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First-principles local-stress calculations for oxygen vacancies in silicon oxide glass materials
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We systematically investigated the correlation between defect formation energy and local stress states in amor-
phous SiO2 (a-SiO2) using first-principles calculations within density functional theory. Although conventional
approaches require the structural relaxation of oxygen vacancy at each site, we demonstrated that the formation
tendency of oxygen vacancies can be quantitatively predicted from the local stress state in a nondefective
system. To achieve this, we employed a real-space analysis based on Bader partitioning and introduced a
unit-based averaging method for local structural units, enabling physically meaningful stress evaluations in
ionically disordered systems. A strong statistical correlation was found between the formation energy and
the unit-averaged stress in the Si–O–Si unit, suggesting that the local compressive environments significantly
facilitated oxygen removal with large structural relaxation. These results establish a predictive framework for
identifying defect-prone sites in disordered systems, including amorphous structures, without exhaustive defect
structure generation, thereby offering an efficient route for defect analysis and material design.
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I. INTRODUCTION

Amorphous silicon dioxide (a-SiO2) is an important ma-
terial for various technical applications, including electronic
and optoelectronic devices and optical communication fibers.
Various structural defects in a-SiO2 affect its optical trans-
parency and reduce device performance [1,2]. In a-SiO2, SiO4

tetrahedra share corners to form a glass network and disorder
is classified into two types [3]. The first is a short-range chem-
ical disorder, which is different from SiO4 tetrahedra, such as
oxygen defects, Si defects, and impurities. Oxygen vacancies
are a type of chemical disorder known to cause an optical
absorption band around 7.6 eV due to Si–Si bonds [4,5]. These
vacancies are extremely important defects because they can
be transformed into various species of defects by high-energy
laser irradiation, resulting in new optical absorption bands
[6,7]. The second is a middle-range physical disorder, such
as the distribution of Si–O–Si bond angles and (Si–O)n ring
structures. Previous studies on isolated disiloxane molecules
(SiH3–O–SiH3) have shown that the Si–O–Si bending po-
tential is very flat, with a barrier of only a few kcal/mol
between a bent (∼140◦) and a linear configuration [8,9]. This
indicates the intrinsic flexibility of the Si–O–Si angle, which
underlies the wide bond-angle distribution observed in the
glassy network, although the effective potential in solids is
further modified by network constraints.

Most previous theoretical studies have focused on single
point-defect structures and there is a lack of understanding
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of the relationship between physical disorder and defect
properties. In a recent study [10] based on first-principles cal-
culations, a linear relationship between the formation energy
of oxygen vacancies and the Si–Si bond distance was clarified
and the relationship between structural disorder, defect levels,
and optical absorption properties was systematically evalu-
ated. However, in first-principles calculations of the formation
energy of an oxygen vacancy, the process of removing an
oxygen atom and relaxing the atomic configuration must be
performed for each oxygen atom, which incurs a high compu-
tational cost.

Currently, first-principles computational codes based on
density functional theory (DFT) with a plane-wave basis, such
as VASP [11,12], CASTEP [13], ABINIT [14], and QUANTUM

ESPRESSO [15,16], are widely used. Using these DFT codes,
we can obtain the total energy and stress tensor as quantities
integrated or averaged in a supercell. However, we cannot
obtain any local distribution of energy or stress inside a super-
cell. If these can be obtained for a large supercell containing
a defect, our understanding of the nature of the defect can be
greatly improved. Thus practical computational techniques to
obtain the local energy and stress inside a supercell have been
developed [17,18] in the framework of the generalized gradi-
ent approximation (GGA) [19] and projector augmented-wave
(PAW) method [12,20] and these have been implemented in
the QMAS (Quantum Materials Simulator) code [21]. The local
energy and stress are calculated by integrating the energy
and stress densities in each selected local region to settle the
gauge-dependent problem. These techniques are extensions of
the original energy– and stress–density schemes [22,23] and
they have been applied to various problems involving surfaces

2469-9950/2025/112(17)/174111(8) 174111-1 ©2025 American Physical Society

https://orcid.org/0000-0001-5201-0292
https://orcid.org/0000-0002-5381-2470
https://orcid.org/0000-0001-7167-7703
https://orcid.org/0000-0002-9363-7240
https://ror.org/055yf1005
https://ror.org/01703db54
https://ror.org/04k4pxr75
https://crossmark.crossref.org/dialog/?doi=10.1103/pm9m-n49m&domain=pdf&date_stamp=2025-11-06
https://doi.org/10.1103/pm9m-n49m


KOSHIN MAEKAWA et al. PHYSICAL REVIEW B 112, 174111 (2025)

and grain boundaries in metals and Si [24]. Atomic energy
calculations have also been conducted for machine learning,
not only for coincident grain boundaries [25] but also for ran-
dom grain boundaries [26]. However, the application of local
energy and stress calculations to oxides that exhibit charge
transfer through bonds has not been thoroughly studied.

Considering oxide applications, the effect of charge trans-
fer on local energy and stress should be investigated, although
there exists inherent ambiguity in defining a transfer value
associated with a locally defined region, which seems to more
seriously affect the local energy as an extensive quantity than
the local stress as an intensive quantity. It should be noted
that a large amount of electrons in a defined local region
by charge transfer naturally leads to a larger magnitude of
a negative local energy value, while this cannot be regarded
simply as a sign of the stability of such a site because of the
nature of an extensive quantity, as discussed in Ref. [24]. Even
for the atomic stresses in the present framework, it is known
that anionic and cationic atoms show compressive and tensile
stresses, respectively, owing to charge transfer in oxides or
ionic crystals, whereas the volume average of such atomic
stresses is zero in typical crystals. Therefore, the physical
meaning of the atomic stress within each ionic site is unclear.
It is desirable to develop new analysis schemes for the local
energy and stress in ionic solids, compounds, or alloys with
substantial charge transfer, where the sum or average of the
neighboring ionic pairs or clusters might be more effective
than analyzing each value of the cationic or anionic atoms.

In this study, we clarify the correlation between the defect
formation energies and local stresses in the atomic arrange-
ment of nondefective a-SiO2. To expand the application scope
of first-principles local stress calculations, which have been
applied mainly to metal systems, to oxides, we use the average
values of clusters of adjacent atoms. This makes it possible
to obtain physically meaningful local stress distributions that
cannot be observed experimentally. Such stress distributions
can also be visualized.

II. METHODS

An a-SiO2 model was generated using classical molecu-
lar dynamics (MD) simulations with the DL_POLY code [27].
A cubic cell containing 192 atoms was used. The melting–
cooling process started with a random atomic arrangement.
The system was held at 2000 K for 200 ps in the NVT ensem-
ble using the Nosé–Hoover thermostat [28] and cooled to 1 K
at a rate of 1 K/ps in the NVT ensemble. Morse-type potentials
parametrized in Ref. [29] were used for two-body interatomic
interactions. The interaction cutoff was set to 6 Å. The MD
time step was 1.0 fs.

For the cell model obtained by classical MD, isotropic
cell relaxation was performed using the first-principles QMAS

code [21] such that the hydrostatic pressure was approxi-
mately 0 GPa. Electronic exchange-correlation interactions
were evaluated using the GGA formulated by Perdew, Burke,
and Ernzerhof (PBE) [19]. Electron–core interactions were
described using the PAW pseudopotentials [12,20]. The plane-
wave energy cutoff was set to 476 eV (=35 Ry) and the
k-point grid was set as the � point. Figure 1 shows a relaxed
a-SiO2 configuration obtained via first-principles calculations.

FIG. 1. Amorphous SiO2 configuration generated by the
melting–cooling process through classical MD and relaxed using the
first-principles method, which consists of 64 Si atoms (blue) and 128
O atoms (red). The cubic-cell dimensions are 14.07 Å.

The length of each side of the cubic cell was 14.07 Å and the
density was 2.30 g/cm3.

In plane-wave DFT calculations, the total energy and stress
tensor are obtained as integrated quantities of the entire sys-
tem, respectively. There is no universal or generally accepted
method for partitioning a supercell into local regions. Among
several schemes for partitioning space, Bader method, which
divides space into atomic regions according to the gradient
of the electron density using zero-flux surfaces as bound-
aries, offers a natural and practical means of obtaining local
distributions in a consistent manner. This assigns electrons
and volumes to individual atoms in a basis-set–independent
way. Bader charges are widely employed to evaluate charge
transfer. In this study, we applied the Bader partitioning to
analyze local energies and stresses. The atomic energy Ei for
atom i is obtained by integrating the energy density ε(r) over
the Bader region �i of atom i [17,18],

Ei =
∫

�i

ε(r) dr. (1)

The energy density suffers from the gauge-dependent problem
of the kinetic terms, namely the nonuniqueness or ambiguity
for the choice of symmetric or asymmetric forms of the kinetic
terms. Gauge-independent atomic energies can be obtained in
such a Bader region, because the gauge-dependent term in
the kinetic energy density is integrated to zero. The energy
density ε(r) is a real-space integrant function of the total
energy and the integration over the full supercell corresponds
to the conventional total energy. Thus the atomic energy is the
decomposition of the conventional total energy of a supercell
into its constituent atoms, according to the Bader partitioning
of the charge density distribution in a supercell:

Ecell(N ) =
∫

�

ε(r) dr =
N∑

i=1

Ei, (2)
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where N is the number of atoms and � = ∑
i �i is the total

cell volume.
The stress density ταβ (r) is a real-space integrant function

and a local stress of atom i is given by its integration in a local
region of atom i, divided by its volume �i as

σ i
αβ = 1

�i

∫
�i

ταβ (r) dr, (3)

ensuring the nature of an intensive quantity. Then, the stress
tensor σαβ of a full supercell is expressed as follows:

σαβ = 1

�

∂Etot

∂εαβ

= 1

�

∫
�

ταβ (r) dr = 1

�

∑
i

�iσ
i
αβ, (4)

where σαβ and εαβ are the stress tensor and strain tensor
for the supercell, respectively, with a volume of � = ∑

i �i.
By using the same Bader partitioning as the local energy,
the gauge-dependent terms in the kinetic-stress density can
be integrated to be zero in each Bader region only for the
diagonal sum as τ11 + τ22 + τ33 [17,24]. Thus we only obtain
the diagonal sum σ i

11 + σ i
22 + σ i

33 as a local stress of atom i
without the gauge-dependent problem, which is simple hydro-
static compression or tension.

The energy and stress densities were computed on fast
Fourier transform (FFT) mesh grids within the PAW–GGA
framework. The Bader integration of the energy and stress
density was performed using the Yu–Trinkle algorithm [30].
Positive stress values indicate tension, while negative stress
values indicate compression.

III. RESULTS AND DISCUSSION

Figure 2 shows the Bader volumes and charges of Si and O
in a-SiO2. For comparison, values for α-quartz and stishovite
SiO2 are also shown. The Bader volume and charge of O are
significantly larger than those of Si due to electronegativity
differences, leading to charge transfer from Si to O. The Bader
volumes are larger in amorphous forms than in crystalline
phases due to lower density and larger voids. The Bader
charge of four-coordinated Si in α-quartz is larger than that
of six-coordinated Si in stishovite and the Bader charge of
two-coordinated O in α-quartz is smaller than that of three-
coordinated O in stishovite. This indicates that stishovite has
more charge transfer from Si to O than α-quartz and ex-
hibits stronger ionic bonds. This tendency is consistent with
the result that the absolute values of Born effective charges
increase with increasing coordination number of cation ions
[31]. However, the width of the Bader charge distribution in
a-SiO2 is greater than the difference between α-quartz and
stishovite.

Figure 3 shows the atomic energies and stresses of Si and
O in a-SiO2. Both the atomic energy and the atomic stress
are close to those of α-quartz. This is because the local en-
vironment, including the coordination number of Si and O in
a-SiO2, is similar to that of α-quartz. It is important to note
that while there is a large distribution of the Bader volume
and Bader charge, as shown in Fig. 2, the distribution widths
of the atomic energy and atomic stress are small. Atomic
stress is tensile in Si and compressive in O. The atomic stress
can be considered as a response to the virtual expansion or

FIG. 2. Bader volume and Bader charge for (a) Si and (b) O in
a-SiO2 compared to α-quartz and stishovite SiO2.

compression of each Bader region. When the charge transfer
from cation to anion becomes large, such as from α-quartz
to stishovite, stronger tensile and compressive stresses are
generated. From these results, the atomic energy and stress
seem to represent the atomic environment, but it is not easy to
obtain a clear physical picture of the local energy and stress
using only the atomic values of each anionic and cationic
atom, as discussed in Sec. I.

In addition to atomic stresses as the response of each Bader
region, we should examine the response of interatomic bonds
or atomic rings to virtual compression or expansion to clarify
the local stress features of the bonding network in a-SiO2.
Therefore, we considered that using a charge-neutral atomic
cluster as the analytical unit would better reflect bonding or
ring network effects than using individual atoms. We intro-
duced the unit-averaged hydrostatic pressure. In the case of
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FIG. 3. Atomic energy and atomic stress for (a) Si and (b) O in
a-SiO2 compared to α-quartz and stishovite SiO2.

a-SiO2, the smallest units were the Si1/2O unit in the Si–O–Si
bond and the SiO2 unit in the SiO4 tetrahedron. The unit
averaged Si–O–Si stress can be defined as the average stress
of the central O atom and two adjacent Si atoms as follows:

σ̃ O
i = �O

i σ O
i + 1

4

∑2
j �Si

j σ Si
j

�O
i + 1

4

∑2
j �Si

j

, (5)

where the contribution of four-coordinated Si to the Si–O–Si
unit is 1/4. The unit-averaged stress of a SiO4 tetrahedron can
be defined as the average stress of the central Si atom and four
adjacent O atoms as follows:

σ̃ Si
i = �Si

i σ Si
i + 1

2

∑4
j �O

j σ
O
j

�Si
i + 1

2

∑4
j �O

j

, (6)

where the contribution of two-coordinated O to the SiO4 tetra-
hedron is 1/2. The average stress of the Si–O–Si and SiO4

tetrahedral units is zero in the case of a crystal structure with

FIG. 4. Distribution of the unit averaged stresses of Si-O-Si bond
and SiO4 tetrahedron in a-SiO2 (a) and plots of those systems using
three-dimensional Gaussian functions (b). Tensile regions are shown
in yellow and compressed regions are shown in blue.

stable lattice constants, whereas both positive and negative lo-
cal stresses occur in such structural units, reflecting the short-
or intermediate-range structural disorder within an amorphous
structure.

Figure 4 shows the distribution of the unit-averaged stress
of the Si–O–Si unit and the SiO4 tetrahedron in a-SiO2. The
hydrostatic pressure was almost zero throughout the cell using
Eq. (4); however, the unit average stresses exhibited both
tension and compression. Figure 4(b) shows the unit-averaged
stress of the Si–O–Si unit and the SiO4 tetrahedron. A stress
value was assigned to the center of each unit, O or Si, and then
the values were smeared using three-dimensional Gaussian
functions of σ = 0.5 Å and summed. The tensile regions are
shown in the yellow and the compressed regions in the blue.
The distributions of the tensile and compressive regions were
similar in the Si–O–Si unit and SiO4 tetrahedron.

The formation energy of the neutral oxygen vacancy can
be obtained as

Eform = ET(Si64O127) − ET(Si64O128) + μO, (7)

where ET is the total energy of the supercell. μO is the
atomic chemical potential of oxygen and is defined to vary
between the oxygen-rich and oxygen-poor limits. As in pre-
vious studies [10,32], the formation energies were calculated
under the oxygen-rich condition, where μO was taken as half
of the total energy of the O2 molecule. In the oxygen-
poor limit, the formation energies decreased uniformly by
4.11 eV. To calculate the formation energy of oxygen vacan-
cies, it is necessary to generate an initial configuration by
removing oxygen and perform structural relaxation for each
vacancy. For an amorphous model, it is necessary to perform
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FIG. 5. Histogram of the count of formation energy.

the above procedure for oxygen atoms in the supercell and
the computational cost is much higher. We also calculated the
formation energy in α-quartz SiO2 as 5.31 eV under the same
condition.

The mean formation energy was 5.23 eV for 128 oxy-
gen vacancy sites, which is similar to 5.31 eV for α-quartz,
5.23 eV for 64 oxygen vacancy sites [10], and the values in
previous DFT calculations [32]. Figure 5 shows the distri-
bution of formation energies of the oxygen vacancies. It is
shown that the formation energies range from 3.87 to 6.17 eV
with a central value of 5.23 eV. A previous study reported a
range from 4.4 to 6 eV with the central values of 4.4–4.8 and
5.2–5.6 eV [10]. The variation in the formation energies was
due to local structural disorder within the amorphous structure
and the distribution of the local structural disorder strictly
depended on the model.

Figure 6 shows the statistical correlation between the for-
mation energy of the oxygen vacancies and the Si–Si distance
before and after oxygen removal. The correlation between
the Si–Si distance before oxygen removal and the formation
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FIG. 6. Formation energy of oxygen vacancies as a function of
the Si–Si distance before (blue) and after (red) oxygen removal.

FIG. 7. Formation energy of oxygen vacancies as a function of
(a) atomic oxygen stress and (b) Si–O–Si unit stress.

energy was weak. When oxygen vacancies were introduced by
oxygen removal, Si–Si bonds formed and the Si–Si distance
decreased. The Si–Si distance exhibited a strong correlation
with the formation energy, with a correlation coefficient of
0.90. Previous first-principles calculations using a supercell
containing 96 atoms showed a linear relationship between the
formation energy of oxygen vacancies and the Si–Si bonds
after oxygen removal [10]. Our first-principles calculations,
using a supercell containing 192 atoms, strongly supported
these results. However, it should be emphasized that the Si–Si
distance of the oxygen vacancy is obtained after structural
relaxation.

Figure 7 shows the statistical correlation between the for-
mation energy of oxygen vacancies and the local stress in
the nondefective system. Figure 7(a) shows the correlation
between the defect formation energy and the atomic oxygen
stress. The higher the compressive stress, the smaller the for-
mation energy. However, the correlation coefficient was 0.63
and a wide distribution was observed. Figure 7(b) shows the
correlation between the defect formation energy and Si–O–Si
unit stress. Similarly to atomic oxygen stress, there is a ten-
dency for the formation energy to decrease as the compressive
stress increases. However, the correlation coefficient was 0.91,
indicating a strong correlation. These results demonstrate that
oxygen atoms subjected to compressive stress in local Si–O–
Si configurations can be easily removed.

We next discuss why the Si–O–Si unit stress can predict
the defect formation energy. The defect formation energy can
be decomposed into two energies as

Eform = Efix
rm (O) − E relax, (8)

where Efix
rm (O) is the energy required to remove an oxygen

atom in the oxygen-rich limit while keeping the atomic ar-
rangement of the entire system fixed and E relax is the decrease
in energy due to structural relaxation after oxygen removal.
The correlation between these energies and the Si–O–Si unit
stress is shown in Fig. 8. The slopes of the linear fitting
were +0.022 and –0.082 for Efix

rm (O) and E relax, respectively.
Even considering the error in the slope, the absolute value of
the slope of E relax is greater than that of Efix

rm (O). Therefore,
the Si–O–Si unit stress can be used as a descriptor to pre-
dict the defect formation energy because it can be used to
predict the energy decrease due to structural relaxation. As
shown in Fig. 6, a shorter Si–Si interatomic distance after
structural relaxation results in a smaller defect formation en-
ergy. The presence of compressive local stress indicates that
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FIG. 8. Efix
rm (O) and E relax plotted as functions of the Si–O–Si

unit stress. The linear fittings are shown together with 95% credible
intervals, represented as gray shaded regions. The formation energy
of an oxygen vacancy is given by Efix

rm (O) − E relax.

a local structure makes it easier for Si atoms to approach
each other and form shorter Si–Si bonds, which is associ-
ated with the relaxation of neighboring bonding and ring
networks after oxygen removal. By performing local stress
calculations for an amorphous system that does not contain
defects, it is possible to predict the sites where oxygen defects
are likely to form without removing oxygen and relaxing the
structure.

The local tensile stress is thought to be a local structure
property that allows the interatomic distance to expand. For
Si coincidence boundaries with well-defined atomic configu-
rations, both theoretically and experimentally, bond stress of
each Si–Si bond at the boundary-core region was calculated
using the present scheme as a sum or average of the atomic
stresses at both ends. The results revealed the presence of both
tensile and compressive bond stresses [33]. Only for special
boundaries with high rotation angles, high tensile stresses
were observed for the reconstructed bonds at the core regions,
indicating a high possibility of oxygen segregation at such
bonds via oxygen insertion and the formation of Si–O–Si
bonds. Experimentally, recent atom probe tomography (APT)
experiments of the same coincidence boundaries in real poly-
crystalline Si ingots, combined with high-resolution electron
microscopy observation, have provided the atomic-layer-scale
oxygen concentration distribution at the boundary core re-
gions [33]. APT of a specimen prepared by low-temperature
focused ion beam (FIB) milling provided a one-dimensional
(1D) proxigram concentration profile for oxygen across the
� 9{114} plane, which quantitatively revealed a segregation
thickness of 2.5 nm. This profile was well reproduced by the
1D distribution of bond-centered sites under tensile stresses
exceeding 1–2 GPa, determined from first-principles local
stress calculations. The results showed the striking agree-
ment between the high oxygen-concentration positions and
the positions of special tensile bonds obtained by the present
scheme. Moreover, these results indicate that the stress distri-
bution of atomic groups can be used to identify local regions

where chemical disorders such as defects and impurities occur
in disordered structures.

It should be noted that the values of local energies and
stresses inevitably depend on the chosen partitioning method.
Nevertheless, the total sum of the partitioned local energies
and the volume average of the partitioned local stresses are
rigorously equal to the total energy and the cell stress of
the supercell obtained by the conventional approach, ensuring
the physical consistency of the analysis. At the same time,
careful interpretation of such atomic quantities is required.
Local energies depend explicitly on the local volumes as given
in Eq. (2) and thus behave as extensive quantities. Conversely,
local stresses, normalized by the local volumes as in Eq. (3),
represent intensive quantities and are less affected by the
partitioning scheme. In the present analysis, the local stress
was further averaged over Si–O–Si units or SiO4 units, which
reduces the influence of the chosen partitioning method.

While the present study has focused on a-SiO2, the same
framework of analyzing local stress distributions can, in prin-
ciple, be applied to other silica polymorphs as well as to other
oxide glasses and related network–forming materials. In such
systems, differences in local bond-angle flexibility and net-
work topology are expected to manifest in distinct patterns of
stress localization. There are, however, some important points
to keep in mind when extending this approach. In the present
work, when calculating the unit-averaged stress, we defined
Eqs. (5) or (6) based on the fact that all Si atoms are fourfold
coordinated and all O atoms are twofold coordinated. In other
oxide glasses, the coordination numbers of cations and anions
are often not constant. In such cases, the definition of the
unit-averaged stress needs to be examined in more depth. Part
of our possible future work will be to address this issue.

IV. CONCLUSIONS

In this study, we conducted a comprehensive first-
principles investigation of the relationship between defect
formation energies and local stress environments in a-SiO2.
By employing the real-space decomposition of stress via
Bader analysis within the PAW–GGA framework and intro-
ducing unit-based averaging over local structural units, we
successfully extended the applicability of local stress analysis
from metals to disordered oxide systems.

Importantly, we found that the unit-averaged local stress
within a Si–O–Si unit exhibits a strong inverse correlation
with the formation energy of an oxygen vacancy (correlation
coefficient 0.91), indicating that oxygen atoms in a locally
compressive environment are more likely to form vacancies
with large structural relaxation. Furthermore, we demonstrate
that this correlation allows us to predict possible vacancy sites
directly from a nondefective structure without the need to
explicitly relax the vacancy configurations. This represents a
significant reduction in computational cost and effort, partic-
ularly for amorphous models with large structural variation.
These results provide insights into the defect formation mech-
anism in oxide glasses and establish a practical computational
approach for identifying weak atomic sites based solely on the
local stress field. The proposed approach is expected to accel-
erate defect analysis and material optimization in disordered
and ionic systems.
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