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We study the entanglement asymmetry for the space-inversion symmetry of free fermions on a two-
dimensional honeycomb lattice with an on-site energy imbalance between the two sublattices. We show that
the entanglement asymmetry of a local subsystem exhibits nonanalytic dependence on the energy imbalance,
due to the presence of Dirac points in the Brillouin zone. We also study the quench dynamics from the ground
state into the inversion-symmetric point at which the energy imbalance vanishes. Under certain conditions on
the subsystem geometry, the entanglement asymmetry relaxes to a finite value after the quench, revealing that
the inversion-symmetry breaking in the initial ground state can persist even under the symmetric dynamics. We
attribute the absence of symmetry restoration to the presence of a flat energy dispersion (flat band) in a specific

direction.
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I. INTRODUCTION

Nonequilibrium quantum many-body systems have at-
tracted considerable attention for decades, as they display rich
phenomena absent in equilibrium, and provide a setting to
address central questions at the interface between quantum
and statistical physics [1-4]. Although an isolated quantum
system evolves unitarily and never approaches a stationary
state, a local subsystem embedded in the whole system often
relaxes into a statistical ensemble, which is typically a Gibbs
ensemble in generic cases [5—17] or, in integrable systems,
a generalized Gibbs ensemble (GGE) [18-26]. Clarifying
when and how this effective equilibration occurs, and when it
fails, is essential for a microscopic understanding of statistical
mechanics.

Quantum quenches provide a simple and controllable way
to drive an isolated quantum system out of equilibrium. In
this protocol, the system is initially prepared in the ground
state of a given Hamiltonian and then evolves unitarily after a
sudden change of its parameters. This setup has been widely
used to study the relaxation dynamics of isolated quantum
systems, including experimental realizations in trapped ion
[27-29] and cold atom [9,30-32] systems. A standard di-
agnostic in quantifying the relaxation dynamics following a
quantum quench is the entanglement entropy, defined as the
von Neumann entropy of a local subsystem [33—-36]. After a
quench, it typically grows linearly in time and then approaches
a stationary value equal to that of the corresponding statistical
ensemble, signaling the equilibration at the subsystem level
[37-39].

The entanglement asymmetry has been introduced as a
measure of symmetry breaking within a subsystem, providing
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another way to quantify the relaxation dynamics from
the viewpoint of symmetry [40]: When the post-quench
Hamiltonian preserves a certain symmetry while the initial
state breaks it, the symmetry within a local subsystem is typ-
ically restored after the quench, as the reduced density matrix
for the subsystem relaxes into a (generalized) Gibbs ensemble
of the symmetric post-quench Hamiltonian. The entanglement
asymmetry provides a quantitative means to analyze the rate
of this symmetry restoration, leading to the discovery and
subsequent extensive study on the quantum Mpemba effect,
where a subsystem that initially breaks more the symmetry
can restore it faster [40-60]. In addition, it has revealed coun-
terintuitive phenomena in which the symmetry is not restored
despite the symmetric dynamics [61,62]. The entanglement
asymmetry has also been investigated in several contexts apart
from quench dynamics, including generic compact Lie groups
in matrix product states [63,64], critical systems described by
conformal field theory [65-68], and Haar-random states that
emulate evaporating black holes [69].

In contrast to one-dimensional systems, the symmetry
aspects of the relaxation dynamics in higher-dimensional sys-
tems remain less understood. In particular, previous studies
have mainly focused on the simplest square-lattice systems
[42,62,70-72], and the role of lattice geometry remains an
open question. Moreover, while the entanglement asymmetry
has been applied to physical systems with various symmetries,
including those generated by non-Abelian charges [63,73],
spatial translations [53,74], and non-invertible symmetries
[75,76], some fundamental symmetries in condensed matter
physics, such as space-inversion and time-reversal symme-
tries, have been unexplored in this context.

Free fermions on a honeycomb lattice offer an ideal
platform to address these questions. The honeycomb
lattice, consisting of two triangular sublattices, naturally ad-
mits space-inversion symmetry of exchanging the sublattices.
This symmetry plays a crucial role in the low-energy band
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structure of the system: When the inversion symmetry is
preserved, the energy spectrum exhibits gapless linear dis-
persions at the corners of the Brillouin zone (the Dirac
points), yielding massless low-energy quasiparticle excita-
tions [77,78]. On the other hand, when the symmetry is
broken, for example by introducing an energy imbalance be-
tween sublattices, a gap opens and quasiparticles acquire an
effective mass [79]. This characteristic physics, first realized
in graphene [80,81], has stimulated extensive research into
relativistic-like quasiparticles in condensed matter and emer-
gent topological phenomena such as the quantum Hall effect
[77,82—-84]. In addition to electronic systems, the honeycomb
lattice system has been realized in ultracold atoms in optical
lattices [85—-87], photonic systems [88-91], and mechanical
metamaterials [92,93].

In this paper, we study the quench dynamics of the en-
tanglement asymmetry associated with the space-inversion
symmetry in spinless (i.e., spin-polarized) free fermions on
a honeycomb lattice. We derive analytical expressions for the
time evolution of the entanglement asymmetry in the quench
dynamics starting from the ground state of the Hamiltonian
with the on-site energy imbalance between the sublattices
into the inversion-symmetric Hamiltonian without the im-
balance. When size of the subsystem, taken as a periodic
stripe shape, is odd in the periodic direction, the entangle-
ment asymmetry tends to zero and the inversion symmetry is
restored after the quench, as the subsystem relaxes into the
GGE of the inversion-symmetric post-quench Hamiltonian.
In contrast, when the subsystem size is even, the entan-
glement asymmetry relaxes to a finite value, indicating the
absence of inversion-symmetry restoration. We attribute this
absence of symmetry restoration to a macroscopic occupation
of quasiparticle modes with zero group velocity (i.e., flat
band), demonstrating the crucial role of band structures in the
relaxation dynamics.

This paper is organized as follows. In Sec. I, we introduce
our quench protocol and define the entanglement asymmetry
for the space-inversion symmetry. In Sec. III, we describe
the method to calculate the entanglement asymmetry in the
two-dimensional system. In Sec. IV, we analyze the entan-
glement asymmetry in the ground state of the Hamiltonian
with the on-site energy imbalance between sublattices. In
Sec. V, we examine its time evolution after the quench and
show that, in certain cases, the inversion symmetry is not
restored even in the large time limit. In Sec. VI, we iden-
tify the physical mechanism responsible for the absence of
inversion-symmetry restoration. Section VII summarizes our
results. Appendixes provide technical details and derivations
of several formulas used in the main text. We set /i = 1 and
lattice constant unity throughout this paper.

II. SYSTEM SETUP AND DEFINITIONS
OF ENTANGLEMENT ASYMMETRY

We consider free fermions on a honeycomb lattice consist-
ing of triangular sublattices A and Ap. For convenience, we
perform the lattice transformation from the honeycomb lattice
to a brickwork lattice as shown in Fig. 1, which does not
change the lattice topology. The system is described by the
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FIG. 1. Schematic illustration of the transformation from the
honeycomb to the brickwork lattices.

following Hamiltonian:

Hy=—J> Y (a/bisa, +Hc)

ieA v=123
+M Y alai—M Y bib;, 1)
icAa ieAp

where a; (b;) is the annihilation operator of a fermion on
i € Aa), 1 = (iy, iy) is the two-dimensional vector identify-
ing the position of the site, J > 0 is the hopping amplitude
between nearest-neighbor sites, M is the on-site energy dif-
ference between the two sublattices, and d, (v =1, 2, 3) are
the nearest-neighbor vectors that are defined as (we take the
lattice constant as a unit of length)

L/1 1/-1 1/-1
noa(h) es(3) ems) e

We denote as L, the length of the system in the longitudi-
nal (transverse) direction. The periodic boundary conditions
are imposed along both directions. When M/J =0, the
Hamiltonian (1) is invariant under the space-inversion P
that exchanges sublattices Ax and Ag as Pa;P~' = b_; and
PbiP~! = a_;, whereas this inversion symmetry is broken for
M/J # 0. The inversion-symmetry breaking changes the en-
ergy spectrum of the Hamiltonian (1) from gapless to gapped,
as we will see below.
Performing the Fourier transformations

1 Z eik~iak’ (3)

ajy =
VLLy, 4
1 -
by = e*by, 4
i ; K @)
where Kk = (k, k) with ki) =270, /Leyy  (Rxy) =

0, ..., Ly) — 1), the Hamiltonian (1) reduces to

Zi:leik‘d” (ak>
M/J bx )’
(5)

; —M/J
HO =-J E (aks b:;)|:23 eéik'dv
k v=1

It can be diagonalized by the linear transformation

i % it .
(ak> éFcosk e sink (ak> ©)
= Ok it )
Px —e'2 sin %“ e '2 cos %“ by
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FIG. 2. The energy spectra of the Hamiltonian in Eq. (1) for several fixed values of L,. We set J/ = 1 in all the plots.

where the angles (6, ¢x) are determined by

M
cos O = —, @)
e+ M?
Iy k-d,
sin Oy cos g = — 2= COS( ), (8)
Jér + M?
I3 sink-d
sin G sin ¢ = 2= inC V), &)
&l +M?
with
3 .
a=1J Ze‘k'dv . (10)
v=1
Substituting Eq. (6) into Eq. (5), we obtain
(1)

Hy = Z,/Eﬁ + M2(eyf o — B Bro)-
k

The above expression shows that the energy spectrum of
the Hamiltonian consists of upper and lower bands with dis-
persions +vef + M? and —v &} + M?, respectively, and that
ak and B correspond to the quasiparticle operators associated
with these bands. If we denote as |W,) the ground state of
the Hamiltonian (11) at half-filling, it corresponds to the fully
occupied lower band and the empty upper band, i.e.,

(W) =[] BL10), (12)
k

where |0) is the fermionic vacuum state annihilated by a; and
b, i.e., a; |0) = b; |0) = 0 Vi.

Figure 2 shows the energy spectra of the Hamiltonian
(11). As shown in Fig. 2(a), when M =0 and L, is a mul-
tiple of 3, linear dispersions appear around the Dirac points
k = £(2n/3,4n /3) [77], where —k,) and 27 — ky,) are
equivalent because of the periodicity of the Brillouin zone.
As seen in Fig. 2(b), a gap opens when M # 0 as a con-
sequence of inversion-symmetry breaking [79]. Even when
M =0, a gap opens if L, is not divisible by 3 because the

quantized momenta k do not take the Dirac points, as shown
in Fig. 2(c). We also find in Figs. 2(a) and 2(b) that e with
fixed k, = 7 becomes independent of k,, which occurs only
when L, is even. The presence of the flat dispersion relation
in the k,-direction critically affects the relaxation dynamics
after a quantum quench, as shown in Secs. V and VI.

We study the dynamical behavior of inversion-symmetry
breaking following the global quantum quench from an asym-
metric point M # 0 into the symmetric point M = 0. After
the quench, the system is described by the time-evolved state
|W,) = e~ " | W), where |W,) and H are the initial ground
state given in Eq. (12) and the post-quench Hamiltonian that
is obtained by setting M = 0 into Eq. (1), respectively. The
post-quench Hamiltonian specifically reads

H=7" ey me — W1, (13)
k
with
1 i¢7k _i"’fk
Vi+ e e ag
= — . . . 14
(Vk—) V2 (-Jf e) (bk) o

Since the post-quench Hamiltonian (13) commutes with P,
the degree of inversion-symmetry breaking in the global state
|¥,) remains unchanged from that in the initial state |W).
Instead, by decomposing the whole system into a local sub-
system A and its complement A, we investigate the breaking
of the inversion symmetry within the subsystem. As illustrated
in Fig. 3, we take as subsystem A the stripe of length ¢ with
the periodic boundary condition in the transverse direction.
The subsystem is described by the reduced density matrix

pa(t) = Trg (W) (¥, 1), s)

where Tr; stands for the partial trace over subsystem A.

To study the inversion-symmetry breaking within subsys-
tem A, we place the spatial origin at its center (denoted as a
cross symbol in Fig. 3) so that the sites inside A are mapped
onto sites within A under the inversion P. We quantify the
degree of the inversion-symmetry breaking within subsystem
A by using the Rényi entanglement asymmetry that is defined
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FIG. 3. Schematic illustration of the bipartition of the whole
system into the subsystems. The blue region represents subsystem
A and the cross symbol at the center indicates the coordinate origin.

as [40]

(16)

ASXl)(t) — . 1’1 In <Tr[pA(t)n])’

Tr{pa()"]

where n is the replica index and ps = (pa + PpAP‘l)/Z is
the symmetrization of p4 with respect to the inversion P. In
the limit » — 1, Eq. (16) reduces to the von-Neumann entan-
glement asymmetry, which is the Kullback-Leibler divergence
between p4 and py, i.e.,

ASP (@) == lim ASY (1)
=Tr[pa(®){log pa(t) —log pa(®)}].  (17)

The entanglement asymmetry has the desired properties as
a measure of symmetry breaking [94,95]: it is positive
semidefinite, ASE\”) > 0, and reduces to zero if and only if

the reduced density matrix is symmetric, i.e., AS/(,‘") =0&
PpaP~' = pa.

III. CHARGED MOMENTS AND DIMENSIONAL
REDUCTION

Here, we describe the method to calculate the entan-
glement asymmetry by applying a dimensional reduction
technique, which was originally introduced in Ref. [96] and
has been employed to study the entanglement entropy of
higher-dimensional systems both in and out of equilibrium
[70,97-100]. This approach exploits the translational invari-
ance of the subsystem in one spatial direction to decompose
the original two-dimensional problem into a set of inde-
pendent one-dimensional ones, thereby making exact results
for one-dimensional systems applicable. More recently, this
framework has been extended to the entanglement asymmetry
in two-dimensional square-lattice systems [42,62]. Here, we
apply it to the brickwork-lattice system corresponding to the
honeycomb lattice.

Substituting pa = (o4 + PpaP~')/2 into Eq. (16), the
Rényi entanglement asymmetry can be written as

Zy(ot, 1)

1 1
ASP(t) = ——In | Z . (18)
l1—n 2 wco Z,(0,1)
where Z,(«, t) are the charged moments defined as
Zu(o, ) =Tr| [ | i, @) | (19)

j=1

with p4.0 = pa and pa.; = PpaP~!. Note that, for n = 2, the
charged moments in Eq. (19) reduces to the overlap between
two density matrices, Z, (o) = Tr(p4.q«, 04.a, ) Which is acces-
sible in cold-atom experiments by using beam splitters and
on-site occupation measurement [9,32,101,102].

Since the initial state | W) is Gaussian and the post-quench
Hamiltonian is quadratic, the time-evolved state |\¥;) and
its reduced density matrix p, are also Gaussian and satisfy
Wick’s theorem. In addition, as the inversion P preserves the
Gaussianity of the state, the inverted reduced density matrix
pa1 = PpaP~! also satisfies Wick’s theorem. This implies
that p4 o in Eq. (19) can be univocally described by the two-
point correlation matrix I', whose entries are defined as [103]

[Co ()i = 2Tra[paa (WY, ] — 8151, (20)

where i,i' € AN A, and ¥ = (4, biq,)” . Evaluating the
correlators in Eq. (20) with the time-evolved state P |\,),
we obtain

[Fa@ly = 77 ¢ Gka®), 1)

X =y k

where Gy 4 is the 2 x 2 matrix defined as
G (1) = =20 9H00% [, sin 6
+ (_l)ao_z coS eke2it8knx]e%(k-dz+¢k)ﬂz’ (22)

with o, . being the standard Pauli matrices. The reduced
density matrix p4 o can be expressed by using the two-point
correlation matrix I'4 o as [103]

I+ Fa(t)>

paa(t) = det ( .

B I—T,(

X exp E ¥! log —a() vy

.. ! I+Tu@) /)iy
i,/eANA, 4

(23)

Plugging Eq. (23) into Eq. (19) and applying the Baker-
Campbell-Hausdorff formula, we obtain

"]+ Ty (t)
Zn ’ = t _—
(o, 1) = de ]‘[ 5
j=1
"] — Ty (t)
det | 1 a7, 24
x de —i—gl_’_raj(t) (24)

We give the derivation of Eq. (24) in more detail in
Appendix A.
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Since the global state |\¥;) is invariant under translations
and subsystem A is taken to be periodic in the transverse direc-
tion, the reduced density matrix p4 inherits the translational
symmetry in that direction. To take advantage of this in the
calculation of the charged moments in Eq. (24), we introduce
the unitary matrix U with entries

2imny .

. L e by
5,x’,;€ )

Uty ip).(iny) = T

The matrix U represents the partial Fourier transform only in
the transverse direction. From Egs. (21) and (25), we obtain

N

(25)

L1
UTo(OU" = @D Tk, ). (26)

n,=0

Here, I'y x, is the 2¢ x 2¢ two-point correlation matrix for the
one-dimensional system labeled by the transverse momentum
ky = 2mny/Ly. In the thermodynamic limit in the longitudi-
nal direction, L, — 00, 'y, reduces to the block-Toeplitz
matrix as ’

Cu Ol = [ 52 0G,0. @)

: * _x 2m

where the symbol Gy, is given in Eq. (22). Substituting
identity I =UU" =U'U in Eq. (24) and employing the
block-diagonal structure (26), we can decompose the charged
moments into the product of independent contributions of
each transverse-momentum sector as

Ly—1
Zo(e.t) = [ | Zus (e, ). (28)
n,=0
where
- 1 + Fot_,,ky(t)
Zug, (o, 1) = det | [T
j=1
"I — Foz» k,(l‘)
x det | I + — . 29
jl.] I+ Fot,v,ky(t) ( )

Note that Z, (o, t) in the above equation are the charged
moments for a one-dimensional state labeled by the transverse
momentum k, = 2mn,/L,. In the following sections, we de-
rive analytical expressions for the entanglement asymmetry
in the ground state and the time-evolved state by combining
well-developed techniques for one-dimensional systems with
Eq. (29).

IV. ENTANGLEMENT ASYMMETRY IN THE GROUND
STATE OF PREQUENCH HAMILTONIAN

In this section, we investigate the entanglement asymmetry
in the ground state of the Hamiltonian (1), which serves as
the initial state of our quench protocol. In particular, we an-
alytically calculate the asymptotic form of the entanglement
asymmetry for £ >> 1 taking the thermodynamic limit in the
longitudinal direction, L, — oo.

As shown in Sec. III, the Rényi entanglement asymmetry
for the ground state can be calculated from the momentum-

resolved charged moments in Eq. (29) at + = 0. For clarity,
we first present the calculation of the charged moments for
n = 2. In this case, Eq. (29) atr = 0 simplifies as

I + Fa] .,ky (O)FOQ.](.\- (0) )
2 .

The above expression involves the product of the block-
Toeplitz matrices, Iy, k,(0)[e, &, (0), which is in general not
a block-Toeplitz matrix. However, for £ > 1, the product of
block-Toeplitz matrices can be approximated by the block-
Toeplitz matrix generated by the product of the symbols of
the factors; see, e.g., Ref. [61]. This allows us to approximate
Eq. (30) as

Zy i, (@, 0) = det ( (30)

25 1, (e, 0) > det Tlza k()] 31

Here, T[zz k()] is the 2¢ x 2¢ block-Toeplitz matrix whose
elements are given by

Tdke i)
Tlzo k()]s = P Z2k(a), (32)
with the 2 x 2 symbol

I + G0, (0)Gk o, (0)
5 .
The asymptotic form of the determinant in Eq. (31) for £ > 1

can be evaluated using Widom-Szegd theorem [104], which
results in

nZZ,ky(av 0) _ /” dk,
Zz,ky((), 0) B — 27

2k(e) = (33)

. det 2k (e)
det 20 x (0)

T

(34)

dk . .
= oy — ol — Insin’ 6. (35)
_x 2m
As shown in Appendix B, Eq. (35) can be generalizedton > 2
as

Zn , (X,O T dkx .
n L) ~ ZN(M(OC) — Insin® Ok, (36)
Zn,k}-(oa 0) - am

with N®(a) = 2;21 loe; — ajy1| and o1 = . Applying it
to Eq. (28), we obtain the charged moments

Zy(e, 0)
e X, 37
Z,(0,0)
where

Ly—1
4 T dk, M?

Xo=exp | —¢ / In (1 + —) . (38)
’;) _p 4m &l

Here, we used sin® 6 = &2 /(2 + M?) from Eq. (7).

Substituting Eq. (37) into Eq. (18), we obtain the Rényi
entanglement asymmetry. The summation over « € {0, 1}"
in Eq. (18) can be calculated analytically, as described in
Appendix C. We finally arrive at the concise expression for
the Rényi entanglement asymmetry of the ground state,

ASP(0) ~ H™(Xy), (39)

where

1 1+x7" 1-x7"
(n) —
now= ([T [F]) e
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FIG. 4. The n = 2 Rényi entanglement asymmetry of the ground
state (12). The solid curves and symbols are the analytical result
in Eq. (39) with X, obtained using Eq. (38) and the exact results
obtained numerically by evaluating Eq. (29), respectively. The black
dashed curves denote the asymptotic approximations of Eq. (39) with
Egs. (44) and (46). We take £ = 100 for all the plots.

denotes the Rényi entropy of order n for a single bit of infor-
mation. Taking the limit » — 1 in Eq. (39), we also obtain
the von-Neumann entanglement asymmetry for the ground
state as

AS(0) =~ HV (Xp), 41
with
HY(x) := lirr} H™(x)
1 1 l—x 1-—
N e S SO St P e ST
2 2 2 2

In Fig. 4, we show the n = 2 Rényi entanglement asymme-
try of the ground state as a function of M. It shows that the
analytical result in Eq. (39) agrees excellently with the exact
ones obtained by numerically evaluating the momentum-
resolved charged moments in Eq. (29). As expected, the
entanglement asymmetry decreases as |M/J| gets smaller and
vanishes at the symmetric point M/J = 0. For large |[M/J|, the
entanglement asymmetry saturates to the maximal value In 2.
This saturation is a general property of entanglement asym-
metry for discrete symmetries reported in Ref. [105], which
shows that for a Zy symmetry the entanglement asymmetry
saturates to In N for £ >> 1. Indeed, since Xj in Eq. (38) decays
exponentially with respect to £, we obtain from Eq. (39) that

Jlim ASP(0) = H™(0) = In2 (43)

for M/J # 0.

We also find in Fig. 4 that the entanglement asymmetry
exhibits nonanalytic behavior at M = 0 and becomes indepen-
dent of L, when L, is divisible by 3. Otherwise, it is smooth
around M/J = 0 and increases with L,. This peculiar depen-
dence in the behavior of the entanglement asymmetry on L,
is attributed to the presence of Dirac points in the Brillouin
zone: According to Eq. (39), the entanglement asymmetry

in the ground state is univocally described by Xy, which is
given in Eq. (38). When L, is not divisible by 3, the quantized
momenta k cannot take the Dirac points and hence g > 0 VK.
In this case, the integrand on the right-hand side of Eq. (38)
for small M/J can be expanded in terms of M /gy as

L,—1
M2 3 T dk,
/ (44)

T ag 2

4
ny=0 - 8k

Xo > exp

The above result shows that the entanglement asymmetry in
Eq. (39) depends on L, and is analytic around M/J = 0. On
the other hand, when L, is divisible by 3, & vanishes at
the Dirac points k = (27 /3, 4 /3). In this case, since the
integrand in Eq. (38) diverges at ¢x = 0, the summation over
ny is dominated by the terms with n, = L,/3 and 2L,/3, on
which the Dirac points appear. Equation (38) can then be
approximated as

X() ~ exp —L Z /ﬂ
-7

k=27 /3

dk, M?
In{l1+ — . 45
47 n( + sﬁ) 45)

Observing that the main contribution of the integral in the
above equation comes from the vicinity of the Dirac points
where g >~ J|k, F 27 /3| with fixed k, = £27 /3, Eq. (45)
can be evaluated as

N dk, M? _aml
Xo >~ exp —ERznln 1+m =e 7. (46)

Here, we extended the integral domain to k, € R using the
fact that the integrand in the above expression is suppressed
away from the Dirac points. Equation (46) clearly demon-
strates that the entanglement asymmetry in Eq. (39) exhibits
nonanalytic behavior at M = 0 and is independent of L,. The
entanglement asymmetry evaluated with Egs. (44) and (46)
is plotted by the black dashed lines in Fig. 4, showing an
excellent agreement with the exact numerical result.

V. QUENCH DYNAMICS OF ENTANGLEMENT
ASYMMETRY

In this section, we investigate the time evolution of the
inversion-symmetry breaking after the quantum quench start-
ing from M # 0 into M = 0. We analytically derive the
asymptotic form of the entanglement asymmetry in the
ballistic limit, J¢, £ — oo with Jt /£ fixed, by taking the ther-
modynamic limit in the longitudinal direction L, — oo.

Using the fact that Eqs. (39) and (41) are derived by
decomposing the charged moments into independent one-
dimensional contributions labeled by k, = 27n,/L,, we can
extend it to finite times by invoking the quasiparticle picture,
which is a semiclassical description for the quench dynamics
of one-dimensional integrable systems [37-39]. According
to this picture, a global quench at ¢+ = 0 uniformly creates
quasiparticle excitations throughout the system, and those
generated at the same position form entangled pairs that bal-
listically propagate in time. The ratio Z, 4 (e, )/Z, (0, 1)
is then determined by the number of the pairs that re-
main inside the subsystem, while the integrand In sin? @ in
Eq. (36) represents the contribution of each quasiparticle
mode to the charged moments [40,41,45,48]. The integrand
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FIG. 5. (a)—(c) Time evolution of the nth-order Rényi entanglement asymmetry after the quench into the Hamiltonian (13) starting from
the ground state of the Hamiltonian (1) for several finite M/J values. The solid curves denote the analytical result in Eq. (49) with Eq. (50). The
symbols are the exact value of the Rényi entanglement asymmetry obtained by numerically evaluating the charged moments using Eq. (29).
The dashed lines correspond to Eqs. (56) and (58) that predict the asymptotic form of the entanglement asymmetry at large times. We take
£ = 100 in all the plots. (d) T(v) defined in Eq. (54) that characterizes how much the quasiparticle pairs with the longitudinal group velocity v
contribute to the entanglement asymmetry. To numerically evaluate Y(v), we approximate the Dirac delta function in Eq. (54) by the Lorentz

function 8, (x) = n/[w (x> + n*)] with n = 1073,

can be expressed by using the correlation function between
quasiparticle excitations as

Insin® O = In(1 — 4] (¥o| %), v [W0) ). (47)

Equation (47) suggests that, in our setting, the quasiparticles
in the upper and lower bands are excited as the pairs by the
quench. Since their dispersion relations are e, their group
velocities are opposite, 0 k. As aresult, the pairs propagate
in the opposite direction after the quench, and the number of
the pairs inside the subsystem gradually decreases in time.
This effect can be incorporated by replacing the prefactor
£ in Eq. (36) with max(£ — 2|0 ex|t, 0) [40,41,45,48]. We
then obtain the asymptotic form of the momentum-resolved
charged moments in the ballistic limit, J¢, £ — oo with Jt /¢
fixed, as

Zni (o, t T dk,
n L ~ EN(")(OL)
Zu1,(0,1) L4

x; (k) Insin® 6,  (48)

o4
where x, (k) = max(1 — 2[9;, &k|¢, 0) denotes the fraction of
the pairs with momentum k that are inside the subsystem at
the rescaled time ¢ = ¢/¥.

Using Eq. (48) and following the same calculation as those
in deriving Eq. (39), we obtain the asymptotic form of the
entanglement asymmetry after the quench,

ASS (1) =~ HM(X,), (49)
where
L,vfl T dkx .5
X, = exp zz 2 Xe (o Insin’ 6y (50)
-

n,=0

In Figs. 5(a)-5(c), we show the time evolution of the entan-
glement asymmetry after the quench from the ground state at

M # 0toM = 0 with several fixed values of L, and the replica
index n. Our analytical result in Eq. (49) agrees excellently
with the exact numerical results obtained by using Eq. (29).
Notably, the qualitative behavior of the Rényi entanglement
asymmetry does not depend on the replica index n.

The lower panels of Figs. 5(a)-5(c) show that, for odd L,,
the entanglement asymmetry tends to zero, suggesting that
the inversion symmetry broken in the initial state is restored
after the quench. This is consistent with the expectation that
the reduced density matrix p4 for the subsystem relaxes into
its corresponding GGE, ps(t — 00) = Trz(pgee) [18-26],
where

eZk,s:i )lksykz-yk:

PGGE = (51

Tr [ezk,x:i Ak,:yﬁsm] ’

Here, {Ak 1} are the Lagrange multipliers determined by the
conservation laws,

Tr[pocenavice] = (Yol il vie [W0) . (52)
One readily finds that the GGE respects the inversion symme-
try,i.e., P 066eP~! = pgge. Therefore, as the reduced density
matrix approaches the GGE, the inversion symmetry broken in
the initial state is restored, and the entanglement asymmetry
vanishes in the large-time limit. On the other hand, we observe
in the upper panels of Figs. 5(a)-5(c) that, when L, is even, the
entanglement asymmetry remains finite even at large times,
indicating the absence of symmetry restoration. This result
suggests that the reduced density matrix does not relax into the
GGE in Eq. (51). We have thus found, both analytically and
numerically, that the manner in which the subsystem relaxes
critically depends on its geometry.
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VI. ABSENCE OF INVERSION-SYMMETRY
RESTORATION

In the previous section, we found that the behavior of the
entanglement asymmetry after the quench drastically changes
depending on the parity of the subsystem size in the transverse
direction. In particular, when L, is even, the entanglement
asymmetry does not tend to zero even in the large-time limit
t — oo. That is, the inversion symmetry broken by the initial
state is not restored after the quench. In this section, we clarify
the physical origin of this anomalous behavior based on the
quasiparticle picture.

As shown in Eq. (49), the entanglement asymmetry after
the quench is given by X,. To deduce the behavior of the
entanglement asymmetry at large times, we first rewrite X,
in Eq. (50) as

X, = exp (—E/ dvfc;(v)T(v)), (53)
R

where
& dk
Tw)=-Y_ / 4—;5(1) — o) Insin® O (54)
ny=0"""

Here, X%;(v)=max(l —2[v|{,0) denotes the fraction of
quasiparticle pairs with longitudinal velocities +09; ex = Fv
that remain inside the subsystem at the rescaled time ¢ =
t/€, while Y(v) quantifies the weight of their contribution
to the entanglement asymmetry. At time ¢, ¥, (v) vanishes
for 2|v|¢ > 1, thereby filtering out the contributions of fast-
moving quasiparticle pairs that have already escaped from
the subsystem. The entanglement asymmetry at large times
¢ > 1is therefore governed solely by the slow-moving quasi-
particle pairs, whose contributions are given by Y(v) in the
vicinity of v = 0.

In Fig. 5(d), we show the function Y'(v) for the initial states
considered in the other panels. To numerically evaluate Y'(v),
we replaced the Dirac delta function in Eq. (54) with the
Lorentz function 8,(x) = n/[7 (x> + n?)], which reduces to
8(x) in the limit  — 0. These figures show that Y'(v) exhibits
a sharp peak at v = 0 when L, is even, whereas this peak is
absent otherwise. The height of the peak at v = 0 diverges
as T(0) oc n~!, implying that, for even L,, a macroscopic
number of quasiparticle pairs with zero longitudinal velocity
are excited by the quench. Since these pairs never leave the
subsystem, the entanglement asymmetry does not tend to zero
and the inversion symmetry is not restored, as observed in the
upper panels of Figs. 5(a)-5(c).

The divergent peak of Y(v) at v = 0 originates from the
fact that, as seen in Fig. 2(a), the dispersion relation ex
becomes independent of k, at k, = 7, which occurs when
L, is even. In other words, all L, quasiparticle modes with
fixed k, = 7 have zero longitudinal group velocity, resulting
in an infinite number of such modes in the thermodynamic
limit L, — oo. Consequently, their total contribution to the
entanglement asymmetry, Y(0), diverges. We thus find that
the absence of inversion-symmetry restoration originates from
the presence of the flat energy dispersion with fixed k, = 7,
elucidating the critical role of the band structure and its exotic
dispersion on the symmetry restoration. This mechanism of

the absence of symmetry restoration is distinct from those
reported in previous studies, such as the activation of non-
Abelian charges [41] or the Bose-Einstein condensation [62].

Although we have focused on the sudden quench dynamics
from the half-filled ground state for simplicity, the above
mechanism does not rely on half-filling. Away from half-
filling, one evaluates the correlation matrix with the initial
ground state at the chosen chemical potential, which changes
quasiparticle mode occupations quantitatively but does not
alter the basic role of the zero-longitudinal-velocity modes. In
particular, whenever the post-quench Hamiltonian exhibits a
flat band, the sudden quench is expected to excite an extensive
set of modes with zero longitudinal group velocity, so that the
entanglement asymmetry remains finite in the long-time limit.
In contrast, if the change of M is not sudden, the excitation
of these zero-velocity quasiparticles can be adiabatically sup-
pressed once the ramp time exceeds the inverse of the gap
between the flat bands [~1/(2J), see Fig. 2(a)], potentially
mitigating the absence of symmetry restoration.

In closing this section, we derive explicit expressions for
the behavior of the entanglement asymmetry at large times.
As argued above, this is governed by Y(v) in the vicinity of
v = 0. For odd L,, expanding Y(v) in Eq. (53) in terms of v
and performing the integral over v, we obtain

£Y(0) Dy
Xe~1———+0™). (55)
2
Substituting the above expression into Eq. (49) and expanding
it in terms of ¢!, we obtain

Yoy 2= n>2,

n—1
del

(n) ~
AS() = 4¢ *11n Tor " 1

(56)

for Jt > €. The above expression shows that the entangle-
ment asymmetry tends to zero as (Jt)~'[(J#)~! In(Jt) when
n — 1], indicating that the inversion symmetry broken in the
initial state is restored after the quench. In the lower panels
of Figs. 5(a)-5(c), we see that Eq. (56) shown as dashed
curves well reproduces the long-time asymptotic behavior of
the entanglement asymmetry.

For even L,, the function x; (k) in Eq. (50) vanishes except
for ky = m, where it reduces to unity because 0 exlr,—x =0,
at large times. This allows us to replace x, (k) in Eq. (50) with
84,.=» which results in

Xe = [1+ M/ + o™ (57)

Here, we used ek |i,=» = J. Substituting Eq. (57) into Eq. (49),
we obtain the saturation value of the entanglement asymmetry
in the large-time limit as

lim ASS(t) = H™ (11 + (M/)A73). (58)

Note that the above saturation value is independent of L,,
implying that the contribution of the zero-velocity modes
remains finite for arbitrarily large even L,. As shown in the
upper panels of Figs. 5(a)-5(c), Eq. (58) excellently agrees
with the saturation value of the entanglement asymmetry.
Furthermore, combining Eq. (58) with Eq. (43), we obtain

lim AS{Y(0) = lim AS{’(c0) =In2. (59)
{—00 {—00
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This means that, despite the symmetric dynamics, the in-
version symmetry broken in the initial state remains intact
throughout the time evolution, due to the macroscopic occu-
pation of quasiparticle modes with zero longitudinal velocity.

As shown by the red squares in the upper panels of
Figs. 5(a)-5(c), this effect is visible even for finite ¢. This
suggests that the absence of symmetry restoration can be
observed even for a relatively small-sized system, opening
the door for testing our prediction in cold atom experiments
[85-87].

VII. CONCLUSION

We have investigated the space-inversion symmetry within
a subsystem of free fermions on a honeycomb lattice. By
computing the entanglement asymmetry analytically and nu-
merically, we demonstrated that the subsystem geometry and
the band structure play crucial roles in symmetry breaking
both in and out of equilibrium.

In the ground state, the entanglement asymmetry exhibits a
nonanalytic dependence on the sublattice imbalance M when
the transverse subsystem size L, is a multiple of 3, where the
quantized momenta can take the Dirac points. For the quench
dynamics from M # 0 to M = 0, the parity of L, governs
whether the inversion symmetry is restored or remains broken:
For odd Ly, the inversion symmetry is restored as the subsys-
tem relaxes into the symmetric GGE. In contrast, for even L,,
a flat dispersion with a fixed transverse momentum leads to
a macroscopic occupation of quasiparticle modes with zero
group velocity, which prevents the subsystem from relaxing
and restoring the symmetry.

We stress that the above phenomena are governed not only
by the bulk band structure, but also by the system geometry
and boundary conditions, which determine a discrete set of
allowed momenta. Therefore, for other lattice geometries,
qualitatively similar results are expected when the corre-
sponding quantized momenta contain the Dirac points and
support an extensive set of zero-velocity modes.

Our quench protocol can be realized in cold atoms in
optical lattices [85-87], where both the lattice geometry
and the energy imbalance can be precisely controlled. In
such setups, the n =2 Rényi entanglement asymmetry is
expected to be experimentally accessible by combining the
beam-splitter interference with the site-resolved imaging,
which may enable the direct measurement of the charged
moment [9,32,101,102]. Experimentally verifying our predic-
tions would provide valuable insights into the connections
between relaxation dynamics, system geometry, and band
structure.
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APPENDIX A: DERIVATION OF EQ. (24)

In this Appendix, we derive Eq. (24). To this end, we need
to compute the trace of the product of p4 o, Which are given
in Eq. (23). Applying the Baker-Campbell-Hausdorff formula
and using the following commutation relation for arbitrary
matrices A and B:

i i
Yo WA Y Byl
i,jeANAA i.j €ANAA

— Z \I’:[A,B]i,j‘l’ja

i,jeANA,

(AD)

we can express the product of pg,4; as

n
l_[ PAa; = det
j=1

n

14T,
[1—

j=1

X exp (A2)

Z WK ()i Wy |,

iieAnA,

where

" 1—T,
K(a) = log l_[ 2. (A3)
j=1 I+ FO‘j

Since the exponent on the right-hand side of Eq. (A2) is
quadratic in W, it can be diagonalized as

n
[ rae, = det
=1

where w; is the ith eigenvalue of K(a), and y; (y;) is a
fermionic annihilation (creation) operator. Taking the trace of
Eq. (A4), we obtain

n

I+T,,
[1—

j=1

2Ly i
RO AR
eZ,,, iY; Vi ,

(A4)

"4, |2
Zy, ) =det| [[— [[]a+en  (@a3)
| j=1 | =
ZI+ T,
= det —— | det[I + 5. (A6
e E 3 et[I+5®]. (A6)

Substituting Eq. (A3) into Eq. (A6), we arrive at Eq. (24).

APPENDIX B: DERIVATION OF EQ. (36)

Here, we derive Eq. (36) from Eq. (29), which involves
products and inverses of the block-Toeplitz matrices I & I'y .
As discussed in Sec. IV, for £ > 1, the multiple of the block-
Toeplitz matrices can be approximated by the block-Toeplitz
matrix generated by the product of the symbols of the factors.
Namely, if we denote as T[G] the 2¢ x 2¢ block-Toeplitz
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matrix generated by the two-dimensional symbol G, the fol-
lowing approximation holds for £ > 1:

TIGIT[G'] ~ T[GG']. BD)
Substituting G~! into G’ in the above equation, we obtain
TG ~TIG™]. (B2)

Using Egs. (B1) and (B2), the charged moments in Eq. (29) at
t = 0 can be approximated as

InZ, (e, 0) > 1irr} det T[zy,k,c ()], (B3)
where
"I+ ¢ Gy, (0)
ankel@) = [[ =5
j=1
I — ¢ Gy, (0)

x | I+ — . B4
H I+ ¢ Gk o, (0) B

Here, we introduced constant ¢ to avoid the singularity of (1 +
gk,a,)*l. Applying Widom-Szegé theorem [104] to Eq. (B3),
we obtain

Z%k(a,o) T dkx
! Zn,ky(o7 0) CILI} /;n 27 ndetz,k, (@) (BS)

Here, we used det[z, x..(0)] = 1.
Using Eq. (B4), the integrand on the right-hand side of
Eq. (B5) can be written as

" I+ cGkq (0
Indet z, (o) = In l_[det +()

=1
Cgk 0[](0)

+ Indet I+1_[I+CQT(O)

(B6)

Since I + ¢ Gk o ; has eigenvalues 1 £ ¢, the first term on the
right-hand side of Eq. (B6) reduces to

1 I+ 2.0 1 —¢?
lnndet#:nln< 4C > (B7)

Jj=1

To evaluate the second term on the right-hand side of Eq. (B6),
we use the following formula for any 2 x 2 matrices A and B:

det (A + B) = det A + det B + TrATrB — TrAB. (BY)

Applying Eq. (B7) and the above formula to the first and the
second terms on the right-hand side of Eq. (B6), respectively,
we obtain

1— 2
Indetz, x () =nln ( 4C )

¢ Gka,(0)
+In|2+Tr _— B9
H1+Cgk,a,(0) ( )
Here, we used
Ly g (]
det ]‘[M =1, (B10)

RV ERIANT)

which can be readily derived from the fact that / + ¢ Gy o, has
eigenvalues of 1 £ c. Using the identity

1 T =Gk, (0)

(I + ¢ G, (0)) . BID
Eq. (B9) reduces to
1— 2
Indet z, k () =nln< 4c )
Te[T'_, (I — ¢ Ga, (0))°
In|2 = el
+In + 1—y
(B12)

Substituting it into Eq. (B5) and taking the limit ¢ — 1, we
obtain

Zn»ky(a, 0) N gk 1= Gy (0) (0)
lnm_ef_,, 7 B TH . BI13)

Substituting Eq. (22) into Eq. (B13) and using the cyclic
property of trace, we obtain

Zp i, (0, 0 dk, w
n 2k O) ):15/ ' n Trl_[H LT (B14)
Zn,ky (07 O) -1 2
where
szl—axsinek—azcosek (B15)
2
By simple algebra, one finds that Mo’ " I = T ifo; =
aj41. This allows us to rewrite Eq. (B14) as
Zy i, (e, 0 ™ dk, .
n 2k (@0 e/ —lnTr[(l'Ikax)N( ’“’”], (B16)
Z,,0,0) ~ " J .27

where N (a) = > i1 laj — ajy1| counts the number of do-
main walls, at which o; # a4, in the bit string & € {0, 1}".
Using the fact that the matrix Ilxo, has the eigenvalues
—sinf, and 0, we obtain Tr[(ITxo,)"] = (—sin6)™. The

right-hand side of Eq. (B16) can therefore be rewritten as
n Zn,ky (OC, 0)
le,k).(o’ O)

which corresponds to Eq. (36) in the main text.

T dk,
~ (N (a) / 4—ln sin? 6y, (B17)
_g 4

APPENDIX C: DERIVATION OF EQ. (39)

Here, we give the derivation of Eq. (39). Substituting
Eq. (37) into Eq. (18), we have

AS™(0) = > Z x|, (C1)
ae{0,1}"
Recalling that N () = 23;1 loe; — ajt1| counts the num-

ber of domain walls between regions of consecutive Os and 1s
in the bit string & = («y, o, ..., &) (o; € {0, 1}), the summa-
tion over « in the above equation can be rewritten as

L5]

1 1 o
| Z <2m)xo ) (C2)

m=0

ASP(0) =
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Here, the binomial coefficient on the right-hand side repre-
sents the number of all possible bit strings « that have 2m

domain walls. Performing the summation over m, we obtain
Eq. (39).
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