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Sensitivity in metrology without entanglement is limited by the standard quantum limit (SQL). Recent studies
have found that the Heisenberg-limited scaling, the ultimate sensitivity in quantum metrology, can be achieved
by generalized cat states, which are characterized by an index that indicates coherence among macroscopically
distinct states and are associated with additive observables. Although generalized cat states include diverse states,
encompassing classical mixtures of exponentially large numbers of states, the preparation of large generalized
cat states has not been demonstrated yet. Here we characterize SQL-beating catlike states using the index q
indicating macroscopic coherence and prove that any state with q > 1.5 has a potential to surpass the SQL
when used as a sensor. We propose a protocol to generate them through repetitive measurements on a quantum
spin system of N spins, which we call a spin ensemble. Starting from a thermal equilibrium state of the spin
ensemble, we demonstrate that we can increase the coherence among the spin ensemble via repetitive weak
measurements of its total magnetization, which is indirectly measured through an ancillary qubit collectively
coupled to the ensemble. Notably, our method for creating the SQL-beating catlike states requires no dynamical
control over the spin ensemble. As a potential experimental realization, we discuss a hybrid system composed
of a superconducting flux qubit and donor spins in silicon. Our results pave the way for the realization of
entanglement-enhanced quantum metrology in state-of-the-art technology.
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I. INTRODUCTION

High-precision measurement is of paramount importance
in both fundamental research and applied science [1–4]. Nu-
merous critical parameters, including temperature, electric
field, and pressure, require precise measurement. In particular,
magnetic-field sensing has garnered considerable attention
[5–7], serving not only to investigate material properties but
also to elucidate biological mechanisms. Substantial efforts
have been devoted to enhancing the sensitivity of magnetic-
field sensors [8–25]. One promising approach to improving
sensitivity is the utilization of qubits [26–34]. Magnetic fields
induce shifts in the resonant frequency of qubits, allowing the
estimation of magnetic-field strength via Ramsey-type mea-
surements. When employing N qubits in separable states, the
uncertainty (i.e., the reciprocal of sensitivity) scales as N−1/2,
which is called the standard quantum limit (SQL). Conversely,
using a specific type of entangled state, the sensitivity scales
as N−1, achieving what is known as Heisenberg-limited scal-
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ing. In realistic scenarios, environmental decoherence cannot
be avoided [9,11,19,22,23,25,35–40], making it challenging
to reach Heisenberg-limited scaling. Nevertheless, it is es-
tablished that under certain conditions of decoherence, it is
possible to surpass the SQL in scaling. For instance, in the
presence of time-inhomogeneous dephasing, the uncertainty
scales as N−3/4, referred to as the Zeno limit [9,19].

The concept of superposition involving macroscopically
distinct states has been a topic of fundamental interest since
its inception by Schrödinger [41]. The Greenberger-Horne-
Zeilinger (GHZ) [42–44] state is a quintessential example of
such a superposition. The GHZ state is expressed as (|↑〉⊗N +
|↓〉⊗N )/

√
2, where |↑〉 and |↓〉 are eigenstates of the Pauli

operator σ̂3 with eigenvalues +1 and −1, respectively. Al-
though a great deal of effort has been devoted to producing
a superposition of macroscopically distinct states [45–56], a
unified criterion to determine whether a given state contains
such macroscopic superpositions remains elusive [57].

Among the various potential metrics, an index q [58], a
real number satisfying 1 � q � 2, is particularly noteworthy
for gaining deeper insights into the correlation between cat
states and sensor technologies. A state with q = 2 is referred
to as a generalized cat state. Notably, there exists a gen-
eralized cat state ρ̂m with exponentially small purity, i.e.,
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Tr(ρ̂2
m) = exp[−�(N )] [59]. It has been shown that utilizing

generalized cat states for magnetic-field sensing can achieve
Heisenberg-limited scaling in the absence of decoherence [12]
and the Zeno limit in the presence of time-inhomogeneous
dephasing [9,19]. Thus, generalized cat states present a com-
pelling metrological approach, leveraging quantum properties
to significantly enhance sensitivity.

A theoretical proposal exists for the creation of a gen-
eralized cat state [60]. Starting with a thermal equilibrium
state of a quantum spin system of N spins, which we call
a spin ensemble, it is possible to generate the generalized
cat state [60], by performing high-resolution, in this case
�(1), measurement of magnetization. However, current tech-
nology does not allow such a high-resolution measurement of
the magnetization of a spin ensemble. Consequently, a more
accessible method for creating a large generalized cat state
remains elusive.

In this study, we first use the index q to characterize states
that are advantageous for quantum sensing, i.e., beating the
SQL although less sensitive than generalized cat states. We
call such states, which are shown to satisfy 1.5 < q < 2, the
SQL-beating catlike states. We then propose a method to
create such SQL-beating states from a thermal equilibrium
state of a spin ensemble through repetitive low-resolution
measurements of the total magnetization, utilizing an ancillary
qubit coupled with the spin ensemble. We prove that we obtain
a SQL-beating catlike state with probability 1 in the large-N
limit. We also perform numerical simulations to observe the
gradual emergence of such a state.

This paper is outlined as follows. In Sec. II we review three
important notions: the definition of the index q, a recipe to cre-
ate a generalized cat state via single projective measurement,
and the basics of quantum metrology. Section III discusses
our finding on the relation between the sensitivity and the
value of q, in particular when 1.5 < q < 2. In Sec. IV we
propose a protocol to create a SQL-beating catlike state via
repetitive measurements, in particular within a spin ensemble
in a solid-state system read out by a superconducting qubit.
In Sec. V we analyze the final state of the spin ensemble
after measurements and clarify the condition of successfully
generating a generalized cat state. We also discuss the suc-
cess probability and evaluate how many measurements are
required to approximately obtain the state we want. Numerical
simulations are given in Sec. VI, and we indeed observe the
emergence of SQL-beating catlike states. Section VII summa-
rizes the paper and provides an outlook for future work.

II. PRELIMINARIES

We first review the previous works on generalized cat states
and a way of obtaining them from thermal equilibrium states
through a single measurement. We also review Ramsey-type
quantum metrology using highly entangled states. Throughout
this paper, we take h̄ = 1.

A. Generalized cat states

First, let us briefly review the concept of generalized cat
states, characterized by an index denoted by q [58]. For a
comprehensive discussion, refer to Ref. [61].

The index q is utilized to detect macroscopic coherence in
a given quantum state ρ̂, which may be pure or mixed. It is
defined through the relation

max
{
maxÂ

1
2‖[[[Â, [Â, ρ̂]]]]‖1, N

} = �(Nq), (1)

where ‖X̂‖1 = Tr
√

X̂ †X̂ is the trace norm and Â is an additive
observable, defined as Â = ∑N

l=1 â(l ), with â(l ) acting on a
single spin at site l [62]. By definition, the index satisfies the
condition of 1 � q � 2. The trace norm can be expressed as

1
2‖[[[Â, [Â, ρ̂]]]]‖1 = max

η̂
Tr(η̂[[[Â, [Â, ρ̂]]]]) (2)

= max
η̂

∑
A,A′,ν,ν ′

(A − A′)2〈A, ν|ρ̂|A′, ν ′〉

× 〈A′, ν ′|η̂|A, ν〉, (3)

where A (|A, ν〉) are eigenvalues (eigenstates) of Â, i.e.,
Â |A, ν〉 = A |A, ν〉, with ν labeling the degeneracy, and η̂ is
a projection operator, which satisfies η̂2 = η̂. From this ex-
pression, we find that 1

2‖[[[Â, [Â, ρ̂]]]]‖1 indicates macroscopic
coherence between two macroscopically distinct states and
that q can be interpreted as a measure to quantify how close
the state is to the cat state. For example, it is evident that
macroscopic coherence, i.e., 〈A, ν|ρ̂|A′, ν ′〉 with |A − A′| =
�(N ) [or (A − A′)2 = �(N2)], has a substantial weight in the
trace norm of the double commutator if the state has q = 2.
Then we can conclude that a state ρ̂ with q = 2 contains a
substantial amount of superposition of macroscopically dis-
tinct states.

In addition to the index q, we introduce a term “a general-
ized cat state.” We call ρ̂ a generalized cat state of Â if there
exists a projection operator η̂ such that

Tr(η̂[[[Â, [Â, ρ̂]]]]) = �(N2) (4)

for a given Â. From this definition, a generalized cat state
has q = 2. Conversely, each state with q = 2 is regarded as
a generalized cat state of some observable Â. As detailed
in Sec. II C, the generalized cat state exhibits a significant
advantage, i.e., beating the SQL, when used in metrology.

B. From a thermal equilibrium state to a generalized cat state

In this section we review a protocol to obtain a gener-
alized cat state from a thermal equilibrium state of a spin
ensemble using high-resolution measurements. We define
Ŝα = ∑N

i=1 σ̂α (i), with α = x, y, z, where σ̂α denotes a Pauli
operator.

In [60] it was proven that a single ideal measurement of
the total magnetization can transform a thermal equilibrium
state into a generalized cat state. This protocol involves the
following steps.

(i) Prepare the spins in a thermal equilibrium state in a
magnetic field along the z axis, represented by h, at a temper-
ature 1/β. The Hamiltonian is ĤP = −ωPŜz, where ωP = h.
The initial state is then given by ρ̂P = eβωP Ŝz/ZP, where ZP =
Tr(eβωP Ŝz ). Here the subscript P stands for the phosphorus
donor electrons, which we consider as a spin ensemble to
generate generalized cat states in Sec. IV A.

(ii) Perform a projection measurement onto the Ŝx = M
subspace. The postmeasurement state is expressed as
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ρ̂PM = P̂ (M )eβωP Ŝz P̂ (M )/ZPM, where P̂ (M ) denotes
the projection onto the Ŝx = M subspace and ZPM =
Tr[P̂ (M )eβωP Ŝz ].

It can be shown that

Tr{P̂ (M )[[[Ŝz, [Ŝz, ρ̂PM]]]]} = (N2 − M2) tanh2(βωP) + 2N,

(5)

indicating that ρ̂PM is a generalized cat state of Ŝz when βωP =
�(N0) > 0 and M 
= ±N + o(N ). Note that this value may be
smaller than 1

2‖[[[Ŝz, [Ŝz, ρ̂PM]]]]‖1, since taking the trace norm
‖X̂‖1 of the Hermitian X̂ corresponds to applying a projec-
tion operator η̂M that maximizes 2 Tr(η̂MX̂ ). Interestingly, for
finite temperature 1/β, this generalized cat state exhibits an
exponentially small purity, i.e., Tr(ρ̂2

PM) � exp[−�(N )], due
to the highly mixed nature of the premeasurement Gibbs state.
This explanation pertains to a simple case with no interactions
between spins. However, it was also proven in [60] that a
generalized cat state of Ŝz can be obtained even in the presence
of interaction between the spins.

A significant challenge of this scheme lies in the require-
ment for high-resolution measurements. If the precision of
the projection P̂ (M ), equivalent to the minimum resolvable
number of spins, is �(

√
N ), the conversion to a generalized

cat state occurs with a probability of exp[−�(N )]. To achieve
a generalized cat state with a probability that remains con-
stant as N increases, the projection P̂ (M ) must be performed
with a precision of �(1). This level of precision is experi-
mentally demanding with a single readout. In this paper we
propose to overcome this difficulty by introducing repetitive
measurements.

C. Ramsey-type quantum metrology

Next let us briefly review Ramsey-type quantum metrology
[4] and elucidate how we can utilize our highly entangled
state. We adopt this as the basic strategy in our protocol. As-
sume that the Hamiltonian describing the interaction with the
magnetic field is Ĥ = −ωŜz. In a Ramsey-type measurement
protocol, a sensor state ρ̂ is exposed to the target field for a
time tint, resulting in the state evolution

ρ̂(tint ) = eiωtint Ŝz ρ̂e−iωtint Ŝz . (6)

Then a projective measurement is performed. This projection
operator can be chosen to optimize the sensitivity. The proba-
bility P of the projection η̂ is given by

P = Tr[η̂ρ̂(tint )]. (7)

This protocol is repeated T/tint � 1 times, where T is the total
measurement time. Here we assume that the state preparation
and readout times are negligible compared to tint. From the
measurement outcomes, the parameter ω can be estimated
with an uncertainty [12]

δω =
√

P(1 − P)∣∣ dP
dω

∣∣ 1√
T/tint

. (8)

The inverse of the uncertainty defines the sensitivity. If the
initial state is separable (for which q = 1), then

δω = �(N−1/2), (9)

which is known as the standard quantum limit. Conversely, a
state with q = 2 provides us with

δω = �(N−1), (10)

which is referred to as the Heisenberg-limited scaling [12].
This enhancement of sensitivity in scaling is crucial in quan-
tum metrology.

The generalized cat state of Â can be employed to estimate
a parameter ω coupled to Â, where the state evolves under an
interaction Hamiltonian Ĥ = ωÂ. It has been demonstrated
that the target parameter ω in this setup can be estimated at
the ultimate scaling sensitivity: the Heisenberg-limited scaling
δω = �(N−1) in the absence of noise and the Zeno limit
δω = �(N−3/4) in the presence of time-inhomogeneous de-
phasing [61]. Additionally, the method in [61] provides a
detailed prescription of how to achieve this sensitivity using
the generalized cat states. More specifically, the Ramsey-type
protocol is utilized, where the generalized cat state is prepared
as a probe state, exposed to the target field, and subsequently
measured by the projection η̂.

It is important to note that the quantum Fisher infor-
mation offers the highest sensitivity attainable with a given
state via the Cramér-Rao bound [8], assuming an optimal
positive-operator-valued measure (POVM) is chosen. How-
ever, finding the optimal POVM is a core mission in quantum
metrology [63] and its physical implementation may be non-
trivial. In contrast, the approach using the generalized cat
state as proposed in [61] is advantageous because it demon-
strates practical experimental implementation. Furthermore,
we introduce here a feasible procedure to obtain states with
high-q value and explore their features both analytically and
numerically.

In the following section we discuss a relation between
index q and sensitivity, generalizing the above relations.

III. SQL-BEATING CATLIKE STATES

Given the preliminaries discussed above, we now show
our first important result that states with q > 1.5 can serve
as sensors surpassing the SQL. Specifically, we show that

δω � 1/�(Nq−1), (11)

that is, the sensitivity beyond the SQL is achievable for q >

1.5.
Let η̂ be the projection operator that satisfies the following:

1
2‖[Ŝz, ρ̂]‖1 = Tr(η̂[Ŝz, ρ̂]). (12)

We then obtain the inequality

1
2‖[[[Ŝz, [Ŝz, ρ̂]]]]‖1 � 2N 1

2‖[Ŝz, ρ̂]‖1 = 2N |Tr(η̂[Ŝz, ρ̂])|.
(13)

This inequality implies that if ρ̂ is a generalized cat state of
Ŝz, then ‖[Ŝz, ρ̂]‖1 = �(N ).

Using the Baker-Hausdorff formula, we have

ρ̂(t ) =
∞∑

k=0

(iωt )k

k!
[Ŝz, ρ̂]k, (14)

where we define [Ŝz, ρ̂]0 = ρ̂ and [Ŝz, ρ̂]k = [[[Ŝz, [Ŝz, ρ̂]k−1]]].
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Hence, we have∣∣∣∣dP

dω

∣∣∣∣ =
∣∣∣∣∣Tr

(
η̂

∞∑
k=1

−itint (iωtint )k−1

(k − 1)!
[Ŝz, ρ̂]k

)∣∣∣∣∣ (15)


 |Tr{η̂(−itint )[Ŝz, ρ̂]}| (ωtintN � 1) (16)

= tint|Tr(η̂[Ŝz, ρ̂])|, (17)

where we have used ωtintN � 1, which is a common assump-
tion in quantum metrology.

Therefore, we obtain the inequality that ensures the advan-
tage of states with q > 1.5,

δω 

√

P(1 − P)

|tintTr(η̂[Ŝz, ρ̂])|
1√

T/tint
(18)

� 1/2
1
2‖[Ŝz, ρ̂]‖1

1√
T tint

(19)

� N
1
2‖[[[Ŝz, [Ŝz, ρ̂]]]]‖1

1√
T tint

(20)

= 1

�(Nq−1)

1√
T tint

, (21)

which gives (11).
This bound is loose when considering separable states, as

they provide a scaling of δω = �(N−1/2), while this bound
gives δω � �(N0). However, this bound is significant for
states with q > 1.5, because they surpass the SQL in scaling.
Therefore, not only the states with q = 2 but also states with
1.5 < q < 2 are advantageous for quantum metrology. We
refer to such states as SQL-beating catlike states and illustrate
their emergence as the result of repetitive measurements.

Note that the inequality (18) provides us with the upper
bound of δω, while the Cramér-Rao bound provides the lower
bound. More specifically, the actual value of uncertainty might
be better than what we calculate through our inequality, while
the Cramér-Rao bound indicates the lowest limit that might be
difficult to achieve because of the imperfection of a realistic
setup.

IV. SETUP OF EMERGENCE OF SQL-BEATING CATLIKE
STATES VIA REPETITIVE MEASUREMENTS

We present our protocol for generating SQL-beating cat-
like states through repetitive measurements. The procedure
involves coupling a spin ensemble with an ancillary qubit and
subsequently reading out the total magnetization of the spins
via the projective measurement of the ancillary qubit. Given
that a single measurement of the ancillary qubit yields a binary
result, it does not provide direct information on the total mag-
netization of the spins. However, we demonstrate that through
repeated measurements, the thermal equilibrium state is con-
verted into SQL-beating catlike states due to measurement
backaction. Although this scheme can be implemented in var-
ious physical systems, we primarily focus on a hybrid system
consisting of an electron spin ensemble and a superconducting
flux qubit (FQ), which often plays a key role in quantum
computing. Our approach aims to generate generalized cat
states within the electron spin ensembles by measuring the

spin magnetization with the FQ. In the following, we briefly
review each system and subsequently propose our scheme.

A. Spin ensemble

First, we introduce a spin ensemble that we convert into
generalized cat states. Specifically, we consider phosphorus
(P) donor electrons in a pure 28Si substrate [64]. We assume
that the temperature is low so that all donor electrons are
trapped by the donors. The P donor electron possesses a
spin of 1/2. The donors are distributed randomly in the sub-
strate, and we assume that the donor density is low, typically
1015 cm−3 [64], so that spin-spin interactions are negligible.
Notably, these spins exhibit a long coherence time of around
10 s [64], making them ideal for the creation and manipulation
of superposition of macroscopically distinct states.

By applying a magnetic field h along the z axis, the two
energy levels are split by the Zeeman energy. The Hamiltonian
is described as

ĤP = −ωP

N∑
j=1

σ̂z( j) =: −ωPŜz, (22)

where ωP = h. This ωP is �(1) and known, unlike the target
parameter ω in Sec. II C. The spin ensemble is initially pre-
pared in the canonical Gibbs state with the inverse temperature
β [65],

ρ̂P(0) = e−βĤP/Tr(e−βĤP ), (23)

which has the total spin 〈Ŝz〉 = �(N ) parallel to h. We will
manipulate this state by measuring Ŝx, the total spin compo-
nent perpendicular to h, with the superconducting flux qubit,
which we review in the following section.

B. Superconducting flux qubit

A superconducting FQ is an artificial two-level system
[66–69], often used in quantum computing. The FQ com-
prises a superconducting loop with several (typically three)
Josephson junctions, operating at temperatures in the tens
of millikelvin. Within the loop, a persistent current Iq flows
either clockwise or counterclockwise. The clockwise current
corresponds to a state |R〉, while the counterclockwise cur-
rent corresponds to the state |L〉. By defining �̂3 := |R〉〈R| −
|L〉〈L| and �̂1 := |R〉〈L| + |L〉〈R|, the Hamiltonian of the FQ
can be expressed as

ĤFQ = ε�̂3 + 
�̂1 
 ε�̂3, (24)

where ε = 2Iq(� − �0/2) is an energy bias, with � repre-
senting the magnetic flux penetrating the loop of the FQ and
�0 denoting a flux quantum. Also, 
 is the tunneling energy,
and we assume 
 � ε. Although 
 is small, it controls the
persistent current of the flux qubit [70–72] and will therefore
play a crucial role in our scheme. We will take its effect into
account whenever necessary, while otherwise we approximate
ĤFQ as ε�̂3.

A flux qubit can be utilized as a sensitive magnetometer for
detecting the penetrating magnetic flux � [22,29,30,73,74].
To estimate ε, which directly translates to estimating the ex-
ternal flux �, the following procedure is employed. First, the
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Flux qubit

electron spins

Interaction  

FIG. 1. Schematic of the spin ensemble and the FQ. The electron
spins (white dots) are situated on the substrate (gray oval), which is
placed within the loop of the FQ (navy parallelogram). An external
magnetic field (red arrow) is applied along the z axis to induce the
Zeeman energy −ωPŜz. The interaction between the spin ensemble
and the FQ is represented by a green arrow.

flux qubit is prepared in the state

|+〉 := (|R〉 + |L〉)/
√

2. (25)

This state can be prepared by applying a π/2 pulse of a res-
onant microwave [75], a step referred to as initialization. By
exposing this state to the target external magnetic field corre-
sponding to ε for a duration t , we obtain (e−iεt |R〉 + |L〉)/

√
2.

For readout, we perform a single-qubit rotation using a mi-
crowave pulse, followed by measurement using a Josephson
bifurcation amplifier [76,77] or a dispersive readout with a
Josephson parametric amplifier. This process corresponds to a
projective measurement in the �̂2 := i|L〉〈R| − i|R〉〈L| basis.

Each measurement yields either +1 or −1 from the readout
apparatus of the FQ, with a probability P = cos2(εt/2) for
+1 and 1 − P = sin2(εt/2) for (−1). By repeating this pro-
cedure, we can accurately estimate P, thereby reducing the
uncertainty in the estimation of ε. According to the central-
limit theorem, the uncertainty δε depends on the square root
of the number of repetitions m:

δε ∝ 1√
m

. (26)

In this paper we increase the m repetitive measurements with
a FQ to convert a thermal equilibrium state into a generalized
cat state.

C. Hybrid system

We now introduce the hybrid system comprising N electron
spins and a FQ [78–82], where the FQ serves as an ancillary
qubit to repetitively measure the total magnetization of the
spin ensemble.

As illustrated in Fig. 1, an ensemble of donor electron spins
in silicon is placed inside the loop of the FQ. We apply a mag-
netic field parallel to the plane of the FQ loop corresponding
to the application of ωPŜz as described in Sec. II B. We assume
that the spin ensemble’s x axis is orthogonal to the plane
of the loop. The FQ has two basis states corresponding to
the clockwise and counterclockwise currents. These currents
generate magnetic fields that shift the Zeeman energy of the
electron spin in the x direction. This state-dependent energy

shift induces a magnetic interaction between electron spins
and the FQ, described by the interaction Hamiltonian

Ĥint = g(t )Ŝx ⊗ �̂3, (27)

where g(t ) denotes the coupling strength between them.
The total Hamiltonian of the system is

Ĥ = ĤFQ + ĤP + Ĥint. (28)

If the interaction induces a frequency shift on the FQ, we can
use the FQ to detect the magnetization of the spin ensemble
by performing the Ramsey-type measurements on the FQ. We
take h = ωP large enough such that

|g(t )| � ωP (29)

is satisfied. Under this condition, a dc (time-independent)
term in g(t ) is unimportant because it will be dropped due
to a rotating-wave approximation. By contrast, an ac (time-
dependent) term in g(t ) can induce significant resonant effects
if its frequency is approximately equal to ωP. Therefore, we
consider the time-dependent coupling

g(t ) = gcos(2ωPt ) = g
e2iωPt + e−2iωPt

2
. (30)

We can achieve such modulation of the coupling strength by
altering the tunneling energy 
 of the FQ since the persis-
tent current of the FQ depends on the tunneling energy [72].
Alternatively, with a time-independent coupling strength, we
could perform many π pulses on the FQ sequentially, akin
to dynamical decoupling [75], causing the effective coupling
strength to oscillate temporarily. In this paper, we focus on the
former strategy.

Because of Eqs. (29) and (30), the rotating-wave approx-
imation works well. In the rotating frame defined by V̂ =
exp(−iωPt Ŝz + iε�̂3t ), we have

ĤR = V̂ ĤV̂ † − iV̂
dV̂ †

dt
(31)

= g(t )
Ŝ+e−2iωPt + Ŝ−e2iωPt

2
⊗ �̂3, (32)

where we use Ŝx = (Ŝ+ + Ŝ−)/2. Thus, the Hamiltonian in the
rotating frame becomes

ĤR 
 g

2
Ŝx ⊗ �̂3. (33)

This Hamiltonian indicates that the spin magnetization along
the x axis induces a frequency shift on the FQ, allowing us
to use Ramsey measurements on the FQ to detect the spin
ensembles. Importantly, in this scenario, we do not need to
control the spin ensemble with microwave pulses.

As depicted in Fig. 2, we assume that g(t ) = 0 during the
initialization and readout of the FQ, whereas it oscillates as
Eq. (30) during interaction. Even if the coupling strength has
a dc component, we can ignore its effect, as mentioned above.
Below we analyze how the state of the spin ensemble changes
by repeating these Ramsey measurements.
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g

0

FQ
initialization

interaction
readout
FQ time

FIG. 2. Schematic of the time dependence of g(t ). To induce an
interaction between the FQ and the spin ensemble, we modulate the
coupling strength to oscillate.

V. ENTANGLEMENT GENERATION BETWEEN
ELECTRON SPINS VIA REPETITIVE MEASUREMENTS

WITH THE FQ

In this section we show our second main result that the
SQL-beating states are generated under the evolution of the
spin ensemble’s state through a sequence of Ramsey-type
measurements involving the FQ. With the ground state at
temperature zero as the initial state of the spin ensemble,
we obtain a certain Dicke state after infinitely many readout
processes in a reasonable parameter regime. We see that the
probability of obtaining a generalized cat state as a final state
is asymptotically 1 for large N .

A. State after m measurements

In this section we consider what state we get after m
measurements are applied to the spin ensemble. Let ρ̂P(m)
denote the density matrix of the spin ensemble after the mth
measurement by the FQ, where ρ̂P(0) is given by Eq. (23). By
performing the (m + 1)th measurement on ρ̂P(m), we obtain
either of

ρ̂P(m + 1) = Ŵ+ρ̂P(m)Ŵ †
+

Prob(�2 = +1)
, (34)

ρ̂P(m + 1) = Ŵ−ρ̂P(m)Ŵ †
−

Prob(�2 = −1)
, (35)

depending on the measurement results, where

Ŵ+ := 〈+y|e−i(g/2)Ŝx⊗�̂3t |+〉 = 1 − i√
2

sin

(
π

4
+ gt Ŝx

2

)
,

(36)

Ŵ− := 〈−y|e−i(g/2)Ŝx⊗�̂3t |+〉 = 1 + i√
2

sin

(
π

4
− gt Ŝx

2

)
(37)

are measurement operators. For a detailed derivation, see Ap-
pendix A. Here |±y〉 denotes the eigenvectors of �̂2 with
an eigenvalue of ±1. The probability for the corresponding
projection is given by

Prob(�2 = ±1) = Tr[Ŵ±ρ̂P(m)Ŵ †
±]. (38)

To elucidate the effect of repetitive measurements, we
study the zero-temperature limit β → ∞ in this section and
leave the study of the case of finite temperature to the next
section. In the zero-temperature limit, the initial state of the

spin ensemble is a pure state |↑〉⊗N . Hence we analyze |φm〉,
a pure state after m measurements. At each readout process,
either Ŵ+ or Ŵ− is probabilistically applied to the state of the
spin ensemble. This means there are 2m possible trajectories
when m measurements are performed by the FQ. Fortunately,
since Ŵ+ commutes with Ŵ−, the number of effective trajec-
tories is reduced and there are only m + 1 distinct trajectories
to consider. Let k denote the number of times Ŵ+ is applied to
the state during the m measurements. For a given k, the final
state can be expressed as

|φm〉 = (Ŵ+)k (Ŵ−)m−k|↑〉⊗N/norm, (39)

where

(norm)2 = 〈↑|⊗N (Ŵ †
+Ŵ+)k (Ŵ †

−Ŵ−)m−k|↑〉⊗N . (40)

Assuming

gtN < π/2 (41)

for simplicity for a while, we can prove that for m � 1,
(Ŵ+)k (Ŵ−)m−k attains the eigenvalue with the largest modulus
for eigenstates of Ŝx, when the corresponding eigenvalue Sx

becomes the closest to (gt )−1 arcsin(2k/m − 1). Details are
provided in Appendix B.

Importantly, it is known that if an operator K̂ is applied
infinitely many times to the system, the system converges to
the eigenstate of K̂ corresponding to the eigenvalue with the
largest modulus, provided it is unique [83–85]. Furthermore,
in our case, we obtain (Ŵ+)k (Ŵ−)m−k = [(Ŵ+)α (Ŵ−)(1−α)]m

for k = αm, where 0 � α � 1. It is worth mentioning that
K̂ = (Ŵ+)α (Ŵ−)(1−α) and (Ŵ+)k (Ŵ−)m−k take the largest
eigenvalue with the same eigenstate. By applying this fact to
our case, we obtain

|φm〉 

∣∣∣∣Sx = (gt )−1 arcsin

(
2k

m
− 1

)〉
(42)

for large m, if we assume that (gt )−1 arcsin( 2k
m − 1) is an

integer. Here we define

|Sx = θ〉 := ∣∣D(θ )
N

〉
, (43)

where |D(θ )
N 〉 is a Dicke state given by

∣∣D(θ )
N

〉 =
√(

N
N+θ

2

)−1 ∑
σ∈SN

Pσ (|+〉⊗(N+θ )/2|−〉⊗(N−θ )/2),

(44)

with Pσ denoting the permutation of spins and the summation
taken over all different permutations in the permutation group
SN [86–88].

For an illustration, consider the example where k = m/2
for an even number m. An operator Ŵ+Ŵ− = cos(gt Ŝx )/2 is
applied m/2 times. In the region −π/2 < x < π/2, the func-
tion cos(x) attains its maximum value of 1 at x = 0. Therefore,
we obtain

|φm〉 → |Sx = 0〉 (45)

in the limit of m → ∞.
Note that Sx takes only integer values, while

(gt )−1 arcsin( 2k
m − 1) is not necessarily an integer. This
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necessitates refining the formula (42) as follows. In the limit
of m → ∞, the final state converges to

lim
m→∞ |φm〉 = |Sx = L〉, (46)

where L is the integer closest to (gt )−1 arcsin(2k/m − 1). If
(gt )−1 arcsin(2k/m − 1) is a half-integer, there are two possi-
ble states with eigenvalues whose modulus is the largest. In
this case, the final state depends on the initial state’s weight
about these two states. This idea can be applied also in the
next paragraph.

In actual experiments, it is not always possible to satisfy the
condition of gtN < π/2. In a region gtN � π/2, the operator
(Ŵ+)k (Ŵ−)m−k takes the eigenvalue with the largest modulus
when Sx takes either of the following values:

θ1(n) :=
[

arcsin

(
2k

m
− 1

)
+ 2nπ

]/
gt, (47)

θ2(n′) :=
[
π − arcsin

(
2k

m
− 1

)
+ 2n′π

]/
gt . (48)

Here n and n′ are integers that satisfy

−gtN � arcsin

(
2k

m
− 1

)
+ 2nπ � gtN, (49)

−gtN � π − arcsin

(
2k

m
− 1

)
+ 2n′π � gtN, (50)

where we use −N � Sx � N . As we have discussed in the
preceding paragraph, the final state should be |Sx = L〉, where
L is the integer closest to the largest (in magnitude) eigen-
value of (Ŵ+)k (Ŵ−)m−k , among θ1(n) and θ2(n′) with multiple
candidates of n and n′ (we assume that such L is unique for
simplicity). This implies that the integer L is taken as

L =
{

θ1(n), minn∈Z h1(n) � minn′∈Z h2(n′)
θ2(n′), minn∈Z h1(n) > minn′∈Z h2(n′),

(51)

where

h1(n) := |θ1(n) − round[θ1(n)]|, (52)

h2(n′) := |θ2(n) − round[θ2(n)]|. (53)

Here round(x) is the integer closest to x.

B. Variance of Ŝz in ρ̂P(m)

Next we examine whether these postmeasurement states
are generalized cat states. As we have clarified in the pre-
ceding section, the final state, i.e., ρ̂P(m) with m → ∞, is a
pure state when the initial state is a pure state |↑〉⊗N . If the
variance of an additive observable is of the order of N2, such
a pure state is a generalized cat state [58,61].

Calculating the variance of Ŝz for |Sx = ξ〉, we obtain

〈Sx = ξ |Ŝ2
z |Sx = ξ 〉 − 〈Sx = ξ |Ŝz|Sx = ξ 〉2

= N2 − ξ 2

2
+ N. (54)

This shows that, as long as there exists a positive N-
independent constant δ (<1) such that |ξ/N | < 1 − δ is
satisfied, |Sx = ξ 〉 is a generalized cat state. In the case
gtN < π/2, the final state |Sx 
 (gt )−1 arcsin[(2k − m)/m]〉

N=3
N=4

N=3
N=4

x10-2
(a) (b)

FIG. 3. Plot of the probability p(k) of obtaining the trajectories in
which Ŵ+ is applied k times, as described in Eq. (56), against k. In (a)
the parameters are gt = 0.2, m = 400, and N = 3 (blue) and N = 4
(yellow), satisfying gtN < π/2. In this case, p(k) is approximately
given by the sum of the sharp normal-distribution-like peaks, whose
heights become larger when they are closer to k = m/2. In (b) the
parameters are gt = 1.0, m = 100, and N = 3 (blue) and N = 4
(yellow), satisfying gtN � π/2.

is a generalized cat state if there exists a positive constant
δ′ (<1) such that |(Ngt )−1 arcsin[(2k − m)/m]| < 1 − δ′ is
satisfied, assuming for simplicity that L in the preceding sec-
tion is uniquely determined. Intuitively, this can be explained
as follows: Generalized cat states are produced by the m
measurements when k is far enough from 0 and m so that
(gt )−1 arcsin[(2k − m)/m] is not as large as N .

C. Probability of trajectories

We investigate the success probability of creating a gener-
alized cat state when the initial state is |↑〉⊗N .

Let p(k) denote the probability of obtaining the trajectories
in which Ŵ+ is applied k times. Since there are (m

k ) trajecto-
ries for a given k, the probability p(k) is calculated as (see
Appendix C for derivation)

p(k) =
(

m

k

)
〈↑|⊗N (Ŵ †

+Ŵ+)k (Ŵ †
−Ŵ−)m−k|↑〉⊗N (55)

=
(

m

k

)
1

2N

N∑
r=0

(
N

r

)

×
(

1 + sin[gt (2r − N )]

2

)k

×
(

1 − sin[gt (2r − N )]

2

)m−k

. (56)

This p(k) exhibits markedly different behaviors for various
parameters (Fig. 3). For gtN < π/2, there are two highest
peaks near k = m/2 for odd N , whereas there is a single high-
est peak at k = m/2 for even N . Additionally, the probabilities
p(0) and p(m) are small.

Notably, we can prove that the success probability of gener-
ating a generalized cat state is sufficiently large. In particular,
we can show that the probability approaches 1 as

lim
N→∞

lim
m→∞

∑
k

′
p(k) = 1 when gtN < π/2, (57)

where
∑′

k denotes the sum taken over k such that the cor-
responding stationary states are the generalized cat states. In
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fact, in the limit m → ∞, p(k) can be regarded as a sum of the
sharp normal-distribution peaks [as in Fig. 3(a)]. Then taking
N → ∞ leads to the concentration of the peaks towards k 

m/2, resulting in

∑′
k p(k) → 1. For the detailed proof, see

Appendix D. This is intuitive because we obtain a generalized
cat state unless k is close to 0 or m when gtN < π/2, which
is unlikely, as already speculated from Fig. 3(a).

For gtN � π/2, p(k) exhibits a different behavior [see
Fig. 3(b)]. We observe that p(0) and p(m) have relatively large
values. However, we still obtain generalized cat states with a
reasonable success probability, as we numerically find in the
next section.

D. Required number of measurements

As explained in Sec. V A, an infinite number of measure-
ments convert the initial state to |Sx = L〉. In this section
we discuss how many measurements are required to approx-
imately obtain this stationary state, assuming the case gtN <

π/2.
For this purpose, we evaluate the spectral gap characteriz-

ing the dynamics. More precisely, we consider the spectrum
{λa} (λ1 � λ2 � · · · ) of an operator

− 1

2m
ln(Ŵ k

+Ŵ m−k
− )(Ŵ k

+Ŵ m−k
− )† = −1

2
ln K̂K̂†, (58)

with K̂ = K̂† = (Ŵ+)α (Ŵ−)1−α and α = k/m, which is called
the Lyapunov spectrum of a trajectory under measurement
[89,90]. The inverse of the gap of the Lyapunov spectrum,
λ2 − λ1, is known to provide the timescale for relaxation to
the final state. This is because the ratio of weights between
the longest-lived decaying mode and the final state is evalu-
ated by e−λ2m/e−λ1m, which becomes approximately e−1 when
m 
 mrelax := (λ2 − λ1)−1.

Since Ŵ± are diagonal in the Ŝx basis, the above operator is
simply given by − ln f (gt Ŝx ),

− ln f (gt Ŝx ),

where f (x) := sinα ( π
4 + x

2 ) sin1−α ( π
4 − x

2 ) (see Appendix B).
In Appendix B we show that f (x) takes a maximum value
when

x∗ = arcsin(2α − 1), (59)

which leads to Eq. (42) and λ1 = − ln f (x∗) if x∗/gt is an
integer. If x∗/gt is not an integer, we instead have

λ1 = − ln f (gtL), (60)

with L = round(x∗/gt ).
Next, since f (x) is a concave function taking the maximum

at x = x∗ (Appendix B) and Sx takes integer values, we can
evaluate λ2 as

λ2 = − ln f (gtL + gt ) (61)

or

λ2 = − ln f (gtL − gt ). (62)

Let us first assume that x∗/gt is an integer, i.e., gtL = x∗.
Then, assuming gt � 1, we can evaluate the gap at the leading

order of (gt )2 from the form of f (x), finding

λ2 − λ1 
 (gt )2

4
. (63)

This leads to the relaxation timescale

mrelax 
 4

(gt )2
. (64)

Interestingly, this does not explicitly depend on α.
When x∗/gt is not an integer, the gap becomes smaller than

(gt )2/4 but remains the order of (gt )2, unless it accidentally
vanishes. Therefore, we conclude that the relaxation time for
most measurement outcomes becomes the order of mrelax ∼
(gt )−2.

VI. NUMERICAL SIMULATIONS

In this section we study the case of finite temperature using
numerical simulations. The initial state of the spin ensemble
is a mixed state, i.e., a thermal equilibrium state subjected to a
magnetic field h along the z axis. The quantity that we mainly
focus on is

Ccat(((Ŝz, ρ̂P(m)))) := 1
2‖[[[Ŝz, [Ŝz, ρ̂P(m)]]]]‖1. (65)

If it is �(Nq) with q > 1.5, the state is a SQL-beating catlike
state, as discussed in Sec. III. To visualize the emergence of
generalized cat states, we numerically compute the value of
Ccat(((Ŝz, ρ̂P(m)))) for each m up to m = 1000. In the following,
we take 1/β = 0.1 and h = 0.5. The interaction strength be-
tween the FQ and the spin ensemble is set to be gt = 0.222.
This is the case where gtN > π/2, which we did not analyt-
ically discuss above. Remarkably, we can see the emergence
of SQL-beating catlike state even in this regime.

A. Trajectories for a fixed N

Let us examine a single trajectory for a fixed N (=15), de-
picted in Fig. 4. In each trajectory, the measurement outcome
at each m is probabilistically determined, and the measure-
ment backaction from each result influences the value of
Ccat(((Ŝz, ρ̂P(m)))). Due to the stochastic nature of these measure-
ments, a single trajectory exhibits temporal fluctuations, albeit
with an overall tendency for Ccat(((Ŝz, ρ̂P(m)))) to increase. By
averaging over 3000 trajectories, we observe that the value
of Ccat(((Ŝz, ρ̂P(m)))) undergoes rapid changes initially but be-
comes almost constant around m ∼ 600, as shown in the inset
of Fig. 4. Note that at mrelax 
 4/(gt )2 
 82, the value of
Ccat(((Ŝz, ρ̂P(m)))) is 147, which is nearly half of the stationary
value of Ccat(((Ŝz, ρ̂P(m)))), even though we consider here the
case gtN > π/2.

B. Scaling behavior of Ccat(((Ŝz, ρ̂P(m))))

To determine whether we have successfully created a
generalized cat state, it is essential to examine the scaling
behavior of the Ccat(((Ŝz, ρ̂P(m)))) with respect to N at each
m. For N = 3, 5, 7, 15, 31, 63, 127, we average 3000 random
trajectories and plot the value of Ccat(((Ŝz, ρ̂P(m)))) in Fig. 5.
A linear fit is performed to determine the slope of the line,
corresponding to the index q. As depicted, the slope increases
with m, but does not show a significant change after m ∼ 600.
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average

single trajectory
ca

t

ca
t

FIG. 4. Visualization of the creation of generalized cat states
through repetitive measurements with N = 15 qubits. The horizontal
axis represents the number of measurements with the FQ, while the
vertical axis denotes the value of Ccat(((Ŝz, ρ̂P(m)))). Due to the prob-
abilistic nature of each measurement, the values of Ccat(((Ŝz, ρ̂P(m))))
exhibit temporal fluctuations within a single trajectory. The inset
illustrates the results averaged over 3000 runs. In the inset, the
black vertical line shows m = 82 
 mrelax. Purple, green, red, blue,
and orange lines in the inset indicate m = 10, 50, 100, 600, 1000,
respectively. This average reveals a clear, gradual increase in
Ccat(((Ŝz, ρ̂P(m)))). The initial state is exp(−βhŜz )/Tr exp(−βhŜz ), with
1/β = 0.1, h = 0.5, and a coupling strength multiplied by the inter-
action time given by gt = 0.222.

With a linear fit using the data for N =
3, 5, 7, 15, 31, 63, 127, we obtain up to q = 1.94 at
m = 1000, which is sufficiently close to the generalized
cat state with q = 2. Since q > 1.5 is achieved already for
m = 50, we can create SQL-beating catlike states by this
timescale.

of a generalized cat state

m=1000
m=600
m=100
m=50
m=10

of a generalized cat state

1

10

10

10

10
4

3

2

10 50 10051

ca
t

cat

cat

FIG. 5. A log-log plot of the value of Ccat(((Ŝz, ρ̂P(m)))) against N
for different m values, along with two reference plots. From the
bottom to the top, the m values are m = 10 (purple), 50 (orange),
100 (cyan), 600 (red), and 1000 (blue). The initial state is given by
exp(−βhŜz )/Tr exp(−βhŜz ), with 1/β = 0.1, h = 0.5, and a cou-
pling strength of gt = 0.222. The thick gray line represents the
reference obtained from Eq. (66), which is Ccat of a generalized cat
state. The green dotted line represents the reference value of C̃cat

obtained from Eq. (68). Error bars were omitted as they were smaller
than the widths of the dots.

Note that, for reference, Fig. 5 also shows two addi-
tional curves which concern a generalized cat state ρ̂PM

obtained by a single projective measurement P̂ (M ) [60] (see
Sec. II B), where the initial state is the zero-temperature pure
state ρ̂pure = |↑〉⊗N 〈↑|⊗N . One curve describes Ccat (Ŝz, ρ̂PM)
of the postmeasurement state averaged over outcomes M =
−N,−N + 2, . . . , N for the projection measurement,

Ccat :=
∑

M=−N,N−2,...,N

1

2N

(
N

N+M
2

)

× ‖[[[Ŝz, [Ŝz, P̂ (M )ρ̂pureP̂ (M )]]]]‖1

2
, (66)

where ( N
(N + M )/2)/2N is the corresponding probability. If the

initial state is a mixed state at finite temperature, the average
value of Ccat (Ŝz, ρ̂PM) is smaller than Ccat. The second curve is
associated with

C̃cat (Ŝz, ρ̂PM) := Tr{P̂ (M )[[[Ŝz, [Ŝz, ρ̂PM]]]]}, (67)

which provides the analytically tractable lower bound of
Eq. (65). Motivated by the intuitive measurement protocol
explained in Sec. II B, C̃cat is defined as the zero-temperature
limit (β → ∞) of Eq. (5) averaged over all measurement
outcomes, i.e.,

C̃cat :=
∑

M=−N,N−2,...,N

1

2N

(
N

N+M
2

)
Tr{P̂ (M )[[[Ŝz, [Ŝz, ρ̂PM]]]]}

=
∑

M=−N,N−2,...,N

1

2N

(
N

N+M
2

)
(N2 − M2 + 2N ). (68)

As can be seen in Fig. 5, the fitted line of the state after
600 measurements is indistinguishable from Ccat and C̃cat,
the plots for the generalized cat state generated via single
projective measurement at zero temperature. This implies that
the repetitive measurements we consider in this paper can
indeed replace the single-projective-measurement scheme in
Ref. [60], which required considerably high-resolution mea-
surement. It is also remarkable that our scheme is comparable
to the single-projective-measurement scheme under zero tem-
perature, even though we consider nonzero temperature.

Finally, we note that within this numerical simulation, we
cannot achieve �(N2) scaling of Ccat(((Ŝz, ρ̂P(m)))) from the
fitting. The possible reasons for this are as follows. First, we
considered the region gtN > π/2 in the numerical simulation,
while we proved (57) assuming gtN < π/2. Second, unless
N is infinitely large, there will be a finite contribution from
both �(N2) and �(N ) terms even when the generalized cat
states are considered, as can be seen in Eq. (5). When we
substitute N = 3, 5, 7, 15, 31, 63, 127 in Eqs. (66) and (68)
and perform the linear fitting in the same manner, we ob-
tain q = 1.95, which is less than 2, even when accounting
for fitting error [91]. Consequently, it is challenging to ob-
tain Ccat(((Ŝz, ρ̂P(m)))) with the scaling �(N2) from numerical
simulations up to N = 127. Nonetheless, our results are still
significant as they demonstrate the potential of utilizing this
highly entangled state with q > 1.5 for quantum sensing, as
we discussed above.
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TABLE I. Comparison of sensitivity of states with various q. The
uncertainty δω for states with q = 1, 1.81, 1.91, 1.94, 2 is calculated.
We can see a clear advantage of q > 1.5.

m q δω

1 (separable state) 4.4 × 10−2/
√

T tint

50 1.81 �2.4 × 10−2/
√

T tint

100 1.91 �1.2 × 10−2/
√

T tint

600 1.94 �7.4 × 10−3/
√

T tint

2 (generalized cat state) �7.0 × 10−3/
√

T tint

C. Sensitivity of the generated states

Let us calculate the sensitivity of the states with q > 1.5
that are generated through the repetitive measurements. We
consider the case where N = 127. Substituting the value of
Ccat(((Ŝz, ρ̂P(m)))) for Eq. (20), we show δω of the following
states in Table I: the state at m = 50 with q = 1.81, the state at
m = 100 with q = 1.91, the state at m = 600 with q = 1.94,
and the generalized cat state with q = 2 obtained by a single
projective measurement. We also calculate the sensitivity of a
separable state using a known formula δω = 1

2
√

N
√

T tint
.

From this table it is clear that states with q > 1.5, produced
via a moderate number of measurements, are indeed more
advantageous in quantum sensing than a separable state.

VII. CONCLUSION AND OUTLOOK

We studied the relation between δω and q and derived
an inequality δω � O(N1−q ). Any state with q > 1.5 is ad-
vantageous in quantum metrology, hence we call states with
q > 1.5 SQL-beating catlike states. We proposed a method to
create SQL-beating catlike states through repetitive measure-
ments. A thermal equilibrium state of the spin ensemble was
coupled with an ancillary qubit, and we repeatedly measured
the ancillary qubits. This sequential measurement of the ancil-
lary qubit provides information about the total magnetization
of the spins, leading the spin ensemble to gradually approach
the SQL-beating catlike states. Notably, no dynamical control
over the spin ensembles is required during the creation of
these states. Analytically, we demonstrated that the final state
is likely to become a SQL-beating catlike state when the initial
state is pure, i.e., at zero temperature. For a mixed state at
finite temperature as the initial state, we numerically showed
that SQL-beating catlike states can be created via repetitive
measurements. We discussed the feasibility of our proposal
concerning a hybrid system of an electron spin ensemble
and superconducting flux qubit, strengthening the connection
between quantum metrology and quantum computing. These
results pave the way for the realization of entanglement-
enhanced metrology.

In the future work, it would be interesting to speed up
the generation of SQL-beating catlike states, since cat states
are fragile in general. Recently, utilization of shortcuts to
adiabaticity (STA) has been studied for quick generation
of metrologically useful states, i.e., NOON states and spin
squeezed states [92–94]. Since our scheme includes measure-
ments, it is nontrivial how we can speed up the generation.

Still, since the STA formalism is widely studied and it is
even extended to open quantum systems [95], it would be
interesting to pursue the application of this formalism to our
scheme.
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APPENDIX A: DERIVATION OF THE STATE AFTER
THE (m + 1)th MEASUREMENT

Let us investigate ρ̂P(m + 1), the state after the (m + 1)th
measurement, from ρ̂P(m). The measurement protocol is as
follows. First, we initialize the FQ so that the initial state is
ρ̂P(m) ⊗ |+〉〈+|. Then we let the total state evolve with the
Hamiltonian ĤR = g

2 Ŝx ⊗ �̂3. Finally, we read out the FQ on
the �̂2 basis (�̂2|±y〉 = |±y〉). If we obtain +1 as an outcome
of the measurement, then ρ̂P(m + 1) = ρ̂P(m + 1)+, which is
written as

ρ̂P(m + 1)+

= 〈+y|e−i(g/2)Ŝx⊗�̂3t ρ̂P(m) ⊗ |+〉〈+|ei(g/2)Ŝx⊗�̂3t |+y〉
Prob(�2 = +1)

(A1)

= Ŵ+ρ̂P(m)Ŵ †
+

Prob(�2 = +1)
, (A2)

where

Ŵ+ = 〈+y|e−i(g/2)Ŝx⊗�̂3t |+〉 (A3)

= e−i(g/2)t Ŝx − iei(g/2)t Ŝx

2
(A4)

= 1 − i√
2

sin

(
π

4
+ gt

2
Ŝx

)
(A5)

and

Prob(�2 = +1)

= Tr[〈+y|e−i(g/2)Ŝx⊗�̂3t ρ̂P(m) ⊗ |+〉〈+|ei(g/2)Ŝx⊗�̂3t |+y〉].
(A6)
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Similarly, if we obtain −1 as an outcome of the measure-
ment, then ρ̂P(m + 1) = ρ̂P(m + 1)−, which is written as

ρ̂P(m + 1)−

= 〈−y|e−i(g/2)Ŝx⊗�̂3t ρ̂P(m) ⊗ |+〉〈+|ei(g/2)Ŝx⊗�̂3t |−y〉
Prob(�2 = −1)

(A7)

= Ŵ−ρ̂P(m)Ŵ †
−

Prob(�2 = −1)
, (A8)

where

Ŵ− = 〈−y|e−i(g/2)Ŝx⊗�̂3t |+〉 (A9)

= e−i(g/2)t Ŝx + iei(g/2)t Ŝx

2
(A10)

= 1 + i√
2

sin

(
π

4
− gt

2
Ŝx

)
(A11)

and

Prob(�2 = −1)

= Tr[〈−y|e−i(g/2)Ŝx⊗�̂3t ρ̂P(m) ⊗ |+〉〈+|ei(g/2)Ŝx⊗�̂3t |−y〉].
(A12)

APPENDIX B: DERIVATION OF |φm〉
Here let us discuss the state we get after applying Ŵ k

+Ŵ m−k
− ,

where 0 � k � m is the number of Ŵ+ applied in m measure-
ments. There is a theorem that when an operator K̂ is applied
infinite times, the state converges to the eigenstate of K̂ with
the eigenvalue whose modulus is the largest, provided it is
nondegenerate. Furthermore, in our case, for k = αm where
0 < α < 1, we obtain (Ŵ+)k (Ŵ−)m−k = [(Ŵ+)α (Ŵ−)(1−α)]m.
By taking K̂ := (Ŵ+)α (Ŵ−)(1−α), we can adopt this theorem.

We want to find the largest (in magnitude) eigenvalue of

K̂ =
[

1 − i√
2

sin

(
π

4
+ gt

2
Ŝx

)]α[
1 + i√

2
sin

(
π

4
− gt

2
Ŝx

)]1−α

(B1)

for each α. When K̂ is applied to some initial state |ψ0〉 =∑
l cl |Sx = l〉, then

K̂|ψ0〉 =
(

1 − i√
2

)α(
1 + i√

2

)1−α

sinα

(
π

4
+ gt

2
Ŝx

)

× sin1−α

(
π

4
− gt

2
Ŝx

) ∑
l

cl |Sx = l〉 (B2)

=
(

1 − i√
2

)α(
1 + i√

2

)1−α ∑
l

cl sinα

(
π

4
+ gt

2
l

)

× sin1−α

(
π

4
− gt

2
l

)
|Sx = l〉. (B3)

Let us define f (x) as

f (x) := sinα
(π

4
+ x

2

)
sin1−α

(π

4
− x

2

)
. (B4)

TABLE II. Derivative test chart of f (x), which increases (+)
until x = arcsin(2α − 1) and then decreases (−).

x −π/2 arcsin(2α − 1) π/2

f ′(x) + 0 −
f (x) ↗ ↘

Finding the extremum of f (x) corresponds to finding the
largest eigenvalue of K̂ because Ŵ± are diagonal in the Ŝx

basis.
To find the extremum, we take the derivative

f ′(x) = 2α − 1 − sin x

4 sin1−α
(

π
4 + x

2

)
sinα

(
π
4 − x

2

) . (B5)

We can see that f (x) takes the extremum at x that satisfies
g(x) = 0, where

g(x) := 2α − 1 − sin x. (B6)

It is obvious that g(x) takes zero at

sin x = 2α − 1. (B7)

For simplicity, let us first consider the region

−π

2
< x <

π

2
. (B8)

Since 0 < α < 1, f (x) takes the maximum at x =
arcsin(2α − 1), which is greater than zero and smaller
than π/2. When α = 1 (−1), f (x) takes the maximum
(minimum) 1 (−1) at x = π/2 (−π/2). These are illustrated
as in Table II.

Therefore, under the assumption −π/2 < x < π/2, the
function f (x) takes the maximum at x = arcsin(2α − 1), lead-
ing to the conclusion that after applying K̂ for m � 1 times,
the final state |φm〉 approaches (42).

Let us also consider the case of x � π/2 or x � −π/2. In
general, g(x) takes zero at

x = arcsin(2α − 1) + 2nπ, (B9)

x = π − arcsin(2α − 1) + 2nπ, (B10)

where n ∈ Z. Actually, we can prove that

| f (x)| = (1 − α)(1−α)/2(α)α/2 (B11)

=
√

(1 − α)1−ααα (B12)

for any x that satisfies g(x) = 0, i.e., sin x = 2k/m − 1. With
the extrema with the equal value of | f (x)|, this implies that
there are multiple candidates for the final state. In such a
case, we should consider the weight of the eigenstates that are
candidates for the final state, in the initial state. In other words,
the final state should be the superposition of the candidates
whose weight is determined by the initial state.
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APPENDIX C: DERIVATION OF p(k)

Here we explain the derivation of p(k), the probability of
obtaining the trajectory with Ŵ+ applied k times:

(Ŵ †
+Ŵ+)k (Ŵ †

−Ŵ−)m−k

=
[

sin2

(
π

4
+ gt

2
Ŝx

)]k[
sin2

(
π

4
− gt

2
Ŝx

)]m−k

(C1)

=
(

1 + sin(gt Ŝx )

2

)k(
1 − sin(gt Ŝx )

2

)m−k

. (C2)

We use |Sx = 2r − N〉 (where r = 0, 1, . . . , N is the number
of up spins) in (44) as

|Sx = 2r − N〉 = ∣∣D(θ )
N

〉
=

√(
N

N+θ
2

)−1 ∑
σ∈SN

Pσ (|+〉⊗(N+θ )/2|−〉⊗(N−θ )/2), (C3)

with θ = 2r − N . Importantly,

|↑〉⊗N =
( |+〉 + |−〉√

2

)⊗N

= 1√
2N

N∑
r=0

|Sx = 2r − N〉
√(

N

r

)
. (C4)

Hence we obtain

p(k) =
(

m

k

)
〈↑|⊗N (Ŵ †

+Ŵ+)k (Ŵ †
−Ŵ−)m−k|↑〉⊗N (C5)

=
(

m

k

)
1

2N

N∑
r=0

〈Sx = 2r − N |
√(

N

r

)

×
(

1 + sin(gt Ŝx )

2

)k(
1 − sin(gt Ŝx )

2

)m−k

×
N∑

r′=0

|Sx = 2r′ − N〉
√(

N

r′

)
(C6)

=
(

m

k

)
1

2N

N∑
r=0

(
N

r

)

×
(

1 + sin[gt (2r − N )]

2

)k

×
(

1 − sin[gt (2r − N )]

2

)m−k

. (C7)

APPENDIX D: PROBABILITY OF OBTAINING
A GENERALIZED CAT STATE

We consider the case where m is even. Here we discuss
the probablity of obtaining a generalized cat state after m
measurements with |↑〉⊗N as an initial state. We take the sum
of p(k) over k, which allows the emergence of generalized cat
states, and prove that it converges to 1 in the limit N → ∞
(note that we take N → ∞ after m → ∞). The probability
p(k) can be regarded as a sum of binomial distributions with

weight (N
r )/2N ,

p(k) = 1

2N

N∑
r=0

(
N

r

)
B(gt, r, k), (D1)

B(gt, r) :=
(

m

k

)
s(gt, r)k[1 − s(gt, r)]m−k, (D2)

s(gt, r) := 1 + sin[gt (2r − N )]

2
. (D3)

If we assume gtN < π/2, we find s(gt, r) > 0 and 1 −
s(gt, r) > 0. Since we are considering large m, the binomial
distribution B(gt, r) can be approximated as the normal distri-
bution, i.e.,

B(gt, r, k) 
 1√
2πms(gt, r)[1 − s(gt, r)]

× exp

(
− [k − ms(gt, r)]2

2ms(gt, r)[1 − s(gt, r)]

)
; (D4)

∴ p(k) 
 1

2N

N∑
r=0

(
N

r

)
1√

2πms(gt, r)[1 − s(gt, r)]

× exp

(
− [k − ms(gt, r)]2

2ms(gt, r)[1 − s(gt, r)]

)
. (D5)

Note that s(gt, r) is a monotonically increasing function of r.
Consider the sum of p(k) from k = mα1 to k = mα2. When

m � 1, we can replace the sum with integral, i.e.,

mα2∑
k=mα1

p(k)=
mα2∑

k=mα1

1

2N

N∑
r=0

(
N

r

)
B(gt, r, k) (D6)


 1

2N

N∑
r=0

(
N

r

)√
m

2πs(gt, r)[1 − s(gt, r)]

×
∫ α2

α1

dα exp

(
− [α − s(gt, r)]2

2s(gt, r)[1 − s(gt, r)]
m

)
(D7)

→ 1

2N

N∑
r=0

(
N

r

)∫ α2

α1

dα δ(((α − s(gt, r)))), (D8)

where the limit in the last line is for m → ∞. Here we substi-
tute γ =

√
s(gt,r)[1−s(gt,r)]

m into the following known formula:

lim
γ→0

exp
(− x2

2γ 2

)
√

2πγ
= δ(x). (D9)

Let us take α1 = s(gt, r1) and α2 = s(gt, r2). Then the integral
is further simplified as follows:

ms(gt,r2 )∑
k=ms(gt,r1 )

p(k) 
 1

2N

r2∑
r=r1

(
N

r

)
. (D10)

Now, to evaluate the lower bound of the probability of the
emergence of the generalized cat states, we can take r1 =
Nx1 and r2 = Nx2 with 0 < x1 < 1/2 < x2 < 1 in the above
equation. To see that this choice is appropriate, we substitute
k = ms(gt, r̃) into Eq. (42), finding

|φm〉 = |Sx = 2r̃ − N〉. (D11)
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According to Eq. (54), this means that the final state |φm〉 is
indeed a generalized cat state for any r̃ = Nx with 0 < x < 1.

Then we finally have

ms(gt,r2 )∑
k=ms(gt,r1 )

p(k) = 1

2N

Nx2∑
r=Nx1

(
N

r

)
(D12)



Nx2∑

r=Nx1

√
2

πN
exp

(
−2(r − N/2)2

N

)

(D13)

→
∫ x2

x1

dx δ(x − 1/2) (N → ∞).

(D14)

Here we approximated the binomial distribution in the same
manner as we did with B(gt, r, k), assuming N � 1. We can
immediately see that this approaches 1 in the limit N → ∞.
Therefore, the probability of obtaining a generalized cat state
after infinitely many measurements is 1 with N → ∞.
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[55] V. M. Stojanović and J. K. Nauth, Interconversion of W and
Greenberger-Horne-Zeilinger states for Ising-coupled qubits
with transverse global control, Phys. Rev. A 106, 052613
(2022).
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dynamics of spin squeezing in bosonic Josephson junctions:
Enhanced shortcuts-to-adiabaticity approach, Phys. Rev. A 110,
022610 (2024).

[95] S. L. Wu, W. Ma, X. L. Huang, and X. Yi, Shortcuts to adi-
abaticity for open quantum systems and a mixed-state inverse
engineering scheme, Phys. Rev. Appl. 16, 044028 (2021).

[96] M. Tatsuta, Y. Matsuzaki, H. Kuji, R. Hamazaki, and A.
Shimizu, Dataset of “Characterization and generation of
a standard-quantum-limit-beating cat-like state through
repetitive measurements” [Data set], Zenodo (2026),
doi:10.5281/zenodo.18168860.

022412-15

https://doi.org/10.1126/science.1081045
https://doi.org/10.1103/PhysRevLett.93.177006
https://doi.org/10.1038/nature02831
https://doi.org/10.1103/PhysRevLett.94.090501
https://doi.org/10.1103/PhysRevLett.102.090501
https://doi.org/10.1063/1.3486472
https://doi.org/10.1103/PhysRevB.94.224510
https://doi.org/10.1103/PhysRevA.101.052303
https://doi.org/10.1063/1.5144722
https://doi.org/10.1038/nphys1994
https://doi.org/10.1038/nphys509
https://doi.org/10.1063/1.4821822
https://doi.org/10.1103/PhysRevLett.105.210501
https://doi.org/10.1103/PhysRevB.81.241202
https://doi.org/10.1038/nature10462
https://doi.org/10.1103/PhysRevLett.111.107008
https://doi.org/10.1038/ncomms4524
https://doi.org/10.1103/PhysRevLett.90.060401
https://doi.org/10.1103/PhysRevA.70.022106
https://doi.org/10.1038/s41467-022-35045-3
https://doi.org/10.1103/PhysRev.93.99
https://doi.org/10.1103/PhysRevA.67.022112
https://doi.org/10.1103/PhysRevA.81.032316
https://doi.org/10.1007/s00440-018-0862-9
https://doi.org/10.1103/PhysRevLett.134.010410
https://doi.org/10.1103/qxqg-qnnq
https://doi.org/10.1103/PhysRevApplied.20.054038
https://doi.org/10.1103/PhysRevA.110.022610
https://doi.org/10.1103/PhysRevApplied.16.044028
https://doi.org/10.5281/zenodo.18168860

