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Continuous-variable (CV) quantum computing is a promising candidate for quantum computation because it
can, even with one mode, utilize infinite-dimensional Hilbert spaces and can efficiently handle continuous values.
Although photonic platforms have been considered as a leading platform for CV computation, hybrid systems
that use both qubits and bosonic modes, e.g., superconducting hardware, have shown significant advances
because they can prepare non-Gaussian states by utilizing the nonlinear interaction between the qubits and the
bosonic modes. However, the size of hybrid hardware is currently restricted. Moreover, the fidelity of the non-
Gaussian state is also restricted. This work extends the projective squeezing method to establish a formalism for
projecting quantum states onto the states that are unitary-transformed from the squeezed vacuum at the expense
of the sampling cost. Based on this formalism, we propose methods for simulating larger quantum devices and
projecting states onto the cubic phase state, a typical non-Gaussian state, with a higher squeezing level and
higher nonlinearity. To make implementation practical, we can, by leveraging the interactions in hybrid systems
of qubits and bosonic modes, apply the smeared projector by using either the linear-combination-of-unitaries or
virtual quantum error detection algorithms. We numerically verify the performance of our methods and show

2.1

that projection can suppress the effect of photon-loss errors.

DOI: 10.1103/q15h-nmq9

I. INTRODUCTION

Due to the recent significant advances in hardware and
algorithms, quantum computing is now the subject of unprece-
dented anticipation for the realization of practical quantum
computing in diverse fields [1,2], e.g., quantum machine
learning [3,4], and quantum simulations for chemistry and
condensed matter [5,6], etc. While the qubit-based quan-
tum computing paradigm is receiving the most attention,
continuous-variable (CV) quantum computation offers a po-
tentially hardware-efficient route to the realization of quantum
computers by using the infinitely large Hilbert space of
bosonic systems [7—11]. With regard to realizing universal CV
quantum computing, it has been shown that an arbitrary uni-
tary operators yielded by a polynomial number of bosonic op-
erators can be constructed with Gaussian operations and one
type of non-Gaussian operation, e.g., a cubic phase gate [12].

Although photonic systems were initially considered to be
leading candidates for CV computing due to their scalabil-
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ity [13], the absence of sufficient non-Gaussianity renders
universal quantum computing challenging. However, hybrid
architectures consisting of two-level systems and bosonic
modes have been developed to realize various non-Gaussian
gate operations [8,9,14—17]. Nevertheless, the scale of the
experiments with this type of hardware is currently limited
because of leveraging matter systems such as superconducting
circuits and ions, with the number of control elements increas-
ing as the system size system expands. In addition, while the
cubic phase state (CPS) has recently been demonstrated in
hybrid systems [17,18], the achievable fidelity remains around
92% [18].

In the present work, by extending the recently introduced
projective squeezing method [19], we propose a protocol
for CV quantum computing that can project the state onto
the subspace of interest to compensate resource paucity,
i.e., entanglement for large-scale CV computation and non-
Gaussianity for universality, at the cost of higher sampling
overhead and controlled operations on ancilla qubits. The
projective squeezing method allows the squeezing level of
a squeezed vacuum state to be increased by applying the
smeared projector with a linear combination of displacement
operators with Gaussian weight [19]. This is possible be-
cause the displacement operators {D(«)}, (o € C) toward
the antisqueezing axis constitute the stabilizers of an in-
finitely squeezed vacuum state. Accordingly, we propose
unitary-transformed projective squeezing by utilizing the fact
that useful resource states can be connected to single-mode

Published by the American Physical Society
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(a) Squeezed vacuum (b) Cubic phase state
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FIG. 1. Wigner functions of single-mode states before and after
(unitary-transformed) projective squeezing. 13Sq(y) and Peps(y, n)
are smeared projectors onto the state with a higher squeezing level of
the squeezed vacuum and CPS, respectively. Parameter y determines
the increase in squeezing level as introduced in the main text. Here,
we consider a 3-dB squeezed vacuum and the CPS developed from
a 3-dB squeezed vacuum as initial states and choose parameter y
of the smeared projector to increase the squeezing level by 3 dB.
(a) Wigner functions of the squeezed vacuum before and after projec-
tive squeezing. After projective squeezing, the width of the squeezed
vacuum decreases; the squeezing level of the squeezed vacuum rises.
(b) Wigner functions of the CPS before and after projective squeez-
ing. After projective squeezing, the stripes of the Wigner function
sharpen.

squeezed vacuum states or the tensor product of squeezed
vacuum states through unitary operator U. In this case, the
stabilizers of these resource states can be written as V (a) =
UD(a)U*. Hence, we can construct the smeared projector
for the target states with V(«). Figure 1 illustrates projec-
tive squeezing and unitary-transformed projective squeezing.
We show that our method can be performed either with
the linear-combination-of-unitaries (LCU) algorithm [20,21],
which physically postselects the quantum state transformed
by the linear combination of unitary operations, or virtual
quantum error detection (VQED) [22], which allows the
expectation values corresponding to the projected quantum
states to be computed. Note that we can perform the LCU
algorithm for Gaussian coefficients with the iteration of a
controlled operation using a single ancilla qubit [19]. Because
the VQED method also necessitates controlled operations, our
framework requires controlled-V () operation for projection.

As practical applications of our method, we show that we
can project states onto two types of quantum states: entangled
states and non-Gaussian states. First, we show that the stabi-
lizers for the CV Einstein-Podolsky-Rosen (EPR) and cluster
states, the typical CV entangled states, are tensor products of

local displacement operators. We reveal that the local VQED
implementation of the distillation of cluster state with lo-
cal controlled-displacement operations from separable ancilla
qubits allows simulation of larger size quantum computations,
i.e., so-called circuit knitting [23-27]. This approach ehances
the scalability of CV noisy intermediate-scale quantum hard-
ware [18,28]. Second, we can also project the states onto CPS,
one of the typical CV non-Gaussian states, by revealing that
the stabilizers are the product of squeezing, displacement,
and phase-shift operators, all of which are Gaussian oper-
ations. This leads to improvements in the non-Gaussianity
for universal computing in CV quantum computing. We note
that several existing theoretical schemes for non-Gaussian
states often rely on higher-order Hamiltonians, such as cu-
bic or quartic terms. In contrast, our method requires only
Gaussian operations (generated by up to second-order Hamil-
tonians) and controlled phase-shift gates, which have been
demonstrated experimentally with relatively low overhead. By
conducting numerical simulations and verifying the perfor-
mance of our protocol, we also show that projection onto CPS
and the cluster state can mitigate the effect of photon-loss
erTors.

Our framework can be implemented with experimental
platforms with flexible controlled operations. In particu-
lar, superconducting hardware offers significant varieties of
controlled operations due to the flexible design of the su-
perconducting circuit and the strong interaction between
physical systems [8,9]. The controlled displacement opera-
tions required for circuit knitting have been experimentally
demonstrated as well as being used in the stabilization
of Gottesman-Kitaev-Preskill qubits [14,15]. The controlled
squeezing operations required for projection onto CPS were
also proposed for superconducting hardware in Refs. [29,30].

The rest of this paper is organized as follows. In Sec. II,
we review the recently proposed projective squeezing method
and focus on increasing the squeezing level of the squeezed
vacuum state. In Sec. III, we discuss the unitary-transformed
projective squeezing that allows for projection to the more
general states that can be obtained by transforming the single-
mode squeezed vacuum state or the tensor products of the
squeezed vacuum states with unitary operators. Then, we
introduce practical applications of this framework for circuit
knitting and projection onto CPS. In Sec. IV, after we review
the LCU and VQED methods, we describe the physical im-
plementation of circuit knitting and the projection onto CPS.
Section V details numerical simulations of our protocol. We
finally conclude our paper with discussions and conclusions.

II. PROJECTIVE SQUEEZING

Here, we review the projective squeezing method for the
squeezed vacuum state [19]. Let us denote the bosonic an-
nihilation and creation operators as & and af, respectively;
they satisfy the commutation relation [a, @'] = 1. Then, po-
sition and momentum quadrature operators are described
as & = (a+a")/~/2 and p = —i(a — a')/+/2. The displace-
ment, squeezing, and phase-shift operators are defined as
D(a) = exp(aa’ — a*a), S(r) =exp(r(@* — (a")?)/2), and
R(¢) = exp(ipata), respectively, where o € C represents the
amount of displacement in the phase space, » € R represents
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the squeezing level, and ¢ € R is the amount of phase shift.
Then, the x-squeezed vacuum state can be written as |sq,.) =
S(r)10). At the limit of r — oo, the x-squeezed vacuum state
reaches state |x = 0), which is the eigenvector of position
quadrature operator X with the zero eigenvalue.

Following the symmetry expansion technique, which con-
structs the projector to a symmetric state by a linear
combination of the stabilizers of the target subspace [31,32],
we can increase the squeezing level of the squeezed vacuum
state. More concretely, to increase the squeezing level of the x-
squeezed vacuum state, we can use the linear combination of
the displacement operator on the p axis as a smeared projector
because the displacement operator in p axis D(ipy/~/2) (p €
R) is a stabilizer of the x-squeezed vacuum state. The smeared
projector is defined as

Py(y) = / dpo\/g exp(—ypé)D<i%>, (1

where y > 0 determines the degree of improvement in the
squeezing level. We can show that

N %2
Psq()’) = eXp|: - E:|
2
et ==l @
which indicates that ﬁsq(y) exactly works as a projector to

|x = 0) for y — 40. The smeared projector ﬁsq transforms
the x-squeezed vacuum state as

Py(y)1sq,) = e 272 [sq,4a,) » A3)
Ar=tml1s @)
r=—1In .
2 2y e

The derivation of Egs. (2), (3), and (4) is given in Appendix A.
From Egs. (3) and (4), we can increase the squeezing level
by Ar. We see that the projection probability ga,, which
determines the sampling overhead of this method, can be
calculated as

qar = (59, Pq(y) Pq(¥) Isq,) = ™. o)

Note that we can also construct the smeared projector that
approximately projects the state to |p = 0), which is an eigen-
vector of momentum quadrature operator p with the zero
eigenvalue, by changing the direction of the displacement
toward the x axis. We denote this smeared projector as ﬁasq ).

We also introduce a nullifier for the squeezed vacuum
state because it is useful for evaluating the performance of
our protocol. Here, we refer to operator & as the nullifier of
the ideal state |y) if equation §|¥) = 0 holds. As the noisy
state approaches the ideal state, the variance of the nullifier
decreases, a characteristic that can be used for state evaluation.
For example, the nullifier of the ideal x-squeezed vacuum state
with infinite squeezing level is X because & |[x = 0) = 0. For
the noisy squeezed vacuum state with finite squeezing level
r, the variance of the nullifier is given by exp(—2r)/2. The
derivation of this relationship is described in Appendix D. If
we increase the squeezing level in a projective manner by Ar,
the variance of the nullifier turns into exp(—2(r + Ar))/2,
which approaches zero as Ar increases.

III. UNITARY-TRANSFORMED PROJECTIVE SQUEEZING

Here, we show that we can project the state onto a unitary-
transformed state from an x-squeezed vacuum state manifold
by transforming the smeared projector with a unitary operator.
We then discuss its applications: circuit knitting, entangle-
ment enhancement, and preparation for higher-quality CPS.

A. General formulation

Here, we introduce the class of the smeared projector trans-
formed by unitary operator U as U P (y)U". Since we have

(UchT)Z]

01’5sq()/)[7+ = exp[ - 4y

32
= /dxoe“ToU x = xo) (x = x| UF,  (6)

we can see that the unitary-transformed smeared projector
exactly acts as projector to state U |x = 0) for y — +0. We
can also consider the two-mode unitary-transformed smeared
projector. For example,

4y

exactly acts as a projector for state U |x = 0), ® |p = 0) for
y — 0.

To apply the unitary-transformed smeared projector
U Issq(y YU, we need to expand it with easy-to-implement
operators. For example, because U ﬁsq(y)f] T can be written
as

0Py ()0 / dpof exp (—yp3)0D (i%)fﬂ, ®)

)UT}[)U
)UT}pO is

UlPy(y) ® Pusg(I0 T = exp[ -

we can see that Uqu(y)U is expanded by {UDG2

Note that when U is a Gaussian operation, { UD(i L

also a set of displacement operations.
When the input state is given by U |sq,) with the unitary-
transformed smeared projector being applied, we get

UPy(»)UT(U Isq,)) = e 27U |sq,, a,) - ©)

Therefore, the projection probability is invariant under unitary
transformation, and the state changes into U [sq,., »,) with this
unitary-transformed smeared projector.

Although the projector in Eq. (8) is expressed as an integral
form, it can be implemented in practice by discretizing the
parameter po and approximating the projector as a summa-
tion form P = ) ! piU;. A concrete implementation algorithm
of this summation-form projector is provided in Sec. IV.
Moreover, our numerical simulations in Sec. V confirm that
sufficiently fine discretization does not introduce a noticeable
eITor.

We emphasize that this unitary-transformed projective
squeezing scheme serves as a general framework for con-
structing projectors onto various resourceful subspaces in CV
systems. In the following section, we demonstrate its ver-
satility through two illustrative applications: projection onto
entangled states for circuit knitting and onto non-Gaussian
states for universal quantum computation.
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B. Applications

Here, we introduce two types of applications. The first
is projection onto the CV entangled state, i.e., the EPR and
cluster states; this can realize the CV version of circuit knit-
ting. The circuit-knitting method is a technique to decompose
a large quantum circuit into smaller quantum subcircuits,
and enables the simulation of quantum systems beyond the
scale of the available experimental hardware. The unitary-
transformed smeared projector for the EPR and cluster states
can be expanded with a tensor product of displacement opera-
tors, which is a separable operation. The second application is
projection onto CPS, one of the non-Gaussian states. CPS is
essential for universal CV quantum computing and realizing
the quantum advantages over the classical computer. We show
that the smeared projector for CPS can be written as a linear
combination of the product of displacement, phase-shift, and
squeezing operators, which are experimentally implementable
[14,15,29,30].

1. Projective squeezing for EPR state and cluster state

An ideal EPR state is the two-mode entangled state defined
as |[EPR) = B|x = 0) ® |p = 0), where B = exp(m(a,a} —
afaz)/4) is a 50:50 beam splitter. Experimentally, the EPR
state is approximated with finitely squeezed vacuum states
as [EPR?) = B[S(r) ® $(—r)]|0)®? [33]. With the stabilizers
D(ipo/~/2) and R(r /2)D(ixo /~/2)R' (7t /2) = D(—x0/+/2) of
quantum states |x = 0) and |p = 0), the stabilizer of the EPR
state can be described as

o) ool )l
oo )

Given the stabilizer in Eq. (10), the smeared projector to the
higher-squeezing-level EPR state is

pEPR(V) = % /dxodpo exp ( - V(xg + P%))

R xo—i-ipo) A(xo—ip0>
x D ®D .an
( V2 V2
On the other hand, B% Bt = (& — £,)/+/2 and Bp,B" =
(1 + P2)/~/2 combined with Eq. (7) yield

(&1 —2)*+ (p1 + p2)?
8y ’

which approximately works as a projector for |EPR)
Jdx |x), ® |x),.

Because the projection probability when increasing the
squeezing level by Ar for each mode is exp(—Ar) from
Eq. (5) and the projection probability is invariant under uni-
tary transformation, the projection probability for the EPR
state is exp(—Ar)?> = exp(=2Ar).

With our method, we can also project the quantum states
to another type of CV entangled state, the cluster state. A
CZ gate with gain g € R is defined as C,(g9) = exp(igh1X2).
In the same manner, we also define a CZ’ gate as C.(g) =
exp(igh1 p2), which we use later for circuit knitting. Of par-

12)

Pepr(y) = exp [—

ticular note, we denote the CZ gate with gain g=1 as
C,(1) = C,. An ideal cluster state is the two-mode entangled
state defined as |Cluster) = C, |p = 0)%? [34]. In the same
manner as the EPR state, the CZ-gate-transformed smeared
projector can be considered. Because its stabilizer can be
described as C,(9)[D(x1/+/2) ® D(x2/v2)IC] () = D((x; +
igx2)//2) ® D((x; + igx1)/~/2), the smeared projector is

Petusier (v, 8) = g f dxidey exp (= y (] +x3))

N2 igx2> N (xz + igxl)
XD ——— ) @D ——— ). 13
( V2 V2 (1

Meéil’lWhi]e, pCluster(Vy 8= éz(g)[pasq(y)A(lg) pasq(y)]é; (€3]
with C,p1C(g) = p1 — gt and C,(9)p-C} () = pr — gh
gives
(P1 — g82)* + (P2 — gk1)?

4y

ﬁClusler(Va g) = exp |:_ i| (14)
Thus, ﬁcmmr(y, g) approximately works as a projector for
the state that is an eigenstate of p; — g%, and p, — g&; with
zero eigenvalues. Even when the input state is separable, the
projected state yielded by the smeared projector Pejygier (¥, &)
is an entangled state. Note that ﬁcmsm(y, g) approaches the
exact projector for the perfect cluster state with infinite
squeezing level as y shrinks.

Here, we discuss the projection probability achieved with
the cluster-state smeared projectors. Assuming that the input
state’s gain and squeezing level are g¢ and ry, respectively, the
projection probability can be calculated as

(54, | C.(80) P ier (7 » @) Potuster (v, G (20) |5, )
= (sq,,|* C.~AQPIF2(y)PEX(y )Co(Ag) 15, )22,

s)

which indicates that the projection probability depends on
the increased squeezing level and the gain difference Ag =
go — & not gy and g themselves. For Ag = 0, we can show
that the projection probability is exp(—2Ar) for the increased
squeezing level Ar, as is the same with the EPR state.

While this method can be used for increasing the amount of
entanglement, we will use this method to induce entanglement
between separable subsystems in a virfual manner; i.e., the
expectation value of the entangled state can be computed by
performing additional operations in the local subsystems and
postprocessing of the local measurement outcomes. We will
show later that combining quantum gate teleportation with
the virtually entangled state yields a two-mode gate operation
for distant modes with only local operations and classical
communications, as is detailed in Sec. IV C.

2. Projection onto the cubic phase state

CPS is used to implement the cubic phase gate, one
of the non-Gaussian gates [35]. Such non-Gaussian ele-
ments are essential for universal CV quantum computing
and fully realizing the superiority over classical compu-
tation. An ideal CPS is defined as Ucpg |p = 0), where
Ucpg =exp(ink’/3) (n € R) is a cubic phase gate. The
finite-squeezing CPS can be described as Ucpg [sq_,). Here,
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we call the parameter r the squeezing level of CPS. We
show here how our projective-squeezing method can im-
prove squeezing parameter r and nonlinear parameter 1. The
stabilizer of CPS is Ucpgﬁ(—xo/ﬁ)ﬁgPG = exp(ixo(p —
ni2)). With Bloch-Messiah decomposition [36], this operator
can be turned into the product of phase-shift, squeez-
ing, another phase-shift, and displacement operators as

D(atcpa (x0))R(¢bepa,2(x0))8 (repa (x0) R (e, 1 (x0)), where
—xo + 2inx]
\/E )
écpG.1(xp) = arctan (m — nxo), 06
repg(Xo) = In (m — nx0),
écpG,2(xp) = — arctan (m + 1x0).

The derivation is described in Appendix B. Hence, the
smeared projector to the CPS with the parameters (y, n)
Peps(y,n) = UCPGPasq(V)ngG is decomposed as

Peps(y., n) = \/gf dxoexp (— yx3)

x D(atcpg (X0))R(pcpG 2 (%0))S (repc (x0))

acpc(xp) =

x R(¢cpo.1(x0))- a7
Meanwhile, because Ucpg ﬁUgPG = p — ni?, we get
A 2\2
R p—nx
Feps(y, n)=exp[— g} (18)
4y

which indicates that Pcps(y, n) approximately works as a
smeared projector for the state that is an eigenstate of p — ni>
with the zero eigenvalue, i.e., the CPS for the target nonlinear
parameter 1. The projection probability is given by

(sq_, Ulpg(m0)PLps (v, m))Peps (v mUcps(no) Isq_,)
= (sq_,| Udpg (AMPL(¥)Pq(¥)Ueps(An) Isq_,) . (19)

which indicates that the projection probability depends on
An = no — n and the increased squeezing level. Notice that
as y decreases, Pcps(y, 17) converges with infinite squeezing
level to the exact projector for the perfect CPS. We also
remark that we can project even a vacuum state onto a CPS,
dramatically easing the experimental difficulties, such as the
implementation of cubic or higher order Hamiltonians to cre-
ate CPS. Details are described in Appendix F.

If we aim to increase the squeezing level without changing
the nonlinear parameter, i.e., An = 0, we get

e 2 PUcpG [8q_r4an) > (20)

which indicates that we can attain a larger CPS squeezing
level with projection probability e =27,

Peps(y, mUcpc I5q_,) =

IV. PHYSICAL IMPLEMENTATION

Here, we first review two implementation methods to
achieve projective squeezing: LCU [20,21] and the VQED
methods [22]. We then describe how these methods can be ap-
plied to our unitary-transformed projective squeezing method.

prep Gl

—
prep l—‘/x

2
5
ol

<
~—
~
~

FIG. 2. The circuits to implement the LCU algorithm. (a) The
circuit requiring N,,. ancillary qubits. (b) The circuit requiring only
one ancillary qubit.

A. Linear combination of unitaries

Here, we review the LCU algorithm [20,21] that can be
implemented with the circuits in Fig. 2. Let us denote the
operator to be applied to the state as P = | Di U, with U,
being the unitary operator and p; being the probability dis-
tribution, ie pi > 0 for VIl and ), p; = 1. Now, our target

state is IP\WII for input state |i). In Fig. 2(a), we employ

an ancilla state |®)ye = > /D1 1) = Gprep 10)®™
Gprep is the state-preparation unitary operator and |/) is the
orthogonal basis state. Then, we apply the select unitary oper-
ation Uy = Z |l (11 @ U to |®ane) @ ), followed by the
application of G, prep for the ancilla system. By measuring the
ancilla system under a computational basis and postselecting
P

HP:I M

e where

|0)®Nae | we can project the state onto —s—

probability |2 |y) |12

Although the LCU algorithm generally requires N,nc-qubit
entangled states as ancilla states in Fig. 2(a), it has been
found that the LCU for the set of unitary operators {U mN
{U '”}N | (N € N) with Gaussian weight can be decomposed
into the repetitive applications of LCU using only a single
qubit [19] with the circuit in Fig. 2(b). For the single-
qubit LCU with the ancilla qubit state of |¢anc) = /o 10) +
4/P1 |1) and the select operation Ul = 10) (0| T+ 1) (1| ®
U, we can project the state onto |') o< O |yr) with Q = pol +
p10. Similarly, for U], = 0) (0| @ [ + 1) (1| ® U, we can
project the state onto |1p”) x Of |¥). Then, by repetitively
applying the LCU for Uy, and U Tl and using the commu-
tation relation [Q, OT]1 =0, we can project the state onto
[y ™) o (OTOWN |v) = O™ QY |4). For sufficiently large N,
we obtain

with postselection

f;()

+

. 2
k= Npo)” }0? Q1)

2N pop1

N
p J—
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[+ * ARy

b 7 (4) 7 (4) . Aot a1
P pan = Pas [pa ® ] Py
b5 (Virtual entanglement)
- ks

Y

FIG. 3. The circuits to implement the VQED algorithm. Here,
[+) = (J0) 4+ |1))/+/2 is a plus state and X (¥) is a Pauli-X (Y)
operator in the qubit system. (a) The circuits to implement the
“single-mode” VQED algorithm. By executing this circuit, we
can obtain the expectation value corresponding to the state Gy, o
Piyguty, © -+ © 910 Piy(Pn) in Eq. (24). Here, we define Oy =
U,,: U,I. (b) The quantum circuit for implementing the virtual pro-

oAb _

jection onto the entangled subspace. Here, we denote U,

Ul(/A,B)(?](A.B)T.

This indicates that the probability to get U* follows a Gaus-
sian distribution with the expectation value Npy and the
variance Npop;. By further applying O, the expectation
value of k is dragged back to 0 with the variance amplified
to 2N pop:. Thus, we get

N
AEN A 1 k? N
ONON ~ —exp[ - —]U", (22)
k;N V47N popi 4N pop:

where we define U % = (U")*. Because the decomposition
of the smeared projectors in this work involves a Gaussian
distribution, this repetitive single-qubit ancilla LCU offers a
hardware-efficient implementation of our method.

B. Virtual quantum error detection

Here, we describe the circuit implementation of the VQED
method shown in Fig. 3, which allows for the computation of
the expectation value of observables for a postselected state
in quantum error detection [22]. Compared to the LCU algo-
rithm, the VQED algorithm offers a shallow-depth circuit with
fewer controlled operations. While the previously proposed
symmetry expansion technique projects noisy quantum states
onto the code space immediately before readout, the virtual
quantum error detection protocol allows for the projection
onto the code space during computation.

First, we describe the quantum circuit for the VQED im-
plementation in Fig. 3(a). We denote the smeared projectors
as P = > pU; with >, pi=1and p; > 0. We can compute
the expectation value for the postselected state as

,?) _ ﬁ[@ost
post Tr[,bpost] b
Phos = O © Pvg © :G1 0 P1 (Bin), 23)

where pj, is the initial state, Ng is the number of gates, Gy is
the kth gate process, P (-) = Px(-)P, is the projection process

before Gy, and P, = Zlk Di, Uzk is the kth projector. We here
assume that we apply the projection each before the gate, but
we can arbitrarily reduce the number of times the projection
is applied.

The expectation value of an observable M with the post-
selected quantum states (M )post can be calculated by using
Eq. (23) and substituting £, = Do U, as

(M) pos:
lep pfj,Tr[MgNG o PZNGJ;VG o..0oGioPyu (,?)m)]

207 p,jpTr[gNG © Prygty, © -0 G1 0Py (Pw)]
(24)

~ ~ . Ne:
Here, we denote P, 1/ (-) = Uzk(-)Ulz with p; 7 = [[.Z, pupy

forl = (Ungs Ing—15 > 11) and [’ = (l]’vG, lI’VG_l, ..y I1). Accord-

A~

ingly, we can obtain (M)yes by evaluating the numerator and
the denominator of Eq. (24) and postprocessing the outcome.

We now describe how to perform the VQED method. Be-
cause we have

thpl{ [711/6in[711T - li)inpr» (25)
Z|l]

we can virtually project the state with the projector P by
randomly sampling stabilizers {U,, };, and {01; Y with the
probability p;, and p;;, respectively. For concrete circuit im-
plementation, owing to
Z iy Ui, ;bin[]l? = Z pupyUi, binUIT(jZIT/ (26)
i ni
for U’i' = Ul{ UlT, we can use the Hadamard test shown in
Fig. 3(a) for computing the expectation values for the non-
physical states sandwiched by different unitaries [37,38]. It
has been shown that this projection can be inserted anytime
during circuit execution [22]. For the step-by-step derivation
of the VQED circuit, see Sec. III in Ref. [22].

Then, we repeat the following process for performing the
VQED method. (1) First, we generate [ and I’ with probabil-
ity distribution p; ;. (2) Following [ and I', we execute the
quantum circuit in Fig. 3(a) for the virtual projection of the
quantum states. (3) We store the products of measurement
outcomes in the computational basis pgen Of ancilla qubits
for virtual projection. Here, we write “den” because this term
leads to the unbiased estimator of the denominator in Eq. (24).
We also store outcome m of the observable M. Then, we
calculate the products, pnum = Mgen. Here, we write “num”
because this term leads to the unbiased estimator of the nu-
merator in Eq. (24). By repeating this procedure, we compute
the average of [4nym and pgen. Finally, we obtain the unbiased
estimator of (M )post by calculating %

Next, we describe the quantum circuit for virtually pro-
jecting the separable state onto the entangled state in the
circuit-knitting manner, i.e., using only local operations and
postprocessing, in Fig. 3(b) by developing the VQED method
[39]. Suppose that we aim to project the separable quantum
state p4 ® pp onto entangled state psp with the projector
Pyp that can be linearly decomposed by separable opera-
tors, e.g., the Bell-state projector Pge = 1/4(ID @ I'®) +
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XD @XEB YD @Y®B 4 7W g ZB)) with X, ¥, Z be-
ing the Pauli-X, Y, Z operators. This projector can project the
state onto the Bell state |Bell) = l/ﬁ(lO)A [0)g + [1)4 1 1)5)-
Here, we assume that systems A and B are generally distant,
so the projector can be decomposed as

N
P =) pUN 00" @7
=1

For the input separable state p4 ® pg, we have

A A o A 1B A A AT A A (A
Pislpa ® pp1Pl, = ZPIPI’U[( )Uz(/ )TUZ(/ ),OAUZ(, ¥
L

® P01 0P py0 @

=>_ ppr UV O pa O
LU
® 0270 pp0”", (28)
with Ul(,,A B = U “.B )U 4B Then, the quantum circuit in
Fig. 3(b) is randomly sampled with probability p;py, in the
VQED manner, together with the measurement of the expec-
tation values of X4 ® X and ¥4 ® Y. This yields

(X4 ® Xp)rand — (Ya ® Y8)rand = Palpa ® pplPap.  (29)

Here, (-);ang indicates the partial trace over the ancilla qubit
with random sampling of the quantum circuit. See Sec. S2
of Supplemental Material in Ref. [39] for derivation details.
While Pyg[pa ® pplPas is an unnormalized state, we can com-
pute the expectation value for the entangled state with the
proper normalization with the projection probability as per the
VQED method.

C. Implementation of quantum circuit knitting

Here, we introduce the application of our protocol to cir-
cuit knitting. Quantum circuit knitting refers to the series of
techniques that allow large quantum systems to be virtually
simulated from smaller ones. Here, we aim to reproduce the
expectation value after virtually implementing a two-qubit
gate between separable systems without any physical interac-
tion. While quantum circuit knitting has been considered only
for qubit-based quantum computing [23-25,40], we propose
to apply it for CV quantum computing. Our protocol relies on
the fact that the smeared projector for EPR and cluster states
can be decomposed into a linear combination of separable
unitary operators and applied to a quantum state with LCU or
VQED. However, when employing LCU, we have to prepare
controlled operations which are entangled between the knitted
quantum systems in Fig. 2. This does not lead to quantum
circuit knitting because implementing such an entangling gate
does not achieve the aim of quantum circuit knitting, that
is, estimating the expectation value after the entangling gate
without physically realizing the gate. Therefore, we focus on
the VQED implementation only needing ancillary qubits and
controlled operations, which are separable between the knitted
quantum systems.

Now, we can implement the CV version of the circuit-
knitting technique by leveraging the hybrid system of qubits
and bosonic modes. To achieve CV circuit knitting, we em-

o
~5

@

pP("luqtex ’Y)

(Virtual entanglement)

Piuster

?
i
2
=
B
1
L
IS,
=
£lEL
£
T

[——

B =

XY

FIG. 4. Quantum circuits for virtually entangling a two-mode
system. Input |vac) indicates two vacuum states, which are sepa-
rable states. By iterating this circuit, we can virtually implement
the smeared projector pcmsm(y, g). This smeared projector virtually
creates the cluster state, which is the entangled state.

ploy the VQED method with the separable ancilla plus states
|+) = (|0) + |1))/+/2 as shown in Fig. 4. In Fig. 4, we pre-
pare a separable two-mode vacuum states and regard it as
the EPR state or the cluster state with 0-dB squeezing and
gain g = 0. By virtually increasing the squeezing level and
gain through projective squeezing, shown in Fig. 4, we can
virtually entangle these two modes. More concretely, in the
case of cluster-state circuit knitting, Eq. (13) yields

pCluster(V9 g):bpéluster(y’ 8)
= / dxldxgdxidx;py(xl, x2)py(x/1 ’ xé)

x D(6,(Ax1, Ax2) ® D(B,(Axs, Axy))
X DA(Qg(X/l s xé)) &® [j(eg(xé’ x/l))’a
X DO, ) @D O X)), (30)

where p,(a,b) =L ev@H) g o(a,b) = (a+igh)/2 for
a,beR, Ax; = x1 —x; and Axy =X —x2 Therefore, be-
cause applying the smeared projector P(;luster(y g) to the
two-mode vacuum states yields the entangled cluster states,
shown in Sec. III B 1, the VQED implementation with the ran-
dom sampling of the quantum circuit in Fig. 4 with probability
Py (x1,22)p, (x], x5) can simulate the expectation values for
the target entangled quantum state. A similar argument holds
for the EPR state.

Note that our aim is to simulate a general quantum circuit
with smaller quantum circuits by virtually applying two-mode
operations between two distant modes, i.e., quantum circuit
knitting. To achieve this, we adopt the following strategy:
First, we decompose the general quantum circuit into CZ’
gates and other single-mode gates. This decomposition can be
achieved because only one type of two-mode gate is needed
to achieve universal computing. We take the CZ’ gate as part
of this universal gate set. Second, we divide the large system
into small subsystems and knit the subsystems with the vir-
tually created CZ' gates by utilizing our projective squeezing
method. To utilize our method, we show that CZ’ gates can be
transformed into a quantum gate teleportation circuit where
a cluster state is consumed as a resource state, as is shown
in Fig. 5. Then, we virtually increase the squeezing level of
the cluster state from a separable two-mode vacuum state (0
dB and gain O cluster state) by implementing the separable
displacement operation as described by Eq. (30). Implement-
ing the procedure above allows us to simulate the CZ' gate,
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FIG. 5. Circuit to implement two-mode CZ' gate teleportation
between inputs |v;) and |i,) with the ancillary cluster state, which
lies in the gray area. This ancillary state can be virtually created
from a two-mode vacuum state with the VQED method in Fig. 4,
which leads to circuit knitting. Here, m; and m, are the outcomes of
each measurement. The mathematical formulation of this circuit is
detailed in Appendix C.

leading to the simulation of a larger quantum circuit. See
Appendix C for the mathematical verification of the quantum
teleportation circuit in Fig. 5.

To simulate a quantum circuit with smaller quantum cir-
cuits via circuit knitting, we have to measure observables
more times than the situation without circuit knitting. De-
noting the projection probability as g, we incur the sampling
overhead of O(g~2) [22]. We numerically simulate the projec-
tion probability in Sec. V when the input state is a two-mode
separable vacuum state.

D. Implementation of projection onto the cubic phase state

Here, we describe the implementations of unitary-
transformed projective squeezing that use the LCU and VQED
methods for cubic phase states.

1. Implementation with LCU

Because the smeared projector in Eq. (17) is constructed
from a linear combination of unitary operators with Gaussian
weight, we can use the LCU implementation for projec-
tive squeezing for state preparation of CPS using just a
single ancillary qubit. By substituting U = exp(i8xo(p —
ni2)) (8xp > 0) for Eq. (22), and setting xo = éxpk and y =
(4Np0p18x(2))’1, we obtain

1 i . [ (8x0k)?
xp| — ———9*7
4N pop1 A P 4Np0p18x§

]exp[wxok(ﬁ — &)1

=N

- \/g/ dxg exp( — yaxg)exp(ixo(p — ni?)), (31)

for N — oo. Here, we set N = % (¢*2" — 1)/(2pop16x3) and
use Eq. (4). When we apply the smeared projector in Eq. (31)
to the quantum state Ocpg [sq,) = exp(int3/3)|sq,), we ob-
tain Ucpg |sq, +a,)» Which means that we can increase the
squeezing level of the CPS while maintaining the nonlinear
parameter, i.e., Anp = 0. To implement this LCU, we need
to perform controlled operations for exp(ixo(p — nt?)). To
achieve this, we decompose them into the product of con-
trolled displacement, phase-shift, and squeezing operations

following the decomposition in Eq. (17). Note that con-
trolled displacement and phase-shift operations are realized
in many experimental setups, and a realistic experimental im-
plementation of controlled squeezing was recently proposed
for superconducting hardware [30,41]. We also propose an
alternative approach that realizes the controlled squeezing
operation using only squeezing and controlled phase-shift
gates. The details of this construction are provided in Ap-
pendix E. We expect that our circuit proposal will help to
reduce the experimental overhead for the state preparation
or noise suppression of the cubic phase states because it
only uses Gaussian operations, aside from the experimen-
tally friendly controlled phase-shift operations. Note that the
successful postselection probability scales as exp(—Ar) for
An = 0, which is the same as the projection probability de-
scribed in Sec. III B 2.

2. Implementation with VOQED

VQED offers an alternative shallow-depth implemen-
tation of unitary-transformed projective squeezing that
can effectively improve the state-preparation fidelity when
we aim to evaluate the expectation values of observ-
aples. Here,A we use Eg. a7 arld write chg(xo) =
D(acpc (x0))R(¢cpc 2 (x0))S (repc (X0))R(écpa,1(x0)). The vir-
tual projection onto CPS can be evaluated by randomly
sampling parameters (xo, x;) following the probability dis-
tribution Z exp(—y (x5 + x7)) and executing the circuit in
Fig. 3(a) with 0]1 = ch(;()Co) and Ull/ = ch(‘,(x(/)). We note
that we can implement the arbitrary single-mode channel G
after preparing the CPS. That is, after we project the input
state Py, with the smeared projector Peps(v, 1) as Peps(Pin) =
Peps(y, m)DinPlps(v, 1), we can implement the single-mode
channel G as G o Pcps(Pin), as is shown in Fig. 3(a). For pro-
jection probability ¢, the sampling overhead for this method
scales with O(g~2) [22]. For An = 0, the sampling overhead
reads O(e*2").

V. NUMERICAL SIMULATIONS

This section describes the results of numerical simula-
tions for unitary-transformed projective squeezing for CPS
and cluster states. We numerically evaluate the variance of
nullifiers and the projection probability. We also confirm that
our protocol can mitigate the effect of photon loss due to the
projection onto the target state.

We simulate the application of the smeared projectors in
Egs. (13) and (17). Here, parameter y depends on the projec-
tively increased squeezing level Ar, as is shown in Eq. (4). As
for the parameters xy, x;, and x, in Eq. (17) or Eq. (13), to
avoid the integration, we divide the range [—24/y /2, 24/ /2]
into 30 steps, and consider the linear combination of the
displacement operator with the 30 points of xy, xj, and x;.
Such discretization of the parameters is needed to implement
VQED and LCU in actual experiments; however, later numeri-
cal simulations confirm that such discretization does not cause
the error, and the results of numerical simulations agree well
with the analytical results.

First, we evaluate the variance of the CPS nullifier
([A(p — ni1?) in Fig. 6(al) and the cluster-state nullifier
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FIG. 6. Comparison of numerical simulations and analytical re-
sults for the projection of the CPS and the cluster state with An =0
and Ag = 0. (al) The variance of the CPS nullifier. (a2) The variance
of the cluster-state nullifier. (b1) The projection probability of the
CPS. (b2) The projection probability of the cluster state. In these
plots, the markers represent the numerical results and the lines rep-
resent the analytical results. Details are described in the main text.

(AP — %)) + {[A(p2 — &) in Fig. 6(a2) for Ap =
Ag = 0 to compare the numerical results with the analytical
ones. Here, ([A(-)]?) denotes the variance. In Figs. 6(al) and
6(a2), the vertical axis represents the variances. The horizontal
axis represents the projectively increased squeezing level Ar.
We increase the squeezing level from the initial states whose
squeezing levels r are 0, 3, and 5 dB, which is shown by the
red, green, and blue lines, respectively. The lines represent
the analytical results, and the markers represent the numeri-
cal results. The analytical results plot the value exp(—2(r +
Ar))/2 for the single-mode CPS and exp(—2(r + Ar)) for
the two-mode cluster state. The derivations of these ana-
lytical variances of nullifiers are described in Appendix D.
Figures 6(al) and 6(a2) show that the variance of the nullifier
falls as the squeezing level rises for CPS and the cluster state.

We also simulate the projection probability. Figure 6(b1)
presents the CPS result and Fig. 6(b2) presents the cluster state
result. The horizontal axis plots the projectively increased
squeezing level Ar, while the vertical axis presents the pro-
jection probability. Here, we set the initial squeezing level as
0 dB but note that the projection probability depends on just
the projectively increased squeezing level Ar, not on the other
parameters such as the initial squeezing level. The lines plot
the analytical results, and the markers represent the numerical
results. The analytical results plot the value exp(—Ar) for
single-mode CPS and exp(—2Ar) for the two-mode cluster
state. The numerical results plot the value (| pPip |[yr) for
each input state |y) and each smeared projector P. The nu-
merical results of the projection probability agree with the
analytical results. This agreement indicates that discretization
of the parameters such as xp, x;, and x, does not cause
significant errors.

Second, we numerically simulate the cases of An # 0 and
Ag # 0, i.e., increasing the gain and the nonlinear parameter.

(al)
AR
=
Z
F04
(=]
54
=]
8
502
Ar[dB] Ar[dB]
(a2) (b2)
52.0{ £1.00
= =
= =
Zis) £0.75
w =
8 1.0 §0.50
5 k3]
e (5]
505 Eo.zs
0 3 4
Ar[dB]

FIG. 7. Numerical simulations about the effect of increasing the
nonlinear parameter 1 for CPS and the gain g for the cluster state.
Here, we plot their results by increasing the parameter 7 by 0.1, 0.2,
and 0.3 for CPS and the parameter g by 0.5, 0.75, and 1.0 for the
cluster state. (al) The variance of the CPS nullifier. (a2) The variance
of the cluster-state nullifier. (b1) The projection probability for CPS.
(b2) The projection probability for the cluster state.

The numerical results are shown in Fig. 7. In these plots, we
prepare the vacuum state (r =0, n =0, and g = 0) as the
initial state. Then, we aim to increase the squeezing level up to
5 dB. At the same time, we increase the nonlinear parameter
n by 0.1, 0.2, and 0.3 for CPS and the gain g by 0.5, 0.75, and
1.0 for the cluster state. Figures 7(al) and 7(a2) evaluate the
variance of the CPS nullifier (the cluster state). Even though
the variances increase with An (Ag), the variances of the
quantum state nullifiers after the projections are suppressed as
we increase the squeezing parameter. This result indicates that
our unitary-transformed projective squeezing method allows
the quantum noise to be squeezed even when this increases
the nonlinear parameter n (gain g). Figures 7(b1) and 7(b2)
evaluate the projection probability of the CPS and the cluster
state. We also find that the projection probability decreases as
An (Ag) increases.

Finally, we also numerically confirm that our method can
mitigate the effect of photon loss. Figure 8(a) presents the

(a) (b)

5 ‘ ] 520 . >
s | Noisy e s | Noisy )

204 —— Error suppressed E 15 —— Error suPpreS’s}:d

R L e e

2 T 210 .

Q - Q

£02 g
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0.0 0.5 1.0 0.0 0.5 1.0
Loss Loss

FIG. 8. Numerical simulations addressing the effect of photon
loss. Here, we consider the CPS and the cluster state after the photon-
loss process and implement the smeared projector for the noisy
states. Then, we compare the results before and after the projections.
(a) The CPS nullifier before (Noisy) and after (Error suppressed)
projection. (b) The cluster state nullifier before (Noisy) and after
(Error suppressed) projection.
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FIG. 9. Numerical simulations of projection probability. All of
the conditions, other than the vertical axis, are the same as Fig. 8.
(a) The projection probability of the CPS after projection (Error
suppressed). (b) The projection probability of the cluster state after
projection (Error suppressed).

CPS result, while Fig. 8(b) presents that of the cluster state.
Here, we simulated the photon-loss dynamics described by the
completely positive trace-preserving map described below:

NW@){pY =Y EALPELL),

n=0

A L\ & i
E,I(L)=<ﬁ> m(vl—L) ; (32)

where L represents a loss rate [42]. This formulation is used
for the single-mode state, but we can directly apply it to the
two-mode state by considering the photon loss of each mode.

Figures 8(a) and 8(b) show the results for CPS and the
cluster state. In this simulation, we first prepare the 3-dB
cubic phase (cluster) state and simulate loss L, following
Eq. (32). Then, we projectively squeeze the noisy state by
3 dB and measure the variance of the nullifier of the cubic
phase (cluster) state. This result is labeled “Error suppressed”
in Figs. 8(a) and 8(b). We also evaluate the variance of the
nullifier of the cubic phase (cluster) state without projective
squeezing. This result is labeled “Noisy” in Figs. 8(a) and
8(b). The results indicate that we can robustly project the
noisy and mixed state to the ideal state, and so mitigate
the effect of photon loss. We also simulate the projection
probability under photon-loss dynamics in Fig. 9. Compared
with Fig. 8, only the vertical axis has changed from nullifier
variance to projection probability; other conditions are the
same. The label “Error suppressed” denotes the numerical
projection probability after photon loss, and “Ideal” denotes
the analytical value without photon loss. Although the projec-
tion probability decreases with the photon-loss rate, its order
of magnitude remains stable, indicating that photon loss does
not drastically impair our scheme.

VI. DISCUSSIONS AND CONCLUSIONS

In this paper, we proposed methods to project CV quantum
states onto states that are unitary-transformed from a squeezed
vacuum by constructing a smeared projector for the target sub-
space. To implement projective squeezing, we considered the
LCU method and the VQED method. With the LCU method,
we can physically project the state onto EPR and cluster
states with higher squeezing levels and gain and CPS with
higher squeezing levels and nonlinearity. The LCU method

requires the iteration of controlled-unitary operation and post-
selection (see Fig. 2). Meanwhile, the VQED method can
be implemented with the relatively simpler circuits of Fig. 3
compared to the LCU circuits, but we can obtain only the
expectation value. We utilize this VQED method and quantum
two-mode gate teleportation to establish the CV version of
the circuit-knitting technique, which allows small devices to
realize large-scale quantum computing.

We also numerically verified our method. We first com-
pared the numerical and analytical results of the variance of
the nullifiers and the projection probability for the cluster
and CPS under Ag =0 and An = 0. The variance of the
nullifiers can be used to measure the quality of the pro-
jectively squeezed state. The projection probability can be
used to estimate the costs incurred when implementing the
projective squeezing method. For An # 0 and Ag # 0, we
also confirmed that the state approaches the target state with
smaller projection probabilities for larger Ag and An. We also
numerically confirmed that the variance of nullifiers of the
state affected by the photon loss can be suppressed by our
method.

We discuss here some future directions for our proposal.
First, we may be able to utilize our method on platforms other
than superconducting hardware. In this paper, we considered
superconducting hardware because it offers the experimen-
tally implementable controlled unitary operations required
for both the LCU and the VQED methods. However, such
controlled unitary operations can also be realized in other
systems, such as cavity QED systems [43] and ion-trap sys-
tems [16]. Second, we do not directly simulate the LCU and
VQED methods, and hence, realistic experimental conditions
are not fully captured. While we approximate such effects via
photon-loss dynamics during gate operation (using parame-
ters drawn from conventional platforms; see Appendix F), a
more detailed and method-specific modeling is an important
direction for future work. In addition, while we proposed
two practical applications of unitary-transformed projective
squeezing (circuit knitting and the preparation of a non-
Gaussian state), searching for other practical applications is
interesting. Moreover, although we decompose the smeared
projector for the target manifold with {UD(a)U},, there
may be other basis choices for efficiently decomposing the
target smeared projector with reduced sampling overhead and
hardware requirements. Finally, because the VQED method
can be considered a subclass of quantum error mitigation
(QEM) [44,45] and can be combined with QEM strategies,
searching for efficient combinations of VQED-based projec-
tive squeezing with QEM methods is a question of practical
importance.
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APPENDIX A: DERIVATION OF PROJECTIVE
SQUEEZING FOR SQUEEZED VACUUM

Here, we review the projective squeezing for the squeezed-
vacuum state discussed in Ref. [19]. The squeezed vacuum
state with the squeezing level r can be written in x basis as

2r
Isq,) = el dxexp(—e—x>|x> (A1)
By applying the smeared  projector ﬁsq(y) =
Jdpo/y7m exp(—y p)D(ipo/~/2) to Eq. (Al), the

projectively squeezed state can be written as

A Y _1ir
Py(y)1sq,) =\/; ie? / dxdpo exp ( — ¥ pg) exp(ipox)

e? o
X exXp (-7)&' ) |x)
2r

2
r X e
=niel [ dx - = A2
eXP( 1y 2X>|X> (A2)
Here, we can define the projectively increased squeezing level
Ar as

1 le eZ(H—Ar)

4 = . A3
i : (A3)

With the parameter Ar, the projectively squeezed vacuum can

be written as
2)im)

(A4)

Py(y)1sq,)

=e [ —ie('tA')/dxexp(

= 6_7 |sqr+Ar> .

2(r+Ar)

Hence, we can projectively increase the squeezing level r by
Ar, with projection probability exp(—Ar/2)* = exp(—Ar).

APPENDIX B: DERIVATION OF PROJECTIVE
SQUEEZING FOR CUBIC PHASE STATE

Here, we describe the derivation of projective squeezing
for CPS. First, the CPS stabilizer UcpgD(—x0/ \/Q)UCTPG can
be derived as

A N .X() A T
UcecD 7 Uceg
= exp (igff

= exp(—ixo(p — nfcz)), (BD)

with the Campbell-Baker-Hausdorff formula

Ap A _ A A Pla L1414 B
*Be =B+[A,B]+§[A,[A,B]]+~-~. (B2)

The stabilizer in Eq. (B1) can be decomposed into a product
of the squeezing and phase-shift operators with the Bloch-
Messiah decomposition because the stabilizer is a Gaussian
operator [36]. To decompose the stabilizer, first, we describe
the action of the operator in Eq. (B1) in the Heisenberg picture
as

exp(—ixo(p — nﬁ)(ﬁ) exp(ing(p — ni%))

1 0\(# —x
(o D06)Gg)

with the Campbell-Baker-Hausdorff formula. Then, the coef-
ficient matrix is decomposed into

1 0 _ (<08 ¢cpG.2(x0)
—2nxp 1 sin ¢cpg,2(Xo)
e*rcpc(xo) 0
X 0 emm(m))

« <COS ¢cpa,1(xo)

sin ¢cpg, 1 (x0)

— sin @cpg 2 (X0 ))

oS ¢cpg,2(Xo)

— sin ¢cpg, 1 (x0)
€08 Pcpa, 1(x0)
(B4)

where bepa,1(x0) = arctan (V1 + n%x; — nxo),
repc(x0) = In (V1 + n%x3 — nxo), and cpG,2(x) =
—arctan (v 1 + nzxé + nxp). Hence, we can implement the
operation exp (ixo(p — nx?)) with the phase-shift, squeezing,
another phase-shift, and displacement operations, as is
described in the main text.

APPENDIX C: CZ'-GATE-TELEPORTATION CIRCUIT

Here, we derive the mathematical verification of CZ'-gate
teleportation in Fig. 5 of the main text by using Fig. 10.
First, we explain how to obtain the quantum circuit for the
teleportation-based two-mode operation. Figure 10(a) is a
single-mode quantum teleportation circuit whose output is
the same as the input [34]. Then, as is shown in Fig. 10(b),
we prepare two sets of the quantum teleportation circuit in
Fig. 10(a) and we directly implement the CZ' gate between
Output-1 and Output-2. Then, by moving the CZ’ gate to the
left side of the circuit in Fig. 10(b), we finally reach a gate-
teleportation circuit that consumes the two-mode cluster state
as the ancillary state. We note that the EPR state cannot be
used directly for the strategy above because the beam splitter
operation used to create the EPR state from squeezed vacuum
states does not commute with the CZ gate and thus the beam
splitter operation cannot move to the left side of the circuit in
Fig. 10(b).

Next, we mathematically verify that the circuit in Fig. 10(b)
can perform teleportation-based two-mode operation. We de-
note the quadrature amplitudes of the two-mode input state as
(X1, p1) and (X, p2). We also denote the ancillary two-mode
p-squeezed states with squeezing level r as (X]e”, ple”") and
(#re”, phe ). Here, (&), p) (i = 1, 2) represents the quadra-
ture of the vacuum state. After the CZ gate between the
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R (xout lapout 1)

—(Output 1)

/

(xout 25 pout 2)

4 ] _—( Output-2)

FIG. 10. Circuits to implement two-mode CZ’ gate teleportation with an ancillary cluster state. (a) The quantum teleportation circuit
whose output is the same as the input. This circuit is used to construct the circuit in Fig. 10(b). (b) The quantum gate-teleportation circuit.
With this circuit, we implement the CZ’ gate between Input-1 and Input-2 by consuming the ancillary cluster state shown in the gray area. The

mathematical formulation of this circuit is described in Appendix C.

ancillary p-squeezed states, the quadrature amplitudes of
these modes are written in Heisenberg picture as

2\ fc’le’
By
) Rhe
<1§b) - <ﬁ’ze +xle’>' (€2)

Then, we implement the CZ gate between input modes and
ancillary modes. The quadrature amplitudes are changed as

Xe X
~ =14 ~ s C3
(pc) <P1 + Xxje ) €3)

£\ e’
()= (e ) v
£\ e’
(3) = (e 200 o2 ©s)

X¢ X
Sl=(. "% ) c6
(Pf) (PZH’ze) (o

We measure (p., pr) and denote the measurement result as
(my, my), respectively. Then, we implement the feedforward
displacement operation D(—(m; + imy)/2) and D(—(my +
imy)/2) to quadrature (X4, pq) and (X., p.). After this feedfor-
ward operation, these quadrature amplitudes can be written as

X\ _ —h1
() =(o-ptper)
) _ )
(ﬁh) - <f€2 - p1+ ﬁlze_r)' (€8)

After the phase shift of —m /2, the output is described as

(%out,l) — (21 - IA’2A+ ﬁ/le_r)’ (C9)
Pout, 1 P1

(xout 2) (22 - ﬁl,\—i_ ﬁ&e_r) , (CIO)
Pout,2 P2

which coincides with the CZ’ gate operation with gain g = 1
at the limit of infinite squeezing r — oo.

APPENDIX D: DERIVATIONS OF VARIANCE OF
NULLIFIERS

Here, we derive the variance of the nullifiers for the x-
squeezed vacuum state, CPS, and the cluster state. First, the
variance of the nullifier ([A(%)])?) for the x-squeezed vacuum
state [sq,) can be calculated as

(sq,| %% Isq,)?
(0187 (nx8(r) 0y

([A®D?) = (sq,] %% Isq,) —
= (0] 87 (n#*8(r) |0) —

= (0] (Re™")*|0) — (0] ke ™" |0)?
—2r
=% _p
2
e—2r
= (D1)

Second, the variance of the nullifier ([A(p — ni2)1?) for
the CPS Ucpg [sq_,) can be calculated using

1) = (sq_,1 Ulog (P — n8*)*Ucec Isq_,)

— (59,1 Ulp (P — 131 0cpg 1q_,)>

([A(p—n&®
= (sq_,| ngG(ﬁCPGﬁUgPG)ZUCPG [sq_,)
— (sq_,| Udpg (Ucra pULyg )cra Isq_, )
= (sq_,1 p*1sq_,) — (sq_,| plsq_,)°
= (0|87 (—r)p*S(—r)|0) —
(0] (pe™")* |0)

672r

= (D2)

Finally, we calculate the variance of the nullifer
(AP — %2)1) + ([A(p2 — £1)]?) for the cluster state
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(a)

(Control qubit)

! =
(Bosonic mode ﬁ(%) _R(W)_f)(_%>—1.}’r (m)— - —D(a)[—
(b)
(Control qubit) T I
{Bosoniemodel g () La (T 48 (— L) A () T {5 -

FIG. 11. Circuits to implement controlled operations with only
controlled phase shift and single-mode gates. (a) Circuits to imple-
ment controlled displacement, proposed in Ref. [15]. (b) Circuits to
implement controlled squeezing.

C, |p = 0)®2. First, the term ([A(p; — £)]?) is given by
([A(p1 — 22)T7)

= (sq_,I*?CJ(p1 — 22)°C, Isq_,)®*
— [(sq_,|®* &f (p1 — 22)C, 1sq_,)**T

= (sq_, | C/(C,p1C))*C, sq_)®*
— [sq_, |2 C(C,p1C)C, Isq_ )

= (sq_,| p* Isq_,) (sq_,I Isq_,)
— (sq_ I plsqa_,)* (sq_,| Isq_,)

e—2r

7

In the same way, the term ([A(pr — X3 )]?) turns into e’z"/Z.
Hence, the variance of the nullifier for the cluster state can be
calculated as

([A(P1 — 2)1%) + ([A(P2 — £1)IP)

_ e—2r N e—Zr
2 2

APPENDIX E: CONTROLLED SQUEEZING AND
DISPLACEMENT USING CONTROLLED PHASE SHIFT

While controlled phase shift and displacement operations
are a standard technique in superconducting quantum circuits,
controlled squeezing has not yet been experimentally realized
and is expected to be more susceptible to noise. To address
this, we propose circuits that implement controlled squeezing
using only controlled phase shifts and single-mode squeez-
ing gates [46]. This proposal is inspired by the controlled
displacement gate using the controlled phase-shift gates and
single-mode displacement gates, proposed in Ref. [15].

First, we describe the realization of this controlled dis-
placement operation [15] in Fig. 11(a). The left part of the
circuit acts on the joint state of a control qubit and a bosonic
mode as follows:

o o1 [7-D(-3)1-D(3)]

+n e [Re-D(=3) ke -D(3)]

=001 [2(-5)2(3)] + w1 [2(3)2(3)]
=10) (0] ® I + 1) (1] ® D(a). (E1)

Hence, we show from Eq. (El) that Fig. 11(a) acts as the
controlled displacement.

Analogously, Fig. 11(b) implements a controlled squeezing
operation. The relevant transformation is given by

oo |7-8(=35)7:3(3)]
rmwe[R(3)-3(-3) &(3)-5(5)]
=010 [3(-3)5(3)]+mae[$(5)35(3)]

=10) (0| @+ |1) (1] ® S(r). (E2)

Hence, we show from Eq. (E2) that Fig. 11(b) acts as the
controlled squeezing.

This construction suggests that controlled squeezing can be
achieved using only experimentally established components,
which could potentially enable more robust implementations
in current experimental technologies.

APPENDIX F: ADVANTAGE OF OUR PROJECTION
ONTO CUBIC PHASE STATE

Here, we numerically simulate the projection of the vac-
uum state onto a cubic phase state under photon loss noise
when using the VQED method. If one implements the cubic
phase gate to generate a cubic phase state, third-order nonlin-
earities are required. In contrast, our projective scheme can
be realized using only controlled phase-shift gates and other
Gaussian operations, which rely at most on second-order non-
linearities. Consequently, our scheme is expected to be less
demanding to implement than a direct cubic-gate realization.
To examine this expectation, we compare its performance with
that of the conventional method, which directly implements
the cubic phase gate to create the cubic phase state [28].
This comparison reveals that our strategy is advantageous in
a specific parameter regime. In numerical simulations, we use
the vacuum state (n = r = 0) as the initial state for both the
conventional method and our projective squeezing method,
and aim to prepare a cubic phase state with n = 0.3 and
r=5dB.

In the conventional method, we apply a squeezing opera-
tion described by the Hamiltonian

N € A o
Hy = Tq(xp + p), (F1)

followed by the application of the cubic phase gate via the
Hamiltonian

——ECS"G 3 (F2)

Hepg =
to the resulting squeezed vacuum state. In the numerical sim-
ulation, the driving constant of the squeezing operation & is
fixed at 10 MHz, which is of the same order as in Ref. [18].
We vary the driving constant of the cubic phase gate ecpg
from 10 kHz to 10 MHz in order to identify the parameter
regimes where the cubic phase gate becomes experimentally
challenging to implement, and where our protocol offers an
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advantage. The gate time for the squeezing operation is given
by t,q = r/e5q =5 dB/10 MHz, while the gate time for the
cubic phase gate is fcpg = 1/€cpg = 0.3/€cpG-

Now, we illustrate numerical simulations for cubic
phase state generation using our projector when using the
VQED method. We apply the projective squeezing projec-
tor defined in Eq. (17) to the vacuum state to generate
the cubic phase state. To implement this projector, we
need to realize three types of operations: the controlled-
displacement operation D(acpg(xp)), the controlled phase-
shift operation ié((ﬁcp(}(xo)), and the controlled-squeezing
operation S(repe (x0)). Although the controlled-displacement
and controlled-squeezing operations can be implemented
using controlled phase-shifts and single-mode Gaussian oper-
ations, we assume that each of them is implemented directly.

We model each operation using the following Hamiltoni-
ans:

Hedisp = vV 2€cdisp 1) (1] ® (& sin O_gisp — P c0S Begisp)

+10) (0] ® I,
ﬁc—phase = €c-phase |1> <1| b &T& + |O> <0| ® i,
. €c—sq

Hey = 1) (1] @ &p+ pR)+10) (0|,  (F3)

where the displacement angle 6_qisp is defined by

_ Nocpg(x0))

S(acpc(x0)) <0
~l&cepctHo)) i = .
o laecpa (X0)|

Siﬂ@.d' =
canp lacpg (x0)|

The driving constant for each operation is set to €c_gisp =
€cphase = €c—sq = 10 MHz, which is of the same order as
in Ref. [41]. We estimate the typical magnitude of the gate
parameter x based on the standard deviation of the Gaussian
distribution, using xy =~ 1/4/2y. The parameter y is deter-
mined from Eq. (4) and in our simulation, we set »r = 0 dB
and Ar =5 dB. The gate parameters ¢cpg,1(X0), rcpa(Xo),
dcpc.2(xo), and acpg(xp) are given by Eq. (16), where we set
n = 0.3 in our simulation.

Using these expressions, the gate times for the first con-
trolled phase-shift, controlled-squeezing, second controlled
phase-shift, and controlled-displacement operations are esti-
mated as follows:

$cpc.1(x0)
lc—phase,l =)
€c-phase
_ repg(Xo)
c-sq — — _ >
€c—sq
$cpc.2(x0)
tc—phase,2 =
€c-phase
|laecpa (x0)|
fedisp = ——————- (F4)
€c-disp

During the time evolution of both the conventional and
our projective scheme, we account for realistic experimental
noise by incorporating photon loss using the Lindblad master
equation:

=—i[H, p] + g(zaf)a* —a‘ap — pa‘a). (F5)

ds
dt

n 0.3
0.2
0.1

0.0
r—0.1

—0.2
—0.3

4 -2 0 2 4
X

FIG. 12. Wigner function of cubic phase state which is created
from the vacuum state by utilizing only our projector.

Here, we assume a damping rate of x = 5kHz during the
whole process in our simulation, which is of the same order
as in Ref. [41]. Note that we do not account for the error
in the ancillary qubit because this sort of error can be can-
celed for the VQED method [19]. That is, we do not apply
Hamiltonians in Eq. (F3) and instead, use it to estimate the
gate time. We simulate our projective scheme by first applying
our noiseless projector, and then, we consider the realistic
noise in Eq. (F5) during the estimated gate time. In contrast,
we directly apply Hamiltonians in Egs. (F1) and (F2) for the
conventional method.

Figure 12 shows the Wigner function of the cubic phase
state generated from the vacuum state using only our pro-
jector, without employing the cubic phase gate. This result
numerically shows that our scheme can successfully prepare
the cubic phase state without the need for a cubic phase
gate, thereby ease the experimental challenges associated with
implementing cubic or higher-order Hamiltonians.

Figure 13 presents a comparison between the conventional
method using direct implementation of the cubic phase gate

v \ —— with Projection
---- without Projection

—4.25 N\

Squeezing level

—— with Projection

/ ---- without Projection —4.75 el

107 10" 10° 10' 10° 10 10° 10'
£cpG [MHz] ecp [MHz]
FIG. 13. Comparison of the conventional method of cubic phase

gate and our projective scheme. (a) Evaluation with purity. (b) Eval-
uation with the squeezing level.
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and our projective scheme. The horizontal axis indicates the
driving constant of the cubic phase gate ecpg, while the verti-
cal axis in Figs. 13(a) and 13(b) represents the purity of the
output states (squeezing level 10log(2 ([A(p — 1.
The label “with Projection™ refers to the results obtained
using our projective method, whereas “without Projection”
corresponds to those from the conventional method. From
this comparison, we observe that our projective scheme out-
performs the conventional method when the driving constant

€cpg 1s sufficiently low relative to the speed of other opera-
tions such as the controlled phase shift.

Based on these numerical simulations, we draw two main
conclusions. First, our protocol is beneficial in situations
where cubic or higher-order Hamiltonians are not available.
Second, even when such Hamiltonians can be implemented,
our scheme remains advantageous if their driving constants
are significantly lower than those of more accessible opera-
tions, such as controlled phase-shift gates.
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