlations between ® and m as in Ap-
pendix D. The resulting equation reads

s A Z [(c)(h} + o*u?) (1 — ha)

v

— 0”hy(hy 4 o*u® — 2hg) + m3h;|318,,  (G1)
where hg = (¢) Zi"":l hy, u* = >, h?,, and (c), o2, and m3
are the mean, variance, and central third moment of the i.i.d.
background concentrations c,, .

Numerical simulations show that these dynamics follow
two phases. First, the neuron approaches the saddle point
(Appendix D4 a) where all alignments are equal. Second,
the neuron diverges exponentially from the saddle point and
toward one of the selective fixed points, at a rate given by the
largest eigenvalue of the Jacobian matrix at the saddle point.
Habituation (reduction in PN activity y) is finalized once at
least one IBCM neuron has aligned with each background
odor. In other words, background subtraction is maximal once
the M weights provide a complete basis for the background
subspace, such that the W matrix can subtract the background
component by combining the complete set of projections
stored in LN activities h.

a. Phase I

For phase I, the convergence to the saddle point can be
analyzed using the equation for /3. We obtain this equation by
summing Eq. (G1) over components y and multiplying by
(c). Sums such as ZV’V h,d,, arise, involving dot products
between odors, d,, =s]s,. These terms depend on the spe-
cific background odor vectors sampled; to make progress,
we make the mean-field approximation that f, = Zy dy, ~
fo, equal to 1+ (Ng — 1)d.os, Where dqos is the average co-
sine distance between odors from the background ensemble.
For unit-normed odors with exponentially distributed ele-
ments, d.os = 0.516 & 0.002 for Ng = 50 dimensions, d.o,s =
0.531 £ 0.002 for Ns = 25 dimensions. Then, ) f, = Ng fo,
> hofu = foha/ (c),and ), h2f, ~ fou?, so the hy dynam-
ics obey approximately

1 dh
ﬁd_;d ~ (c)? (B3 + ou®) (1 — ha)Ng fo

— 02hy(hg + o*u® — 2hg) fo + mau’ fy .

Initially, the alignments are small, &, < 1,50 hg > u?, hﬁ.
Keeping only the terms of lowest order in 4, we find

dh
—4 = LfoNs () + 20H)h3 + O(hi) ~ Ah3.

dr @2)

This separable, nonlinear ODE can be integrated exactly, giv-
ing 1/hq(t) = 1/hgo — At. We can thus can invert for the
convergence time to the saddle point, iig saddie:

1 ( 1 1 )
= - ,
A\hgo  hgsaade

where A = ufo(Ng (c)2 +202) and fo=14+ (N — 1)dcos
was defined above. This expression closely matches the actual
convergence time in simulations with uncoupled neurons and
small initial weights m in Fig. 14. In these simulations, each
neuron is initialized with random weights m; = %mo(l + uj),
where u; are uniform (0, 1) samples and my is a small ampli-
tude parameter.

From the expression for #, ~ 1/A, we understand why the
IBCM model is sensitive to the absolute magnitude of the
background concentration in Fig. 15(g), top: in A, both (c)?
and o2 are proportional to the concentration scale cg, S0 #, ~
1/ (,uc(z)). Thus, keeping uc% constant leaves the convergence
time unchanged. Note that if the background odor vectors
are not unit-normed (e.g., for the affinity vectors used for
nonlinear OSN responses in Appendix I), their magnitude
also influences convergence and can be absorbed into ¢y to
set the compensated learning rate.

(G3)

b. Phase I

Once the neuron has approached the saddle point, a second
phase in the dynamics starts: the trajectory starts to move
away from the saddle point along one of its unstable direc-
tions, toward one of the selective fixed points. The linearized
dynamics near the saddle predict an exponential escape with
a rate set by the largest eigenvalue of the Jacobian matrix
computed at the saddle point. To evaluate this rate, we use our
analytical expressions for the IBCM fixed points [Eqgs. (D17),
(D18), and (D19)] and the Jacobian matrix [Eq. (D21)] de-
rived in Appendix D. We diagonalize the matrix numerically
to extract the exponential escape rate.

For this phase, we study the u?> = >, hf, coordinate, since
it encompasses the specific 4, converging to hg, and the other
alignments h;, approaching the nonspecific value /. If 4> has

an initial value ufadd,e + Ausz at the end of phase I (i.e., at ),
then u? increases as

2 2 2 (t—11)/Tjac
u (t) = Ugagdle + Aus 6( /s ’

where tj, is the inverse of the largest eigenvalue real part
of the Jacobian matrix. To obtain a duration for phase II,
we solve for the time #, (measured from ¢ = 0) at which u?
reaches some target value. In practice, we take ug, . = 1/02,
which is below the fixed point for any background ms; > 0.
This gives a total convergence time (phase I + phase II) of

2 2
u u
target saddle
ty =ty + Tjac log (—) .

Au? (G
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In Fig. 14, this prediction is made for each neuron by using
its actual phase I time #, and its initial Au? at that time. The
predictions are still accurate, but less than for phase I, since
the exponential dynamics are only valid near the saddle point.

2. BioPCA dynamics

The main determinant of BioPCA convergence is the expo-
nential decay time of the inverse coupling matrix L'’s diagonal
elements to principal values of the background distribution.
We initialize these elements L), = 1, so they must decay to the
principal values o < 1 for the network to reach a fixed point.
Initially, when L' = L~!is too large, the L matrix is too small,
so the LN activities h = LMs are small too; the BioPCA
dynamics for L' and M [Methods, Egs. (20) and (21)] are
thus dominated by decay terms —uM and —up AL’A. Once
an entry L}, reaches o;, the corresponding neuron’s synaptic
weights m; grow to align with the principal component i; see
the simulations in Fig. 14(d). Habituation is complete once
the Ngth neuron has converged to the corresponding principal
component; in other words, once M and L provide a complete
set of projections, as in the IBCM network.

Based on the L’ dynamical equation, the decay rate of L
is ,uLAl%.. In simulations, we set u; to some multiple 1/7;, >
1 of p, we set the A, matrix entries to A(l — )"1\2;—11)’ and
we divide the chosen learning rate 1 by the scale factor AZ.
The range of entries is A, = 0.5 by default (Methods). Hence,
the actual exponential decay rate is A; = p/7 (1 — )"1\2;—11)_
independent of the scale parameter A. The time #; for the ith
entry to decay exponentially from 1 to o is thus

1
ol =L(t)~ 1 xe ™ =t = ——logo?. (G5)

Ai

The exponential decay approximation of the initial BioPCA
dynamics is excellent and predicts nearly perfectly the time at
which L; crosses the principal value o7; see Fig. 14(d).

When L}, first reaches o7, it keeps decaying for some time
while other terms in the BioPCA equation become significant
and the m vectors align with principal components. We do not
have an analytical expression for the duration of that phase,
but we get a lower bound on the total time to complete habitu-
ation from the exponential decay time of the i = Ngth neuron,
assuming there is one BioPCA neuron per background odor,
NI = NBZ

T, 2

a7 o2 )

We observe, from Eq. (GS5), that the BioPCA convergence
time depends on the background concentration scale only
logarithmically as log(af,ﬂ) ~ 2log(cp). This property makes
it robust against changes in ¢y without needing to compensate
by a change in the learning rate u, as opposed to the IBCM

model which has 74 ~ cg.

IBioPCA = INg = (G6)

APPENDIX H: TESTING DIFFERENT L-norms FOR THE W
HEBBIAN LEARNING RULE

The Hebbian learning rule for W used in the main text
(derived in Methods) causes our proposed models to subtract
the entire component of the input lying in the background

subspace. It gives them a suboptimal performance, limited to
the similarity between the new odor and its orthogonal com-
ponent (Figs. 5 and 18). To start exploring alternative W rules
that could better exploit the odor-specific projections learnt
by IBCM neurons, we considered the effect of using different
LP-norms in the cost function from which the W dynamics
are derived. We write a cost function for W weights based on
the LP-norm of PN activity and the entry-wise L7-norm of W
(generalization of the Frobenius norm, which corresponds to
q = 2), defined as

Ns 1/p
|mu=<§]m§ :
i=1

Ns M

Wiy =D w17

i=1 j=1

1/q

In the cost function, we square terms to preserve direct com-
parisons with the default L?-norm cost function:

L
200

Taking gradient descent dynamics on this loss function
gives a generalized Hebbian learning rule,

1
Lw =3Iyl + 5 IWIG-

dw;; - . _
Fj = allyll> 71yl sgn(yi)h;

— BIW 2 W; | 'sgn(W;).  (HD)

Notice that it reduces to the main text rule when p = g = 2.
We performed numerical experiments of habituation and new
odor recognition, analogous to Fig. 2, for various p, g choices
in this generalized Hebbian rule. For each (p, ¢) choice, we
optimized the performance with a grid search over a few
o and B learning rate values, centered on relevant windows
(e.g., a smaller p requires a smaller « to prevent numerical
instabilities). Unfortunately, different p, g choices did not
fundamentally alter the model performance for habituation
[Figs. 17(a)-17(c)] or new odor recognition [Figs. 17(d)-
17(f)]; in fact, the default L>-norm provided the best results.
Hence, more strongly nonlinear versions of manifold learning,
such as online manifold tiling [57], or learning rules with pos-
itive feedbacks to learn the optimal matrix P of Appendix A,
would be needed to further improve new odor recognition
performance.

APPENDIX I: NONLINEAR OSN RESPONSES
AND OSN ADAPTATION

In this Appendix, we describe the saturating OSN response
model and numerical simulations used to examine habituation
to nonlinear background manifolds in Figs. 6 and 20 and the
effects of OSN adaptation in Fig. 21.

1. OSN response model
The saturating function introduced in the Methods,
Zy Kiycy (1)
exp () + Zy Kiyc, (1)’

5i(t) = Fmax (23)
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FIG. 16. Robustness against OSN noise in the IBCM and BioPCA manifold learning models. (a) Illustration of the OSN noise considered.
Turbulent backgrounds with six odors are simulated as usual, then independent Gaussian white noise is added to each OSN input at each
time point. We consider simulations in Ng = 100 dimensions (100 OSNs). (b) Excerpt from the input time series of four OSNs, showing
the turbulent background contribution to the input (grey) and the total input with noise added (green). We illustrate the process with noise
amplitude opsny = 0.01; we will consider different amplitudes in panel (h). (c) Time series of the alignment of IBCM neurons with background
odors, showing that neurons still become selective for true odors while ignoring the added Gaussian noise components. (d) Response of each
IBCM neuron, ﬁ,- (1), to the parallel (top) and orthogonal (bottom) components of the background, normalized by the average norm of these
components, ||s,/|| or ||s_ ||. The time series are smoothed with a moving average filter over a window of 3 s, to visualize the average response
amplitude. The parallel background component includes the actual turbulent background odors and the component of the Gaussian noise
in that subspace; the orthogonal part contains the noise components orthogonal to background odors. We see that IBCM neurons are only
responsive to the true olfactory background, not to noise. (e) Similar to panel (d), but for BioPCA neurons, which also respond only to the true
background subspace. (f) Learning dynamics of the L matrix diagonal elements in the BioPCA network, showing imperfect convergence to the
principal values of the background (dashed lines). The first dominant principal component (PC) is missed, but there are Ng = 7 neurons roughly
capturing the background subspace, while remaining neurons capture the small PCs along the pure Gaussian noise directions (eigenvalues equal
to oosn)- (g) Norm of the PN response to the noisy turbulent background over time, showing habituation despite the OSN noise, in all manifold
learning models. (h) Performance of the various models for new odor recognition as a function of the OSN noise amplitude opsn. Numerical
experiments similar to those of Fig. 2, repeated for each oogy value across 64 backgrounds, 100 new odors, 5 test times, and 4 background
samples at each time. Lines indicate the average Jaccard similarity, and shaded areas, the standard deviation across repeats. For small noise,
the performance remains unchanged, then it rapidly degrades for all models as the OSN noise becomes comparable in magnitude to the new
odors. We used Ny = 24 IBCM neurons, and N; = 12 BioPCA neurons.

constitutes a simplified version of the OSN response in complexes have an active and an inactive state, with affini-
the adaptation model from Gorur-Shandilya, ef al. [55] and  ties Kj, and Kj),, respectively (we swap the * notation from
Kadakia and Emonet [20]. In that model, olfactory recep- Kadakia and Emonet), between odor y and receptor type i.

tors (OR) form complexes with Orco co-receptors. OR-Orco The quasistatic OSN firing rate in response to a mixture is, in
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FIG. 17. Performance for various L” norms in W’s cost function learning rule. (a) Reduction of the mean, (b) variance, and (c) third central
moment of the norm of the PN response after habituation by IBCM of BioPCA networks. We consider various p, ¢ norm choices in the
generalized Hebbian learning rules derived in Appendix H. For each p, ¢ combination, we performed a grid search over learning rates « and f;
the bar graph reports the best performance for each p, g; the «, B rates producing this performance are annotated above the bars. (d) Mean and
(e) median Jaccard similarity between the response to mixtures and the response to the new odor alone, after habituation. We test for various
P, g combinations as in panels (a)—(c). (f) Variance in the Jaccard similarity; lower variance is better when the mean or median similarity is
high—it signifies that the network is more consistent across backgrounds and trials.
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FIG. 18. Odor recognition performance as a function of dimensionality and new odor concentration. Related to Fig. 5. (a) Jaccard similarity
as a function of new odor concentration, for each tested dimensionality separately. (b) Jaccard similarity as a function of dimensionality, for
each tested new odor concentration. Lines indicate the mean Jaccard similarity, and shaded areas, the standard deviation across repeats. “Rand.
odors” indicates the similarity between two odors drawn at random, to show that the similarity of the response to the new odor is significantly
higher than the similarity that would occur by chance.
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FIG. 19. Manifold learning in the presence of correlated odor concentrations. (a) Excerpt from the concentration time series of a four-odor
background with turbulent statistics and nonzero Pearson correlation p,3 (here, po; = 0.7) between the last two odors. The correlation is
introduced with the Cholesky decomposition, as in Eq. (BS5). (b) Performance of different models for new odor recognition, following a
protocol similar to Fig. 2: statistics across 32 background seeds, testing 100 new odors at 10 test times, against 10 background samples at each
time; new odor introduced at a concentration of either 0.5 (c) or 1 (c) after 60 min of habituation. Dimension Ng = 50 OSNs. (c) Alignment
of IBCM neurons with background odors for a range of p»; values. Trajectories are highlighted for three neurons, with colors indicating the
different background odors y. For p,; = 0.7, no neuron is aligned with odor 3, and for p,; = 1, neurons align with the combined odors s, + s3
rather than with either of these individually. (d) BioPCA network learning of the background’s principal values for a few different p,3. At
p23 = 1, the background is Ny — 1-dimensional, so one LN (neuron 3) does not have any eigenvalue to learn and thus fluctuates near small,

nonzero values.

that model,

-1
1+ Zy K e,
1+ Zy Kiycy ’

where €;(¢) is the free-energy difference between the inactive
and active conformations in the unbound state of OR type i,
in units of kgT .

In this paper, we first fix this free-energy difference €; = €
for all OSN types to control the strength of nonlinearity in
Figs. 6 and 20 (Appendix 12). Then, we explore the effects of
€;(t) adaptation on short timescales T ~ 250 ms, as in Kadakia
and Emonet’s model, in Fig. 21 (Appendix 14).

S = Fmax|:1 + exp (Ei)<

The full response function simplifies to Eq. (23) if we
assume a regime where affinities K7, are very small while K;,
affinities are very large. In that case, 1 + 3 K¢, ~ 1 and
1+ Kic, =3, Kiyc,, and we recover Eq. (23). Then,
odors are defined only by their active affinities K, while the
inactive affinities do not matter. Kadakia and Emonet use
parameters in this regime in their full model, setting K*
0.01 (in dilution units) for all odorants and K in the range
[10°%, 10%].

However, note that the approximation is not precise for
very small ¢,,: the full function had a nonzero baseline 1/(1 +
€), whereas our version introduces the simplification of a zero
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FIG. 20. Supplementary results with nonlinear OSN responses. Related to Fig. 6. (a) 3D slice of a background manifold with strong
nonlinearity (¢ = 3.5). (b) IBCM network habituation to the strongly nonlinear manifold in panel (a). Neurons partially align with the linear
odor basis; in reality, they likely align with a distorted version of that basis due to the nonlinearities. (c) Habituation when OSN saturation
is strong, as in panel (a), leaves a nonnegligible response to the background, because the linear models cannot perfectly subtract the curved
manifold. (d) New odor recognition performance after habituation as a function of €, for two new odor concentrations (left panel is also in the
main figure). The test procedure is similar to Fig. 2. Fy,, is scaled with € to maintain the OSN activity magnitude in response to a strong whiff,
as detailed in Appendix 12. (e) The IBCM network’s dip in performance at ¢ = 10 (nearly linear manifold) occurs because neurons converge
too fast and sometimes miss a background odor. This happens because (1) the K distribution in Fig. 6(b) creates large asymmetries between
background odors in the linear regime especially, and (2) scaling F,,x does not perfectly compensate the impact of € on the input magnitude,

to which IBCM convergence is sensitive (Appendix G).

baseline OR firing when ¢; = 0. We make this simplification
because a nonzero baseline would be removed by a simple
average filter in the circuit prior to manifold learning—as we
have in fact already included in the BioPCA network.

2. Linear regime and controlling nonlinearity strength with e

When exp(e) > Zy Ki, ¢y, the simplified OSN saturation
function (23) reduces to the linear case we considered in the
rest of our study,

85i(t) ~ Fnax/ €xp (€) Zl(iycy(t)-
Y

Scaled affinity vectors Fpax/exp (€;) K, then play the role
of the constant odor vectors §, in Ns-dimensional OSN type
space. This regime occurs when concentrations ¢ are small or,
equivalently, when the free-energy difference ¢; is large.
Thus, we can use € to control the strength of OSN nonlin-
earity. In Figs. 6 and 20, we perform simulations at various
€ levels, interpolating between linear (large €) and strongly
nonlinear (small €) background manifolds. Importantly, as we
vary €, we scale the OSN response amplitude Fi,.x inversely
to preserve the overall magnitude of OSN activity transmitted
to LNs and PNs. Specifically, for each simulation, we set Fi,x
such that the average OSN activity, NLS Zf\i | 8i(2) is equal to
2.5/+/Ns in response to a strong whiff of all odors at 2.5
times the average concentration. Since the IBCM convergence

time depends on the input magnitude, scaling Fi.x ensures
convergence of IBCM neurons [imperfectly; see Fig. 20(e)]
to selective fixed points without having to adjust the learn-
ing rate . = 7.5 x 10~* for each simulation. In practice, this
scale would be adjusted by adaptation [20] and normalization
mechanisms [17,19] in the olfactory circuit to match the bio-
logically determined value of .

3. Odor affinities distribution

Following Kadakia and Emonet [20], we generate back-
ground odor affinities based on the empirical distribution of
OSN sensitivities (inverse ECsg) measured in Drosophila lar-
vae by Si, et al. [54]. The affinity K is the ratio of binding and
unbinding rates with the OR, ko, /kofr, and has inverse con-
centration units; therefore, it corresponds to the sensitivities
x = 1/ECsq reported by Si, et al. We fit the empirical dis-
tribution of x with a complementary cumulative distribution
function of the form

Gx(x) = P[X > x] = tanh (L) .
bx®
This simple form captures not only the power-law tail Gx ~
x~* fitted by Si, et al. on the largest x samples (they find an
exponent « = 0.42), but also the bend (cutoff) and plateau of
the empirical CCDF at low x; see Fig. 6(b). We estimated
parameters « and log b using nonlinear least-squares curve
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FIG. 21. Impact of fast, nonlinear OSN adaptation on habituation by manifold learning. (a) Illustration of OSN adaptation by a negative
feedback of OSN activity on the OR-Orco complexes’ free-energy difference, as explained in Appendix 4. (b) Dynamics of ¢;(¢) for Ng = 50
OSN types (24 shown) in response to a turbulent background with Ng = 6 odors. Bottom: Time series smoothed with a moving average (50 s
window) to show that different OSNs’ ¢;(¢) fluctuate around different average values. Top: zoom-in (no smoothing) to show the fast adaptation
dynamics within a 2-min period. (c) 3D slice of the background manifold with OSN adaptation (Ng = 6, Ns = 50). Adaptation maintains
the background in a moderately curved regime, similar to the case € = 6 in Fig. 6. (d) New odor recognition performance after habituation
with OSN adaptation and manifold learning combined, compared to OSN adaptation only and no adaptation. Statistics come from 96 random
backgrounds, 100 new odors tested in each background, each independently at 100 time points in the last 5 min of a 1-h habituation period.
New odors are presented at 0.5 (c). Jaccard similarity is computed with the neural tag in response to the new odor alone when the ¢;() are set
to their average values for each OSN. (e) Example IBCM habituation simulation showing that neurons still align with individual odor vectors
K, when there is OSN adaptation. (f) Example BioPCA network simulation for the same background, showing that the network still picks out
approximately the principal components of the background distribution.

fitting of log Gy, instead of Gy directly, to better capture the
tail. We found best parameter fits of logh = —1.29 £ 0.02
and o = 0.388 +0.003 (fit with SciPy’s curve_fit function
[80], uncertainties based on the Fisher information matrix).
For our simulations, we then generate odor vectors K, by
sampling i.i.d. elements from the fitted affinity CCDF, using
the inverse transform method. We scale the (relative) inverse
dilution units of the empirical data by Ke = 5 X 10~ to
match the scale of (arbitrary) concentration units in our simu-
lations. We also clip large K to 500xypee, Where the bend (point
where the plateau is reached) in the CCDF is at xypee = b/
[dotted vertical line in Fig. 6(b)]. This prevents excessively
strong OR-odor affinities from dominating all activation.

4. OSN adaptation

To include OSN adaptation in our network for Fig. 21, we
followed the adaptation model of Gorur-Shandilya, et al. [55],
2017; Kadakia and Emonet, 2019 [20]. In the saturating OSN
activation function, we promote the free-energy differences
€;(t) to dynamical variables receiving a negative feedback
from the current activity s;(¢) of that OSN type [Fig. 21(a)],
with dynamics of the form

dei (1)

a 11
g I1)

=s;0 — 8i(1).

As a result, €;(#) adapts to maintain a target OSN activity
s;0 on a timescale t, =250 ms [Fig. 21(b)]. Moreover, as
in Kadakia and Emonet, 2019, ¢; is clipped between limits
[€L, €u], such that adaptation is only possible on a finite range.

For our simulations, we set the target activity s;o = so =
1/+/Ns (same for all OSNs) and use bounds €;, = 1, e = 10
(units of kgT). Since different OSNs have different mag-
nitudes of affinities for the different odors K;,, they will
also converge to different average free-energy differences, as
shown in Fig. 21(b) bottom, to maintain activity near the same
target so. Since the target amplitude depends on the maximum
OSN amplitude chosen, we set Fp,x as previously for the
nonlinear OSN simulations, that is, such that the average OSN
response to a strong whiff at concentration 2.5 (c) is equal to
1/+/Ns when € is set to the midpoint of the allowed range,
%(EL + €). This ensures that the average ¢€; needed for each
OSN type to reach the target sy is generally within the €
bounds.

APPENDIX J: PROJECTION WEIGHTS SCALE FACTOR, A

As explained in Methods, we defined a parameter A con-
trolling the scale of M weights and compensating for the
regularization on W. Here, we explain how to introduce A
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FIG. 22. Effect of the M weights scaling parameter A, to match the IBCM and BioPCA models. (a) Habituation performance, quantified
by reduction in the mean, variance, and third moment of the PN response to the background, y. Habituation runs are performed on the same
background time series, with different A values for each model. (B) New odor recognition performance, quantified by the increase in mean
Jaccard similarity between the response to mixtures and the new odor tag, for two new odor concentrations. Same background example as panel
(a), testing 100 new odors at the end (shaded area: standard deviation across tested odors). BioPCA and IBCM can be made to perform equally
well by setting A appropriately (A ~ 10 times larger for BioPCA). Vertical dashed lines indicate the scale at which numerical instabilities
are expected to arise according to a nonlinear stability analysis of the Euler integrator (Appendix B 6). Simulations were run in N5 = 25

dimensions and with default parameter values.

in the IBCM model, and how to set this parameter to make
BioPCA and IBCM perform equivalently.

1. Introducing a scale factor A in the IBCM model

We start with the equations for a single neuron. We seek
to introduce A where appropriate in the equations to maintain
the exact same dynamics, only with the numerical values of m
weights (including their initial values) scaled by some factor
A. By definition, as we scalem ~ A, then A =m-s ~ A as
well. The IBCM equation contains terms of the form 4 — ©,
with ® ~ h2; to keep these terms matched, we need ® ~ A,
which we achieve by letting ® — h*/A. Hence, we start by
modifying the threshold equation to

de r ,
—=—(h"/A—-0).
To

m dn

We do not need to rescale the learning rate here, because both
sides have a homogeneous scaling ~A. However, in the m
equation, we need to rescale the learning rate to preserve the
dynamics, because the right-hand side has terms ~h?. To keep
both sides scaling as dd—';‘ ~ A, we modify the m equation to

dm

dr

Mo

_ lj\—(ah(h — O)s(1) — e~ m. J2)

Moreover, since the scale of ® ~ A, we need to rescale it in
the ®-dependent learning rate (from our variant of the Law
and Cooper version of IBCM),

1o J3)

_ w
O/A + ke

The generalization to a network of IBCM neurons is straight-

forward, since A is a unique scale parameter for all neurons.

Each ©, equation has the rescaled term Eiz /A as in Eq. (J1).
All terms in neuron i’s m; equation, including those from
coupling with other neurons j, have their learning rates We,
divided by A, as in Eq. (J2). Also, ©; is divided by A in the
denominator of each learning rate W, as in Eq. (J3).

These are the IBCM equations we use for general A values.
In Fig. 22, we characterize the performance of the network
for habituation and new odor recognition as as function of the
scale A, and we observe that Agem = 1 is large enough to
maximize the performance.

2. Scaling the BioPCA model for performance
equivalent to IBCM

As explained in Methods, the scale A is already built into
the BioPCA model, in the matrix A intervening in the L
equation. Apcp is set to 1 by default [38], but this leads to
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a smaller M weights magnitude than by default in the IBCM
model. For this reason, Fig. 22 shows that the BioPCA model
requires a Apca > 1 to achieve the same performance.

For other simulations where we compare the two mod-
els, we use our analytical results on the IBCM and BioPCA

J

models to estimate beforehand what Apca value should yield
a comparable performance from both models. As derived
in Eq. (D34), the PN response is reduced, in an IBCM net-
work, by a factor

B/a

fIBCM =

D — ’
IB/a + Uz(hsp - hns)zAIZBCM + NB (hd + Uzhdhns/ <C> + Uzhns(hsp - hns))A]zBCM

where we have explicited how Apcym controls this factor by multiplying the default-scale LN activities, gy, /s, hg—recall that
these are the specific, nonspecific, and average alignments of the IBCM fixed points, derived in Appendix D.
In comparison, Eq. (E4) shows that the PN activity in a BioPCA network is reduced along each principal direction by a factor

of approximately

fPCA =

fiBeMm = feca = Apca =

B/
Bla+o2A3,

We set Apca to make these two factors equal, which occurs at

p_1— fincu

L 14
«o?  fizem ()

So, to set up parameters for a numerical simulation, we compute the statistics of the chosen background ({c), o2, msy), the
analytical predictions for the IBCM fixed points (/gp, fins, h1q), and we set Apca to these parameter values inserted in Eq. (J4).
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