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We investigate on the diffeomorphism invariance of the effective gravitational action, focusing in
particular on the path integral measure. In the literature, two different measures are mainly considered, the
Fradkin-Vilkovisky and the Fujikawa one. With the help of detailed calculations, we show that, despite
claims to the contrary, the Fradkin-Vilkovisky measure is diffeomorphism invariant, while the Fujikawa
measure is not. In particular, we see that, contrary to naïve expectations, the presence of g00 factors in the
Fradkin-Vilkovisky measure is necessary to ensure the invariance of the effective gravitational action. We
also comment on results recently appeared in the literature, and show that formal calculations can easily
miss delicate points.
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I. INTRODUCTION

If quantum gravity is described as a quantum field theory
(as opposed to string theory or other formulations), two
cases are possible. It might be either a UV-complete theory
or an effective field theory (EFT) [1]. In each of these cases,
it is defined through the path integral

Z
dμ e−S; ð1:1Þ

where dμ is the measure and S the classical action. Of
course, only after the theory ðdμ; SÞ is given can the
possible existence of fixed points be investigated.1 In
particular, it can be seen whether the theory is
UV-complete, in which case it possesses a UV-attractive
fixed point, or it is an EFT valid up to a certain energy scale,
above which its UV-completion takes over. Starting from
the path integral (1.1), the Wilsonian RG approach imple-
ments a nonperturbative definition of the theory (successive

elimination of infinitesimal shells of modes), no matter if
the theory is UV-complete or an EFT.
In a recent paper [2], we calculate the one-loop

(Euclidean) effective action Γ1l in quantum gravity within
the Einstein-Hilbert truncation, paying due attention to the
path integral measure and to the identification of the
physical UV cutoff Λ. In [3], we extend this analysis
deriving the renormalization group (RG) equations for the
running Newton and cosmological constant. In [2], we
show that the quantum correction to the vacuum energy
does not present quartically and quadratically divergent
contributions.2 In [3], we find that the RG flow of the
Newton and cosmological constant significantly differs
from the so-called asymptotic safety (AS) scenario [9–12].
In particular, we do not see any sign of a nontrivial
UV-attractive fixed point, which is the distinguishing
feature of this latter scenario.
In [2,3], the Fradkin-Vilkovisky (FV) path integral

measure [13–15] is used. It is sometimes claimed that,
since this measure contains noncovariant factors of the
time-time component g00ðxÞ of the inverse metric, it is not
diffeomorphism invariant, and that (on the contrary) the
invariant measure is the one proposed by Fujikawa [16].
This point of view has been recently taken up in [17] where,
considering the case of a scalar theory in a gravitational
background, the authors claim to demonstrate that thePublished by the American Physical Society under the terms of

the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1Needless to say, if dμ0 and S0 are such that dμ0e−S0 ¼ dμe−S,
the couple ðdμ0; S0Þ defines the same theory as ðdμ; SÞ. Obviously,
the RG properties of the theory (including the presence/absence
of fixed points) are not altered by such a trivial reshuffling of
terms.

2For other related approaches to the naturalness problem
see [4–8].
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Fujikawa measure is diffeomorphism invariant (they then
extend these conclusions to the case of pure gravity).
The aim of the present paper is to bring clarity on the

question related to the measure. Performing a thorough
investigation, we show that, despite the presence of g00

factors, the FV measure is diffeomorphism invariant. With
the help of detailed calculations, we will show that this
result is intimately related to the very definition of the path
integral, that involves the introduction of a time ordering
parameter and of a discretization of spacetime (lattice). By
the same token, we will see that the result by which the
Fujikawa measure appears to be diffeomorphism invariant
is due to a formal treatment of the path integral, resorting to
which the aforementioned points are overlooked. As a
consequence, nontrivial terms that appear when the path
integral undergoes a general coordinate transformation are
missed. Once these terms are taken into account, it turns out
that the FV measure is diffeomorphism invariant, while the
Fujikawa measure is not.
The rest of the paper is organized as follows. In Sec. II, we

consider the contribution to the effective gravitational action
Γ½g� due to the quantum fluctuations of a scalar field and start
the investigation on its diffeomorphism invariance.
Section III is devoted to the detailed calculation of all the
terms that appear when Γ½g� undergoes a general coordinate
transformation. With the help of the results of Sec. III, in
Sec. IV we show that the FV measure is invariant, while the
Fujikawa one is not. In Sec. V, we compare our results with
those of previous literature, in particular with those of the
recent paper [17]. Section VI is for the conclusions.

II. DIFFEOMORPHISMS AND PATH INTEGRAL

Let us consider the gravitational action Sg½g� (think for
instance of the Einstein-Hilbert action) in the presence of a
scalar field with action Sm½ϕ; g�. The total action is [from
now on we indicate with g the metric gμν when it appears as
the argument of a function/functional, its determinant
otherwise; the signature ð−;þ;þ;þÞ is used]

S½ϕ; g� ¼ Sg½g� þ Sm½ϕ; g�

¼ Sg½g� þ
Z

d4xLmðϕðxÞ; ∂μϕðxÞ; gðxÞÞ ð2:1Þ

where LmðϕðxÞ; ∂μϕðxÞ; gðxÞÞ is the matter Lagrangian
density

LmðϕðxÞ; ∂μϕðxÞ; gðxÞÞ

¼ −
1

2

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
ðgμνðxÞ∂μϕðxÞ∂νϕðxÞ þm2ϕ2ðxÞÞ: ð2:2Þ

The effective gravitational action3 Γ½g� is given by

eiΓ½g� ¼
Z

eiS½ϕðxÞ;gðxÞ�
Y
x

½MðgðxÞÞdϕðxÞ�; ð2:3Þ

where MðgðxÞÞ is a nontrivial term in the configuration
space measure

Q
x½MðgðxÞÞdϕðxÞ�. In the literature, two

different expressions for MðgðxÞÞ are mainly considered.
For the FV measure [13],

MFVðgðxÞÞ ¼ ð−g00ðxÞÞ1=2ð−gðxÞÞ1=4; ð2:4Þ

while for the Fujikawa measure [16] (μ is an arbitrary mass
scale)

MFujiðgðxÞÞ ¼ μð−gðxÞÞ1=4: ð2:5Þ

Within the canonical formalism, the FV measure is
obtained from the phase space path integral measureQ

x½dπðxÞdϕðxÞ� (Liouville), while the Fujikawa measure
[16] from

Q
x½ðg00ðxÞÞ−1=2dπðxÞdϕðxÞ� [21]. After integra-

tion over the conjugate momenta, the FV configuration
space measure (2.4) contains ½g00ðxÞ�1=2 factors, while the
Fujikawa measure (2.5) does not.
A fundamental aspect to be stressed is the following. In

(2.3),
Q

x indicates that in the definition of the path integral
a discretization of spacetime is introduced, which in turn
implies that

Q
x½MðgðxÞÞdϕðxÞ� in (2.3) can (obviously) be

written as ½Qx MðgðxÞÞ�½Qx dϕðxÞ�. This latter (trivial)
observation will be useful in the following. Moreover,
since in Sec. V we will compare our results with those of
[17], it is useful to observe that, at the beginning of their
work, the authors define the path integral measure in the
same way as we do in (2.3) [see their Eqs. (2.1) and (2.2)].
However, they are not entirely coherent with this definition
along their calculations, and thus end up missing important
terms in the transformation of the effective action under
diffeomorphisms. We will add further comments on these
points in due time.
Let us go back now to the meaning of

Q
x, stressing a

crucial point first raised in [22], and later deeply inves-
tigated in [13]. In any formulation of quantum field theory,
and in particular in the formulation of gauge theories, the
construction of the basic transition amplitudes hϕ0; t0jϕ00; t00i
(definition of the S matrix) requires the identification of a
parameter in terms of which a time ordering is introduced.
Differently from the case of Yang-Mills theories, where the
gauge transformation only affects the form of the fields, in
gravity a general coordinate transformation acts on the
coordinates, and thus on the argument of the fields. As we
will see, this has a nontrivial impact on the time ordering. In
the path integral formulation, the time ordering parameter
can be introduced as follows. Given a coordinate system xμ,
if the points of the lattice are obtained from the intersection
between hypersurfaces x0 ¼ const and curves xi ¼ const,

3For general considerations on the effective gravitational
action see for instance [18–20].
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the time ordering parameter is identified4 with x0 [13,22].
The notation

Q
x in Eq. (2.3) indicates the product over all

the points Qi of the lattice E1 defined in this way. Note that
the construction of the lattice and the identification of the
ordering parameter can be done only once the coordinate
system has been specified.
Let us call Σ the reference frame with coordinates x and

Σ̂ another frame with coordinates x̂. In Σ̂, the action (2.1) is
written as (we use the notation ∂̂μ ≡ ∂

∂x̂μ)

Ŝ½ϕ̂; ĝ� ¼ Ŝg½ĝ� þ Ŝm½ϕ̂; ĝ�

¼ Ŝg½ĝ� þ
Z

d4x̂Lmðϕ̂ðx̂Þ; ∂̂μϕ̂ðx̂Þ; ĝðx̂ÞÞ; ð2:6Þ

and for the effective action Γ̂½ĝ� we have

eiΓ̂½ĝ� ¼
Z

eiŜ½ϕ̂;ĝ�
Y
x̂

½Mðĝðx̂ÞÞdϕ̂ðx̂Þ�: ð2:7Þ

Similarly to what we said for (2.3), the notation
Q

x̂ in (2.7)
indicates the product over the points Pi of the lattice E2

obtained from the intersection of hypersurfaces x̂0 ¼ const
with curves x̂i ¼ const. In this case, the time ordering
parameter is x̂0. We will see that, due to this change in the
time ordering parameter, the path integral measure trans-
forms nontrivially under diffeomorphisms.5 This important
aspect is missed in [17]: the measure

Q
x½MðgðxÞÞdϕðxÞ�

should not be treated formally, and attention should be paid
to the discretization and to the time ordering underlying this
expression.
Let us investigate now on the diffeomorphism invariance

of the effective action, performing the transition from Σ̂ to
Σ. Our aim is to see for which choice ofMðgðxÞÞ, either the

FV one in (2.4) or the Fujikawa one in (2.5), we have
Γ̂½ĝ� ¼ Γ½g�. Since the classical action is diffeomorphism
invariant, i.e. Ŝ½ϕ̂; ĝ� ¼ S½ϕ; g�, from (2.3) and (2.7) we see
that Γ̂½ĝ� ¼ Γ½g� if

Y
x̂

½Mðĝðx̂ÞÞdϕ̂ðx̂Þ� ¼
Y
x

½MðgðxÞÞdϕðxÞ�: ð2:8Þ

We stress again that in Σ̂ and Σ two different lattices and
time ordering parameters are considered; this is encoded in
the two product symbols

Q
x̂ of (2.7) and

Q
x of (2.3). To

realize the bridge between Γ̂½ĝ� (defined in Σ̂) and Γ½g�
(defined in Σ), we now proceed in two steps.
In the first step, while remaining in the frame Σ̂, we move

from the lattice E2 of points Pi (and time ordering
parameter x̂0) to the lattice E1 of points Qi (and time
ordering parameter x0). This is realized going fromQ

x̂½Mðĝðx̂ÞÞdϕ̂ðx̂Þ� to Q
x½Mðĝðx̂ðxÞÞÞdϕ̂ðx̂ðxÞÞ� and per-

forming in the action Ŝ½ϕ̂; ĝ� the change of integration
variables from x̂ to x through the relations x̂ ¼ x̂ðxÞ,
ϕ̂ðx̂Þ ¼ ϕ̂ðx̂ðxÞÞ and ĝμνðx̂Þ ¼ ĝμνðx̂ðxÞÞ. We get [see com-
ments below (2.10) for the factors A and B]

eiΓ̂½ĝ� ¼
Z

eiŜ½ϕ̂;ĝ�
�Y

x̂

Mðĝðx̂ÞÞ
��Y

x̂

dϕ̂ðx̂Þ
�

¼
Z

eiŜ½ϕ̂;ĝ�
�
B
Y
x

Mðĝðx̂ðxÞÞÞ
��

A
Y
x

dϕ̂ðx̂ðxÞÞ
�
;

ð2:9Þ

where Ŝ in the right-hand side is written as

Ŝ½ϕ̂; ĝ� ¼ Ŝg½ĝ� þ Ŝm½ϕ̂; ĝ�

¼ Ŝg½ĝ� −
1

2

Z
d4xJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ĝðx̂ðxÞÞ

p �
ĝμνðx̂ðxÞÞ ∂x

ρ

∂x̂μ
∂xσ

∂x̂ν
∂ρϕ̂ðx̂ðxÞÞ∂σϕ̂ðx̂ðxÞÞ þm2ϕ̂2ðx̂ðxÞÞ

�

≡ Ŝg½ĝ� þ
Z

d4xL̃mðϕ̂ðx̂ðxÞÞ; ∂μϕ̂ðx̂ðxÞÞ; ĝðx̂ðxÞÞÞ; ð2:10Þ

with J ≡ j det ∂x̂
∂x j the Jacobian. Note that Ŝ½ϕ̂; ĝ� is the

action for the fields ϕ̂ and ĝμν, that is the action in the frame
Σ̂. We stress that up to now only a change of integration
variables has been performed (not a change of reference

frame). Moreover, L̃m in the third line of (2.10) is the matter
Lagrangian density,6 still in the frame Σ̂, written in terms of
the variables x.

4The quantization can also be realized considering a more
general spacelike hypersurface τðxÞ ¼ const, in which case the
role of ordering parameter is played by τ.

5With an abuse of notation, throughout the paper we will use
the same symbol x̂ to indicate both the action of the diffeo-
morphism on x and its corresponding image, i.e. x̂ ¼ x̂ðxÞ.

6It is easy to see that L̃m gives rise to the same equations of
motion and the same energy-momentum tensor for the field ϕ̂ as
Lm in (2.6). The only difference is that they are written in terms of
the variables x using the relations x̂ ¼ x̂ðxÞ, ϕ̂ðx̂Þ ¼ ϕ̂ðx̂ðxÞÞ and
ĝμνðx̂Þ ¼ ĝμνðx̂ðxÞÞ.
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Let us comment now on the factors A and B that appear
in the right-hand side of (2.9). One might naïvely expect
that the step performed above (

Q
x̂ →

Q
x) consists of a

trivial reshuffling of (spacetime) points, in which case one
would have A ¼ B ¼ 1. This is what is implicitly imple-
mented in [17]. However, we have seen that in going from
the left to the right-hand side of (2.9), a nontrivial change of
lattice and of ordering parameter occurs (see above). This is
what ultimately leads to the appearance of nontrivial factors
A ≠ 1 and B ≠ 1 in (2.9). The latter are calculated in the
next section.
In the second step, we move from ϕ̂ðx̂ðxÞÞ and ĝμνðx̂ðxÞÞ

to ϕðxÞ and gμνðxÞ. This will eventually lead to the relation
between Γ̂½ĝ� and Γ½g�. From (2.9), we get (below the
invariance of the classical action, Ŝ½ϕ̂; ĝ� ¼ S½ϕ; g�, is used)

eiΓ̂½ĝ� ¼
Z

eiŜ½ϕ̂;ĝ�
�
B
Y
x

Mðĝðx̂ðxÞÞÞ
��

A
Y
x

dϕ̂ðx̂ðxÞÞ
�

¼
Z

eiS½ϕ;g�
�
BC

Y
x

MðgðxÞÞ
��

AE
Y
x

dϕðxÞ
�
: ð2:11Þ

In the above equation, the factor C arises when we express
Mðĝðx̂ðxÞÞÞ in terms of gμνðxÞ, while E is the Jacobian of
the transformation ϕ̂ðx̂ðxÞÞ → ϕðxÞ. As for A and B, the
calculation of C and E is performed in the next section.
From (2.3) and (2.11), we see that for the effective action

to be invariant under general coordinate transformations,
i.e., to have Γ̂½ĝ� ¼ Γ½g�, it is necessary that ABCE ¼ 1. In
the coming Secs. III and IV, we will see that while this is the
case for the FVmeasure [seeMFV in (2.4)], it fails to be true
for the Fujikawa measure [see MFuji in (2.5)]. Let us
proceed now to the calculation of A, B, C, and E.

III. TRANSFORMATION FACTORS

In the present section, we calculate the transformation
factors A, B, C, and E that appear in (2.11) following [13],
where similar calculations have been performed for the
pure gravity case. In particular, we will find that the factors
A and B, that are related to the transition

Q
x̂ →

Q
x

involved in the transformation of the effective action under
diffeomorphisms, turn out to be nontrivial (≠ 1). As
anticipated, this shows that

Q
x̂ →

Q
x is not a trivial

reshuffling of points, but rather a delicate step to be
performed carefully while establishing how the effective
action transforms under diffeomorphisms. Overlooking
these terms, one is led to think that the FV measure is
not diffeomorphism invariant, due to the presence of the g00

factors [see (2.4)]. In fact, the opposite is true. As it will be
seen in Sec. IV, the invariance of the effective action
emerges from a balance between these nontrivial terms and
those coming from the g00 factors in the FVmeasure. Let us
proceed now with the calculation.

The factor E. We begin with the factor E. Since ϕ is a
scalar field [ϕ̂ðx̂ðxÞÞ ¼ ϕðxÞ] and E is the Jacobian of the
transformation ϕ̂ðx̂ðxÞÞ → ϕðxÞ, clearly E ¼ 1.
The factor A. Let us move now to the factor A.

As mentioned in the previous section, the FV
measure

Q
x½MFVðgðxÞÞdϕðxÞ� [see (2.4)] is obtained

within the canonical formalism from the phase space path
integral measure

Q
x½dπðxÞdϕðxÞ�, while the Fujikawa

measure
Q

x½MFujiðgðxÞÞdϕðxÞ� [see (2.5)] fromQ
x½ðg00ðxÞÞ−1=2dπðxÞdϕðxÞ�. To calculate A, we consider

both cases at once writing [below fðgÞ ¼ 1 for the FV
measure and fðgÞ ¼ ðg00ðxÞÞ−1=2 for the Fujikawa one]

eiΓE1
½g� ¼ eiSg½g�

Z
ei
R

d4x½∂0ϕðxÞπðxÞ−HðπðxÞ;ϕðxÞÞ�

×

�Y
x

fðgðxÞÞdπðxÞdϕðxÞ
�

ð3:1Þ

where πðxÞ is the momentum conjugate to the field ϕðxÞ

πðxÞ ¼ ∂LmðϕðxÞ; ∂μϕðxÞ; gðxÞÞ
∂ð∂0ϕðxÞÞ

¼ −ð−gðxÞÞ1=2g0μðxÞ∂μϕðxÞ; ð3:2Þ

LmðϕðxÞ; ∂μϕðxÞ; gðxÞÞ the Lagrangian density in the frame
Σ given in (2.1), and HðπðxÞ;ϕðxÞÞ is the Hamiltonian
density [here we use the shorthand notation Hðπ;ϕÞ for
Hðπ;ϕ; ∂iϕ; gÞ]

Hðπ;ϕÞ ¼ πðxÞ∂0ϕðxÞ − LmðϕðxÞ; ∂μϕðxÞ; gðxÞÞ

¼ 1

2
ð−g00Þ−1ð−gÞ−1=2π2 þ ð−g00Þ−1g0iπ∂iϕ

þ 1

2
ð−g00Þ−1ð−gÞ1=2g0ig0j∂iϕ∂jϕ

þ 1

2
ð−gÞ1=2gij∂iϕ∂jϕþ 1

2
ð−gÞ1=2m2ϕ2: ð3:3Þ

As stressed in the previous section [see comments below
(2.5)],

Q
x in (3.1) means that the discretization is realized

considering the points Qi of the lattice E1 and that the time
ordering parameter is x0 (this is further stressed by the
subscript E1 in ΓE1 ½g�). In this respect, we stress that πðxÞ is
correctly defined by (3.2) since in this case x0 is the time
ordering parameter. As said above (see footnote 4), we
could also quantize the theory considering a more general
family of spacelike hypersurfaces τðxÞ ¼ const, in which
case the time ordering parameter would be τ, and the
conjugate momenta would be obtained differentiating the
Lagrangian with respect to ∂τϕ.
For the effective action in Σ̂ we have (now the lattice E2

of points Pi is used)
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eiΓ̂E2
½ĝ� ¼ eiŜg½ĝ�

Z
ei
R

d4x̂½∂̂0ϕ̂ðx̂Þπ̂ðx̂Þ−Hðπ̂ðx̂Þ;ϕ̂ðx̂ÞÞ�

×

�Y
x̂

fðĝðx̂ÞÞdπ̂ðx̂Þdϕ̂ðx̂Þ
�

ð3:4Þ

where π̂ðx̂Þ is the momentum conjugate to the field ϕ̂ðx̂Þ

π̂ðx̂Þ ¼ ∂Lmðϕ̂ðx̂Þ; ∂̂μϕ̂ðx̂Þ; ĝðx̂ÞÞ
∂ð∂̂0ϕ̂ðx̂ÞÞ

¼ −ð−ĝðx̂ÞÞ1=2ĝ0μðx̂Þ∂̂μϕ̂ðx̂Þ; ð3:5Þ

Lmðϕ̂ðx̂Þ; ∂̂μϕ̂ðx̂Þ; ĝðx̂ÞÞ the Lagrangian density in the frame
Σ̂ [see (2.6)], and Hðπ̂ðx̂Þ; ϕ̂ðx̂ÞÞ the corresponding
Hamiltonian density [see (3.3)]. The symbol

Q
x̂ indicates

that the discretization is realized considering the points Pi

of the lattice E2. The time ordering parameter is now x̂0, and
accordingly the conjugate momentum π̂ðx̂Þ is given
by (3.5).
As explained in the previous section, the bridge between

Γ̂½ĝ� and Γ½g� is realized in two steps. In the first one (from
which the factor A emerges), while remaining in the frame
Σ̂ we write Γ̂½ĝ� switching from the lattice E2 to the lattice
E1 (that in turn implies switching from the time ordering

parameter x̂0 to x0). Considering then E1, for Γ̂½ĝ� we have

eiΓ̂E1
½ĝ� ¼ eiŜg½ĝ�

Z
ei
R

d4x½∂0ϕ̂ðx̂ðxÞÞπ̃ðx̂ðxÞÞ−H̃ðπ̃ðx̂ðxÞÞ;ϕ̂ðx̂ðxÞÞÞ�

×

�
F
Y
x

fðĝðx̂ðxÞÞÞ
��Y

x

dπ̃ðx̂ðxÞÞdϕ̂ðx̂ðxÞÞ
�
:

ð3:6Þ

In the above equation, F is the factor that arises whenQ
x̂ fðĝðx̂ÞÞ is written in terms of

Q
x fðĝðx̂ðxÞÞÞ, i.e., when

we switch from E2 to E1:
Q

x̂ fðĝðx̂ÞÞ ¼ F
Q

x fðĝðx̂ðxÞÞÞ.
We will shortly see that we do not need to calculate
explicitly the transformation factor F. Moreover, since in
(3.6) the time ordering parameter is x0, the momentum
π̃ðx̂ðxÞÞ conjugate to ϕ̂ðx̂ðxÞÞ is given by [see comments
below (2.10) and (3.2)]

π̃ðx̂ðxÞÞ ¼ ∂L̃mðϕ̂ðx̂ðxÞÞ; ∂μϕ̂ðx̂ðxÞÞ; ĝðx̂ðxÞÞÞ
∂ð∂0ϕ̂ðx̂ðxÞÞÞ

¼ −ð−ĝðx̂ðxÞÞÞ1=2G0μðx̂ðxÞÞ∂μϕ̂ðx̂ðxÞÞ; ð3:7Þ

and the Hamiltonian density to be used is

H̃ðπ̃ðx̂ðxÞÞ; ϕ̂ðx̂ðxÞÞÞ ¼ π̃ðx̂ðxÞÞ∂0ϕ̂ðx̂ðxÞÞ − L̃mðϕ̂ðx̂ðxÞÞ; ∂μϕ̂ðx̂ðxÞÞ; ĝðx̂ðxÞÞÞ

¼ 1

2
ð−G00Þ−1ð−ĝÞ−1=2π̃2 þ ð−G00Þ−1G0iπ̃∂iϕ̂

þ 1

2
ð−G00Þ−1ð−ĝÞ1=2G0iG0j

∂iϕ̂∂jϕ̂þ 1

2
ð−ĝÞ1=2Gij

∂iϕ̂∂jϕ̂þ 1

2
Jð−ĝÞ1=2m2ϕ̂2; ð3:8Þ

where L̃mðϕ̂ðx̂ðxÞÞ; ∂μϕ̂ðx̂ðxÞÞ; ĝðx̂ðxÞÞÞ is the Lagrangian
density in (2.10) and we define (J ≡ j det ∂x̂

∂x j is the Jacobian
related to the change of variables x̂ → x)

Gμνðx̂ðxÞÞ≡ Jĝρσðx̂ðxÞÞ ∂x
μ

∂x̂ρ
∂xν

∂x̂σ
: ð3:9Þ

Let us perform now in (3.4) the functional integration
over π̂ðx̂Þ. We get

eiΓ̂E2
½ĝ� ¼ eiŜg½ĝ�

�Y
x̂

fðĝðx̂ÞÞ
�

×
Z

eiŜm½ϕ̂;ĝ�
�Y

x̂

Wðĝðx̂ÞÞ
�Y

x̂

dϕ̂ðx̂Þ ð3:10Þ

where we define

Wðĝðx̂ÞÞ≡ ð−ĝðx̂ÞÞ1=4ð−ĝ00ðx̂ÞÞ1=2: ð3:11Þ

Similarly, the integration over π̃ðx̂ðxÞÞ in (3.6) gives

eiΓ̂E1
½ĝ� ¼ eiŜg½ĝ�F

�Y
x

fðĝðx̂ðxÞÞÞ
�

×
Z

eiŜm½ϕ̂;ĝ�
�Y

x

Yðĝðx̂ðxÞÞÞ
�Y

x

dϕ̂ðx̂ðxÞÞ;

ð3:12Þ

where we define

Yðĝðx̂ðxÞÞÞ≡ J1=2ð−ĝðx̂ðxÞÞÞ1=4½−ĝμνðx̂ðxÞÞ∂̂μx0∂̂νx0�1=2:
ð3:13Þ

Moreover, writing
Q

x̂ dϕ̂ðx̂Þ in terms of
Q

x dϕ̂ðx̂ðxÞÞ [see
Eq. (2.9)], Eq. (3.10) can be written as
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eiΓ̂E2
½ĝ� ¼ eiŜg½ĝ�

�Y
x̂

fðĝðx̂ÞÞ
� Z

eiŜm½ϕ̂;ĝ�

×

�Y
x̂

Wðĝðx̂ÞÞ
��

A
Y
x

dϕ̂ðx̂ðxÞÞ
�
: ð3:14Þ

Since Γ̂E2 ½ĝ� and Γ̂E1 ½ĝ� are the same effective action in Σ̂,
simply written using the two lattices E2 and E1, respec-
tively, from (3.12) and (3.14) we finally get

A ¼
Q

x Yðĝðx̂ðxÞÞÞQ
x̂ Wðĝðx̂ÞÞ : ð3:15Þ

We now write A in a convenient form. Let us consider an
infinitesimal coordinate transformation (in the following
we only need to keep terms up to first order in ε)

x̂μ ¼ xμ þ εμðxÞ; ð3:16Þ

and switch from
Q

x to
Q

x̂ in the numerator of (3.15). As
we will see below [Eq. (3.20)], this allows to factor out a
term that cancels the denominator. Observing that7 [as
usual, δð4Þð0Þ comes from

P
x →

R
d4x]

Y
x

J1=2 ¼ exp

�
δð4Þð0Þ

2

Z
d4x logð1þ ∂με

μÞ
�

¼ exp

�
δð4Þð0Þ

2

Z
d4x∂μεμ

�
¼ 1; ð3:17Þ

where we have used

∂x̂μ

∂xν
¼δμνþ∂νε

μ;

d4x̂¼d4xJ≡d4x

����det∂x̂
∂x

����¼d4xð1þ∂με
μðxÞÞ; ð3:18Þ

and calculating the third factor in the right-hand side of
(3.13) (∂̂μx0 ¼ δ0μ − ∂με

0),

−ĝμνðx̂ðxÞÞ∂̂μx0∂̂νx0 ¼ −ĝ00 þ 2ĝ0μ∂με0

¼ −ĝ00
�
1 − 2

ĝ0μ

ĝ00
∂με

0

�
; ð3:19Þ

from (3.11), (3.13), (3.17), (3.19) we get

Y
x

Yðĝðx̂ðxÞÞÞ ¼ exp

�
δð4Þð0Þ

2

Z
d4x̂ð1 − ∂με

μÞ log
�
ð−ĝðx̂ÞÞ1=2ð−ĝ00ðx̂ÞÞ

�
1 − 2

ĝ0μðx̂Þ
ĝ00ðx̂Þ ∂με

0

���

¼
�Y

x̂

Wðĝðx̂ÞÞ
�
exp

�
−
δð4Þð0Þ

2

Z
d4x̂

�
∂με

μ logðð−ĝðx̂ÞÞ1=2ð−ĝ00ðx̂ÞÞÞ þ 2
ĝ0μðx̂Þ
ĝ00ðx̂Þ ∂με

0

��
: ð3:20Þ

Finally, inserting (3.20) in (3.15) we have

A ¼ exp

�
−
δð4Þð0Þ

2

Z
d4x

�
∂με

μ logðð−gðxÞÞ1=2ð−g00ðxÞÞÞ þ 2
g0μðxÞ
g00ðxÞ ∂με

0

��
: ð3:21Þ

The factor B. Let us calculate now B. We begin by observing that Mðĝðx̂ÞÞ in (2.9) is nothing but the product
fðĝðx̂ÞÞWðĝðx̂ÞÞ in (3.10). We then have [below we make use of (3.18)]

Y
x̂

Mðĝðx̂ÞÞ ¼
Y
x̂

½fðĝðx̂ÞÞWðĝðx̂ÞÞ� ¼ exp

�
δð4Þð0Þ

Z
d4x̂ logðfðĝðx̂ÞÞWðĝðx̂ÞÞÞ

�

¼ exp

�
δð4Þð0Þ

Z
d4x∂μεμ logðfðgðxÞÞWðgðxÞÞÞ

�Y
x

½fðĝðx̂ðxÞÞÞWðĝðx̂ðxÞÞÞ�

¼ exp

�
δð4Þð0Þ

Z
d4x∂μεμ logðMðgðxÞÞÞ

�Y
x

Mðĝðx̂ðxÞÞÞ: ð3:22Þ

Recalling that
Q

x̂ Mðĝðx̂ÞÞ ¼ B
Q

x Mðĝðx̂ðxÞÞÞ [see (2.9)], from (3.22) we have

7Note that the exponent in the third term of (3.17) has the form of a surface integral. It is then equal to zero in the case of boundary-less
manifolds and/or asymptotically flat (smooth) gravitational fields, in which latter case gauge transformations such that ε → 0 at infinity
are considered to preserve the asymptotics.
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B ¼ exp

�
δð4Þð0Þ

Z
d4x∂μεμ logðMðgðxÞÞÞ

�
: ð3:23Þ

The factor C. Finally, we calculate the factor C, that is defined by
Q

x Mðĝðx̂ðxÞÞÞ ¼ C
Q

x MðgðxÞÞ [see (2.11)]. At first
order in ε, we have

Mðĝμνðx̂ðxÞÞÞ ¼ MðgμνðxÞ þ gμσðxÞ∂σενðxÞ þ gνσðxÞ∂σεμðxÞÞ

¼ MðgÞ þ ∂MðgÞ
∂gαβðxÞ ðg

ασðxÞ∂σεβðxÞ þ gβσðxÞ∂σεαðxÞÞ; ð3:24Þ

where we used

ĝμνðx̂Þ ¼ ∂x̂μðxÞ
∂xρ

∂x̂νðxÞ
∂xσ

gρσðxÞ ¼ gμνðxÞ þ gμσðxÞ∂σενðxÞ þ gνσðxÞ∂σεμðxÞ: ð3:25Þ

We then get

Y
x

Mðĝðx̂ðxÞÞÞ ¼ exp

�
δð4Þð0Þ

Z
d4x log

�
MðgÞ þ ∂MðgÞ

∂gα βðxÞ ðg
ασðxÞ∂σεβðxÞ þ gβσðxÞ ∂σεαðxÞÞ

��

¼ exp

�
δð4Þð0Þ

Z
d4x½MðgÞ�−1 ∂MðgÞ

∂gαβðxÞ ðg
ασðxÞ∂σεβðxÞ þ gβσðxÞ ∂σεαðxÞÞ

�Y
x

MðgðxÞÞ; ð3:26Þ

from which

C ¼ exp

�
δð4Þð0Þ

Z
d4x½MðgÞ�−1 ∂MðgÞ

∂gαβðxÞ ðg
ασðxÞ∂σεβðxÞ þ gβσðxÞ ∂σεαðxÞÞ

�
: ð3:27Þ

Having calculated the factors A, B,C, and E, we can now
see how the FVand the Fujikawa measure transform under
diffeomorphisms. This is the subject of the next section.

IV. FRADKIN-VILKOVISKY VERSUS FUJIKAWA
MEASURE

As shown in Sec. II [see (2.11) and comments below],
for the effective action to be diffeomorphism invariant, it
must be ABCE ¼ 1. Having found in the previous section
the general expressions for A, B, C, and E, we can now
calculate these terms for both MðgðxÞÞ ¼ MFVðgðxÞÞ and
MðgðxÞÞ ¼ MFujiðgðxÞÞ. From a simple inspection of
(3.21), (3.23) and (3.27) we see that, while B and C
depend on the specific form of MðgðxÞÞ, A does not.
Moreover, we have already seen at the beginning of Sec. III
that E ¼ 1. We have then to calculate B and C for
MFVðgðxÞÞ and MFujiðgðxÞÞ, respectively.
Fradkin-Vilkovisky measure. Inserting (2.4) in (3.23)

and (3.27) we get

BFV ¼ exp
�
δð4Þð0Þ

2

Z
d4x∂μεμ log½ð−gðxÞÞ1=2ð−g00ðxÞÞ�

�

ð4:1Þ

CFV ¼ exp

�
δð4Þð0Þ

Z
d4x

g0μðxÞ
g00ðxÞ ∂με

0

�
; ð4:2Þ

from which [see also (3.21)]

BFVCFV ¼ A−1: ð4:3Þ

Equation (4.3), together with the result E ¼ 1, shows that
for the FV measure

ABFVCFVE ¼ 1; ð4:4Þ

which means that in this case [see (2.11)]: Γ̂½ĝ� ¼ Γ½g�. As
anticipated, the effective action calculated using the FV
measure is diffeomorphism invariant.
Fujikawa measure. Inserting (2.5) in (3.23) and (3.27)

we get

BFuji ¼ exp

�
δð4Þð0Þ

Z
d4x∂μεμ logðð−gðxÞÞ1=4μÞ

�
ð4:5Þ

CFuji ¼ 1: ð4:6Þ

From (3.21), (4.5), and (4.6) (together with E ¼ 1) we
obtain
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ABFujiCFujiE ¼ exp

�
δð4Þð0Þ

Z
d4x

�
∂με

μ log

�
μ

ð−g00Þ1=2
�
−
g0μðxÞ
g00ðxÞ ∂με

0

��
; ð4:7Þ

which means that in this case [see (2.11)]: Γ̂½ĝ� ≠ Γ½g�. As
anticipated, and contrary to what is claimed in [17], the
effective action calculated using the Fujikawa measure is
not diffeomorphism invariant.

V. COMPARISON WITH EXISTING LITERATURE

The main result of the analysis presented in the previous
sections is that the FV measure [13] is diffeomorphism
invariant, while the Fujikawa measure [16] is not. The
naïve argument according to which the FV measure is
claimed to be noninvariant is that it contains factors of the
time-time component g00 of the inverse metric. Actually,
we have shown that the opposite is true. As thoroughly
discussed in the previous sections, the g00 factors in the FV
measure guarantee the diffeomorphism invariance of the
effective action. In fact, their presence is imposed by the
necessity of having a time ordering parameter to define S
matrix elements. By the same token, we have shown that
the Fujikawa measure is not diffeomorphism invariant.
Moreover, our calculations allow to understand why in the
recent work [17] the opposite conclusion is reached,
namely that the Fujikawa measure rather than the FV
one is diffeomorphism invariant. The detailed analysis on
the transformation of the effective action under diffeo-
morphisms developed in the previous sections shows that
some of the terms involved in this transformation are
missed in that paper.
Since the question of the diffeomorphism invariance of

the effective action, sometimes source of discussions and
controversies, is central to the present work, we find it
worth to make a more detailed comparison between our
results and those of [17]. We will see that the calculations
and claims of that paper are flawed.
The authors of [17] consider the scalar theory defined by

(2.1) and (2.2) above (see their Sec. II). A simple inspection
of their Eqs. (2.14) and (2.19) shows that they overlook the
transition between the two lattices involved in the coor-
dinate transformation (together with the related change of
time ordering parameter). This is tantamount to assume that
this transition is nothing but a trivial reshuffling of points
[see (2.9) and comments below]. Actually, the authors of
[17] consider only the factors related to the transformation
ð−ĝÞ1=4ϕ̂ → ð−gÞ1=4ϕ. According to the notation that we
introduced in the previous sections, this amounts to con-
sider only the factors C and E in (2.11), while missing both
the nontrivial factors A and B. It is precisely because they
miss these latter terms that the authors of [17] are led to
conclude that the Fujikawa measure is diffeomorphism
invariant. The same issues arise when the authors extend

their considerations to pure quantum gravity (see their
Sec. VI). Also in this case, they consider the Fujikawa
measure [16], and attempt to demonstrate that the latter is
Becchi-Rouet-Stora-Tyutin (BRST) invariant. Once again,
they miss nontrivial transformation factors in the transition
x̂ → x, as it is immediately seen in their Eqs. (6.3)–(6.10).
Actually, all the arguments and conclusions in [17] are

flawed, since they are based on the alleged diffeomorphism
invariance of the Fujikawa measure. For instance, they
claim that the path integral measure to be used in phase
space is [21] [see Sec. III of [17], in particular the
comments below Eqs. (3.9) and (3.27)]

Y
x

½ðg00ðxÞÞ−1=2dπðxÞdϕðxÞ�: ð5:1Þ

Starting with (5.1), in fact, after integration over the
conjugate momenta π the Fujikawa measure in configura-
tion space is obtained. As shown in the previous sections,
however, the diffeomorphism invariant measure in con-
figuration space is the Fradkin-Vilkovisky one. The latter is
obtained after integration over π starting from the phase
space path integral measure

Y
x

½dπðxÞdϕðxÞ�; ð5:2Þ

that is nothing but the Liouville measure. This is what one
would expect from general considerations based on the
path integral construction of the basic transition amplitude
hϕ0; t0jϕ00; t00i. For R2 higher-derivative theories of gravity, a
similar derivation of the configuration space measure from
the Liouville one was later done by Buchbinder and
Lyakhovich [23].
To support their claim on the diffeomorphism invariance

of the Fujikawa measure, the authors of [17] (see their
Sec. IV) consider the contribution δS to the effective
gravitational action from a free scalar field, obtained using
this measure [μ is an arbitrary mass scale in the Fujikawa
measure, see (2.5)]

δS½g� ¼ 1

2
Tr log

�
−□þm2

μ2

�
; ð5:3Þ

where −□ is the spin-0 Laplace-Beltrami operator for the
metric gμν. They evaluate the trace resorting to two different
methods: (i) sum over the eigenvalues of −□þm2;
(ii) proper-time formalism, and get for δS the results
(4.7) and (4.15) of [17], respectively. Their calculations,
however, overlook a quite delicate point (see below). This
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oversight leads them in both cases to a result for δS
expressed in terms of diffeomorphism invariant quantities,
so they conclude that the Fujikawa measure is diffeo-
morphism invariant. The delicate point is that, in the case of
gravitational theories, subtleties arise in the calculation of
logð−□þm2Þ [that appears in their Eqs. (4.4) and (4.13)],
and one should carefully take into account the distributional
nature of the Green’s function of ð−□þm2Þ [13,24,25].
When this is done, a nontrivial term contributing to the
trace in (5.3) is found. This term is missed in [17]. Taking
x0 as time ordering parameter [see comments below
Eqs. (2.5) and (2.7)], this latter term turns out to be
δð4Þð0Þ R d4x logðg00Þ [24], which is not diffeomorphism
invariant. As a consequence, the quantum correction δS
calculated with the Fujikawa measure is not diffeomor-
phism invariant.
Let us consider now the result for δS½g� obtained when

the FV measure rather than the Fujikawa one is used, which
is what we calculate in [2]. The result is similar to (5.3)
(obtained with the Fujikawa measure), but in addition to the
“Tr log” it contains an extra term [see second line of (5.4)],
whose crucial importance will be soon clear. The calcu-

lation is performed taking the metric gðaÞμν of a sphere of
radius a, and gives [see Eq. (48) of [2] ]

δS½gðaÞ� ¼ 1

2
log ½det ð−□̃þ a2m2Þ� − 1

2
log

�Y
x

g̃00ðxÞ
�

¼ 1

2
Tr log ð−□̃þ a2m2Þ

−
δð4Þð0Þ

2

Z
d4x logðg̃00ðxÞÞ; ð5:4Þ

where −□̃ is the Laplace-Beltrami operator for the metric
g̃μν of a unit sphere, and g̃00 is the time-time component of
the inverse of g̃μν. To avoid misunderstandings, we stress
again that, despite the presence in (5.4) of g̃μν and −□̃,
δS½gðaÞ� is calculated for a sphere of generic radius a. As
clearly explained in [2,26] (to which we refer for details),
these dimensionless quantities (−□̃, g̃μν, and a2m2) appear
thanks to the presence of the FV measure. As we stressed
several times in [2,3,26], and contrary to what is incorrectly
claimed in [27], we do not take the radius a as reference
scale. This is immediately evident if for instance we note
that in (5.4) the combination a2m2 appears.
Some crucial points need to be stressed. First of all, we

observe that the term 1
2
logðQx g̃

00ðxÞÞ in (5.4) comes from
the exponentiation of the measure term

Q
xðg̃00ðxÞÞ1=2 [see

(2.3), with MðgÞ given in (2.4)]. In this respect, we recall
[see comments below (2.5)] that the discretization involved
in the definition of the path integral, encoded in

Q
x, allows

the trivial splitting
Q

x½ðg00ðxÞÞ1=2ðgðxÞÞ1=4dϕðxÞ� ¼
½Qxðg00ðxÞÞ1=2�½

Q
xðgðxÞÞ1=4dϕðxÞ�, which is what we

operate to get (5.4). Moreover, as it should be clear from

the comments below (5.3), the calculation of 1
2
Tr logð−□̃þ

a2m2Þ in (5.4) gives rise to the term δð4Þð0Þ
2

R
d4x logðg̃00ðxÞÞ

[13,24]. This term cancels the last one in the second line8 of
(5.4). All the other terms that come from the “Tr log” turn
out to be diffeomorphism invariant. Therefore, the presence
of the g00ðxÞ factors in the measure not only does not spoil
the diffeomorphism invariance of the effective action (as
one would naïvely expect) but it is rather necessary9 to
compensate noninvariant terms that arise from the calcu-
lation of the “Tr log.” Similar considerations apply to the
pure gravity case [13].
We have just seen that δS is given by (5.4), and that the

presence of g00ðxÞ factors in the configuration space
measure is crucial to have a diffeomorphism invariant
result. In [17], the more general measureQ

x½ðgðxÞÞ1=4ΩgðxÞdϕðxÞ� is also considered, and the
authors write (see their Sec. V)

δS½g� ¼ 1

2
Tr log½Ω−2

g ð−□þm2Þ�: ð5:5Þ

Based on their idea that the diffeomorphism invariance of
δS is ensured if the fluctuation operator Ω−2

g ð−□þm2Þ is
covariant, they claim that the only possibility is for Ωg is to
be a scalar. The analysis of the present work (see in
particular the three previous paragraphs) shows that, con-
trary to this claim, the only possibility to have a diffeo-
morphism invariant effective action is to take
Ωg ¼ ðg00Þ1=2.
In fact, as explained in detail above, the diffeomorphism

invariance of the effective action is not naïvely related to
the fact that only covariant functions and functionals are
present in the path integral. The invariance emerges from a
delicate balance between all the elements that enter the
definition of the path integral. We have seen that the
delicate point concerns the product

Q
x of all these

elements, more specifically the time ordering and the
discretization (lattice) involved in the definition of the
path integral and encoded in this product.
Going back to (5.5), for a scalar Ωg the authors of [17]

manage to write Ω−2
g ð−□þm2Þ in the form of a minimal

Laplace-type operator, i.e. an operator of the kind ð−□þ
m2Þ as the one in (5.3) [see Eqs. (A5) and (A6) of [17] ].
They then calculate the “Tr log” resorting to proper-time
techniques, but fail to treat the logð−□Þ with the due care,
thus missing relevant terms [see the thorough discussion

8See [22] for earlier discussions on the appearance and
cancellation of δð0Þ divergences.

9In [2], the term 1
2
logðQx g̃

00ðxÞÞ ¼ δð4Þð0Þ
2

R
d4x logðg̃00ðxÞÞ is

indicated with C [see Eq. (48) of [2] ]. There, we do not refer to
the cancellation discussed in this work since the terms involved
are a-independent, and have no impact in the calculation of the
quantum corrections to the Newton and cosmological constant
(the objective of [2]).
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below (5.3)] [24]. As a consequence, the proper-time RG
equation (5.6) of [17], that the authors derive differentiating
with respect to the scale Λ their (incomplete) regularized
action SΛ, cannot be trusted, and the considerations and
conclusions they draw starting from this equation are
flawed.
The authors then move to consider the pure gravity case

(in the EH truncation; see Sec. VII of [17]), and develop
considerations that mirror (as they say) those made for the
contribution to the effective gravitational action Γ½g� from
the scalar field. Even in this pure gravity case, in fact, the
contribution δSgrav to Γ from the graviton is calculated
considering traces similar to (5.5). They claim that if one
uses the Fuijikawa measure [16] a diffeomorphism invari-
ant RG flow is obtained that (in four dimensions) contains
terms of the kind [see their Eqs. (7.1) and (7.2)]

∼Λ4

Z
d4x

ffiffiffi
g

p ð5:6Þ

and

∼Λ2

Z
d4x

ffiffiffi
g

p
R: ð5:7Þ

Moreover, they observe that these terms, that depend
quartically and quadratically on the running scale Λ, are
at the origin of the UV-attractive fixed point of the
asymptotic safety scenario. We will comment on the
existence/absence of this fixed point at the end of the
present section.
In [17], it is also claimed that the use of the FV measure

in the path integral amounts to make in (5.6) and (5.7) (that
are obtained using the Fujikawa measure) the replacement
Λ2 → N2g00, where N is a dimensionless (running) cutoff.
They then get

Λ4

Z
d4x

ffiffiffi
g

p
→ N4

Z
d4xðg00Þ2 ffiffiffi

g
p ð5:8Þ

and

Λ2

Z
d4x

ffiffiffi
g

p
R → N2

Z
d4x

ffiffiffi
g

p
g00R: ð5:9Þ

Accordingly, they claim that the FV measure leads to the
presence of noninvariant operators in the running action
SΛ½g�. These claims are incorrect. In fact, from the thorough
discussion above, it is clear that these claims are due to the
loss of important terms in their calculation of SΛ½g�. We
have shown that when the FV measure is used, not only
noninvariant terms of the kind (5.8) and (5.9) do not appear,
but also that the presence of g00 factors in this measure is
necessary to guarantee the diffeomorphism invariance of
SΛ½g� [see (5.4) and comments therein]. More in detail, we
have seen that the g00 factors in the FV measure turn out to

cancel terms that arise when the different logð−□ðsÞÞ in
δSgrav are correctly calculated [here −□ðsÞ are the Laplace-
Beltrami operators for the different spins, s ¼ 0, 1, 2], and
only diffeomorphism invariant terms are left in the final
result. Among them are the terms10 N4=3 and −34N2=3 in
our Eq. (30) of [3]. Contrary to what is incorrectly claimed
in [17], they are diffeomorphism invariant and do not come
from (5.8) and (5.9) evaluated in a coordinate system
where g00 ¼ R.
Let us finally go back to the question of the possible

existence of the UV-attractive fixed point of the AS
scenario. It is true that this fixed point would exist if terms
of the kind (5.6) and (5.7) appeared in the RG equation for
the running action. However, thanks to a careful treatment
of the path integral measure and a proper introduction of the
physical running scale, in [3] we show that a term like (5.6)
is absent, and that (more generally) the beta functions for
the Newton and the cosmological constant are significantly
different from those of the AS literature [11,12]. They do
not possess the nontrivial UV-attractive fixed point of the
AS scenario. Finally, concerning the beta functions of the
AS literature, it is worth to add here that a gauge and
parametrization dependence of these RG functions has
been repeatedly reported. See for instance the very recent
work [28], where it is shown that the existence of the UV
attractive fixed point of the AS scenario depends on the
value of the gauge fixing parameter α. In a certain range of
values of α, this fixed point even disappears. A clear
indication that the UV behavior of the theory depends on
the gauge fixing parameter was previously given in [29],
where it was shown that, depending on the value of α, the
UV behavior of the Newton constant in fact changes from
screening to antiscreening.

VI. CONCLUSIONS

In the present paper we have thoroughly considered the
controversial issue concerning the diffeomorphism invari-
ance of the path integral measure in quantum gravity. It is
usually thought that, due to the presence of noncovariant
g00 factors, the FV measure cannot be diffeomorphism
invariant.
With the help of the detailed analysis developed in

Secs. II–IV, we have shown that, contrary to this naïve
expectation, the g00 factors that appear in the FV measure
are necessary to ensure the diffeomorphism invariance of
the effective action Γ½g�. Actually, we have seen that the
invariance emerges from a delicate balance between all the
elements involved in the definition of the path integral. In
particular, we have shown that a crucial point is related to

10In [3], the calculations are performed with a spherical
background. Moreover, the dimensionless (running) cutoff N
is indicated with L. For the sake of clarity, here we uniform our
notation to [17] and use N.
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the necessity of introducing a time ordering parameter and a
discretization (lattice) of spacetime. Differently from other
gauge theories, where the gauge transformation does not
affect the spacetime coordinates, when considering a
general coordinate transformation x → x̂, two different
lattices and time ordering parameters are involved in the
two coordinate systems. As a consequence, nontrivial
factors appear when the path integral undergoes a general
coordinate transformation. The g00 factors of the FV
measure are necessary to exactly compensate for these
nontrivial terms, and this is what ensures the diffeomor-
phism invariance of the effective action.
Another important point concerns the derivation of the

configuration space measure from the phase space one. The
FV measure

Q
x½ðg00ðxÞÞ1=2ðgðxÞÞ1=4dϕðxÞ� is obtained

after integration over the conjugate momenta π if the
phase space measure is the Liouville one, namelyQ

x½dπðxÞdϕðxÞ�. The latter is what one would naturally
expect from considerations based on the path integral
construction of the basic transition amplitude hϕ0; t0jϕ00; t00i.
On the contrary, the Fujikawa measure is obtained in
configuration space if

Q
x½ðg00ðxÞÞ−1=2dπðxÞdϕðxÞ� is

assumed to be the phase space measure. This rather bizarre
form of the phase space measure was first proposed in [21],
though the arguments presented in that paper are far from
being well grounded. This proposal was recently taken up
by the authors of [17]. Based on their idea that the
diffeomorphism invariant measure in configuration space
is the Fujikawa one, they derive this bizarre phase space
measure from the request that, after integration over the

conjugate fields π, the resulting configuration space mea-
sure is the Fujikawa one. The detailed analysis presented in
this work, where we have shown that it is rather the FV
measure to be invariant, indicates that such an artificial
distortion of the natural Liouville measure in phase space
has to be rejected (as one also expects on the basis of
simpler arguments).
In conclusion, we have shown that the question of the

measure to be used in the calculation of the effective
gravitational action Γ½g� presents delicate aspects that can
be missed if one resorts to formal calculations. Paying
attention to the construction of the path integral involved in
the very definition of Γ½g�, it turns out that the measure
proposed by Fradkin and Vilkovisky ensures the diffeo-
morphism invariance of Γ½g�, while the measure proposed
by Fujikawa does not.
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The work of V. B., F. C., R. G., and A. P. is carried out
within the INFN project QGSKY.

DATA AVAILABILITY

No data were created or analyzed in this study.

[1] S. Weinberg, What is quantum field theory, and what did we
think it is?, Proceedings of the Conference: “Historical
Examination and Philosophical Reflections on the Founda-
tions of Quantum Field Theory,” Boston (1996), p. 241,
arXiv:hep-th/9702027.

[2] C. Branchina, V. Branchina, F. Contino, and A. Pernace,
Path integral measure and the cosmological constant, Phys.
Rev. D 111, 105018 (2025).

[3] C. Branchina, V. Branchina, F. Contino, and A. Pernace,
Path integral measure and RG equations for gravity, Phys.
Rev. D 111, 125021 (2025).

[4] C. Branchina, V. Branchina, F. Contino, and N. Darvishi,
Dimensional regularization, Wilsonian RG, and the natu-
ralness and hierarchy problem, Phys. Rev. D 106, 065007
(2022).

[5] C. Branchina, V. Branchina, and F. Contino, Physical tuning
and naturalness, Phys. Rev. D 107, 096012 (2023).

[6] C. Branchina, V. Branchina, and F. Contino, Naturalness
and UV sensitivity in Kaluza-Klein theories, Phys. Rev. D
108, 045007 (2023).

[7] C. Branchina, V. Branchina, F. Contino, and A. Pernace,
Does the cosmological constant really indicate the existence
of a dark dimension?, Int. J. Geom. Methods Mod. Phys. 22,
2450305 (2025).

[8] C. Branchina, V. Branchina, F. Contino, and A. Pernace,
Dark dimension and the effective field theory limit, Int. J.
Geom. Methods Mod. Phys. 22, 2450303 (2025).

[9] M. Reuter, Nonperturbative evolution equation for quantum
gravity, Phys. Rev. D 57, 971 (1998).

[10] W. Souma, Nontrivial ultraviolet fixed point in quantum
gravity, Prog. Theor. Phys. 102, 181 (1999).

[11] M. Reuter and F. Saueressig, Renormalization group flow of
quantum gravity in the Einstein-Hilbert truncation, Phys.
Rev. D 65, 065016 (2002).

[12] A. Bonanno and M. Reuter, Proper time flow equation for
gravity, J. High Energy Phys. 02 (2005) 035.

[13] E. S. Fradkin and G. A. Vilkovisky, S matrix for
gravitational field. II. Local measure, general relations,
elements of renormalization theory, Phys. Rev. D 8, 4241
(1973).

DIFFEOMORPHISM INVARIANCE OF THE EFFECTIVE … PHYS. REV. D 112, 045002 (2025)

045002-11

https://arXiv.org/abs/hep-th/9702027
https://doi.org/10.1103/PhysRevD.111.105018
https://doi.org/10.1103/PhysRevD.111.105018
https://doi.org/10.1103/wqv2-j5dt
https://doi.org/10.1103/wqv2-j5dt
https://doi.org/10.1103/PhysRevD.106.065007
https://doi.org/10.1103/PhysRevD.106.065007
https://doi.org/10.1103/PhysRevD.107.096012
https://doi.org/10.1103/PhysRevD.108.045007
https://doi.org/10.1103/PhysRevD.108.045007
https://doi.org/10.1142/S0219887824503055
https://doi.org/10.1142/S0219887824503055
https://doi.org/10.1142/S0219887824503031
https://doi.org/10.1142/S0219887824503031
https://doi.org/10.1103/PhysRevD.57.971
https://doi.org/10.1143/PTP.102.181
https://doi.org/10.1103/PhysRevD.65.065016
https://doi.org/10.1103/PhysRevD.65.065016
https://doi.org/10.1088/1126-6708/2005/02/035
https://doi.org/10.1103/PhysRevD.8.4241
https://doi.org/10.1103/PhysRevD.8.4241


[14] E. S. Fradkin and G. A. Vilkovisky, Unitarity of S matrix in
gravidynamics and general covariance in quantum domain,
Lett. Nuovo Cimento 13, 187 (1975).

[15] E. S. Fradkin and G. A. Vilkovisky, Quantization of rela-
tivistic systems with constraints: Equivalence of canonical
and covariant formalisms in quantum theory of gravitational
field, Report No. CERN-TH-2332.

[16] K. Fujikawa, Path integral measure for gravitational inter-
actions, Nucl. Phys. B226, 437 (1983).

[17] A. Bonanno, K. Falls, and R. Ferrero, Path integral measures
and diffeomorphism invariance, J. High Energy Phys. 05
(2025) 164.

[18] S. D. Odintsov, Renormalization group, effective action, and
grand unification theories in curved space-time, Fortschr.
Phys. 39, 621 (1991).

[19] A. A. Bytsenko, S. D. Odintsov, and S. Zerbini, The
effective action in gauged supergravity on hyperbolic back-
ground and induced cosmological constant, Phys. Lett. B
336, 355 (1994).

[20] I. L. Buchbinder, S. D. Odintsov, and I. L. Shapiro, Effective
Action in Quantum Gravity (Routledge, New York, 2017).

[21] D. J. Toms, The functional measure for quantum field theory
in curved space-time, Phys. Rev. D 35, 3796 (1987).

[22] H. Leutwyler, Gravitational field: Equivalence of Feynman
quantization and canonical quantization, Phys. Rev. 134,
B1155 (1964).

[23] I. L. Buchbinder and S. L. Lyakhovich, Canonical quanti-
zation and local measure of R2 gravity, Classical Quantum
Gravity 4, 1487 (1987).

[24] E. S. Fradkin and G. A. Vilkovisky, On renormalization of
quantum field theory in curved space-time, Lett. Nuovo
Cimento 19, 47 (1977).

[25] A. O. Barvinsky and G. A. Vilkovisky, The generalized
Schwinger-Dewitt technique in gauge theories and quantum
gravity, Phys. Rep. 119, 1 (1985).

[26] C. Branchina, V. Branchina, F. Contino, R. Gandolfo, and
A. Pernace, On the RG flow of the Newton and cosmo-
logical constant, arXiv:2505.07628.

[27] A.Held, B.Knorr, J. M. Pawlowski, A. Platania,M.Reichert,
F. Saueressig, and M. Schiffer, Comment on Path integral
measure and RG equations for gravity, arXiv:2504.12006.

[28] A. Bonanno, G. Oglialoro, and D. Zappalà, Gauge and
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