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Propagation and circulating modes of the reciprocal non-Hermitian skin effect
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The non-Hermitian skin effect (NHSE) is a novel localization phenomenon, in which all bulk states in a
non-Hermitian system under certain conditions are localized at the edge of the system. Conventionally, most
studies of NHSE have dealt with discrete lattice systems with nonreciprocal couplings. However, in recent years,
NHSE in a reciprocal two-dimensional continuous medium, such as photonic crystal systems, has also been
reported. In particular, we have previously shown that NHSE also occurs in two-dimensional uniform media. In
such two-dimensional systems, skin modes propagate in a direction perpendicular to the localization direction
and, in particular, they have the property of propagating in only one direction. In this paper, we show numerically
an intriguing scattering phenomenon: when a scatterer is placed in the path of a skin mode, the scattering causes
the skin mode to hop between opposing edges. In addition, we propose a unique method of generating circulating
modes with orbital angular momentum (OAM) using this scattering phenomenon. Our work paves the way for
more applications of NHSE as microsized optical devices manipulating or generating OAM.
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I. INTRODUCTION

Non-Hermitian systems with gain or loss have attracted
much attention in recent years because of the appearance of
novel phenomena that have not been realized in Hermitian
systems. Optical systems are a suitable platform for ex-
ploring non-Hermitian physics because non-Hermiticity can
be easily introduced by gains and losses caused by materi-
als. In particular, studies in optical systems with parity-time
(PT) symmetry [1] have been intensive, and many peculiar
phenomena have been reported, such as asymmetric light
propagation [2—4], unidirectional invisibility [5-7], and fast-
light states [8].

One of the phenomena unique to non-Hermitian systems is
the non-Hermitian skin effect (NHSE) [9,10], a phenomenon
in which all bulk eigenstates are localized at the edge of
the system under open boundary conditions in certain non-
Hermitian systems. In Hermitian systems and non-Hermitian
systems without NHSE, bulk states extended throughout the
system usually form a continuous energy spectrum. On the
other hand, in non-Hermitian systems where NHSE occurs,
localized states at the edges of the system form a contin-
uous spectrum. Many of the early studies of NHSE dealt
with one-dimensional discrete lattice models with asymmet-
ric coupling, as shown in Fig. 1(a), and experiments have
subsequently reported on many systems based on these mod-
els, including optical systems [11,12], mechanical systems
[13-15], electrical circuits [16,17], acoustic systems [18], and
ultracold atoms [19].

However, in recent years, NHSE has also been re-
ported in continuous systems such as photonic crystals with
anisotropic structures [20-22] or anisotropic media [23,24],
and anisotropic uniform media [25], which are described
by differential equations such as Maxwell’s equations. In
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particular, propagation has not been considered in the conven-
tional NHSE studies. However, in a continuous medium, skin
modes become two-dimensional propagating states because
they have a wave vector component in the direction perpendic-
ular to the localization direction [Fig. 1(b)]. Previous studies
of NHSE in optical systems have shown that in infinitely long
stripe systems, i.e., with periodic boundary conditions in one
direction, the localized position of skin modes depends on
the propagation direction, and when the propagation direction
is reversed, the localized position also reverses [20,23,25].
Therefore, skin modes propagate in only one direction at one
edge. However, there are no reports on the properties of the
propagating skin modes, such as transmission or reflection.
Moreover, there have been some studies of NHSE in finite
systems [21,22,24], but none of them have focused on unidi-
rectional propagation.

In this work, we numerically investigate properties of skin
mode propagation in finite two-dimensional systems. First, we
simulate the skin mode in the system with the mirror-time
(MT) symmetric medium [25,26], an anisotropic medium
with balanced gain and loss and a scatterer in the path of
the skin mode. Then we found an intriguing scattering phe-
nomenon in which the backscattering of the skin mode is
suppressed, instead hopping to the opposite edge. Also, the
excited skin mode and the hopped skin mode propagated in
opposite directions, and in total, we confirmed that it was a
rotationlike mode. Furthermore, we have applied the scatter-
ing phenomenon of skin modes to consider closed systems
surrounded by reflective boundaries. Initially, we considered
a square structure, and skin modes appeared at the top, bot-
tom, left, and right edges. Skin modes on the left and right
edges propagated clockwise, while skin modes on the top and
bottom edges propagated counterclockwise, and they were
balanced. However, by considering the rectangular structure,

©2025 American Physical Society
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FIG. 1. (a) Skin state in one-dimensional crystal. (b) Skin state
in two-dimensional continuous medium.

one of the rotations was strongly manifested, and we suc-
ceeded in generating the optical orbital angular momentum
(OAM) [27] by a method using NHSE. We also discuss the ap-
plication of the geometry dependence of NHSE [21,22,28,29]
to improve the efficiency of the OAM.

Finally, we confirmed that OAM generation by NHSE was
feasible, even when using loss-biased media, which are easy
to realize.

II. NHSE IN UNIFORM MEDIA
A. Analytical solution of NHSE in uniform media

Conventional studies of optical NHSE have dealt with sys-
tems with a periodically modulated dielectric constant, such
as photonic crystals. On the other hand, we have recently
shown that NHSE can be realized even in media with a uni-
form dielectric permittivity [25]. The realization of NHSE
requires the non-Hermiticity and the anisotropy of the dielec-
tric tensor, and in a uniform medium, it is easy to control them.
In addition, the analytical solution of NHSE can be derived.
Thus, in this work, we deal with the propagation of NHSE in
a reciprocal uniform medium.

First, the dielectric tensor of a medium with non-Hermitian
anisotropy, as shown in Fig. 2(a), is given by

€1 0 0
0 & 0 , (1)
0 0 g

where ¢, and ¢, have nonzero imaginary parts. Here we
consider a medium with anisotropy axes tilted 45° as shown
in Fig. 2(b). In this case, the dielectric tensor is given by
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FIG. 2. [(a),(b)] Schematics of anisotropic uniform medium and
45° tilted anisotropic uniform medium, respectively. (c) Infinitely
long stripe structure with 45° tilted medium.

when we consider the transverse electric mode H,(x,y,t) =
€@k (x) traveling in the y direction in a system with
finite width L, with periodic boundary conditions (PBCs) im-
posed in the y direction and perfect electric conductors (PECs)
boundary condition in the x direction, as shown in Fig. 2(c). In
this system, the eigenstates can be obtained analytically [25]:
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where c¢ is the speed of light in vacuum; n;; is the com-
ponent of the inverse tensor of the dielectric tensor; and
q,k+,Zc+, Zy1 are defined as follows:
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FIG. 3. (a) M7 symmetric medium. (b) Eigenfrequency spectra
under periodic boundary condition and open boundary condition.
(c) Relationship between k, and eigenfrequencies in the system
shown in (a). (d) Eigenmodes in the infinitely long stripe system with
MT symmetric medium.

where gy is the dielectric permittivity in vacuum. From
Eqgs. (4)—(6), the state is localized when Im(q) # 0 and k, #
0. When the medium is not tilted, ¢ = 0 and no localization
occurs, but when tilted, if ¢, and ¢ are appropriately chosen,
a nonzero imaginary part of ¢ can be realized and skin modes
appear.

Here, from Egs. (4)—(6), it can be seen that when the
direction of skin mode propagation is reversed, i.e., the sign of
ky is reversed, the localization position is also reversed. Thus
the skin mode propagates in only one direction at one edge.
Similar to the unidirectional propagation seen in topological
edge modes [30-32], backscattering may be suppressed also
in the case of propagating skin modes.

B. MT symmetric media

We have simulated the propagation of skin modes with
MT symmetric media [25,26]. Here, MT symmetry is the
symmetry about mirror and time reversal. The mirror plane
is a plane perpendicular to the x or y direction. The time
reversal corresponds to a complex conjugate operation of
dielectric constants. In non-Hermitian systems, P77 symme-
try is often discussed. P77 and M7 symmetry coincide in
one-dimensional systems, but in two-dimensional systems,
the operation by P is (x, y) — (—x, —y), while the operation
by M is (x,y) = (—x,y) or (x,y) — (x, —y), and they are
different.

As shown in Fig. 3(a), MT symmetry is satisfied when
it holds that &y =¢&%. In M7T symmetric media, g is a
pure imaginary number. Thus, when Re(k,) # 0, eigenstates
[Egs. (4)—(6)] become localized states [Fig. 3(b)]. In a
periodic structure like the photonic crystal system, the eigen-
frequencies of skin modes are distributed in the closed loop
of eigenfrequencies under the PBC on the complex frequency
plane. On the other hand, in a uniform medium, the eigen-
frequencies under the PBC form an open arc [25], and the

eigenfrequencies of the skin modes are distributed inside
the open arc. In particular, in an M7 symmetric uniform
medium, the open arc is symmetric to the real axis of the
complex frequency plane, and the eigenfrequencies of the skin
mode appear on the real axis inside the open arc [Fig. 3(c)].
In this case, from Eq. (3), k, is also a real number. Here, the
relationship between k, and w/2m is shown in Fig. 3(d). This
property, where k, and @ are both real numbers, allows for
skin modes that are not amplified or attenuated in space or
time, which is ideal for exploring propagation.

Here anisotropy as shown in Fig. 2 can be approxi-
mately realized by considering the effective medium model
for a subwavelength multilayer metamaterial consisting of
two different media, and obtaining & and &, as the dielec-
tric constants in the direction parallel and perpendicular to
the multilayer, respectively. In particular, the realization of
an M7 symmetric medium requires both a loss and a gain
medium (see Appendix). In this work, we mainly use an M7
symmetric medium (g = ¢} = 1.673 + 0.965 93i), which is
obtained from a loss medium and a gain medium with dielec-
tric constants &; = 0.70711 — 0.70711i and &, = 2.639 +
2.639i, respectively. In this case, components of the dielectric
tensor are &, = &y, = 1.673 and &,, = &, = 0.965 93i.

III. PROPAGATION OF SKIN MODES
A. Model for numerical calculation

A schematic of the structure is shown in Fig. 4(a). We con-
sider the M7 symmetric medium described above of finite
width L, ~ 7.07 um (see Appendix A for how we determined
the size of the structure) sandwiched between PECs in the x
direction. Then we calculate by the finite element method by
using COMSOL MULTIPHYSICS. We have also placed a square
defect (Iength of one side d) at the left edge, and a perfectly
matched layer (PML) [33] at the top and bottom to suppress
reflections. We excite the propagating skin mode with a finite
ky value at port 1 where we set the light field profile for
the n = 1 skin mode localized at the left edge determined
by Egs. (4)—(6). In addition to port 1, ports 2—4 are also
placed for the detection of transmissions or reflections, and the
scattering parameters (S;1, S21, S31, and Sy;) are calculated for
each port. Here, ports 1 and 2 detect a left-localized mode that
propagates in the —y and -+y directions, respectively. Also,
ports 3 and 4 detect a right-localized mode that propagates
in the +y and —y directions, respectively. The characteristics
of the localization mode detected at each detection port are
shown in Fig. 4(a).

B. Nature of unidirectional propagation

First, the simulation result excited at 90 THz for the no
defect case (d =0 um) is shown in Fig. 4(b). Here, k, =
2.4092 1/um from Eq. (3). In this case, skin modes without
amplification or attenuation propagating in the +y direction
appeared. This skin mode should only be allowed to ex-
ist in the left edge and propagate in the +y direction due
to the propagation direction dependence of the localization
position.

Next, Figs. 4(c)—4(e) show the calculated H, distributions
in a structure with a defect in the path of the skin mode
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FIG. 4. (a) Schematic of the structure of the simulation. [(b)—(e)] Calculated H, distribution for the length d of one side of the defect for
d = 0 um (i.e., no defect), d = 0.005 um, d = 0.01 um, and d = 0.02 um, respectively. Green arrows show time-averaged Poynting vectors.
Note that the Poynting vectors of the right edge are normalized to be as large as those of the left edge. (f) Relationship between transmittance,

reflectance, and defect edge length d.

under the same excitation condition. Figure 4(c) shows that
the left-localized skin mode is excited and looks almost the
same as in Fig. 4(b). As expected there is no indication of the
back reflection at the left edge (port 1). However, there is a
finite intensity in the lower part of the right edge (port 4). This
is due to interedge scattering caused by the introduction of
the defect. Here, what is interesting is that corresponding to
the fact that left-localized modes are not allowed to propagate
in the —y direction as eigenmodes in an infinitely long stripe
system, reflections propagating on the left edge do not appear,
and instead, interedge scattering at the defect induces —y
directional propagating modes on the right edge. As the size
of the defect increases as shown in Figs. 4(d) and 4(e), it can
be seen that the intensity of the skin mode on the right edge
due to interedge scattering increases.

The calculated transmittances (|S»(|?> and |S3;]?) and re-
flectances (|S;;|*> and |Sy;|%) of the skin mode are shown in
Fig. 4(f). First, |S3;|> was always zero regardless of the defect
size d, which indicates that no skin mode propagating in the
+y direction appears on the right edge. Next, the change of
|S21|2 is small when d is small, and it begins to decrease
when d is about 7% of the wavelength of the skin mode. In
comparison, the change in |Sy;|*> was sensitive to the change
in d, and the change in |S4|? increased significantly when

the defect size d was increased. This is thought to be be-
cause the right-localized skin mode is amplified by interedge
scattering due to the right diagonal gain in the M7 symmet-
ric medium. Also, in Figs. 4(c)—4(e), no reflections of skin
modes due to defect were observed on the left edge, and in
Fig. 4(f), |S“|2 is indeed zero in d = 0.005 ym, 0.01 pm,
and 0.02 um. However, as d increases, |S1; |7 also increases,
which is thought to be due to the fact that some of the
scattered waves are counted at port 1 as the right-localized
skin mode is amplified due to interedge scattering. When we
performed the same calculations in the 50-100 THz frequency
range, we confirmed similar characteristics of transmittance
and reflectance: |53, |2 is always zero, |5, |2 begins to decrease
when d is around 6%—8%, |S4;|* increases significantly with
d, and |S,;|? is zero when d is small and increases as |S4;|?
increases.

Summarizing this section, we have described the results
of our analysis of the unidirectional propagation of the skin
mode and the properties of its scattering. In particular, we have
shown that the scattering of the skin mode is peculiar, and that
backscattering does not occur, but instead couples to the op-
posite edge. Furthermore, the overall skin mode progression
was rotationlike. This result suggests a method for generating
optical orbital angular momentum (OAM).
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FIG. 5. [(a),(b)] show the modes that are expected to appear in
the structure surrounded by the reflective boundaries. (a) Clockwise
skin mode, localized on the left and right edges. (b) Counterclock-
wise skin mode, localized at the top and bottom edges. (c) The
structure of the M7 symmetric medium surrounded by PECs on
the top, bottom, left, and right edges, used in the calculation.

IV. CIRCULATING SKIN MODES
IN MT SYMMETRIC CASE

A. Numerical results for closed square structures

Inspired by the interedge scattering of skin modes de-
scribed in the previous section, we consider a system with
reflective bondaries not only at the left and right edges, but
also at the top and bottom edges, forming a completely closed

Mode 2
w/2m =49.832 THz

Mode 3
w/2n=57.414 THz

—

(a) Mode 1
w/2m =29.917 THz

N
-

Mode 5 Mode 6 Mode 7
w/2m=75.897 THz w/2r = 85.941 THz w/2rt = 86.075 THz
. > -
‘ LA » 9.0,
OO0 e
| X N 2 e h
. »
Mode 9 Mode 10 Mode 11
w/2rm=114.36 THz w/2m=114.41 THz w/2rm=124.1 THz

structure. In this system, clockwise modes localized on the left
and right edges may appear as shown in Fig. 5(a), which may
generate OAM. However, by providing reflective boundaries
on the top and bottom as well, counterclockwise modes are
also possible as shown in Fig. 5(b). As far as we know, OAM
generation has not been demonstrated using NHSE. First, we
performed eigenmode calculations in a square structure with
PECs on the top, bottom, left, and right edges of the MT
symmetric medium, same as in the previous section, as shown
in Fig. 5(c). Here, the x-directional width of the structure,
L,, is the same value as before, and L,(= L) represents the
y-directional width of the structure. For the evaluation of the
circulating modes, we also calculate the z component of the
orbital angular momentum per photon [27]:

E*.  LE dxd
JE G xy) (11

OAM =1
m( [[E*-E dxdy

where E is the transverse electric field and ¢ is the azimuth
angle.

The H, distribution of eigenmodes are shown in Fig. 6(a)
up to the 12th-order mode. The skin modes appear simul-
taneously at the top, bottom, left, and right edges, which is
particularly noticeable for the second, fifth, eighth, 11th, and
12th modes. The direction of propagation is +y for the left
edge and —y for the right edge, and the overall direction
is clockwise. Similarly, the skin mode propagates in the —x
direction at the top edge and in the +-x direction at the bottom
edge, and the overall direction is counterclockwise. A video
of the propagation of mode 8 in particular is shown in Supple-
mental Material 1 [34]. In the square structure, these rotations
are balanced and the net OAM is zero.

Here, we estimate the effective wavelength A, where
we define Ao as twice the distance between nodes in the
propagation direction of the skin mode, as shown in the 12th
mode in Fig. 4(a). The effective wave number is obtained as

Mode 4
w/2n=57.621 THz

(b)
5 12th.. i1th - 12778 THz
H, = . 211354 THz
T w — o Bth-” 27799351 THz
z 901 gtpe 7th- 85.158 THz
= -- = SthZ 70.965 THz
Q60 3grgee dth S 56.772 THz
3 —eo-22nd 42.459 THz
30 4% 14 28.386 THz
14.193 THz
- 3 0 T T -
Mode 12 0 d 2 3

w/27 = 130.05 THz Kerf [1/pm]

FIG. 6. (a) H, distribution of eigenmodes from first to 12th order in square structures. Green arrows show time-averaged Poynting vectors.
(b) The relationship between k. and /27 for the modes of orders 1 to 12. The gray lines show the relationship between k, and /27 in the
stripe system. The red dashed lines show the frequencies at which k, = 0.
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ket = 277 / Aetr, and is plotted over the k,-w/27 relation in the
stripe system [Fig. 3(d)] in Fig. 6(b). It can be seen that the
relationship between kg and w /27 is almost distributed along
the frequency dispersion of the stripe system. Therefore, skin
modes corresponding to the eigenmodes in the stripe system
are expected to appear in the finite system as well. Indeed,
corresponding to the fact that the localization of eigenmodes
of the stripe system becomes stronger as k, is larger due to
the term €% in Egs. (4)—(6), the localization is stronger in
the second, fifth, eighth, 11th, and 12th modes where ks
is large. Here, since ¢ = 0.5774i, the localization lengths of
the second, fifth, eighth, 11th, and 12th modes are obtained
from each kg as |1/Im(qgkesr)| = 2.09, 1.44, 1.24, 1.03, and
1.13 um, respectively. These are roughly consistent with the
distribution of H, obtained from the simulation.

Furthermore, from Eq. (3), the frequency at which k, = 0,
i.e., the eigenmode is delocalized in the stripe system, is
obtained as (c,/Tyy/2L,)n = 14.193n THz. Figure 6(a) shows
that the localization is weaker in the eigenmodes at frequen-
cies near 14.193n THz. This is also a confirmation that the
modes corresponding to the stripe system appear in the finite
system.

B. Numerical results for closed rectangular structures

Next, we performed the eigenmode calculations with a
rectangular structure with L, = 2L, in order to break the bal-
ance between clockwise and counterclockwise rotation. Some
of the modes with particularly strong localization are shown
in Fig. 7(a). In this case, only clockwise modes localized
at the left and right boundaries strongly appear, successfully
breaking the rotation balance (a video of mode 17 in partic-
ular is in Supplemental Material 2 [34]). This also resulted
in a nonzero finite value of OAM. As in the square case,
modes with weak localization appeared at frequencies around
14.193n THz, resulting in small values of OAM as shown in
Fig. 7(b). In some modes, such as mode 12 in Fig. 7(b), the
OAM was negative, which will be discussed later.

Now consider the case where L, ~ 7.07 pum is fixed and
L, is varied. The results of plotting the relationship between
eigenfrequencies and OAM for each L,/L, are shown in
Figs. 8(a)-8(d). For a square (L,/L, = 1), the all OAMs are
zero, but as L,/L, increases, the OAMs increase, and it is
found that the OAMs saturate around L, /L, = 5. The increase
in OAM with L,/L, is caused by the fact that in closed
structures skin modes corresponding to eigenmodes in the
stripe system appear. As in the case of the square structure,
we estimated the effective wavelength A.¢ and the effective
wave number ket for L,/L, =5, and plotted the keg-w/2m
relationship in Fig. 8(e). Each point is almost distributed along
the ky-w/2m curve in the stripe system, which is especially
noticeable in the region where k. is small, indicating that
the skin mode in the closed system corresponds to the skin
mode in the stripe system. In addition, the distribution of
w/2m-OAM in the rectangular structure has a comblike shape
with OAMs periodically close to zero (shown by the black
arrows in Fig. 8), which is similar to the /2 -k, relationship
in the stripe system. Therefore, when we plot the k.;-OAM
relationship, especially for the case L,/L, =5, we obtain a
roughly linear relationship as shown in Fig. 8(f). This can be

( ) Mode 16 Mode 17 Mode 30
w/2r = 65.808 THz w/2m=70.377 THz w/2r=101.74THz
OAM =3.3316 OAM =4.2106 OAM =5.5338
‘ | |
[ <
1 | He
| * * H
(b) Mode 12 Mode 19 Mode 29
w/2m=57.092 THz w/2rm=72.125THz w/2m =99.586 THz
OAM =-0.4346 OAM =1.0172 OAM = 0.4247

i

FIG. 7. H, distribution of eigenmodes in a rectangular structure
of L, =2L,. Panel (a) shows the 16th, 17th, and 30th modes as
examples of strongly localized modes. Panel (b) shows the 12th,
19th, and 29th modes as examples of weakly localized modes. Green
arrows show time-averaged Poynting vectors.

understood from the definition of OAM in Eq. (11), which
is equivalent to counting the number of phase windings of
the electric field around the origin. Since the azimuthal phase
variation is given by the product of the wave number and the
displacement in the azimuthal direction, the OAM should be
proportional to the effective wave number of the circulating
mode for a fixed structure size. Although the propagation
direction of the skin mode in a rectangular structure does not
perfectly align with the azimuthal direction, leading to some
deviation, the OAM is still expected to be nearly proportional
to the effective wave number.

Here, skin modes at the left and right edges are formed
by repeated reflections at the left and right edges while the
light undergoes anisotropic loss or gain. Thus, in a structure
with small L,/L,, when ke is large, skin modes cannot be
formed at the left and right edges, limiting the value of ke
that can be taken. When L,/L, is large, skin modes can be
formed on the left and right edges even when kg is large.
Therefore, as the aspect ratio of the structure is increased, the
OAM proportional to kg is also expected to increase.

Moreover, when the aspect ratio becomes high enough,
skin modes corresponding to eigenmodes at any points on the
frequency dispersion of the stripe system [Fig. 3(d)] can be
formed. As mentioned above, the skin mode in the closed
system corresponds to the skin mode in the stripe system.
Therefore, no matter how much the aspect ratio of the rectan-
gle is increased, modes with wave numbers in the area below
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FIG. 8. [(a)-(d)] Relationship between calculated eigenfrequen-
cies w/2w and OAM for L,/L, = 1,2, 5, and 10, respectively. In
(b)-(d), the frequencies at which the OAM is close to zero are
indicated by black arrows. (e) Relationship between the effective
wave number ks and w/2m. The gray lines show the relationship
between k, and w/27 in the stripe system. (f) Relationship between
keff and OAM.

the n = 0 line in Fig. 3(d) will not appear, k. will saturate,
and the OAM proportional to k. Will also saturate.

Now we discuss the fact that the OAM is negative in some
modes, as can be seen in Figs. 8(b)—8(d). As mentioned above,
OAM and k. are proportional, and when OAM is small, kg
is also small. This results in a smaller contribution from the
clockwise wave traveling along the edge. Instead, the contri-
bution of counterclockwise traveling waves inside the medium
becomes relatively larger (see a video in Supplemental Mate-
rial 3 [34]). Therefore, the value of OAM becomes negative in
some cases close to the zero-keg condition.

C. Generation of high-efficiency circulating mode

Next, we explore the generation of more efficient circulat-
ing modes. To evaluate the efficiency of the OAM, we define
the efficiency e as

OAM
e=—-, (12)
N
where N denotes the total number of clockwise phase wind-
ings of the circulating mode around the origin. In rectangular
and square structures, it is not trivial to evaluate the phase
winding; thus we estimate N by

L

Aeff

N =

, 13)

where L is the perimeter of the structure. Here, for an ideal
circulating mode such as the Laguerre-Gaussian mode [35],
the OAM efficiency is e = 1. As an example, the efficiency at
mode 30 of rectangular structure with L,/L, =2 [Fig. 7(a)]
is calculated to be e = 0.4246. This is a mode with higher
efficiency in the rectangular structure, but still low. Here, we
seek a structure that can achieve higher efficiencies.

First, instead of breaking the equivalence of edge lengths
as in the rectangular structure, we break the equivalence of
interface types as shown in Fig. 9(a) and perform eigenmode
calculations in a square M7 symmetric medium sandwiched
between Au layers in the x direction and Si layers in the y
direction. We refer to this structure as a type I structure. The
calculated H, distribution is shown in Fig. 9(f). In this case, as
in the rectangular structure, the left-right-localized clockwise
modes appear strongly and OAM is generated. Here, the effi-
ciency of the OAM is e = 0.4963, which is higher than that of
the rectangular structure.

Next, as shown in Fig. 9(b), we performed calculations
with an isosceles right triangle structure and found that skin
modes do not appear on the diagonal edges, and skin modes
propagating in the +y direction appear only on the perpen-
dicular edges. Here, this 45° diagonal edge is parallel to the
mirror symmetry plane of the dielectric tensor. The fact that
skin modes do not appear on the edge parallel to the mirror
symmetry plane of the system is known as a property of the
geometry-dependent skin effect (GDSE) [28]. This is a type of
NHSE in fully closed boundary systems, and GDSE is thought
to be appearing in the medium used in this study. Therefore,
to generate a one-directional circulation along the edges, we
designed the type II structure, as shown in Fig. 9(c). This
structure is constructed by dividing a uniform square medium
[Fig. 5(c)] along both 45° diagonals and horizontally flipping
the upper and lower regions with respect to the vertical axis.
Thus the anisotropy orientations differ between the vertical
and horizontal edges. Similar to how edge equivalence is bro-
ken in rectangular or type I structures—through edge lengths
or interface materials—this anisotropy mismatch breaks the
equivalence of vertical and horizontal edges and a directional
circulation of skin modes is therefore expected to appear.

The calculated H, distribution for this structure is shown
in Fig. 9(g). We succeeded in generating skin modes that
circulate not only on the left and right edges but also around
the perimeter in one direction. Even when the structures are
combined, the properties of GDSE are considered valid, and
we expect that the one-directional circulation localized only
on the perimeter of such a structure is obtained. Also, in this
case, the efficiency of the OAM is ¢ = 0.6181, which is higher
than that of type I structure. In addition, because of the nature
of GDSE, the conditions for skin modes to appear is satisfied
except at 45° diagonal edges. Thus we also designed the type
III structure shown in Fig. 9(d), which is a circular counter-
part of the type II structure, where the anisotropy orientation
differs between the left-right and upper-lower regions. In this
structure, e = 0.8108 is obtained, which is a higher efficiency
than that of the circulating mode in type II structure.

In addition, we calculated in the circular structure with
anisotropic dielectric permittivity with M7 symmetric
anisotropy continuously rotated around the center of the
circle, as shown in Fig. 9(e). Each component of the dielectric

053501-7



TAKEDA, YODA, MORITAKE, TAKATA, AND NOTOMI

PHYSICAL REVIEW A 112, 053501 (2025)

(a) Type | (b) (c) Type Il (d) Type Il (e) Type IV
S w/2m=149.92 THz
I
4 _/ %\1},{4
b1 /4 /”/,)
S €Ly axCl 2| e e % 3
=1 X au| S| = : | |
3 g 3 / & 3 1 | h i
/s S i ! : :
1% & : i i !
si S 707um U 7.07um Y 707um

7.07um

(f)w/2r = 116.65 + 0.68345i THz

OAM = 3.4171

(g) w/2m = 113.39 THz

(h) w/2r= 106.8 THz

(I)w/Zn = 110.12 THz

_ OAM = 6.9365
e =0.4963 e=0.6181
"
'. N ‘
| ] |
g ) 1
v

OAM =7.2974 OAM =8.534
e =0.8108 e =0.9482
H
p: PN / I

P\ \
: | ‘ ;
< \// \‘~~ !/ '_

FIG. 9. (a) Square M7 symmetric medium sandwiched between Au layers in the x direction and Si layers in the y direction. (b) Isosceles
right triangular M7 symmetric medium and the eigenmodes in this structure. (c) Structure consisting of four triangular M7 symmetric media
in (b). (d) Circular structure consisting of four fan-shaped MT symmetric media. (¢) Circular structure consisting of four fan-shaped M7
symmetric media. The dielectric constants are &, = &, cos’(¢ — 7 /4) + & sin’(¢p — 7 /4), &,, = &) sin*(¢ — 7w /4) + & cos’(¢p — 7 /4),
Exy = &y = (61 — &) sin(¢p — m /4) cos(¢p — 7 /4), where gy = 1.673 + 0.96593i, e, = 1.673 — 0.965 93i. (f)—(i) Eigenmodes in the struc-
tures (a),(c)—(e), respectively. Green arrows show time-averaged Poynting vectors.

constant tensor is &y = &, cos>(¢ — 7/4)+ ¢ sin2(¢ —
m/4), &y =¢1 sin?(¢p — 7 /4) + g cos?(¢p — m/4), Exy =
&y = (1L — &) sin(¢ — 7 /4) cos(¢p — m /4). We refer to this
structure as type IV structure. In the case of the type III
structure, the appearance of skin modes is weak near the
point where the tangent line of the circle is 45° diagonal,
due to the characteristics of GDSE. On the other hand,
in the type IV structure, skin modes can exist for all angles
on the circle, which is expected to result in better efficiency
e. The calculated H, distribution is shown in Fig. 9(i). In this
case, as expected, a skin mode circulating in one direction
appeared on the perimeter. Also, the OAM efficiency is
e = 0.9482, which is the highest efficiency of the circulating
modes in the structures considered in this section. Although
this mode appears to be an ideal circulating mode, its
efficiency does not reach the ideal value of 1. This is
thought to be due to a slight decrease in OAM caused by the
contribution of a weak counterclockwise circulation inside
the structure (see video in Supplemental Material 7 [34]). The
details of this and the method to obtain a higher efficiency are
discussed in Appendix B.

Here, videos of the modes in Figs. 9(f)-9(h) are also shown
in Supplemental Material 46, respectively [34].

D. Comparison of purity of circulating modes

Next, we discuss the purity of the circulating mode using
the following equation [36]. Hereafter we will refer to this as

the OAM spectrum.
|d;|?
o ldp?

2w 00 .
d = / / Hze_’l¢rdrd¢>,
0 0

where [ is the azimuthal mode number. / can be any integer,
with positive [/ corresponding to a clockwise mode and nega-
tive [ to a counterclockwise mode. Here the OAM spectrum
is the content of each basis when H, is expanded into a basis
of ¢/'?. Note that for a pure circulating mode with a spatial
distribution of the field that depends on ¢? (I # 0), such as
Laguerre-Gaussian mode, the OAM spectrum is F'(I) = 1.
Figure 10 shows the results of the OAM spectrum calcu-
lations. First, for mode 8 in the square structure [Fig. 6(a)],
the OAM spectrum has a symmetric distribution [Fig. 10(a)].
This corresponds to the fact that the clockwise and counter-
clockwise modes are in balance and the OAM is zero. Next
for mode 30 in the rectangular structure [Fig. 7(a)] and the
mode in type I structure [Fig. 9(a)], the left-right symmetry
of the OAM spectrum is broken and the OAM spectrum is
strongly distributed on the positive side of / [Figs. 10(b) and
10(c)]. This corresponds to the strong appearance of clock-
wise modes localized on the left and right sides. Furthermore,
for the modes in type II structure [Fig. 9(g)] and type III
structure [Fig. 9(h)], the variation in the distribution of the
OAM spectrum is smaller, corresponding to the high OAM
efficiency obtained in the previous section. In particular, it
is more pronounced for type III structure. The mode in type

F(l) = (14)

5)
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FIG. 10. [(a)-(f)] OAM spectrum of mode 8 in Fig. 6(a), mode
30 in Fig. 7(a), and modes shown in Figs. 9(f)-9(i), respectively. A
schematic of the structure is shown in the upper left corner of each

graph.

(a)

g, =167-1.93i

(d)

(e)

(f)

IV structure [Fig. 9(i)] shows the smallest variation in the
distribution of the OAM spectrum and the highest purity. This
is also consistent with the highest efficiency obtained in the
previous section for this structure.

V. CIRCULATING SKIN MODES IN LOSS-BIASED CASE

So far, we have considered circulating modes in a medium
in which gain and loss are balanced. However, it is diffi-
cult to realize a medium with large gain and balanced gain
and loss in a real material. In this section, we consider
circulating modes in loss-biased media with a view to demon-
strating them experimentally. Here, as in Fig. 11(a), we use
an anisotropic loss-biased medium with dielectric constants
Exx = &y = 1.673 —0.96593i and ¢,, = ¢, = —0.96593i,
given by Eq. (10), ¢y = 1.673, and ¢, = 1.673 — 1.931 86i.
These are obtained by increasing the loss while holding the
contrast of the imaginary part of the M7 symmetric di-
electric constants (g = 1.673 4+ 0.96593i and ¢, = 1.673 —
0.965 93i) that we have used. Then we will replace the struc-
tures in the previous section with this medium.

Figures 11(b)-11(d) show the calculated H, distributions
for each structure. Note that these are the modes whose effec-
tive wave numbers are close to those of mode 8 in Fig. 6, mode
30 in Fig. 7, and the modes in Figs. 9(f)-9(i), respectively.
First, in the square structure, clockwise modes localized on
the left and right edges and counterclockwise modes localized
on the top and bottom edges appeared simultaneously, and
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FIG. 11. (a) Schematic of loss-bias media. [(b)—(g)] The eigenmodes in the square structure, the rectangular structure (L,/L, = 2), the
structure sandwiched between Au and Si layers, the structure combining right triangle, the structure combining fan shape, and the structure
with continuously rotated anisotropy around the center, respectively. Green arrows show time-averaged Poynting vectors. [(h)-(m)] OAM

spectra of modes shown in (b)—(g), respectively.
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TABLE I. Comparison of OAM efficiency in the loss-gain balanced case and in the loss-biased case.

Structure D

2 ¢ @ O

0.4246
0.3803

Loss-gain bal
OAM efficiency e 088 g_a 1 batance
Loss bias

0.5439
0.4316

0.6181
0.5599

0.8108
0.7322

0.9482
0.8309

they were in balance, resulting in zero OAM [Fig. 11(b)].
Corresponding to this, the OAM spectrum was symmetrically
distributed [Fig. 11(h)]. Next, in the rectangular structure
(Ly/Ly =2) and type I structure, clockwise modes strongly
appeared [Figs. 11(c) and 11(d)], and the OAM spectrum was
asymmetric [Figs. 11(i) and 11(j)].

In addition, in type II-IV structures, a circulating mode
traveling in one direction around the perimeter of the structure
appears [Figs. 11(e)-11(g)], and the variation of the OAM
spectrum is smaller than that of the rectangular and type I
structures [Figs. 11(k)—11(m)]. In particular, type IV structure
has the purest circulating mode with the smallest variation of
the OAM spectrum of the modes in the square, rectangle, and
type I-1V structures. These are the same trends as when using
MT symmetric media.

Also, the calculated efficiencies of the OAM for each struc-
ture are shown in Table 1. Note that the efficiencies in the M7
symmetric case are also shown for comparison. This shows
that the efficiency increases in the order of the rectangular,
and types I, I, III, and IV structures, which is also the same
trend as in the M7 symmetric case.

Then we compare the OAM efficiency in the M7 sym-
metric case and the loss-biased case. Table I shows that for
each structure, the OAM efficiency in the loss-biased case
is lower than in the M7 symmetric case. This reduction is
slight for the loss introduced, suggesting that it is easy to
realize. Here, possible reasons for this decrease in efficiency
are, first, the imbalance between loss and gain, which tilts
the propagation direction of the circulating mode toward the
azimuthal direction, and second, the longer localization length
of the skin mode than in the M7 symmetric case, which
increases its contribution to the counterclockwise circulation,
resulting in a decrease in net OAM. We discuss this in detail
in Appendixes C and D.

As described above, OAM is feasible even with a loss-
biased medium. The OAM and OAM spectral features for
each structure were similar to those obtained with M7 sym-
metric media, and the OAM decrease was slight for the
introduced loss. However, the imaginary part of the eigenfre-
quencies increases.

VI. SUMMARY AND DISCUSSION

We have investigated numerically the propagation of
NHSE in two-dimensional reciprocal uniform media. In the
simulation of the propagation of skin modes with the MT
symmetric medium, we found an interesting phenomenon: the
skin modes jump between opposite edges due to scattering and
travel in opposite directions to each other.

Applying this interedge coupling, we have investigated
a square structure surrounded by PECs. We found that

clockwise modes localized on the left and right edges and
counterclockwise modes localized on the top and bottom
edges appeared simultaneously, and the OAM became zero
by balancing them. However, in a rectangular structure or a
structure sandwiched between different media, such as Au
layers on the left and right and Si layers on the top and bottom,
one rotation was selectively exhibited and a nonzero OAM
was obtained. In other words, finite OAM can be generated
by breaking the balance between the horizontal and vertical
boundaries. In addition, we confirmed that high efficiency and
high purity circulating modes can be achieved in structures
where the anisotropy orientation differs between the left-right
and upper-lower regions, such as in the type II and III struc-
tures. We examined these structures inspired by the fact that
skin modes do not appear at the 45° diagonal edges in the right
triangle structure. In Ref. [28], the geometry dependence of
the skin state in two-dimensional lattice models is discussed.
As a property of geometry-dependent NHSE (GDSE), the skin
state appearing at each edge in a fully closed system corre-
sponds to the skin state in an infinitely long stripe geometry
parallel to that edge and the skin state does not appear on
edges parallel to the mirror symmetry plane of the system. The
former property was discussed in Secs. IV A and IV B and the
latter in Sec. IV C. Thus it can be assumed that GDSE is also
appearing in the system we have considered. Therefore, our
results confirm that application of GDSE as the OAM gener-
ation. As far as we know, there has been no demonstration of
OAM generation from NHSE. Furthermore, we considered a
medium with continuously rotating anisotropy and obtained
the most efficient and purest circulating modes.

We also replaced the medium with an anisotropic loss-
biased medium and performed the same calculations and
found that the circulating mode can still be generated in this
case. This result suggests experimental demonstrability since,
unlike the M7 symmetric medium, no gain is required to
construct this medium and it is easy to realize. Our work also
paves the way for the application of NHSE as microsized op-
tical devices manipulating OAM, such as OAM light emitters
and OAM-dependent transmission or reflection devices.
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FIG. 12. Schematic of multilayer structure.

APPENDIX A: COMPOSITION OF M7 SYMMETRIC
DIELECTRIC CONSTANTS WITH MULTILAYERS

In this section, we consider composing M7 symmetric
dielectric constants with multilayers. We consider a multi-
layer structure tilted by 45° as shown in Fig. 12, where a is
the lattice constant, £; is the dielectric constant of medium
1, & is the dielectric constant of medium 2, and f is the
ratio of the thickness of medium 1 to the lattice constant a.
When a is sufficiently shorter than the wavelength of light,
by the effective medium approximation, the dielectric con-
stants ¢ in the direction parallel to the multilayer and &
in the direction perpendicular to it can each be expressed as
follows:

£1€E2

T (= fle+ fer

Here, the dielectric constants of medial and 2 are written

gr=fea+(1—fe, &L (AD)

as

e1=A1€", & =Ae" (-1 <1, <m). (A2)

Then we find the conditions for A, A;, ¢;, and ¢, un-
der which the M7 symmetry holds. As mentioned in Sec.
ITA, MT symmetry is satisfied when & = &% . Substituting
Eq. (A2) into this equation and multiplying both sides by
(1 — f)e1 + fe2, we obtain the following equation:
FA=)erl® + le2’) + fPeter + (1= f)ere; = ee;.
(A3)

Substituting Eq. (A2) and considering the imaginary part, we
obtain

—fPA1Assin(¢r — ¢2) + (1 — )*A1Assin(¢r — ¢2)
= —A1A2 Sin(d)l + ¢2) (A4)

By rearranging this equation, the condition on ¢, ¢, can be
obtained as

¢ = tan”! <% tan ¢1). (A5)

Since (f — 1)/f < 0, sign(¢;) # sign(¢,). Thus we can con-
firm that both gain and loss media are required to compose

MT symmetric dielectric constants by the effective medium
approximation of the multilayer. Next, considering the real
part of Eq. (A3), we obtain

F(1= (AT +A3) + f2A1A; cos(dr — ¢2)
+(1 — £)* cos(¢) — ¢2) = AjAs cos(py + ¢2).  (A6)

By rearranging this equation, the conditions on A; and A, are
given by

Ao = (X £ VX~ DA, AD
v cos(¢1 + ¢2) — [f> + (1 — f)*] cos(¢) — ¢2), (A8)
fa—=mn

In particular, considering the case f = 1/2, from Eq. (AS),
¢» = —¢;. Furthermore, by setting ¢, = —¢; = /4, A =
1,and A, =2 + \/§ the dielectric constants of each medium
are obtained as &1 = 0.70711 — 0.707 11i and &, = 2.639 +
2.639i. With this and Eq. (A1), we obtain the M7 symmetric
dielectric constants &) = ¢ = 1.673 4 0.965 93i used in this
paper.

The width L, ~ 7.07 um of the structure used in this paper
corresponds to 25 periods of multilayers when the lattice
constant is @ = 0.2 pm.

APPENDIX B: DEPENDENCE OF OAM EFFICIENCY
ON THE STRENGTH OF NON-HERMITICITY
IN THE TYPE IV STRUCTURE

In Sec. IVC, we stated that the OAM efficiency of the
mode in the type IV structure does not reach 1 due to the
contribution of a counterclockwise circulation. This counter-
clockwise circulation originates from the insufficient strength
of the anisotropic gain and loss.

Here, we define the dielectric constants ¢ and ¢, in the
type IV structure as

e = 1.673 + iEIm, £ = 1.673 — iSIm. (Bl)

The imaginary part ey, determines the strength of anisotropic
gain and loss. Figure 13(a) shows the relationship between
em and the OAM efficiency e. It indicates that the efficiency
converges to 1 as ey, increases. In the following, we discuss
the background of this behavior.

First, we consider the case of &, = 0. In this situation,
g) = &, = 1.673, and the medium becomes isotropic. (Here-
after, we set ¢ = 1.673.) The magnetic field component H, of
a TE mode in such an isotropic circular cavity can be found
analytically by solving the Helmholtz equation in a cylindrical
coordinate system as

H,(r, ) = AJ (kyyr)(e"? £ e7"9), (B2)

K2 = ew?, /c?, (B3)

where A is a constant, u is the azimuthal mode number, v is
the radial mode number, J, is the Bessel function of the first
kind, and w,, is the eigenfrequency. Furthermore, the wave
number k,, must satisfy the following condition due to the
PEC boundary condition:

J,(koR) =0, (B4)
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where R is the radius of the structure. This solution forms a
standing wave composed of a +u-order clockwise wave and
a —u-order counterclockwise wave with equal amplitudes.
Figure 13(b) shows the analytical solution for the case of
u = 9 and v = 1. The spectrum has balanced peaks at/ = +£9,
and the net OAM is zero.

Next, when a nonzero ¢y, is introduced, the anisotropic
gain and loss selectively suppress the counterclockwise cir-
culation, which results in a nonzero OAM. When the value of
emm 1s small [Fig. 13(c)], this suppression is insufficient and a
residual counterclockwise component remains, which lowers
the OAM and consequently results in a small efficiency e.
For the value used in this paper, ey, = 0.96593 [Fig. 13(d)],
the counterclockwise component is significantly suppressed,
but a small amount remains, preventing the efficiency from
reaching 1. As ey, is further increased [Fig. 13(e)], the coun-
terclockwise component is almost completely eliminated, and
the OAM spectrum approaches a single peak. As a result, the
OAM efficiency e converges to the ideal value of 1. Further-
more, when ey, is large, it can be seen that the localization
due to the skin effect also becomes prominent.

It should be noted that while Fig. 13 shows only one rep-
resentative mode for each case, the solutions are paired. For
the &1, = O case, the clockwise and counterclockwise circu-
lating modes are degenerate. As indicated by the analytical
solution in Eq. (B2), this yields two distinct standing-
wave modes with OAM = 0. Similarly, in our numerical
results for the ep, # 0 case, two modes are consistently es-
timated as a pair, possessing the same eigenfrequency and
net OAM.

APPENDIX C: TILT OF THE WAVE FRONT
OF THE SKIN MODE IN THE LOSS-BIASED CASE

In this section, we explain the tilt of the wave front of
the skin mode in the loss-biased case. First, for a system
sandwiched by PECs in the x direction and periodic in the
y direction, from Eqgs. (4)—(6), each component of the electro-
magnetic field can be expressed in the following form:

F(x) = €% f(x). (CI)
Here, as confirmed in Sec. IIB, in an M7 symmetric
medium, g in Eq. (7) is pure imaginary, so we write g = iq.
Then,

F(x,y.1) = 0008 f(x), (€2)
and the state is localized in the x direction but traveling in
the y direction. In the loss-biased case, on the other hand, g
is complex and can be written as g = gr + iq;, where g =
0.25 4 0.433i when ¢ = 1.673 and ¢, = 1.673 — 1.931 86i.
In this case, the electromagnetic field is

F(x,y,1) = ei(thquk,vxfk,vY)e*qlkyxf(x) (C3)
and thus the wave front of the skin mode is tilted. Since
it is the component traveling in the azimuthal direction that

contributes to OAM, in the loss-biased case, the tilt of the
wave front may lead to a decrease in OAM.
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APPENDIX D: RELATIONSHIP BETWEEN
LOCALIZATION LENGTH OF SKIN MODE AND OAM

In this section, we discuss the relationship between the
localization length of the skin mode and OAM. First, we con-
sider the case where the localization length of the skin mode is
sufficiently short (Fig. 14). In this case, the skin mode propa-
gation contributes only to unidirectional circulation. However,
as shown in Fig. 14, when the localization length is long, the
tail of the skin mode will contribute to rotation in the opposite
direction. This would result in a smaller OAM than in the case
of shorter localization lengths.

From Egs. (4)-(6), g in Eq. (7) is one of the quantities
that determine the localization length, and when compared for
skin modes with the same k,, the larger [Im(g)| is, the shorter
the localization length becomes. Here, in the M7 symmetric
medium used in Sec. IV, [Im(q)| = 0.5774, and in the loss-
biased medium used in Sec. V, |Im(g)| = 0.4473. Thus, when
compared for similar order modes, the localization length is
longer in the loss-biased case. This may also be one of the
reasons for the lower OAM shown in Sec. V.

(b) weak localization case
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FIG. 14. [(a),(b)] Contribution of skin mode to rotation for short
and long localization lengths, respectively. Blue and red represent the
intensity of the left- and right-localized skin modes, respectively, and
green and yellow arrows represent the Poynting vectors of the left-
and right-localized skin modes, respectively.
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