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Generation and manipulation of photon number wave packets in photonic cavities
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Quantum emitters inside optical cavities can create not only fixed photon number states but also photon
number wave packets, which are states with a finite photon number distribution that oscillates in time. These
states emerge when the emitter is driven by an external field while coupled to the cavity. We show that by rapidly
changing the driving strength, new wave packets can be generated, allowing multiple packets to coexist and
evolve independently. We classify the resulting wave packet behavior into distinct dynamical subclasses between
which we choose through the choice of relevant parameters. Based on this understanding, we develop simple and
robust protocols to generate a specified number of photon number wave packets on demand. We propose that the
rich dynamics can be experimentally investigated by merely measuring the mean photon number.
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I. INTRODUCTION

The infinitely many discrete Fock number states of a single
photon mode in a cavity can be regarded as a large register for
storing information that may be further used for quantum in-
formation processing [1-4]. The information can be encoded
in any structured excitation of the number states. In order to be
useful, different structures must be easy to distinguish, and it
should be possible to read out the information. The latter can
be accomplished by using advanced experimental techniques
that allow for direct recording of the complete number state of
photon modes [5-7].

The idea of encoding information in the photon number
distribution is far from being mature, in particular, because
efficient and easy to use techniques to generate structured ex-
citations in the number state distribution are currently not well
developed. In principle, it is possible to prepare an arbitrary
state of a photon mode in a cavity by coupling the mode to a
driven two-level system (TLS) [8] as sketched in Fig. 1(a). A
TLS can be realized in a multitude of physical systems, e.g.,
semiconductor quantum dots [9-13], superconducting qubits
[14-16] or atomic systems [17-20]. However, the protocol
proposed in Ref. [8] requires both the driving of the TLS as
well as its coupling to the photon mode to be time-dependent
and controllable, which makes this proposal difficult to imple-
ment. Furthermore, preparing nontrivial structures typically
requires many steps. This makes the protocol susceptible to
disturbances, which can even cause a complete failure of the
preparation scheme [21]. One possible strategy to circumvent
these problems is to consider only special structures in the
photon number distributions, which are easy to prepare and
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which persist for an extended period of time after preparation.
These demands are fulfilled by photon number wave packets.
A photon number wave packet is a structure in the photon
number distribution centered around some finite mean photon
number and extending only over a narrow region of neighbor-
ing photon numbers. Such a wave packet can evolve in time
running up and down the ladder of photon number states.

It has long been noted that a single photon number wave
packet can be generated simply by driving the TLS by a strong
cw field in resonance with the cavity frequency [22]. Also,
using chirped pulses for the excitation, wave packetlike struc-
tures can appear in the photon number distribution exhibiting
two maxima [23]. However, the underlying mechanism is
restricted to the generation of at most two coexisting packets.
As recently discovered, by driving the TLS with a strong
but slightly off-resonant cw field [cf. Fig. 1(b)] two or more
photon number wave packets can be prepared simultaneously
[24].

In the present paper, we demonstrate that by suddenly
switching the strength of the driving it is possible to produce
on demand new photon wave packets thereby increasing the
number of coexisting packets at will [cf. Fig. 1(c)]. Apart
from its potential to be useful for information processing, it
turns out that the process of packet generation is by itself an
interesting physical phenomenon. In fact, we find a rich va-
riety of dynamical scenarios where depending on the chosen
parameters a sudden switch may or may not lead to an addi-
tional wave packet. By analyzing the pertinent conditions that
determine the dynamical behavior we derive criteria under
which circumstances specific dynamical regimes are found.
Our work provides a new toolbox for targeted engineering of
the photon number distribution where at prescribed moments
in time new structures can be induced.

After briefly introducing the model in Sec. II, we analyze
the photon number wave packet dynamics for constant driving
in Sec. III. Extending previous results [24], we apply a varia-
tional approach and classify the occurring dynamics based on
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FIG. 1. (a) Sketch of the system studied in this work. A two-level
system (TLS) coupled to a single mode of a photonic cavity. Tran-
sitions between the ground state ®© and the excited state ®* of the
TLS are induced additionally by an external laser. (b), (c) Snapshots
in time of the photon number distribution P, for constant driving
intensity (b) and after a rapid increase in the intensity (c). In both
cases, the external laser is slightly detuned with respect to the cavity
frequency.

detuning and driving strength. In Sec. IV, we then propose
control protocols based on a single or multiple rapid steps
for on-demand photon number wave packet generation. We
then show in Sec. V how to experimentally extract the packet
structure before concluding in Sec. VI.

II. THEORETICAL MODEL

The TLS-cavity system is described by a Jaynes-
Cummings model [25]. The ground and excited states of the
TLS are denoted ®€ and X, respectively, while ®,, are the
photonic Fock states. We write the corresponding product
states as ¢ = 6 ® ®, and X = X ® ®,. The Hamil-
tonian, expressed in the rotating frame with respect to the
driving frequency wy, takes the form

H="h8a'a+ hgao, +a'o_)—hf@t) oy +0_). (1)

Here, a (a') is the photonic annihilation (creation) operator
and o, o_ are the ladder operators of the TLS. The TLS and
external driving are assumed to be in resonance, while § =
wc — wy, is the difference between the frequency of the cavity
mode wc and wp. The coupling strength between TLS and
cavity is denoted by g and the time-dependent driving strength
by f(¢). In this work, we focus on the strong driving regime,
i.e., we choose parameters that fulfill the hierarchy § < g «
I

The wave function W(¢) is obtained by expanding the
Schrodinger equation

i = HWY )
in the bare state basis {®Y, ®X} and solving the resulting set
of coupled equations truncated at a suitably chosen highest
photon number with a classic Runge-Kutta method (RK4). If
not stated otherwise, the initial state is chosen as W(0) = <I>g,

i.e., the ground state of the TLS with zero photons in the
cavity.

III. ANALYSIS OF CONSTANT DRIVING

In this section, we discuss the dynamical behavior of the
system for constant driving strength f. The solutions for
constant driving strength are discussed in detail in Ref. [24]
focusing on qualitative understanding through the use of an
effective Hamiltonian and a discrete WKB method. While
this method is useful to obtain a clear physical picture of
the mechanism underlying the photon number wave pack-
ets, it is difficult to extract precise quantitative statements
about the packet dynamics. Such detailed information about
the dynamical state is, however, necessary to accurately tune
the protocols to generate new packets. Therefore after briefly
summarizing the results of the analysis in Ref. [24], we de-
velop a novel approximation of the same situation based on a
variational principle. This new method is well suited to ana-
lyze the dynamical behavior and to obtain reliable guidelines
for controlling the number of packets.

A. Summary of previous findings

In Ref. [24], it was found that the wave function consists
of two parts

1
V() = —2(‘1110) + Wa (1)), 3

V2

where W (W,) are predominantly composed of eigenstates of
H with eigenenergies centered around —7f (4if). W, and W,
manifest themselves as distinct packets in the photon number
distribution P, () = [(®C|W(t))|> + |(DX|W(¢))|>. Constant
driving induces the mean of these structures of finite width
in P, to oscillate. At zero detuning § = 0, the oscillation
amplitude as well as the frequency of both packets are equal.
Hence, they cannot be distinguished in the photon number
distribution [cf. Fig. 2(a)]. Figure 2(b) shows the evolution of
P, for nonvanishing detuning. Here, the amplitudes and fre-
quencies can differ strongly depending on the precise choice
of parameters and thus P, exhibits two separately evolving
maxima. On top of the oscillation, the packets disperse during
their evolution leading to an eventual breakdown of the packet
as a well-defined concept in the photon number distribution.
It is worthwhile to note that this dispersion is much weaker
at finite detuning, thus making the packets generated at finite
8 more robust. Moreover, it was found that for § ~ g>/f, U,
splits into multiple individual packets during the course of its
evolution, resulting in a continually rising number of packets.

As a result of strong driving, f >> g, for low photon num-
bers n < (4f/g)* to a good approximation each packet is a
product state of some photonic state and a single laser-dressed
state (LDS)

L
V2

If the detuning is sufficiently large, the oscillation amplitude
is low enough such that this condition holds throughout the
evolution. In this LDS-decoupled regime, the photon number
distribution of a single packet resembles that of a Poissonian.
However, in general, the wave packets can deform dramati-
cally resulting in a highly nonclassical state [24].

ot = (P° + ). 4)
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FIG. 2. Time evolution of the photon number distribution P, ()
visualized by plotting P,(¢) at constant ¢ for several snapshots in time.
The solutions were obtained by numerically integrating Eq. (2) with
a constant driving strength of f = 5 g and a detuning of § = 0 (a) and
8§ =0.1g(b).

B. Variational approximation of a single packet

The simplifying methods used in Ref. [24] are each re-
stricted to respective ranges of photon numbers or choices of
parameters. They are thus useful to gain a qualitative under-
standing, but not for extensive quantitative analysis. In this
work, we are interested in quantitative descriptions of the
packet mean and the TLS state, since this allows us to predict
under which circumstances we can generate an additional
packet. To this end, we develop a new approximate description
based on a variational principle. The crudest approximation,
that is still able to describe the packet structure observed in nu-
merical calculations, consists in assuming every single packet
to be a product state of an arbitrary TLS state, described by o
and B, and a coherent state with the coherent amplitude z:

o0

|z;1? k4
\yjz(ajq>0+ﬂjq>x)®exp(—— § Lo, “)
2 n=0 .I’l!

This Ansatz neglects packet deformation, as well as any en-
tanglement between the TLS and the photonic system. While
the former is generally a rough approximation and the latter is
only strictly justified in the LDS-decoupled regime, the varia-
tional approximation using this Ansatz nevertheless describes
the main features satisfactorily, as shown below.

The core idea of the variational approximation is to
determine the trajectory «(z), B(¢), z(¢) such that Eq. (5) ap-
proximates solutions of the Schrodinger equation optimally.

This procedure results in the equations of motion (cf. Ap-

pendix A)
ih (;;) = HTLs(zj)(Z;j), (6a)
ihij =Fz8z,~+hgoe;‘,3j, (6b)
where
Huis(z) = (hgz()_ o higz ; hf>_ )

For sufficiently slowly varying z(¢), the solution for the TLS
state is given by the adiabatic approximation, which we de-
scribe in the following.

If z; were constant, the solutions of Eq. (6a) would be given
by the eigenvectors ¢; and ¢, of Hyrs and their respective
eigenfrequencies

w12(z) = Flgz — f1. 3

For purely real values of z these eigenstates coincide with the
LDS. A nonzero imaginary part in z changes the relative phase
of <plG/2 and gofi/z, the ground and excited state amplitudes of

@172, while they still fulfill [, | = |}, |. We characterize the
overlap between the variational eigenstates and the LDS by

M) = [ @T i) P = (@ lg12) . ©)
For a given coherent amplitude z, this value is given by (cf.
Appendix A)
Im(z)?

—1/2
(Re(z) — f/g)2> '
(10)

Ay2(z) = Fsgn(Re(z) — f/g)(l +

Note that due to the normalization condition

ol + Lot =1, (11)

the individual LDS occupations can be directly calculated
from A. When z;(t) is slowly varying, the solutions of Eq. (6a)
follow these eigenvectors adiabatically [26]. Then we find

a;(t) = @;(z;(1)) exp (—i/tw-(z(t’))df’) (12)
8,(6) (2, A )

with j € {1, 2}, to be good approximate solutions. Inserting
these expressions into Eq. (6b), the equation of motion for z
takes the form

hig 210~ f/8
2 |zip2 — f/él
Both the time-dependent variational approximation as well

as the subsequent adiabatic approximation do not violate con-
servation of energy. Hence, the average value of H

(HY1jp =18 |zi 0> F hlgzin — f] (14)

using Ansatz Eq. (5) and the adiabatic solution [cf. Eq. (A7) in
Appendix A] is a constant of motion. With the initial condition
z(0) = 0, this yields

ihi]/z = h(SZ]/z:F (13)

(H)1 = Fhf. (15)

Thus the solutions («, 81, z1) and (a2, B2, 22) can be identi-
fied with the packets W and W, respectively (cf. Sec. IIl A),
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FIG. 3. (a) Overlap between the variational eigenvectors and the TLS A, as a function of z calculated via Eq. (10). (b) Several trajectories of
71 (left) and z, (right) obtained by numerically integrating Eq. (13) using a driving strength of f = 7 g and values of the detuning /g of 0, 0.01,
0.055, 0.08, and 0.25 (solid lines). For the sake of visual clarity, only the solutions for § /g = 0, 0.055, and 0.25 are shown for z,. In comparison,
the trajectories of the maximum of the absolute value of the Wigner function W (z) during the first oscillation cycles are shown (dashed lines).
They were obtained by numerically integrating Eq. (2) with the same parameters and initial state W(0) = @g (left) and W(0) = @ (right).
(c) X, as a function of time ¢ along trajectories of z, for the same parameters as in (b). z, was obtained by numerically integrating Eq. (13) and
A by subsequent application of Eq. (10). The dashed lines show the LDS inversion calculated from numerical solutions of Eq. (2) using the

same parameters and the initial state W(0) = & .

and they describe their behavior well insofar as the deforma-
tion of the packets is neglected.

C. TLS state within the variational approximation

Along the adiabatic solutions, Eq. (10) gives a direct
relation between the photonic and TLS states, which is il-
lustrated in Fig. 3(a). If the numerical factor on the right
side of this expression is equal or close to 1, each eigen-
vector @1/, essentially corresponds to one LDS. This occurs
when Im(z) <« Re(z) — f/g, which is fulfilled in particular if
|z] € f/g or Im(z) = 0. The sign determines which eigen-
vector corresponds to which LDS. If Re(z) < f/g, ¢1 (¢2) is
predominantly constructed of ®* (&), whereas the roles are
reversed if Re(z) > f/g. On the other hand, if the numeri-
cal factor is significantly smaller than 1, both eigenvectors
are constructed of both LDS to considerable amounts. Most
notably, the LDS occupations are precisely equal whenever
Re(z) = f/g. Using these observations, we can obtain a clear
picture of the dynamical evolution of the TLS state after
understanding the evolution of the photonic state.

D. Photonic state within the variational approximation

Eq. (13) is a single equation from which the photonic tra-
jectory z(¢) can be calculated numerically. Fig. 3(b) shows its
solutions for several values of the detuning. We recall that for
a coherent state, as assumed in Eq. (5), the coherent amplitude
z marks the position of the maximum of the Wigner function
W in phase space, where W is defined as [27]

2 .
W(z) = ;Tr((—l)”T“D' (2)Pphot D(2)). (16)

Thus, in order to check the validity of our approximation we
compare z(¢) found from Eq. (13) with the trajectory of the
maximum of |W(z)| of the corresponding packet by numeri-
cally integrating Eq. (2). As seen in Fig. 3(b), the agreement
is almost perfect for the first oscillation cycle although devi-

ations from the Poisson shape of the distribution are obvious
from Fig. 2.

In general, z;>(¢) describes oscillations between the initial
state z1,2(0) =0 and a real turning point Z;, which cor-
responds to the maximal value of the photon number |z|>.
These are derived in Appendix B. In the resonant case z;
and z, share the common turning point Z;,, = 2f/g. If 6 is
sufficiently small but nonzero, Z; increases and Z, decreases
while still remaining greater than f/g. According to Eq. (10),
the TLS state of packet W, (W) therefore oscillates between
&t (&™) at z =10 and &~ (®™) at the upper turning point.
At § = g?/8f, 7 discontinuously changes to negative values
[cf. Eq. (B6)]. Accordingly, the real part of z; is negative
for considerable amounts of its trajectory. In fact, Re(z;) is
nonpositive for all ¢ if § > g>/2f. Since the imaginary part of
1 1s not significantly larger than its real part, the single LDS
®* dominantly contributes to the TLS state of ¥; through-
out its evolution according to Eq.(10). On the other hand,
7, decreases continuously as the detuning increases, crossing
% = f/gat 8 = g/f [cf. Eq. (B7)]. When the turning point
is positive but sufficiently smaller than f/g, Eq. (10) simi-
larly predicts W, to be constructed predominantly from the
single LDS ®~. The dynamical evolution of A as described
by Egs. (10) and (13) is compared to the LDS inversion
Z;io(|(¢>:|‘ll)|2 — |(<D;|\If)|2) obtained via numerical solu-
tions of Eq. (2) in Fig. 3(c). We see satisfactory agreement
with exception to the fact that the exact solutions do not
exhibit full inversion at the maxima of photonic oscillations.
In addition, the agreement worsens during the evolution which
can be traced back to the continued packet dispersion.

It is important to note that the adiabatic approximation,
Eq. (12), breaks down in the neighborhood of z = f/g since
here the difference of the eigenfrequencies of ¢, and ¢, van-
ishes [cf. Eq. (8)]. As aresult, the LDS state is a superposition
of ¢ and ¢, after passing through this region. Within the
confines of ansatz Eq. (5), this superposition is forced to
evolve as a single packet. However, the actual solution has the
parts corresponding to ¢; and ¢, evolve independently from

115415-4



GENERATION AND MANIPULATION OF PHOTON NUMBER ...

PHYSICAL REVIEW B 113, 115415 (2026)

{n ()
¢~ —
-1 0 1

(a) (b)
f=5g,6=0.007g (A) f=5g9,6=0.1g (B)
1007 0.2
S Full LDS decoupling (D)
g )
2 =
g o0
Z 0 =
=
§ f=15g,6=0.1g (D) % 0.1 4
2100 - A
§ ‘
* No LDS decoupling (A)
0 T T 0.0 T
0 50 100 5 10 15

Driving strength f/g

FIG. 4. (a) Numerical solutions of Eq. (2) using parameters (A) f =5¢,6 =0.007g,(B) f =58, 6§=0.1g,(C) f =5g,6 =0.2g, and
(D) f =15g,8 = 0.1 g. Each set of parameters serves as an illustration of the behavior exhibited by the system in the respective classes A, B,
C, D. The measure £, () [cf. Eq. (17)] resolved in photon number n and time ¢ is shown in a linear color scale, while the opacity is given by
the photon number occupation P,(z). (b) Sketch of the parameter ranges for the individual classes. The boundary between classes A and B is
drawn as f8 = g*/3 and those between B, C and C, D as (f + 1.5¢)8 = g% and (f — 1.5 g)§ = g°, respectively.

each other according to Eq. (13), respectively. Thus the packet
splits after passing through z ~ f/g and continues to do so, as
the trajectory traverses this point again after a full oscillation.
For 7, this situation sets in if § ~ g%/ f.

E. Classification of the dynamical behavior

The preceding analysis paints the picture of four distinct
dynamical classes by which we can categorize the systems
qualitative behavior. Each class corresponds to a regime in
parameter space spanned by driving strength and detuning,
as sketched in Fig. 4(b). We denote the classes A, B, C, and
D, reflecting the order in which they occur with increasing
3. We emphasize that the transitions between classes are not
well-defined at singular sets of parameters, but rather occur in
continuous fashion.

In class A, at or close to § = 0, both packets experience
a significant contribution of both LDS in the course of their
evolution. Increasing § at constant f leads to first W; and then
W, being decoupled into subspaces spanned by a single LDS.
The situation of a single LDS-decoupled packet is called class
B. In the full LDS-decoupled case, we speak of class D. Class
C is characterized by a split of W, into multiple packets and is
thus located in parameter space around f8 = g>. Represen-
tations of exemplary solutions for each class are shown in
Fig. 4(a) using the measure for LDS occupation

+ 2 \idb- 2
0) = [DFIW(N))]> — (P, W)

= @O+ [, ey

The boundary between classes A and B can be deduced by
inspecting X;. For the sake of definiteness, we choose any pa-
rameter set, for which 1| > % throughout the trajectory z; (¢),
to belong to class B. Then, the boundary between A and B is
given by f8 = g>/3 (cf. Appendix C). Similarly, we choose
any solution with A, < —% on 7,(t) to belong to class D and

therefore locate the transition between B and D at f§ = g°
(cf. Appendix C). Thus class C represents the boundary be-
tween B and D. By inspecting numerical solutions of Eq. (2),
we establish the former to lie between (f + 1.5 g)8 = g and

(f- 1598 =g

IV. CONTROL VIA TIME-DEPENDENT DRIVING

Using our understanding of the case f = const., we now
investigate a mechanism to control the number of photon
number wave packets. For this goal, we modulate the driving
strength in a number of finite instantaneous steps.

A. Single step

Our first aim is to induce a third packet with a single step
in the driving strength. We thus take

fo ift<rt
f) = . .
fi, ifr>rt

Since the Hamiltonian is time-independent for all r # ,
the wave function for ¢+ > 7 is equal to the solution of the
Schrodinger equation with constant driving strength f; and
the initial state W(t). Similarly, W(7) is the solution of the
Schrodinger equation with constant driving strength f and an
initial state of W(0) = ®§.

The states ¢; and ¢, in general depend on the driving
strength. Hence, W (7) and W,(t) contain contributions of
both modes ¢;(f;) and ¢,(f;). Thus, within the realm of the
variational approximation, the wave function for # > 7 can
be interpreted as consisting of four distinct packets where
their relative weights are determined by the scalar products
(@;j(fo), ex(f1)) evaluated at z;(r). We denote by z;; the
trajectory of the packet which corresponds to eigenvector ¢;
fort < t and ¢ fort > .

(18)
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FIG. 5. Photon number distribution P,(¢) resolved in photon
number n as well as time ¢ (left) with a single step in the driving
strength using the parameters (a) fo = 15g, fi =25g, gt = 15 and
) fo=5g fi=15g, gr = 11. In both cases a detuning of § =
0.1 g was chosen. The red line sketches f(¢) while the black line
marks the time gr = 40, at which the Wigner function W (z) is shown
(right). The dynamics in phase space of the initial packets z;, z, and
their continuations after the step z; 1, 22,2, obtained through Eq. (13)
as described in Sec. IV A, are given shown as black lines in the right
panels. The trajectory z,; of the packet generated by increasing the
driving strength is given by the green line. An animation of the time
evolution of W(z,t) can be found in Supplemental Material Ref.
[28]. (c) The same data as in (b) in a three-dimensional view.

Our ultimate goal is to find a reliable scheme to generate a
controlled number of packets in the photon statistics. There-
fore we exclude class A from our considerations, since in
this regime both packets experience significant dispersion [cf.
Fig. 4(a)]. When we restrict f and f; to classes B, C and D, ¢,
consists of only ® to good approximation irrespective of the
driving strength. As a result, ¥; remains largely unchanged
by the change in driving strength. The same holds true for
W, if both fy and f; fall into class D and hence the overall
packet structure remains unchanged in this case, i.e. we have
two packets all the time and switching the driving strength did
not generate an additional packet [cf. Fig. 5(a)].

The simplest situations to analyze are B — D steps, i.e.,
choosing fy within B and f; within D. In these cases, any

contribution of ®* to W,(z) forms a third packet evolving ac-
cording to the laws of ¢; while the remaining part, constructed
of &, continues its evolution according to the laws of ;.
An example of this is shown in Fig. 5(b). The photon number
distribution P,(¢) confirms our expectation of it largely con-
sisting of three distinct packets. The interpretation in terms of
the simplified variational theory is verified by inspecting the
Wigner function. Disregarding the parts of rapidly oscillating
sign indicating coherences, W is composed of three isolated
parts (for t > t) corresponding to the three packets in P,. The
trajectories of these parts can be reproduced by solutions of
Eq. (13) in the following way. We calculate z; (¢) and z,(¢) by
numerical integration with driving strength fo for 0 <t <t
with initial states z;/2(0) = 0. Then, z;(¢t) for ¢t > 7 is ob-
tained by integrating the equation corresponding to ¢ with
driving strength f; and initial state z;(t).

In order to better see the evolution of the shapes of the wave
packets, we again show the data from Fig. 5(b) in a three-
dimensional plot in Fig. 5(c). As can be seen from this figure,
for the chosen parameters the packets do not disperse much
over extended period of time.

B. Multiple steps

Given the success in generating a single additional packet,
it is natural to ask if the process can be repeated. We introduce
even more steps in the driving function. Formally, we can
write

FO)=" £ (O — 1)) = O — 741)) 19)
j

where ©(¢) is the Heaviside step function. We focus on the
most promising situations, namely those in which f; is chosen
in accordance with class B and f; in D. Further increasing
the driving strength results in f, corresponding to class D as
well. Thus the packet structure is not influenced by the second
step as was described in the previous section. We investigate
two strategies to induce several packets circumventing this
challenge.

First, we follow the most straightforward plan of directly
using a reduction in driving strength to generate another
packet. Suppose our goal was to split W, into three packets of
equal contribution. We can use the variational approximation
to easily determine the values for 7, 7, and f, necessary to
do so. With fixed choices of fy and f; and the initial state
22(0) = 0, we solve Eq. (13) until a point in time is reached at
which the overlap

SCfo, £1) = lea(fo), @1 (f)I? (20)

evaluated at z5(¢) is equal to 1/3. This time fixes 7; splitting
W, into W, ; and W, , with relative weights of 1/3 and 2/3.
Next, we again solve Eq. (13) using the driving strength f;
and initial state z5(0) = z2(7;) and observe at which time
S(f1, f>) evaluated at zp () takes the value 1/2. Choosing
7, at precisely this point in time splits W, , into two packets
W51 and W, 5, of equal contribution. The optimal choice
for 1, in general depends on the value of f,, as is visualized
in Fig. 6(a). Since there are no additional restrictions on f5,
we can choose it freely in order to establish a desired delay
7, — 7; between the two generated packets. However, the
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FIG. 6. (a) Variational approximation with two steps in the driv-
ing function obtained by numerically integrating Eq. (13) using
fo =5g, gt = 10.5 and several values of f, and ;. The left panel
shows the overlap S(fi, f2) [cf. Eq. (20)] as a function of f, and 1,
evaluated at z,,(12), i.e., the trajectory of the remaining packet in
state ¢, after the step at 7;. The black line indicates the pairs (72, f>)
for which S(fi, f2) = 1/2. The two examples (g(t, — 71) =23, fo =
5.4¢) and (g(t, — 11) = 52, f, = 4.5 g) are marked by the red dots.
The right panel plots the trajectory of the remaining ¢,-packet as well
as those of the generated packet after the step at 7, (gray lines) for the
two examples mentioned above. (b) Photon number distribution P, ()
resolved in photon number n as well as time ¢ obtained by solutions
of Eq. (2) using the initial state W(0) = @, and the parameters of the
two examples in (a). The dashed red lines indicate the points in time
of the steps 7y and 1.

freedom in 7, is somewhat restrained by the observation, that
we ought not to choose the proposed optimal values if z, »(72)
is close to the upper or lower turning point of its oscillation. In
this case, z2.2(12) & f>/g and thus the packets would traverse
this point leading to repeated splits analogous to the behavior
in class C. Numerical calculations, shown in Fig. 6(b), with
parameters chosen precisely in the described way, validate the
methodology.

The second strategy is motivated by the desire to maximize
the time spent in class D, which stems from the fact that the
packet dispersion is smaller if the LDS are decoupled [24].
The basic idea is to generate all further packets by B — D
steps, such that propagation after the step continues in class
D. We have to include a D — B step beforehand, which is
chosen such that the packet structure is unaffected at this step,
i.e. when the remaining packet in state ¢, reaches its lower
turning point. Note that in contrast to the previous strategy, we
lack control of the delay between the packets without affecting
their relative weights. In Fig. 7, we show two examples using

P,(t)
C—
1073 1072 1071t
I~
8 400 q(a) fo=5g 5
e
a 5
=200 - \ 0z
=) 4 =
3 fo/g
e : - F—5
i O — T - T T T
ISy
£ 400 4 (b) fo =8¢ o
2
5 £\ o
a | 0 —
= 200 »E
8 /
o - L _
i 0 _AAA- | | | 5
0 100 0 5 10
Time gt Re(z)

FIG. 7. Photon number distribution P,(t) resolved in photon
number n as well as time 7 (left) with several steps in the driv-
ing strength. The results were obtained by numerically integrating
Eq. (2) with the initial state W(0) = @ using the parameters (a) fy =
L=5g fi=f=15g gty =10.5, gr, =49.4, gr; = 58.2 and
®) fo=f2=88 fi=fr=15g gu =161, gr, =465, ¢r3 =
63.7. In both cases, a detuning of § = 0.1 g is chosen. The red line
sketches the time dependent driving strength f (). The trajectory of
the remaining packet in state ¢, within the variational approximation
(right) was calculated by numerically integrating Eq. (13) using the
same parameters. The red cross marks the point z = f;/g.

this method for different values of fy = f». The higher f,
the less the remaining ¢,-packet itself and its trajectory in
phase space is deformed. However, there is a drawback in
that the point z = f/g in phase space is closer to the outside
of the trajectory. This limits the extensibility of this strategy
to generate an even larger number of packets, since if the
trajectory fails to enclose this point, the overlap S(fo, f1) is
small at all times (cf. Sec. IV A).

The protocols presented above still leave open potential
possibilities for optimization. Further, the system allows for
many more different strategies to directly affect its state. Too
many, in fact, to give a comprehensive account in this work.
However, the general methodology described in the above two
examples should make the task easy to get a lucid picture of
the system’s response to any chosen protocol.

V. EXTRACTION OF THE PACKET STRUCTURE
FROM THE MEAN PHOTON NUMBER

Even though modern experimental techniques allow the
full photon number distribution to be measured [5-7], in par-
ticular, its time-resolved measurement remains challenging.
However, the composition of P, in terms of photon number
wave packets can be determined via the dynamical evolution
of the mean photon number (a’a), which is much easier to
obtain. The different incommensurable frequencies at which
the individual packets travel are inherited to (a'a). Thus their
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(a) Constant driving

Qi i,

(b) Single step

0.0 0.1 0.2 0.0 0.1 0.2
Frequency 27v/g

| F{ata)| (arb. units)

Frequency 27v/g

FIG. 8. Discrete Fourier transform of the mean photon number
F(a'a) obtained via numerical solutions of Eq. (2) for a simulation
time of g7" = 1000. The detuning was chosen as § = 0.1 g and the
driving strength as (a) constant f = 15 g and (b) with a single step,
as illustrated by the red line, using fo =5g, fi = 15gand gt = 11.
The dashed lines indicate the oscillation frequencies €2, in class D
as given by Eq. (21).

presence can be identified in the peaks of the Fourier trans-
form F(a'a), which in general are distinguishable from the
harmonics of a single fundamental frequency [cf. Fig. 8(a)].
For these peaks to be well-defined, the packets have to per-
form at least a couple of oscillation cycles. Class D is therefore
best suited for this purpose due to the lack of significant packet
dispersion. In this regime, the oscillation frequencies are given
by (cf. Appendix E)

5
Qip = ———m.
2T T+ 8/2/s

The additional packets generated by steps in the driving
strength correspond to ¢; and thus fall in the LDS decoupled
regime in classes B, C, and D. Here, the oscillations are
harmonic in nature, i.e. the frequency is independent of the
amplitude (cf. Appendix D). Therefore these packets W i,
W, 5 1, etc. oscillate with the same frequency as W, and, as
a consequence, do not constitute new peaks in F(a'a). How-
ever, their generation can be identified by a relative increase
of the peak at €2; with respect to that at €2, as is shown in
Fig. 8(b).

Finally, it is noted that this procedure naturally requires
finite cavity losses. Only then, the intensity of the cavity
emission, which is proportional to the mean photon number in
the cavity, can be measured easily. Due to the continuity of the
field modes outside the cavity, the effect of outcoupling on the
state inside the cavity can be well described by a Markovian
decay rate. While we did not investigate the methods and
protocols presented in this paper with dissipation, the dynam-
ics of photon number wave packets under constant driving
strength and finite decay rates have been studied previously
[24]. With cavity losses, the oscillations of the packets are
damped leading to broadening of the peaks in the Fourier
transform of (a'a). Before a stationary state is established,
however, the packets themselves do not disappear. Thus,we
conclude that the method described in this section is still
applicable for cavities of sufficiently high quality.

2

VI. SUMMARY

In this paper, we investigated the possibility to manipulate
the number of photon number wave packets in a single-mode

cavity. We first revisited the generation of photon number
wave packets by resonant constant driving of a two-level sys-
tem coupled to the cavity. Using an approximation based on a
time-dependent variational principle, we were able to reduce
the number of relevant degrees of freedom to two, while
still retaining a quantitatively accurate description. Our major
new insight is the identification of four different dynamical
regimes which are distinguished by different compositions
of the TLS parts associated with the photon number wave
packets. The different regimes can be selected by suitable
choices of the driving strength and the detuning.

We then extended the discussion to driving the system
by a laser where the driving strength exhibits one or more
sudden switches. It turns out that a sudden switch may or may
not change the number of simultaneous photon number wave
packets. We found out that the mechanism for packet gener-
ation depends crucially on the TLS states of the individual
packets. Detailed analysis of the pertinent conditions can be
simplified by referencing the dynamical regimes of constant
driving. Most importantly, based on our analysis, we were
able to develop protocols that allow for repeated on demand
generation of additional photon number wave packets.

Finally, we discussed the challenge of ascertaining the
packet structure of the photon number distribution. While
time-resolved measurements of the full photon number statis-
tics remain a challenging task, the mean photon number is
easy to obtain. We identified a method to extract the qualita-
tive packet structure merely from the time-dependence of the
mean photon number.

The methods developed in this work provide a new toolkit
to shape the structure of the photon number distribution at
will. Such, in principle, simple methods suggest a promising
perspective for new ways of quantum information processing.
The analytical methods used to investigate the proposed pro-
tocols constitute a framework to analyze different and more
complicated protocols. Furthermore, it is possible to extend
these methods to analyze for instance effects of dissipation.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not techni-
cally feasible and/or the cost of preparing, depositing, and
hosting the data would be prohibitive within the terms of this
research project. The data are available from the authors upon
reasonable request.

APPENDIX A: DERIVATION OF THE VARIATIONAL
APPROXIMATION

Given an Ansatz for the time-dependent wave function that
is described by a set of parameters, we can obtain an optimal
approximation to the solution of the Schrédinger equation on
the subspace spanned by the Ansatz functions by extremizing
the functional

I = /dr (U]ihW — HW) (A1)
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with respect to the parameters [29]. Using Hamiltonian (1)
and Ansatz (5), we find

I= /dt <iha*d +ihB*B + % ("7 —zz")
— 18 |z|* — lig (zaB* + Z*a* B)
+ hf (aB* + a*ﬁ)). (A2)

Varying this expression with respect to «*, 8%, and z* leads to
the equations of motion

0=ilhia —hgz*B + hf B, (A3a)
0=ihp — hgza + hf a, (A3b)
0=ihz—héz— hga™B, (A3c)

which coincide with Egs. (6).

As discussed in Sec. III, the solution of the variational
equations of motion can be well approximated by the instan-
taneous eigenstates of the TLS equations. These are obtained
by diagonalizing Hyrs(z), as defined in Eq. (7), treating z as
constant:

Hris(@)@12 = hwiz ¢1)2. (A4)

The eigenfrequencies are easily obtained as given in Eq. (8).
Using this expression, the determining equation of the ground
and excited state amplitudes golc/z and gof(/z of the eigenvectors
read

(g2 — )¢l = Flez — flot (AS)

Taking the absolute value of this equation, we are immedi-
ately lead to the result (), | = |}, |, which together with the
normalization condition leads to

1

02| = lets| = 7 (A6)

To determine the relative phase of the amplitudes, we multiply
Eq. (A5) by (¢7,)* resulting in

1 gz—f
G \* X

Pip) Cip=F5 (A7)

( 1/2) 1/2 2z — /I

The adiabatic solutions of («, B) differ from the eigenvectors

@12 only by a multiplicative complex phase [cf. Eq. (12)].

Thus, within the adiabatic approximation o*8 = ((,zJIG/z)*(/Jf(/2

and inserting this expression into the equation of motion for z

directly results in Eq. (13). On top of that, we can find A, by

evaluating the real part of Eq. (A7) as follows

Apa(z) = ZRe((W?/z)*QDf(/z)
Im(z)?

—1/2
(Re(z) — f/g)2>
(A8)

= Fsgn(Re(z) — f/g)(l +

producing Eq. (10).
APPENDIX B: TURNING POINTS OF z(t) WITHIN
THE ADIABATIC APPROXIMATION

The solutions of Eq. (13) for § # 0 cannot be expressed an-
alytically in a simple fashion. However, we are able to obtain

key features of the trajectories. To this end, we make contin-
ued use of conservation of energy, which, using Egs. (14) and
(15), results in the condition

0 = 8 |z101* F i lgzo — f| £ Bif.

Equation (13) is symmetric under reflection along the real
axis Im(z) - —Im(z) combined with time reversal t — —t.
As a result, the solution trajectories are mirror symmetric
with respect to the real axis. This culminates in the fact that
the turning points Z;,, are purely real. The same can be es-
tablished by inspecting the equation of motion for the mean
photon number |z|%:

d Im(z)
—lapl =Ff— -
T 2= f/sl

In order to find expressions for the turning points, we
evaluate Eq. (B1) for real z;/,. Assuming z;» < f/g, it takes
the form

B

(B2)

0=35z,%gup (B3a)

with solutions z;, = 0 and z;, = Fg/§. Note that the latter
solution for z, only fulfills the starting assumption z, < f/g
if § < g%/f whereas the former solution as well as both solu-
tions for z; are consistent for any parameters (if 6 > 0). If, on
the other hand, z;,, > f/g, we have

0=352z1,Fgup +2f, (B4)
admitting the solutions
8 818
Zl:%<i 1—g—2+1>, (B5a)
g 8f8
=+ 14+ = -1} B5b
22 25( + 2 ) (B5b)

These expressions for z; are only real if § < g>/8f. The
first solution for z; decreases monotonically with increasing
8 reaching 4f/g at § = g*/8f, whereas the second solution
increases monotonically from 2f/g to 4f/g. Therefore both
solutions are consistent with the foregoing assumptions, and
hence Eq. (B1) has four real solutions in the parameter range
0 <8 < g2/8f. Since Eq. (13) is a first-order differential
equation, the trajectories of its solutions cannot intersect. As
a result, the inner two and the outer two real solutions of
Eq. (B1) are connected on a single trajectory. In summary,

g 8f8 .
Sli— 1=-222) ifs<g/8
=128 g 1 &/ f. (B6)

& ifs > /81

s
The situation is simpler in the case of z; as its second solution
is never greater than f/g whereas the first solution fulfills this
condition precisely if § < g%/ f. Hence,

g 814 .
S 1+ 22 g £5 <
=128 & 1 gz/f. (B7)

§ i8> &2/f
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APPENDIX C: PARAMETER REGIMES
OF THE DYNAMICAL CLASSES

The classes A, B, and D are defined by one or both packets
being approximately restricted to a subspace spanned by a
single LDS (cf. Sec. III). In order to obtain boundaries in
parameter space between these classes, we derive expressions
for the extrema of A on the trajectory z(t). Using Eqgs. (A7)
and (B1), we can can write A as a function of |z — f/g| on the
photonic trajectory:

Re(zi2) — f/g

A =
2 =F lzi2 — f/é&l
8 g
—iﬁkl/z—f/gl—m
g (f3s 1
+—-—|=xx1)—. Cl1
26(g2 >|zl/z—f/g| (D

For § > g%/8f, Ay is greater than —1 at all times. Minimiz-
ing the expression in Eq. (C1), we find in this range

I+ — - —. (C2)

Inverting this relation, we find that in order to ensure that
minA; > 1 — 5 for some desired 1, we have to choose

15 1
_>
g 2n+.8n

A precise choice for n is somewhat arbitrary in accordance
with the transitions between classes being continuous rather
than well-defined at a specific set of parameters. For the sake
of definiteness, we take n = 1/2, such that f§ = g?/3 is de-
termined as the boundary between classes A and B. Note that
on this boundary A; = 1/2 is decidedly its minimal value. The
average is significantly closer to 1, meaning that the dominant
constituent of the states is the upper LDS.

Similarly, for § > g>/f, A, is smaller than 1 at all times.
According to Eq. (C1) its maximum is given by

N S
—max Ay, = 1—f—8+m. (4

Thus all parameters with f§ > g satisfy max A, < —1/2
and can be classified as belonging to class D insofar as the
adiabatic approximation is valid. However, it is known that
for 8 &~ g* the trajectory z,(t) approaches the point f/g at
its oscillation maximum [cf. Eq. (B7)], where the adiabatic
approximation fails. Therefore class C lies between and rep-
resents the boundary of classes B and D.

(C3)

APPENDIX D: SOLUTION OF EQ. (13)
IN TWO LIMITING CASES

In the case of vanishing detuning, Eq. (13) can be readily
integrated by expressing z — f/gin terms of its magnitude and
phase

owt) — flg=rt)e”". (D1)

Then, the equation of motion takes the form

. : hg
ihivg —hrptp =F—

, D2
> (D2)
which is immediately solved by
Fl/z(l‘) =R, (D3a)
D1p(t) = O+ > (D3b)

2R

with constants R and ©. With the initial condition z(0) = 0,
we thus obtain

z12() = ]Ej(l - exp(ii%t))

consistent with the results of Ref. [22].

In the opposite limiting case of large detuning, A; ()
remains close to —1 (1) throughout the evolution. Thus we
can expect the imaginary part of z — f/g to be much smaller
than its real part [cf. Eq. (10)] and we can approximate

(z—f/g)/lz— f/gl by —1 (since z < f/g). Then, Eq. (13)
takes the form

(D4)

. h
ihzip=hézip £ 28 (D5)

2
with solutions

212(1) = F3 (1 — exp(—idt)) (D6)
consistent with the approximations in the LDS-decoupled
regime shown in Ref. [24]. In contrast to the anharmonic
oscillations for § = 0, the oscillations for large detuning are
harmonic in nature as the frequency no longer depends on the
amplitude [cf. Egs. (D3)].

APPENDIX E: OSCILLATION FREQUENCY IN CLASS D

Equation (D6) is the solution of Eq. (13) in the limiting
case § — oo. In this limit, both packets exhibit the same
oscillation frequency

Ql/g ~ 4. (El)

However, in general, 2; and 2, do not coincide in class D
as numerical solutions indicate [cf. Fig. 4(a)]. Corrections to
the frequency can be obtained systematically by expanding
T = = /2, which we define as half the oscillation period, in
orders of 1/4. Formally, T can be expressed as

v(T) d
T = / i (E2)
vo) V

where v = |z — f/g|*. With the initial condition z(0) = 0, we
have v(0) = (f/g)* and Egs. (B6) and (B7) yield the upper
limit of integration v »(T) = (f/g =+ g/8)*. The time deriva-
tive of v is given by

b= -2 Im(z). (E3)

The final ingredient necessary in the integral is an expression
of Im(z) in terms of v, which is obtained via Eq. (B1),

g > _ g £\
Im(z10) = F v—m<v+?¢gﬁi3). (E4)
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By using the substitution

f2

V="—=+4x
gz

2
iiz + %) (ES)

and subsequently expanding the integrand in orders of 1/§, Eq. (E2) can be shown to give

1 2!
Tipp = 5 1+ %/O dx((x —x?) 4+ 02 (E6)

The remaining integral in x is equal to 7, such that we finally obtain

8

Qip=—F——=
2T T+ @/2/fs

+057?

g 34

)=8F S+ ==+ 067 (E7)
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