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The preparation of high-fidelity non-Clifford (magic) states is an essential subroutine for universal
quantum computation but imposes substantial space-time overhead. Magic-state factories based on high-
rate and -distance quantum low-density parity-check (LDPC) codes equipped with transversal non-Clifford
gates can potentially reduce these overheads significantly, by circumventing the need for multiple rounds of
distillation and by producing a large number of magic states in a single code block. As a step toward
realizing efficient, fault-tolerant magic-state production, we introduce a class of finite block-length
quantum LDPC codes which we name tricycle codes, generalizing the well-known bicycle codes to three
homological dimensions. These codes can support constant-depth physical circuits that implement logical
CCZ gates between three code blocks. To construct these constant-depth CCZ circuits, we develop
analytical and numerical techniques that apply to a broad class of three-dimensional homological and
balanced-product codes. We further show that tricycle codes enable single-shot state preparation and error
correction, leading to a highly efficient magic-state generation protocol. Numerical simulations of specific
codes confirm robust performance under circuit-level noise, demonstrating a high circuit-noise threshold of
>0.5%. With modest postselection, certain tricycle codes of block lengths of only approximately 50–100
qubits are shown to produce jCCZi magic states with logical error rates ranging from 2 × 10−8 to below
3 × 10−11. Finally, we construct optimal depth syndrome extraction circuits for tricycle codes and present a
protocol for implementing them efficiently on a reconfigurable neutral-atom platform.
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I. INTRODUCTION

A. Background

Universal fault-tolerant quantum computation requires
the implementation of both Clifford and non-Clifford
operations on the logical qubits of a quantum error
correcting code [1]. Logical Clifford gates can often be
implemented transversally in many codes—that is, by a
physical circuit with a depth that is constant in the size of
the code. Transversal gate architectures are naturally fault
tolerant, as the spread of errors between physical qubits of
the code is inherently bounded. However, a seminal result
of Eastin and Knill proves that it is not possible to
implement a universal gate set transversally in a quantum

error correcting code [2]. Since it is desirable to implement
as many gates transversally as possible, many architectures
for fault-tolerant quantum computation utilize codes with a
transversal Clifford gate set, while non-Clifford gates, also
known as magic gates, are implemented by teleporting
specially prepared non-Clifford resource states into the
code space. One class of protocols for the fault-toleration
preparation of such high-fidelity resource states, known as
magic-state distillation (MSD), relies on quantum error
correcting codes with a transversal magic gate to refine a
large number of noisy input magic states into a smaller
number of output states with improved fidelity. To achieve
the target output fidelity, typical MSD schemes such as the
15-to-1 distillation (15-1-3) protocol [3] require multiple
levels of repeated distillation, as well as concatenation with
an inner code of sufficiently large distance that supports
transversal Clifford gates, contributing significantly to the
space-time overhead of the protocol. As such, in state-of-
the-art fault-tolerant architectures, the overhead associated
with magic-state distillation has been estimated to dominate
total qubit and gate counts—for example, magic-state
generation dominates the latest resource estimates of
factoring RSA integers with Shor’s algorithm despite
significant optimizations [4,5].
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Over the past decade, remarkable progress has been
made toward significantly reducing the overhead associated
with magic-state distillation by designing various codes
with transversal non-Clifford gates and favorable code
parameters [6–9]. In fact, it has very recently been shown
that families of quantum codes with transversal non-
Clifford gates and asymptotically constant rate and relative
distance exist, leading, in principle, to constant spatial
overhead MSD protocols [10,11]. However, these propos-
als come with two important caveats. First, the proposed
codes in such low-overhead distillation schemes have high-
weight parity checks with check weights that are typically
extensive in the block length of the code. As such, these
codes may not be obviously fault tolerant on their own in
the presence of circuit-level noise, as they require syn-
drome extraction circuits with depths that grow with the
block length, and, thus, may not support a finite threshold
or exponential subthreshold error suppression with bare-
ancilla-based syndrome extraction. Second, these schemes
implicitly assume that Clifford operations are noiseless to
execute the Clifford encoding and unencoding circuits of
the codes [3]—an assumption that is justified when
concatenating the distillation code with an inner code
that has transversal Clifford operations such as the two-
dimensional color code. Practically, the overhead of these
protocols is, therefore, exaggerated by the requirement of a
sufficiently high-distance inner code so that the distillation
protocol is not bottlenecked by the error rate of Clifford
operations. Moreover, the Clifford encoding and unencod-
ing circuits can have depths scaling linearly in the number
of physical qubits of the code, leading to significant
temporal overhead of such protocols.
Quantum low-density parity-check (qLDPC) codes,

which simultaneously admit sparse stabilizer checks and
favorable rate and distance scaling, have been proposed
as a pathway toward reducing the cost of quantum error
correction. In the context of quantum memory, qLDPC
codes with asymptotically constant rates and relative
distances have recently been shown to exist [12,13], and
several architectures for implementing qLDPC memories
on superconducting qubit and neutral-atom architectures
have been proposed [14–17]. However, the application of
general qLDPC codes to magic-state generation protocols
has only recently begun to be explored, in part because of
the difficulty of constructing codes that host transversal
non-Clifford gates. Utilizing appropriate qLDPC codes
could dramatically reduce the overhead of MSD protocols
for a number of reasons. Codes with high relative distances
ensure effective error suppression during distillation, while
high-rate codes allow multiple magic states to be distilled
in parallel within a single block, improving throughput. In
contrast to traditional MSD schemes that rely on small
codes concatenated many times, LDPC codes can poten-
tially achieve the same target fidelity in a single round,
greatly reducing space-time overhead. While this is also

true for the aforementioned non-LDPC constant-overhead
and low-overhead MSD protocols, crucially, qLDPC codes
enable these properties while maintaining fault tolerance
with constant-depth syndrome extraction circuits.
Moreover, for qLDPC codes with strongly transversal
non-Clifford gates (i.e., a constant-depth physical circuit
of non-Clifford gates without a Clifford correction), there is
no need for concatenation with an inner code with trans-
versal Clifford gates. Constructions of practical LDPC
magic-state factories are, thus, highly desirable for fault-
tolerant quantum computing architectures.
Motivated by these considerations, this work introduces

a class of finite block-length, high-rate and -distance
quantum LDPC codes with a transversal logical CCZ
circuit action for magic-state distillation, which we call
“tricycle codes.” These codes are constructed as the three-
dimensional balanced product [18], a particular generali-
zation of the homological product, of classical binary linear
codes over Abelian group algebras [19]. This construction
extends the two-block group-algebra codes of Refs. [20,21]
(also known as bicycle codes [22]) into three dimensions,
allowing, in principle, for transversal gates from the third
level of the Clifford hierarchy [23]. We may, thus, also refer
to the tricycle codes as “three-block Abelian group-algebra
codes”. We highlight that, for the task of magic-state
distillation, high-rate and high-distance finite block-length
codes are sufficient for essentially any large-scale quantum
computation. For example, codes with distances large
enough to achieve a logical error rate of 10−12 at attainable
physical error rates are expected to be sufficient to produce
magic states to execute large-scale quantum algorithms
such as Shor’s algorithm [24] fault tolerantly.
The theoretical formalism we utilize for constructing

transversal non-Clifford gates in three-dimensional product
codes comes from endowing the codes with a cup product,
an operation from algebraic topology and homological
algebra, related to the triple intersection of logical operators
of the code, which we discuss further in Sec. II B and
Appendix D. At a high level, this formalism allows general
product quantum Calderbank-Shor-Steane (CSS) codes to
be equipped with the necessary structure to host transversal
gates ascending the Clifford hierarchy. In fact, the trans-
versal non-Clifford gates of three-dimensional color codes
can also be interpreted in terms of cup products on the
associated three-dimensional cellular complexes [25,26].
Recent work by Breuckmann et al. introduced a general
formalism to endow the cochain complexes associated with
homological product and balanced-product quantum codes
with cup-product operations and classified the associated
gates they give rise to [27]. In this work, we first present a
modification of this formalism, leading to a set of con-
ditions that high-rate and -distance tricycle codes with
nontrivial CCZ action must satisfy (see Appendix D). The
conditions resulting from this modified cup-product con-
struction are essential to finding tricycle codes with both
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high rates and relative distances. We then study the trans-
versal non-Clifford circuits hosted by codes which satisfy
these conditions in detail. More generally, we also intro-
duce a new numerical method that is inspired by the cup-
product construction for finding short-depth code-space-
preserving non-Clifford circuits on iterated balanced-prod-
uct quantum codes, which we also apply to certain tricycle
codes. We present several concrete examples of such high-
rate and -distance tricycle codes, study their performance
under realistic circuit-level noise, and explore their appli-
cation to practical magic-state distillation protocols.

B. Summary of results

The tricycle codes we construct achieve favorable
parameters at relatively small block lengths while hosting
constant-depth circuits that implement a logical CCZ
action. We introduce several classes of tricycle codes with
check weights wx ≤ 12, wz ≤ 8, where wx and wz denote
the weights of the X and Z checks of the code, respectively.
We use the notation ½½N;K;D�� to report the block lengthN,
number of encoded logical qubits K, and minimum
distance D of quantum codes. Some examples of codes
we find have parameters [[48, 6, 4]], [[108, 21, 6]],
[[270, 24, 8]], [[270, 12, 12]], and ½½480; 12;≤ 17��,
exhibiting highly competitive distances and rates that
are compatible with a transversal non-Clifford action.
A more complete list of codes along with the depths of
the non-Clifford transversal circuits they host can be found
in Table I.
We show that tricycle codes host constant-depth physical

circuits that preserve the code space, consisting solely of
CCZ gates between three code blocks. The logical action of
the CCZ circuits depends on a choice of a representative
logical operator basis in each code block but is generically a
circuit of logical CCZ gates. When such a circuit acts on
the jþ;þ;þi⊗K logical state of three code blocks, it
produces a high magic state known as a hypergraph magic
state [31,32]. Such a hypergraph magic state embeds
KCCZ ≤ K many disjoint CCZ · jþ;þ;þi magic states
which can be extracted using gate-teleportation techniques.
The physical CCZ circuit, factors determining their depths,
and the logical action they induce for particular codes are
discussed in Sec. II B and Appendix D.
We further show that the tricycle codes are single shot

[33] in the Z-measurement basis. We show in Sec. II C that
this property enables a distillation protocol that requires
only a constant number of rounds of syndrome extraction
during error correction cycles instead of OðdÞ rounds,
where d is the code distance. Moreover, we present
numerical evidence that tricycle codes exhibit the stronger
notion of single-shot state preparation, allowing the initial
logical state of a magic-state preparation circuit to be
prepared in constant depth. To the best of our knowledge,
this is the first example of such a single-shot magic-state
distillation protocol.

We analyze the performance of select tricycle codes
under a realistic circuit-level noise model. By comparing
the performance of codes across a range of block lengths,
we are able to ascertain a threshold of 0.5% under circuit-
level noise with a most-likely-error decoder for a certain
family of tricycle codes. We also study how postselection
and full error detection can improve the performance of
these codes. To do so, we utilize a recently developed
efficient cluster-based postselection method for quantum
LDPC codes [34] combined with belief-propagation +
localized statistics decoding (BPþ LSD) [35]. With full
error detection, we show that, at a two-qubit gate error
rate of p2q ¼ 0.001, even the smallest tricycle code we
study in detail (with parameters [[48, 6, 4]]) can achieve
logical memory error rates of approximately 6 × 10−10 at
an acceptance fraction of roughly 30%. For a larger
[[84, 6, 5]] code, we estimate logical memory error rates
< 10−13 with full error detection at an approximately 9%
acceptance fraction (with p2q ¼ 0.001). Note that these
logical error rates are achieved in a numerical simulation of
the code as a memory under multiple rounds of error
correction (with postselection). To account for the error
introduced by the CCZ circuit when determining the

TABLE I. Examples of tricycle codes and their parameters for
various block lengths. N is the block length, K is the number of
encoded logical qubits, DX and DZ are the minimum weights of
logical X-type and Z-type operators, respectively. The distances
of codes are found exactly by using either a SAT solver to find the
shortest error [28] or a mixed integer program [29] when feasible.
Otherwise, distances are estimated—sometimes, with strong
statistical guarantees, in which case we report the distance as
exact [30]—using the low-weight biased Monte Carlo sampling
method discussed in Appendix C with 100 million shots. The
construction of these specific codes is described in Appendix A
and Table III. The column named “type” denotes the class of
tricycle codes, labeled by the weights wa − wb − wc from Eq. (1).
The depths of the code-space-preserving CCZ circuits with
nontrivial logical action are noted for each code. The final
column named “CCZ method” indicates whether the code and
nontrivial CCZ circuit was constructed using the symmetric triple
cup-product method (STCP)—see Appendix D—or using the
numerical Leibniz rule method (NLR)—see Appendix E.

N K DX DZ Type CCZ depth CCZ method

48 6 8 4 4-2-2 8 STCP
84 6 12 5 4-2-2 8 STCP
108 6 12 6 4-2-2 8 STCP
240 6 ≤22 8 4-2-2 8 STCP
480 6 ≤36 10 4-2-2 8 STCP
108 12 11 4 4-4-2 16 STCP
180 12 15 6 4-4-2 32 STCP
108 15 12 6 4-4-4 96 NLR
270 24 15 8 4-4-4 96 NLR
324 12 ≤32 ≤12 4-4-4 128 STCP
480 15 ≤48 ≤14 4-4-4 128 STCP
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fidelity of the final magic state, we simulate the effective
stochastic Pauli noise channel of the CCZ circuit for
selected tricycle codes and estimate the fidelity of the
produced hypergraph magic state under postselection.
Assuming CCZ gates with physical error rate p3q ¼ 0.002,
we show that the [[48, 6, 4]], [[84, 6, 5]], and [[108, 6, 6]]
tricycle codes produce hypergraph magic states at logical
error rates of 2 × 10−8, 4 × 10−10, and approximately
3 × 10−11, respectively, at comparable or lower space-time
costs than state-of-the-art magic-state cultivation schemes
with color codes [36]—see Table II for these metrics and
Appendix G 2 for details of the calculation of logical error
rate and space-time cost and the error model of the physical
CCZ gates.
We note that, although the codes we present are finite

block-length codes (as opposed to members of an infinite
family), the construction allows us to define a family of
codes by choosing a single high-performing tricycle code
from a given block length. Although such a code family is
unlikely to be asymptotically good, we expect that a larger
block-length code with a larger distance can always be
found—a claim that is supported by the distance lower
bound we prove in Appendix A. Defining a threshold with
respect to such a constructed code family allows one to
make guarantees of subthreshold noise suppression by
selecting codes of arbitrarily large block lengths with larger
distances.
We then show how to construct compact syndrome

extraction circuits of optimal depth for all tricycle codes.
Finally, we present a concrete protocol for efficiently
implementing the preparation and syndrome extraction
of these codes on a reconfigurable neutral-atom array
platform—a video illustrating the atom-moving scheme
for syndrome extraction of tricycle codes is provided in
Supplemental Material [37].
We also clarify some subtle points about the application

of the cup-product gate formalism of Ref. [27]. In particu-
lar, the success of this formalism for producing transversal

non-Clifford circuits on tricycle codes with high rate and
distance requires a generalization of the conditions pre-
sented in Sec. V in Ref. [27]. These resulting conditions
will likely also be useful for other homological product and
balanced-product code families. We discuss these points on
the theory of cup-product-based gates in Appendix D. In
Appendix E, we also present a complementary numerical
method that generalizes the cup-product construction for
finding code-space-preserving CCZ circuits on three-
dimensional balanced-product codes.
Our work serves as a step toward a new class of

distillation protocols that leverage the structural proper-
ties of quantum LDPC codes to reduce resource overhead
in universal fault-tolerant computation. Such magic-state
generation schemes are naturally suited to fault-tolerant
quantum computing architectures that utilize LDPC
quantum memories along with universal adapters for
magic-state injection, such as in Refs. [17,38] or using
efficient code-switching protocols with lower-dimen-
sional product codes [39–41].

C. Related work

Several recent works introduce binary quantum LDPC
code families with asymptotically high rates and relative
distances with transversal logical CCZ action. Golowich
and Lin [42] constructed a family of codes based on
homological products of classical Sipser-Spielman
expander codes [43] with local Reed-Muller codes [44,45]
with near-constant rate and relative distance that supports
transversal logical non-Clifford gates. These codes, how-
ever, have check weights that are not constant but grow
logarithmically in the block length. Lin also introduced a
general formalism for constructing LDPC quantum code
families with transversal non-Clifford gates based on
algebraic sheaves [46]. Similarly, Zhu introduced a family
of topological codes with constant rate and polynomial
distance with transversal CCZ gates [32,47]. Quantum
rainbow codes were introduced as generalizations of color

TABLE II. Logical error rates and space-time costs of single-shot magic-state production with 4-2-2 tricycle
codes compared to color-code-based magic-state cultivation. Logical error rates include the effect of noise from the
depth-8 CCZ circuits, assuming a CCZ error rate of p3q ¼ 0.002 and two-qubit gate error rate p2q ¼ 0.001. Space-
time cost is measured in qubit rounds per logical qubit, including overhead from postselection. Estimation error on
the 108-qubit tricycle code logical error rate is from Monte Carlo sampling (negligible for the other codes). Space-
time costs of magic-state cultivation with distance 3 and 5 ungrown color codes are calculated from the qubit
overhead and success rates quoted in Ref. [36] (we do not include the cost of an escape stage for cultivation). See
Appendix G 2 for details of the CCZ noise model and calculations.

Code Logical error rate per logical qubit Success rate Space-time cost

[[7, 1, 3]] color code cultivation 6 × 10−7 65% 90
[[19, 1, 5]] color code cultivation 6 × 10−10 15% 3000
[[48, 6, 4]] tricycle 2 × 10−8 21% 89
[[84, 6, 5]] tricycle 4 × 10−10 6% 527
[[108, 6, 6]] tricycle ð2.7� 0.9Þ × 10−11 3% 1400
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codes with transversal non-Clifford gates to higher-
dimensional simplicial complexes [48], achieving asymp-
totically constant rate and logarithmic distance. Finally,
Breuckmann et al. [27] discuss how to construct constant
rate and polynomial distance families with transversal gates
that ascend the Clifford hierarchy using iterated homologi-
cal and balanced products of chain complexes and the cup-
product gate formalism they develop.
Adding to these results, this work focuses on a particular

class of high-performance finite block-length codes. It is
unclear precisely how large the smallest elements of the
code families in the aforementioned works are, but con-
structions based on threefold homological products of
classical codes likely involve at least several thousand
and potentially tens of thousands of physical qubits for the
smallest attainable block lengths with good parameters, due
to the cubic growth of the size of the quantum code with
respect to the classical codes. The significantly smaller
block lengths of the tricycle codes presented in this work is
one of the primary reasons we chose to study them. A direct
comparison of the overhead and performance of the LDPC
codes from the above constructions with each other and the
tricycle codes we present would be an interesting direction
for future work.

II. MAIN RESULTS

A. Tricycle codes

Throughout this work, we denote the binary field by
F2 ≡ f0; 1g where arithmetic is modulo 2. The tricycle
codes are quantum CSS codes [49,50] defined by the binary
block parity-check matrices

HX ¼ ½AT BT CT �∈ FnG×3nG
2 ;

HZ ¼

2
64
C 0 A

0 C B

B A 0

3
75∈ F3nG×3nG

2 ; ð1Þ

whereA ¼Pwa
i¼1 Ai ∈ FnG×nG

2 ,B ¼Pwb
i¼1 Bi ∈ FnG×nG

2 , and
C ¼Pwc

i¼1Ci ∈ FnG×nG
2 for constants wa, wb, and wc,

respectively, and Ai, Bi, and Ci are permutation matri-
ces—i.e., matrices with a single 1 in every row and column.
The parameter nG is the linear size of each block and
is related to the size of a finite group (hence the subscript
G)—the details of this connection are discussed in
Appendix A. These parity-check matrices, thus, define
codes on N ¼ 3nG qubits. Modulo two arithmetic
implies immediately that the CSS orthogonality condition
HZHT

X ¼ 0 is satisfied. Moreover, the matricesA,B, andC
commute pairwise. There are nG many X checks of weight
wa þ wb þ wc and 3nG many Z checks which can be
partitioned into three sets of nG checks each with weights
wc þ wa, wc þ wb, and wb þ wa, respectively. By choosing
wa; wb; wc ≤ w for a constant w, the resulting codes are

ð≤ w;≤ 3wÞ-LDPC codes in the X basis and ð≤ 2w;≤ 2wÞ-
LDPC in the Z basis, where ðp; qÞ-LDPC means that every
qubit is involved in at most p checks and each check
involves at most q qubits. Examples of particular tricycle
codes in Table I demonstrate that the checks are typically
highly redundant—often leading to favorable code
parameters and ease of decoding—since the total number
of checks 4nG ≫ N − K ¼ 3nG − K. This observation is
encapsulated by the fact that tricycle codes possess
metachecks in the Z basis—these are relations between
the Z checks encoded in a matrix Hmeta such that
Hmeta ·Hz ¼ 0. We discuss the metacheck structure and
its implications in Sec. II C.
To ensure practical feasibility of implementing these

codes in early fault-tolerant architectures below pseudo-
threshold error rates, we restrict our attention to tricycle
codes with a maximum check weight at most 12. More
specifically, we consider three types of tricycle codes. The
first is constructed with wa ¼ 4, wb ¼ wc ¼ 2, producing
codes with weight-8 X checks and weight-8 Z checks of
weight 4 and 6—we call these codes 4 − 2 − 2 codes,
referring to the weights wa, wb, and wc. The second class of
codes we consider has wa ¼ wb ¼ 4, wc ¼ 2 and, there-
fore, has X checks of weight 10 and Z checks of weight 8
and 6—we refer to these as 4 − 4 − 2 codes. Finally, we
consider codes with wa ¼ wb ¼ wc ¼ 4, for which the X
checks have weight 12 and the Z checks have weight 8—
we call these 4 − 4 − 4 codes. One may similarly consider
2 − 2 − 2 codes with weight-6 X checks and weight-4 Z
checks, but we empirically found that the rates and
distances of such codes with a nontrivial transversal
CCZ action are not as favorable. In particular, we could
not find any such codes with K > 3 encoded logical qubits
and distance D > 7—such 2-2-2 codes with K ¼ 3
encoded logical qubits and distance D ≤ 7 have been
studied in other recent works [40,51].
The reason we consider wa, wb, wc to be 2 or 4 is that the

specific conditions for tricycle codes to host transversal
CCZ circuits (see Appendix D) cannot be satisfied when
any of wa;b;c ¼ 3, and wa;b;c ¼ 1 leads to a trivial code. One
may consider wa;b;c > 4 to search for codes with even more
favorable parameters than the ones we present here, but we
empirically found 6-2-2 codes to have parameters no better
than 4-2-2 and 4-4-2 codes, while going to even higher
check weight will likely lead to poor thresholds.
The codes in Table I have imbalanced distances with

dZ ≤ dX. In Appendix A, we prove that this is the case for
all tricycle codes. The imbalanced distances of these codes
is a potentially useful feature for experimental platforms
which are typically dominated by noise biased toward one
basis. A detailed exploration of how noise bias can boost
the experimental performance of tricycle codes is left for
future work.
Overall, the high distances of tricycle codes combined

with the transversal CCZ circuits they host (which we

MAGIC TRICYCLES: EFFICIENT MAGIC STATE GENERATION … PHYS. REV. X 16, 021014 (2026)

021014-5



discuss in Sec. II B) make them ideal candidates for
magic-state factories for various target logical error rates.
While the rates of these codes are lower than their two-
dimensional counterpart bicycle codes (see the codes in
Ref. [15], for example), they are much higher than the rates
of three-dimensional binary homological product codes of
comparable block length, including the 3D color code.
For the remainder of this work, we primarily focus on

select 4-2-2-type tricycle codes that are practically relevant
due to their lower check weights and depth-8 CCZ circuits.
The 4-4-4 tricycle codes generally exhibit higher rates
and distances, but this comes at the price of higher check
weights and a lower circuit-noise threshold of approxi-
mately 0.4% as well as significantly deeper nontrivial CCZ
circuits on average—additional details on the 4-4-4 codes
are presented in Appendixes D, E, and G. We empirically
found that the 4-4-2-type codes did not offer substantial
improvements in rates, distances, or thresholds compared to
the 4-2-2- and 4-4-4-type codes to the extent of our code
search—two examples of 4-4-2 codes with nontrivial CCZ
are, nonetheless, presented in Table I.

B. Transversal CCZ circuits

Tricycle codes support constant-depth, code-space-
preserving circuits built from physical CCZ gates acting

across three code blocks. Each block contains 3nG qubits,
partitioned into three equal-size sectors labeled I, II, and III,
each with nG qubits. We label each qubit as qji , where
i∈ f1; 2; 3g denotes the code block and j∈ fI; II; IIIg the
sector. Within each sector, qubits are indexed arbitrarily but
consistently across blocks.
The structure of a transversal CCZ circuit is encoded in a

binary function

fCCZ∶ Q ×Q ×Q → F2; ð2Þ

where Q is the set of all physical qubits. A value
fCCZðqj11 ; qj22 ; qj33 Þ ¼ 1 indicates a physical CCZ gate
between the specified qubits, one from each code block.
Otherwise, no gate is applied. This is illustrated in Fig. 1(a).
fCCZ is then linearly extended to be defined as a trilinear
function on all computational basis states. To define a valid,
code-space-preserving circuit, fCCZ must satisfy two addi-
tional conditions.
(1) fCCZ must vanish when any one or more of the

arguments correspond to a binary string b defining
an X-type stabilizer—i.e., Xb¼Xb1 ⊗Xb2 �� �⊗Xb3nG

is an X-type stabilizer—and the other arguments
similarly correspond to nontrivial X-type logical
operators. This condition ensures fCCZ descends

FIG. 1. Structure of transversal CCZ gates of tricycle codes. (a) Schematic of a transversal CCZ circuit on a 12-qubit code. Each code
block is partitioned into three sectors of four qubits, labeled α, β, γ, and δ with subscripts and superscripts indicating the code block and
sector. Colored curves denote CCZ gates between triples of qubits where fCCZ is nonzero. (b) Structure of transversal CCZ circuits: all
sectors participate via two disjoint sets of circuit layers denoted by orange and black edges that can individually be parallelized across
qubits. Each qubit undergoes a maximum of l black and a maximum of m orange CCZ gates, leading to a maximum degree of lþm.
(c) Logical CCZ connectivity after basis optimization for a K ¼ 3 code. Circles denote logical qubits; rows correspond to separate code
blocks. Thick black lines indicate usable CCZ gates for magic-state distillation (KCCZ ¼ 2 shown), while thin lines involve gauge qubits
(pink), initialized in j0i. Blue circles represent logical qubits in disjoint triples connected only to other qubits in the triple or to gauge
qubits.
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to a well-defined function on the space of logical
code words.

(2) fCCZ must define a constant-depth circuit of physical
CCZ gates.

We expand on both conditions and their homological
interpretation in Appendix D. See Proposition D4 for
how fCCZ is defined for tricycle codes.
In recent work, Breuckmann et al. [27] introduced a

formalism for constructing appropriate trilinear functions
fCCZ that satisfy conditions 1 and 2 based on algebraic
operations on homological product codes known as cup
products. We develop a modification of this formalism and
derive conditions that tricycle codes must satisfy to host
such transversal CCZ circuits—see Appendix D for details
on the conditions. For reasons elaborated in Appendix D,
we refer to this framework and the associated conditions on
the codes as the symmetric triple cup-product formalism
for transversal CCZ gates, which applies to both three-
dimensional homological product and balanced-product
[18] quantum LDPC codes—the latter of which tricycle
codes are an example of. We then show that there are
tricycle codes with favorable rates and distances which
satisfy the conditions of the symmetric cup-product frame-
work. We note that tricycle codes constructed using the
original cup-product conditions of Ref. [27] have recently
been studied in Refs. [40,51]—the resulting 2-2-2 codes
always have K ¼ 3, while 4-2-2 and other higher weight
codes have D ¼ 2. We find that the new symmetric cup-
product conditions we derive in this work are necessary to
circumvent these limitations and are more generally appli-
cable to other classes of higher-dimensional balanced-
product quantum codes.
In the following discussion, as a slight abuse of termi-

nology, we refer to the “depth” of the CCZ circuit and the
maximum degree of any physical qubit—i.e., the number of
CCZ gates a qubit is involved in—interchangeably. Indeed,
the maximum degree is the relevant quantity that controls
the spread of errors between physical qubits of the code
blocks. The minimal depth for scheduling the gates in the
circuit is upper bounded by a small constant factor of the
degree (see Appendix D) [52].
The 4-2-2-type tricycle codes which satisfy the con-

ditions of the symmetric triple cup product generically
host depth-8 CCZ circuits. Similarly, the 4-4-2 codes have
depth-16 or depth-32 circuits, and the 4-4-4 codes have
depth-12, −64, or −128 circuits. We explain the choices
made in the code construction that lead to these circuit
depths in Appendix D.
In addition to the symmetric triple cup-product frame-

work, we introduce a more general formalism for con-
structing valid fCCZ functions on balanced-product
quantum codes [18] that is amenable to an extensive
numerical search method for codes with block lengths of
a few hundred qubits—see Appendix E for details. Using
this numerical method, we are able to find additional 4-4-4

tricycle codes with better rates and distances along with
shorter-depth physical CCZ circuits than those that result
from the cup-product formalism—we give two examples of
such 4-4-4 codes in Table I, while we leave a more
thorough exploration of this method for future work.
The physical qubits of each tricycle code block can be

naturally partitioned into three sectors in accordance with
block structure of the parity-check matrices in Eq. (1). The
code-space-preserving CCZ circuits always act across
sectors of the three code blocks, as illustrated in Fig. 1.
The logical action of a transversalCCZ circuit is derived by
restricting fCCZ to the logical subspace, using represent-
atives of logical X operators for each block. This produces
logical CCZ gates between triples of logical qubits when-
ever fCCZðli1; lj2; lk3Þ ¼ 1, where fli1gi¼1…k are a represen-
tative basis set of logical X operators of the first code block,
with flj2g and flk3g defined similarly. The resulting state,
obtained by applying the logical circuit to jþ;þ;þi⊗K ,
defines a hypergraph magic state [31,32], with vertices as
logical qubits and hyperedges as CCZ gates. Recent work
studies such hypergraph magic states, arguing that they can
contain a large amount of magic and can be classically hard
to simulate [31].
While the produced hypergraph magic states are inter-

esting and potentially computationally useful in their own
right, we would also like to be able to extract smaller
component magic gates from the logical circuit for quan-
tum computation. One way to achieve this is to demand that
the logical circuit consists of K CCZ gates across code
blocks, each acting on disjoint triples of logical qubits.
However, a choice of logical bases that produces such a
logical circuit may not always exist (and is unlikely to). We
may instead try to maximize the number of extractable
CCZ gates on disjoint triples of logical qubits KCCZ ≤ K.
Finding such a subset corresponds to computing the
subrank of the fCCZ function restricted to logical operators,
a known problem in tensor rank theory [42,46,53,54]. We
use a mixed-integer programming method to find feasible
solutions to this problem (Appendix F), and, below, we
report the best values of KCCZ found for each code in
Table I. For most codes, our solvers eventually time out
within computational resource constraints without proving
optimality, suggesting that largerKCCZ values than the ones
we report are possible to find with tailored heuristic
optimization strategies—a promising avenue for future
work. The resulting logical circuits enable the extraction
of KCCZ usable CCZ gates. Logical qubits not used in these
gates are treated as gauge qubits and initialized in the j0i
state, which nullifies any CCZ gates they participate in
[Fig. 1(d)]—see Appendix D for details.
Using the methods described in Appendix F, we are able

to find at least KCCZ ≥ 2 for all the codes in Table I using
the associated CCZ circuits. We attempted to find larger
values of KCCZ for these codes, but the solver we used did
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not converge within a reasonable amount of time. We,
therefore, emphasize that the KCCZ values found here are
lower bounds returned by exact methods that quickly
become infeasible for larger KCCZ—this is primarily due
to the current lack of well-performing efficient heuristics
for the binary tensor-subrank problem, and we anticipate
that progress toward such heuristics will lead to a higher
yield of individually distillable CCZ-type magic states for
the codes in Table I.
A subtle point that is understated in LDPC magic-state

distillation proposals is that extracting such KCCZ disjoint
CCZ gates from the full logical circuit requires the ability
to selectively initialize the gauge logical qubits in the j0i
state while other logical qubits are initialized in the jþi
state. For example, the proposals in Refs. [27,32,42,46,47]
assume the ability to do this. However, selective state
initialization is nontrivial for LDPC codes, and, in general,
it is not clear that this is possible in constant depth.
Extensions of the techniques introduced in Ref. [17] for
initializing arbitrary Pauli product states in homological
product codes can be useful for selective initialization.
Recent work has also introduced batched Pauli-product
state-preparation techniques that can achieve selective state
initialization on arbitrary qLDPC codes in constant over-
head, as long as many code blocks are initialized at once in
the same state [55]—we anticipate that these techniques
will be very useful in a LDPC jCCZi magic-state factory
setting [55]. More generally, however, we emphasize an
alternative perspective of viewing the global hypergraph
magic state of the K logical qubits as a high-magic resource
state [31] that can be used to perform useful quantum
computations in a target computational code with trans-
versal Clifford operations using appropriate circuit compi-
lation techniques. We leave a detailed exploration of this
perspective along with concrete protocols for efficient gate
teleportation between tricycle codes and target Clifford
gate-set computation codes for future work.

C. Single-shot magic-state generation

We now describe how tricycle codes enable single-shot
magic-state generation. By initializing three code blocks
fault tolerantly in jþi⊗K using a constant number of error
correction rounds and subsequently applying the trans-
versal CCZ circuit described in the previous section, we
obtain high-fidelity hypergraph magic states—all within
constant circuit depth, as illustrated in Fig. 2.
Our approach to constant-depth preparation of logical

jþi⊗K hinges on two essential properties: intrinsic fault
tolerance in one stabilizer basis during state initialization
and the presence of metachecks that enable single-shot
error correction in the complementary basis. Specifically,
we initialize the physical data qubits in the product state
jþi⊗n and perform a single round of stabilizer measure-
ments. As tricycle codes are CSS codes, the X-type checks

are implemented as products of physical X operators acting
on the input jþi states. Thus, in the absence of errors, the
measurement outcomes for the X checks are deterministic,
which allows Z errors that occur during state preparation to
be detected and corrected.
However, initial Z-type stabilizer measurements produce

nondeterministic �1 outcomes, which must be reliably
fixed to þ1 on hardware before applying the CCZ gate
[14]. In contrast to codes like the surface code, which lack
single-shot state preparation, the Z parity-check matrices
for tricycle codes contain a large number of redundant
checks. These subsequently form a robust set of meta-
checks, which resolve a classical code on the syndrome
bits, allowing a decoder to identify and correct syndrome
measurement errors. In the Z basis, these take the form

Hmeta ¼ ½B A C �; ð3Þ

where the A, B, C matrices are the same as in Eq. (1). The
tolerance to measurement qubit errors is determined by
the single-shot distance DSS

Z [56], which is defined as the
minimum weight of a faulty syndrome that passes all
metachecks but is not a Z syndrome. A large DSS

Z indicates
considerable redundancy, facilitating the identification of
sparse syndrome errors. For all codes examined (see
Table I), we found DSS

Z ¼ DZ or at least their upper bounds
when exact distances were intractable to compute (see
Appendix C). Concurrently, DSS

Z ¼ DZ was proven for this
Hmeta analytically in Ref. [51]. It is also always possible to
extend Hmeta into a full-rank matrix [56] by forcing the
decoder to repair the noisy syndrome into one that can
be produced by a pattern of data qubit errors, resulting
in DSS ¼ ∞.

FIG. 2. Single-shot distillation with tricycle codes. The logical
jþi⊗K state of the tricycle code can be prepared fault tolerantly in
constant depth by harnessing the code’s intrinsic resilience in one
basis—namely, by preparing the physical qubits such that the
associated stabilizer checks are deterministic—together with
single-shot error correction in the complementary, nondetermin-
istic, basis. The logical non-Clifford operation is implemented via
a constant-depth circuit composed of physical CCZ gates.
The output is a logical hypergraph magic state which embeds
KCCZ ≤ K disjoint logical jCCZi resource states.
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Metachecks combine with soundness properties [56] to
enable fault-tolerant inference of the Z stabilizer eigenval-
ues after only a constant number of error correction rounds
under select error models. It is worth noting that this task of
preparing the Z stabilizers toþ1 from a completely random
initialization is a more challenging task than just single-
shot error correction [33,57], where a decoder may assume
that the Z stabilizers were fault tolerantly fixed to þ1 prior
to the observed noise. For example, many hypergraph
product codes enable single-shot error correction but not
single-shot state preparation [57].
In Appendix B, we prove soundness properties for a

certain subclass of tricycle codes in the Z basis and review
the ensuing guarantee on single-shot Z basis decodability,
which applies to state preparation [17]. Moreover, we
perform direct simulations of single-shot state preparation
for three codes with good finite-size encoding rates and
distances, showing that general tricycle codes appear to
host single-shot state-preparation properties. Our results
shown in Fig. 3 demonstrate exponential suppression of the
logical error with increased distance, consistent with fault-
tolerant state preparation.
Going back to the magic-state factory, following initial-

ization, the single-shot error correction capabilities of

tricycle codes are necessary to prevent errors from spread-
ing. Each CCZ gate will propagate a preexisting X error
into CZ errors on the other two qubits, which are collapsed
into nondeterministic patterns of Z errors after syndrome
measurement. To prevent such errors from building up, the
Z stabilizers must continuously be repaired to þ1. In codes
without single-shot properties, this usually requires “just-
in-time decoding” [58], in which error clusters are allowed
to expand modestly before being corrected, and accom-
panies a decrease in performance and threshold of the code
[59,60]. The single-shot Z basis of the tricycle code, in
contrast, is able to immediately correct X errors (up to a
small residual error), limiting repeated propagations of CZ
errors. Although the X basis is not single shot, importantly,
the Z errors they detect commute with the CCZ gates, so
they do not need be corrected in real time. This is opportune
given that the CCZ circuit may disrupt the X stabilizer
group until the circuit is completed. As the CCZ circuit is
of constant depth, it suffices to measure the X stabilizers
only after completion; however, incorporating intermediate
correction strategies that leverage stabilizer masking [61]
could be advantageous.
Together, these results demonstrate that our codes enable

fault-tolerant preparation of logical jþi states in as little as
a single round. As a result, magic-state factories based
on these codes are extremely compact: The initial state
jþi1 ⊗ jþi2 ⊗ jþi3 with all Z stabilizers fault tolerantly
fixed to þ1 can be prepared in constant depth, and the
logical CCZ operation can also be implemented in constant
depth, as described in the previous section, yielding high-
fidelity hypergraph magic states in constant depth.

D. Circuit-noise simulations

We now evaluate the performance of our codes under
realistic circuit-level noise models. Our focus is on the
4-2-2 family of tricycle codes, characterized by modest
check weights (wx ¼ 8, wz ¼ 6) and featuring the shortest-
depth CCZ circuits from the symmetric triple cup-product
construction (Appendix D). Circuit-level noise simulations
of certain 4-4-4 codes are presented in Appendix G for
comparison.
To benchmark performance, we simulate circuit-level

noise affecting the entangling gates in the syndrome
extraction circuits. We adopt a standard two-qubit depola-
rizing noise model: For a given two-qubit gate error rate
p2q, each entangling operation is followed, with equal
probability, by one of the 15 nontrivial two-qubit Pauli
errors from IX; IY;…; ZZ and otherwise experiences no
error with probability 1 − p2q.
Tricycle codes naturally exhibit higher distance in the X

basis compared to the Z basis. Here, we prioritize simulat-
ing the more challenging X basis. Z-basis results, demon-
strating robust single-shot behavior, are included in
Appendix G. In the X basis, we use the conventional
d-round protocol: The syndrome extraction sequence is

FIG. 3. Phenomenological noise simulation of single-shot state
preparation in the Z basis for 4-2-2 tricycle codes. Our method
follows Ref. [57] and assumes that the initial Z syndrome is
trivial. For each code, we simulate one round of syndrome
measurement in which measurement errors occur with probability
p, though we expect performance to improve with a larger
decoding window (see Sec. II D). A most-likely-error (MLE)
decoder applies a minimum weight correction to both the data
and measurement qubits. Then, we simulate a noisy transversal Z
basis measurement of the data qubits, decode the reconstructed
syndrome with the MLE decoder, and apply the corresponding
correction. A logical failure is said to occur if the residual X
operator is a logical operator of the tricycle code, and the logical
error rate is normalized per logical qubit. The observed phe-
nomenological threshold is ≳13%. Logical error rates are
determined via Monte Carlo simulations; error bars indicate
standard errors, computed as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pLð1 − pLÞ=M

p
, where M is the

number of samples.
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repeated for d cycles, and decoding is performed using the
full record of accumulated syndrome information from all
rounds. We utilize the depth-optimal syndrome extraction
circuit structure outlined in Sec. II E.
For decoding, we map the syndrome extraction process

to a space-time code, where the checks correspond to
parities of stabilizer measurement outcomes across
consecutive time steps, and each code qubit is associated
with a distinct fault location in the circuit [16,62] (see
Appendix G).
We perform the decoding for the D-round simulation of

the 4-2-2 codes using a MLE decoder. The resulting logical
error rates, as shown in Fig. 4(b), are defined as the
probability of a logical qubit failure, normalized both by
the total number of error correction rounds and by the
number of logical qubits in the block. We observe a gate-
noise threshold of approximately 0.5% and achieve low
logical error rates at physically relevant gate errors. For
example, we achieve a logical error rate of approximately
4 × 10−5 at a physical error rate of 0.1% for the ½½108; 6;
ðDz ¼ 6; Dx ¼ 12Þ�� code.
For further performance gains, we consider postselec-

tion, which is standard in the magic-state distillation factory
setting [6]. Specifically, we analyze the ½½48; 6; ð4; 8Þ�� code
decoded using BPþ LSD [35] in conjunction with the
clustering postselection metric introduced in Ref. [34].
After Dz ¼ 4 rounds of error correction, the logical error
rates as a function of abort rate using the “α ¼ 2 clusters
llrs” postselection metric in Ref. [34] are depicted in
Fig. 4(a). Additionally, we assess full error detection
whereby we discard any samples that have any stabilizers
flipped. We observe that, for the 48-qubit code, no
stabilizer flips in roughly 32% of samples, corresponding

to an acceptance fraction of 32% and yielding a very low
logical error rate near 6 × 10−10. For the 84-qubit code, the
acceptance fraction for full error detection over d rounds
becomes approximately 8.5% with a logical error rate
< 7 × 10−14. In summary, the 4-2-2 tricycle codes dem-
onstrate strong performance in the D-round setting under
circuit-level noise. We emphasize that, in practical settings,
D rounds will likely be unnecessary—e.g., when trans-
versal teleportation can be employed—so these results may
be viewed as lower bounds on achievable quantum error
correction (QEC) performance. For additional simulation
details and further numerical results, see Appendix G 1.
Going beyond memory performance, we perform

numerical simulations to ascertain the logical error rates
of the produced magic states from the single-shot protocol
and estimate the total space-time cost of magic-state
production in terms of qubit rounds per logical qubit
(including retries from postselection). The constant-depth
CCZ circuit has a minimal effect on the final logical state
error rate compared to the memory performance, at least for
4-2-2 codes with depth-8 CCZ circuits. This is demon-
strated explicitly by a simulation of the effective noise
model of the CCZ circuit, leading to the logical error
rates and space-time costs quoted in Table II, where we
also compare the performance of the smallest tricycle
code-based protocols to two state-of-the-art magic-state
cultivation resource estimates from Ref. [36]. The logical
error rates and space-time costs in Table II were calcu-
lated assuming CCZ gates with a physical error rate of
p3q ¼ 0.002 under a noise model informed by recent
benchmarking experiments on neutral-atom quantum com-
puters [14,63] (see Appendix G 2 for details). We expect
the assumption of achieving CCZ gates with a physical

(a) (b)

FIG. 4. Circuit-level noise simulation results for tricycle codes. (a) Logical error rate for the ½½48; 6; ðdz ¼ 4; dx ¼ 8Þ�� code as a
function of abort rate under cluster postselection (blue) and full error detection (orange). The cluster postselection data show the trade-
off between logical error rate and postselection (abort) probability using a BPþ LSD decoder, while full error detection corresponds to
strictly accepting only trials with no detected stabilizer flips. (b) Logical error rate versus two-qubit physical gate error rate p2q for
d-round, fault-tolerant error correction in the X basis, for tricycle codes of increasing size and distance using a MLE decoder. In both
panels, errors are sampled according to a standard two-qubit depolarizing circuit-level noise model, and the logical error rate
corresponds to the total logical error rate normalized by the number of QEC rounds and by the number of logical qubits. Logical error
rates are determined via Monte Carlo simulations, with each data point corresponding to M samples; error bars indicate the standard
error as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pLð1 − pLÞ=M

p
.
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error rate twice that of two-qubit entangling gates to be
experimentally reasonable. With greater CCZ gate physi-
cal error rates, we expect only a mild degradation of the
logical error rates quoted in Table II. The CCZ gates cause
only data qubit errors that do not spread to ancilla check
qubits. Moreover, the inherent bias of phase-type gates
toward Z errors [64,65] will cause most of these data qubit
errors to commute with the CCZ circuit. Together, these
effects imply limited propagation of the errors from the
CCZ gates through the circuit—Appendix G 2 contains an
extended discussion.

E. Implementation of syndrome extraction circuits

We construct optimal-depth syndrome extraction circuits
for the tricycle codes presented. Denote the data qubit
sectors as D1, D2, and D3, the Z-check sectors as Z1, Z2,
and Z3, and the X-check sector as X. Our construction for
4-4-4 codes is displayed in Fig. 5(a), where each CNOT

symbol represents a parallel group of physical CNOTs
between a check sector and a data sector, associated with

a specific permutation. For example, the first CNOT symbol
corresponds to CNOTs from the ith X check to the jth qubit
in D3 whenever the ði; jÞ entry of CT

1 is 1. Since CT
1 is a

permutation matrix, there is one and only one j for each i.
The circuit achieves the optimal CNOT depth of 12. The
construction consists of five stages represented by colors.
For the 4-4-2 and 4-2-2 codes, the overall stage structure is
preserved, although some stages contain fewer layers. The
design allows certain degrees of freedom: specifically, how
to assign the matrices A, B, and C to the stages, as well as
the order of layers within each stage. These degrees of
freedom lead to 1728 possible circuits for the 4-2-2 codes.
An exhaustive search across these 1728 circuits was
performed, from which we select the circuit with the
highest noise suppression for each code in the circuit-noise
simulation results in Sec. II D. For the general construction
and a proof of its correctness, see Appendix H.
The syndrome extraction circuit can be implemented

on either fixed architectures with all required couplings
fabricated [66] or on reconfigurable architectures with

(a)

(b)

(c)

FIG. 5. Implementation of tricycle codes on neutral-atom arrays. (a) Syndrome extraction circuit. Each line denotes a sector. CNOTs are
applied on pairs of qubits across two sectors, with the pairing determined by the permutation matrices. (b) Within each sector, physical
qubits sharing the same x index form tiles arranged in a row; within each tile, qubits are ordered by their y and z indices. Two AOD
movements can realize x, y, or z cycling. (c) Parallel CNOTs can be performed by Rydberg interaction on two overlaying sectors. Data
sectors reside in the entangling zone and have larger spacing to avoid intrasector interactions. After permutation in the workspace below,
check sectors are fetched to overlay with the corresponding data sectors and perform CNOTs. Then, check sectors are put back to their
original positions and perform permutation for the next layer.
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physical qubit permutation [14,63,67–76]. Here, we focus
on reconfigurable neutral-atom arrays.
With slight abuse of notation, we label the qubits in each

sector by indices ðx; y; zÞ, where 1 ≤ x ≤ nx, 1 ≤ y ≤ ny,
1 ≤ z ≤ nz, and nG ¼ nxnynz. As shown in the callout of
Fig. 5(b), we place qubits with the same x as tiles arranged
in a row; within each tile, qubits are ordered by y and z.
Qubits are held in place by traps generated by a spatial-light
modulator (SLM); we assume a sufficient number of SLM
traps and, thus, do not depict them explicitly. Crossed 1D
acousto-optic deflectors (AODs) create a 2D grid of mobile
traps, enabling entire grids of qubits to be picked up and
rearranged in the plane. Our qubit layout leads to efficient
implementation of permutation matrices of interest. For
example, Fig. 5(b) illustrates the process of x cycling,
corresponding to cyclically shifting the tiles: First, two tiles
are transferred from the SLM to the AOD, shifted right in
parallel, and deposited into ancillary SLM traps; the second
step applies a “wraparound” in the opposite direction for
the remaining tile. Rows and columns in the AOD grid can
otherwise move freely, though their order must be pre-
served, so the two steps for x cycling cannot be combined.
The y cycling and z cycling similarly correspond to
cyclically shifting rows and columns within each tile,
respectively, as needed to implement polynomial terms
like CT

1 .
Entangling gates are performed by exciting adjacent

pairs of qubits to Rydberg states. Parallel CNOTs between
corresponding qubits in two sectors are realized by over-
laying those sectors and applying a global Rydberg laser
illumination, as shown in Fig. 5(c) (dots and squares denote
data and check qubits, respectively—as the colors suggest,
the check sector has been permuted with x cycling by one
unit and z cycling by two units). To prevent unintended
interactions between qubits within the same sector, the
pairs are separated by a sufficient distances determined by
atom species and Rydberg state.
The overall layout [Fig. 5(c), right] places data sectors in

SLM traps within the entangling zone. For each CNOT layer,
check sectors are permuted in a workspace below and
fetched to the corresponding data sectors for parallel
CNOTs. In the workspace, smaller grid spacing is used to
reduce travel distances for permutation; during fetching,
check sectors are expanded to align with data sector
spacing. After entanglement, check sectors return to the
workspace for the next permutation. Because of crossing
movement paths, fetching and put-back of Z check and X
check sectors must be performed separately in this example
to preserve AOD column order.
Executing one syndrome cycle requires a constant

number of AOD movements. Let twsp and tent denote the
time for AOD to traverse a sector in the workspace and the
entangling zone, respectively. In the implementation above,
permutation, fetch, and put-back for all Z sectors can be
done in parallel. Each CNOT layer then involves two fetch

and two put-back operations, each bounded by 3tent (say,
from X to D1). Permutations for Z and X sectors may
require x, y, and z cycling, each up to 2twsp. Thus, the per-
layer duration is bounded by 12ðtwsp þ tentÞ. Further details
and possible optimization are discussed in Appendix I.

III. DISCUSSION AND OUTLOOK

We have introduced a class of quantum LDPC codes—
tricycle codes—that support constant-depth, single-shot
preparation of logical magic states and show strong
resilience to realistic circuit-level noise with a high thresh-
old of > 0.5%. We showed that certain families of tricycle
codes allow compact, constant-depth preparation of high-
magic states known as hypergraph magic states. These
hypermagic states, in turn, embed individually distillable
CCZ-type magic states, enabling universal quantum com-
putation by using tricycle codes as magic-state factories.
The promising performance of these codes can be improved
further along several directions. The asymmetry between
the X and Z sectors of tricycle codes make them particu-
larly advantageous for leveraging noise bias in entangling
gate operations—a feature pervasive in leading experimen-
tal platforms [14,64,77–79]. Additionally, loss and leakage
errors—prevalent in many hardware architectures—
represent another avenue for enhancing performance;
recent work has shown that appropriate handling of such
errors can be leveraged to further improve logical error
rates [14,80]. Future studies integrating tailored noise bias
exploitation in syndrome extraction circuits and explicit
loss- or leakage-leveraging strategies with these codes are
likely to yield further gains and represent a compelling
direction for subsequent research. Moreover, improved
decoding methods would be beneficial as we observe over
an order-of-magnitude gap in logical error rates between
standard BPþ OSD and BPþ LSD decoders and an
exact but exponentially expensive MLE decoder.
Encouragingly, recent work has proposed new decoders
that enhance performance while maintaining practical
inference times [81–84].
Beyond their stand-alone utility as distillation factories,

integrating tricycle codes into broader quantum architec-
tures presents several important challenges. A key open
problem is the seamless injection or teleportation of
distilled magic states into computational code blocks, such
as those based on high-performance bicycle codes. While
lattice surgery offers a robust, code-agnostic method for
logical state transfer—and has seen significant theoretical
and experimental development [16,85–93]—a particularly
promising alternative is transversal teleportation based on
natural isomorphisms between tricycle and bicycle codes.
Similar to teleportation protocols between 3D and 2D color
codes [94,95], such schemes using transversal one-
way CNOT gates between 3D and 2D product codes [96]
may enable direct, fault-tolerant transfer of magic states.

VARUN MENON et al. PHYS. REV. X 16, 021014 (2026)

021014-12



In particular, we believe this should be possible between
bivariate-bicycle codes and bivariate-tricycle codes or
between trivariate-bicycle codes and trivariate-tricycle
codes, as they share the same product structure. Using
extensions of the analytical tools in Ref. [97], we believe it
should be possible to show that the logical operators of
pairs of some such 2D and 3D group-algebra codes split
into isomorphic sectors as in hypergraph product codes
[98]—a natural setting for efficient gate teleportation with
transversal one-way CNOTs. This idea has recently been
explored in Ref. [40]. If realized, these protocols could
further reduce space-time overhead and enable highly
modular architectures with efficiently integrated magic-
state distillation. We will explore a specific magic-state
factory architecture based on high-rate tricycle codes with
transversal teleportation onto a target high-rate code in a
follow-up work.
Another important direction is improving the yield

of disjoint CCZ gates that can be extracted from the
hypergraph magic states produced by these circuits
(Appendix F). This corresponds to the problem of finding
the subrank of a binary tensor [42,46,53,54], which is
computationally hard. While we used mixed-integer pro-
gramming, new heuristic strategies could uncover larger
values of KCCZ for the codes we consider. In parallel, a
deeper understanding of the structure of these high-magic
hypergraph states—produced by the transversal CCZ
circuits described in Sec. II B—may allow one to compile
them directly into useful quantum circuits, offering an
alternative to extracting only disjoint CCZ gates.
In summary, tricycle codes represent a significant step

toward scalable, low-overhead, fault-tolerant magic-state
distillation with quantum LDPC codes. Ongoing work
on new code constructions, transversal gate optimization,
and efficient code-switching protocols will continue to
strengthen the outlook for practical, high-performance
quantum computing.

Note added. Recently, we became aware of related work
studying tricycle codes, albeit with less focus on transversal
magic gates [51]. Another related work that appeared
around the same time also introduced a general theory
for multicyclic Abelian group-algebra codes [99].
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APPENDIX A: CODE CONSTRUCTION
AND PROPERTIES

We describe the construction of the tricycle code parity-
check matrices in more detail, along with general properties
of the codes and their connection to balanced products of
classical group-algebra codes.
Let G be a finite Abelian group, expressed as G ¼

Zm1
× Zm2

× � � � × Zmk
for some finite k. Let nG ¼ jGj ¼Q

k
i¼1mi. The codes we construct are defined via matrices

over the ring R ≔ F2½G�, the group algebra of G over F2.
Elements of F2½G� are formal sums

X
g∈G

agg; where ag ∈ F2;

with componentwise addition and multiplication induced
by extending the group operation bilinearly. Since G is
Abelian, F2½G� is a commutative, associative algebra over
F2 with identity 1G ∈G.
For a∈ F2½G�, we define its weight as jaj ¼ jfg ∈

Gjag ¼ 1gj. Each a∈ F2½G� determines a binary matrix
A∈ FnG×nG

2 via

Aα;β ¼ BGðaÞ≡
X
g∈G

agδα;gβ; ðA1Þ

where α; β∈G and δ is the indicator for α ¼ gβ. The map
BG∶ F2½G� → FnG×nG

2 gives the regular representation of a,
following Ref. [13].
Alternatively, elements of F2½G� can be identified with

polynomials via the isomorphism

F2½G� ≅ F2½x1;…; xk�=hxm1

1 − 1;…; xmk
k − 1i; ðA2Þ

where xi corresponds to a generator of Zmi
. Under this

identification, the weight of a is the number of monomials
with nonzero coefficient in the corresponding polynomial.
To compute A, let Sl denote the l × l binary right cyclic

shift matrix, and define Ŝmi
¼ Im1

⊗ � � �⊗Smi
⊗ � ��⊗ Imk

.
These matrices commute for different i. Given
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paðx1;…; xkÞ, the polynomial corresponding to a, the
binary matrix representation is

A ¼ paðŜm1
; Ŝm2

;…; Ŝmk
Þ: ðA3Þ

If jaj ¼ w, then each row and column of A has Hamming
weight w. We can define tricycle codes formally as follows.
Definition 1 (tricycle codes). A three-block Abelian

group-algebra code (tricycle code) is a CSS code defined
by elements a; b; c∈ F2½G� with weights wa, wb, and wc

and binary matrix representations A;B;C∈ FnG×nG
2 . The X

and Z parity-check matrices are defined as in Eq. (1), with
component matrices formed from binarizing group-algebra
sums: For example, if a ¼ a1 þ a2 þ a3 þ a4, where
ai ∈G, then A ¼Pi BðaiÞ.
We focus on codes with G equal to a product of three

cyclic groups (k ¼ 3), as we found these codes to generally
have better parameters than those with k ¼ 1, 2, or higher.
By analogy to the nomenclature for bicycle codes
[15,20,22], these may be referred to as trivariate-tricycle
codes. The k ¼ 1, 2 cases may be referred to as generalized
tricycle and bivariate-tricycle, respectively. We denote the
generators by monomials x1 ≡ x, x2 ≡ y, and x3 ≡ z. The
polynomials and groups used in the examples in Table I are
listed in Table III.
Next, we describe how tricycle codes can be viewed as

three-dimensional hypergraph products (HGPs) [98] over
nonbinary rings and derive a conditional distance lower
bound. We first need the following definitions.
Definition 2 (support and intersection subgroups). Let G

be a finite Abelian group, and a ¼Pg∈G agg∈ F2½G�
with ag∈f0;1g. Define the support subgroup Ga ≔
hfg∶ag ≠ 0gi. For elements a1;…; ak ∈ F2½G�, the inter-
section subgroup is N ¼∩k

i¼1 Gai . Since G is Abelian, N is
normal in each Gai .
Definition 3 (connected codes). Let a; b; c∈ F2½G� with

support subgroups Ga, Gb, and Gc. The code defined by

a, b, c is connected if GaGbGc ¼ G. Otherwise, the
code decomposes into subcodes supported on cosets of
the subgroup GaGbGc ⊂ G, which has the order of
jGajjGbjjGcj=jNj2, where N is the intersection subgroup.
This notion of connectivity extends the Abelian case of

Ref. [21], which showed that connected two-block group-
algebra codes can be written as HGPs over nonbinary rings.
The same argument applies here, yielding the following.
Proposition A1 (nonbinary 3D HGP). Let a; b; c∈ F2½G�

define a connected tricycle code, and let N ¼ Ga ∩ Gb ∩
Gc with jNj ¼ c. Let la ¼ ½Ga∶ N� be the index ofGa in N,
and define lb and lc analogously. Define R ¼ F2½N�, and
consider R-valued matrices:

A ¼ A1 ⊗ Ilb ⊗ Ilc ; ðA4Þ

B ¼ Ila ⊗ B1 ⊗ Ilc ; ðA5Þ

C ¼ Ila ⊗ Ilb ⊗ C1; ðA6Þ

for appropriately chosen A1 ∈Rla×la , B1 ∈Rlb×lb , and
C1 ∈Rlc×lc . The binary matrices A, B, and C are then
obtained by applying BN elementwise: Ai;j ¼ BNðAi;jÞ∈
F c×c
2 , etc.
The parity-check matrices correspond to a threefold

R-linear homological product code [100]:

HT
X ¼

2
64
A1 ⊗ Ilb ⊗ Ilc
Ila ⊗ B1 ⊗ Ilc
Ila ⊗ Ilb ⊗ C1

3
75; ðA7Þ

HZ¼

2
64
Ila ⊗Ilb ⊗C1 0 A1⊗Ilb ⊗Ilc

0 Ila ⊗Ilb ⊗C1 Ila ⊗B1⊗Ilc
Ila ⊗B1⊗Ilc A1⊗Ilb ⊗Ilc 0

3
75: ðA8Þ

TABLE III. Polynomials used to construct trivariate-tricycle codes in Table I corresponding to elements of the group algebra of
G ¼ Zl × Zm × Zn. If there are fewer than three cyclic group factors, the corresponding element in the tuple of group orders ðl; m; nÞ is
left empty.

½½N;K; ðDX;DZÞ�� ðl; m; nÞ a b c

[[48, 6, (8, 4)]] (2, 2, 4) yþ zþ xzþ xyz2 yz2 þ yz3 yþ xyz
[[84, 6, (12, 5)]] (2, 2, 7) yþ zþ xzþ xyz2 z3 þ xz4 yþ yz4

[[108, 6, (12, 6)]] (3, 3, 4) xþ z2 þ yzþ x2yz3 y2zþ x2yz3 x2 þ x2yz2

½½240; 6; ð≤ 22; 8Þ�� (4, 4, 5) xy2z3 þ xy3z4 þ x2y2zþ x2y3z2 y3 þ x2yz2 xz4 þ x3y3z
½½480; 6; ð≤ 36; 10Þ�� (4, 5, 8) x2z7 þ x3y2 þ y4z4 þ xy3z3 z6 þ x2y2z2 x2 þ x3y4z
[[108, 12, (6, 4)]] (3, 3, 4) zþ xz3 þ xyz2 þ x2y y2 þ y2z3 þ xy2zþ xy2z2 zþ xyz3

[[180, 12, (15, 6)]] (3, 4, 5) yz3 þ y3 þ x2yz3 þ x2y3z xyz4 þ xy2z2 þ x2yzþ x2y2z4 z4 þ x2z
[[108, 15, (12, 6)]] (3, 3, 4) yþ y2zþ xyz3 þ x2y2z2 z2 þ xyþ xy2zþ x2z3 yz3 þ y2zþ x2 þ x2y2z2

[[270, 24, (15, 8)]] (3, 5, 6) z4 þ y3 þ xy2 þ x2yz4 y3 þ y3zþ xy4 þ x2y2z yz4 þ y2zþ xy2zþ xy3z4

½½324; 12; ð≤ 32;≤ 12Þ�� (3, 4, 9) y2zþ xyzþ x2z6 þ x2y3z5 z4 þ z5 þ xyz7 þ x2y3z2 yz7 þ xz7 þ xy3 þ x2y2

½½480; 15; ð≤ 48;≤ 14Þ�� (4, 5, 8) x2z5 þ x2yz4 þ x3y3z4 þ x3y4z3 x2z3 þ x2y4z6 þ x3z5 þ x3yz2 yz5 þ xz4 þ x2y4z4 þ x3y2z5
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The binary versions are recovered via the binarization map
BN defined in Eq. (A1).
Proof. This follows identically from the proofs of

Statements 7–9 in the appendix in Ref. [21]. In particular,
by choosing a representative set of coset elements
pi ∈Ga=N, qj ∈Gb=N, and rk ∈Gc=N, where i ¼ 1…la,
j ¼ 1…lb, and k ¼ 1…lc, the R-valued matrices A1, B1,
and C1 are given by

ðA1Þi1;i2 ¼
X
n∈N

aðpi1
np−1

i2
Þn; ðA9Þ

ðB1Þj1;j2 ¼
X
n∈N

bðqj1nq−1j2 Þ
n; ðA10Þ

ðC1Þk1;k2 ¼
X
n∈N

cðrk1nr−1k2 Þ
n; ðA11Þ

respectively, where ag, bg, and cg are the coefficients in
the group-algebra elements a ¼Pg∈G agg and similarly
for b and c. ▪
This perspective of viewing connected tricycle codes as

three-dimensional homological products over a ring is
useful for proving the following lower bound on the code
distances.
Theorem A1. Consider a connected three-block Abelian

group-algebra code constructed from group-algebra ele-
ments a; b; c∈ F2½G�, with corresponding binary matrices
A;B;C∈ Fn×n

2 , where n ¼ jGj. Further suppose that the
classical binary linear codes with parity-check matricesAT,
BT, and CT have minimum distances dTA, dTB, and dTC,
respectively. We use the convention that d ¼ ∞ if the
corresponding matrix is full rank. Let N ¼ Ga ∩ Gb ∩ Gc
be the intersection subgroup as defined in Definition 2.
The minimum distance of the quantum code is bounded
below as

d ≥
1

jNjmin
n
dTA; d

T
B; d

T
C

o
: ðA12Þ

Proof. The proof that dZ satisfies this inequality follows
from the proof of Statement 10 in Ref. [21]. In particular,
Lemma 3 in Ref. [21] also holds for three-dimensional
homological products by decomposing them into a direct
sum of three-dimensional homological products over cyclic
group algebras (analogous to Appendix B in Ref. [101]).
The matrices A, B, and C are constructed identically, and,
following the proof of Lemma 3 in Ref. [21], each
component code over a cyclic group algebra can be shown
to have all-unit Smith normal forms under the assumptions
of the lemma. The rest of the proof is identical, applied
instead to the matrix HX defined in Eq. (1).

Then, in Theorem A2, we prove that dZ ≤ dX, making
Eq. (A12) a lower bound for the overall code distance. ▪
For disconnected codes formed from m connected

subcodes, the bound applies to each component and can
be summed. In practice, this lower bound is often loose:
The codes we construct typically exceed it by a large
margin. It may be possible to improve this bound using
techniques from Ref. [100] adapted to nonbinary rings.
While the above bound may not be tight, it does imply

the existence of a threshold for tricycle codes. This is
because classical quasi-Abelian group-algebra codes with
parity-check matrices of the form AT, BT, and CT are
known to include codes that have distances that grow
linearly in the block length [21]. Combined with the above
bound, this implies the existence of tricycle codes with
distances that are extensive in the block length with at leastffiffiffiffi
N3

p
scaling, implying the existence of a threshold.

In the following theorem, we show that tricycle codes
satisfy dZ ≤ dX. This would make Theorem A1 a lower
bound on both the X and Z distances.
Theorem A2. All connected three-block Abelian group

algebra codes defined by Eq. (1) satisfy dZ ≤ dX.
Proof. We assume that none of A1, B1, and C1 are full

rank, else the tricycle code is trivial with k ¼ 0 and d ¼ ∞
by convention. Noting R ≅ ⨁g∈NF2, the map bN∶ R →
F2jNj defined by bN∶ a ¼Pg agg ↦ ðag1 � � � agjNjÞ is a
vector space isomorphism. With action defined element-
wise, it can be extended to bmN∶ Rm → Fm

2 ; we omit
the superscript hereafter. We define the norm j · jR on
Rm via jvjR¼

P
m
i¼1 jfg∈G∶ðviÞg¼1gj for any v∈Rm.

Importantly, jvjR¼jbNðvÞj, in general. Let BN∶R→

F jNj×jNj
2 be the regular representation of N introduced in

Eq. (A1), extended elementwise and linearly to Rm×m. For
any A∈Rm×m and v∈Rm, bNðAvÞ ¼ BNðAÞbNðvÞ.
Let x ¼ ðx1x2x3Þ∈Rlalblc denote a minimum weight

logical X operator. Define

ðδ−1ÞT ≔
�
AT
1 ⊗R Ilb Ila ⊗R BT

1

�
;

δ0 ≔
�
Ila ⊗R B1 A1 ⊗R Ilb

�
: ðA13Þ

The CSS code with R-valued X=Z parity-check matrices
ðδ−1ÞT=δ0 is a bicycle code. HZx ¼ 0 implies
ðx1x2Þ∈ kerðδ0 ⊗R IlcÞ ¼ ðker δ0Þ ⊗R Rlc ≅ ðker δ0Þ⊕lc .

Thus, one can express ðx1x2Þ ¼ ⨁lc
i¼1x̃i, x̃i ∈ ker δ0.

Suppose that, for at least one i� ∈ ½1; lc�, x̃i� ∉ imδ−1.
Then, x̃i� is a nontrivial logical X operator of this bicycle
code; there exists some z̃∈ kerðδ−1ÞTnimδ0T with
jbNðz̃Þj ≤ jbNðx̃Þj (Lemma 1 in Ref. [15]). We lift z̄ to
an equal-weight logical Z operator of the tricycle code.
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Expressing HX=HZ in terms of ðδ−1ÞT=δ0,

HX ¼
�
ðδ−1ÞT ⊗R Ilc Ilalb ⊗R CT

1

�
;

HZ ¼
�

δ0 ⊗R Ilc 0

I2lalb ⊗R C1 δ−1 ⊗R Ilc

�
: ðA14Þ

From the Künneth theorem for R-module cohomology (see
Supplemental Material [37] and Ref. [102]),

ker HX

imHT
Z
≅
�

Rla

imðδ−1ÞT ⊗R ker CT
1

�

⊕
�
kerðδ−1ÞT
im δ0T

⊗R
Rlc

imCT
1

�
: ðA15Þ

Since Rlc ¼ imCT
1 þ Rlc=imCT

1 is spanned by a basis of
unit vectors, and imCT

1 ⊊ Rlc by assumption, there exists
some unit vector ê, jêjR ¼ 1, such that z ¼ ð0z̃ ⊗R êÞ is a
nontrivial logical Z operator. For any g∈G and r∈R,
jrjR¼jgrjR. Therefore, assuming x̃i�∈ ker δ0nimδ−1 exists,
dZ ≤ jbNðzÞj ¼ jzjR ¼ jz̃jR ≤ jx̃jR ≤ jxjR ¼ bNðxÞ ¼ dX.
Repeating the analysis for the other two ways to express

the tricycle code as a R-homological product of a bicycle
code and a classical group-algebra code, the above analysis
is incomplete only in the case

x∈ im

0
B@

TA 0

0 Ilalblc
TC 0

1
CA ∩ im

0
B@

TA 0

TB 0

0 Ilalblc

1
CA

∩ im

0
B@

0 Ilalblc
TB 0

TC 0

1
CA; ðA16Þ

where TA ¼ A1 ⊗R Ilb ⊗R Ilc , TB ¼ Ila ⊗R B1 ⊗R Ilc ,
and TC ¼ Ila ⊗R Ilb ⊗R C1. Such an x exists iff there
exist u1; u2; u3 ∈R2lalblc such that x1 ¼ TAu1 ¼ TAu2,
x2 ¼ TBu2 ¼ TBu3, and x3 ¼ TCu1 ¼ TCu3, yet

x ∉ imHT
X ¼ im

0
B@

TA

TB

TC

1
CA: ðA17Þ

Let vA¼u1þu2 and vB ¼ u2 þ u3, so u1 þ u3 ¼ vA þ vB.
It follows that vA ∈ ker TA, vB ∈ ker TB, and vA þ vB ∈
ker TC. Expressing

x ¼

0
B@

TAu1
TBu2
TCu3

1
CA ¼

0
B@

TAu1
TBðu1 þ vAÞ

TCðu1 þ vA þ vBÞ

1
CA

¼

0
B@

TAu1
TBðu1 þ vAÞ

TCu1

1
CA ¼ HT

Xu1 þ

0
B@

0

TBvA
0

1
CA; ðA18Þ

a solution for x exists iff ð0TB vA 0Þ is a nontrivial logical X
operator, which requires vA ∉ ker TB. Note vA ∈ ker TA ∩
ðker TB þ ker TCÞ. Now we use the following lemma.
Lemma A1. In this setting, the intersection can be

distributed over subspace addition:

ker TA ∩ ðker TB þ ker TCÞ
¼ ðker TA ∩ ker TBÞ þ ðker TA ∩ ker TCÞ: ðA19Þ

Proof. The reverse inclusion is generally true. For
the forward direction, define the canonical projection
Π∶Rlalblc → ker TA. Any v∈ ker TA∩ ðker TBþker TCÞ
satisfies Πv ¼ v and can be written as v ¼ tB þ tC, where
tB ∈ ker TB and tc ∈ ker TC. Since Π factorizes as
Π¼π⊗R Ilb ⊗R Ilc , where π∶Rla →kerA1, ΠtB ∈ ker TB

and ΠtC ∈ ker TC. By definition, ΠtB;ΠtC ∈ ker TA. ▪
Thus, vA ∈ ðker TA ∩ ker TBÞ þ ðker TA ∩ ker TCÞ ⊆

ker TB þ ðker TA ∩ ker TCÞ. If we write vA ∈ tB þ tAC,
where tB ∈ ker TB and tAC ∈ ker TA ∩ ker TC, then,
observe that ð0TBvA0Þ ¼ HT

XtAC and is, thus, logically
trivial. This contradicts Eq. (A17), so both it and Eq. (A16)
cannot hold. ▪
Corollary A1. Theorem A2 extends to disconnected

codes.
Proof. Any disconnected tricycle code is a direct sum

of connected tricycle codes. Theorem A2 can then be
applied to the component with the lowest weight logical X
operator. ▪
Next, we explain how tricycle codes arise as the bal-

anced product of classical group-algebra codes. This
construction builds on the homological formulation of
CSS codes and the balanced-product construction from
Refs. [13,18,27,101], which we assume readers are familiar
with in the following discussion—a review is provided in
Supplemental Material [37].
A classical group-algebra code is defined by an element

a∈ F2½G�, with parity-check matrix H ¼ BGðaÞ, where BG
is the binarization map from Eq. (A1). This corresponds to
the two-term cochain complex

F2½G� !a F2½G�; ðA20Þ

where the coboundary map is given by multiplication by a
in the algebra. The bits of the classical code are associated
with the 1-cochains (right) and the checks are associated
with the 0-cochains (left).
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Given two such complexes defined by elements
a; b∈ F2½G�, their balanced product results in the three-
term complex

R ⟶

� a
b

�
R2 ⟶

ð b a Þ
R ðA21Þ

where R ¼ F2½G� for notational convenience. Binarizing
this complex yields the Abelian bicycle code, with HT

X ¼
½BðaÞT BðbÞT � and HZ ¼ ½BðbÞBðaÞ� [20,21], where the
0-cochains are X checks, 1-cochains are qubits, and
2-cochains are Z checks (with 0, 1, and 2 annotating the
spaces in the complex from left to right). This complex
arises naturally from the balanced product using the
isomorphism R ⊗R R ≅ R; see Refs. [13,18,97] and
Supplemental Material [37].
Tricycle codes generalize this by iterating the balanced

product once again with a third classical group-algebra
code defined by c∈ F2½G�, giving the four-term cochain
complex:

F2½G� ⟶

0
B@

a

b

c

1
CA
F2½G�3 ⟶

0
B@

c 0 a

0 c b

b a 0

1
CA
F2½G�3⟶

ð b a c Þ
F2½G�:
ðA22Þ

This again follows from expanding the terms of the
balanced-product complex and applying R ⊗R R ≅ R.
The quantum CSS code associated with the tricycle

construction is defined by the first three terms in Eq. (A22),
with consecutive spaces representing X checks, qubits, and
Z checks, respectively. Binarizing the coboundary maps
yields the parity-check matrices in Eq. (1), and the final
map defines the metachecks in Eq. (3). This complex
appears in the appendix in Ref. [97], and tricycle codes of
this form are also briefly noted in Ref. [27].
This homological viewpoint is especially useful for

constructing transversal logical gates. In Appendix D,
we use these insights to equip the complex Eq. (A22) with
an algebraic structure that enables transversal CCZ circuits.

APPENDIX B: SINGLE-SHOT GUARANTEES

We prove that tricycle codes possess soundness proper-
ties in one basis, which, in turn, guarantee some fault-
tolerant single-shot state preparation and error correction
capabilities under adversarial noise. Our proofs heavily
reference Campbell’s results on the soundness of 4D
homological product codes in Ref. [56].
Definition 4 (soundness). Let t∈Zþ and f∶Z → R be a

function with fð0Þ ¼ 0. For some ring R and norm j · j on
Rn, we say that a parity-check matrix H∈Rm×n is a ðt; fÞ-
sound map if, for any v∈Rn such that jHvj < t, there
exists some v0 ∈Rn such thatHv¼Hv0 and jvj0 ≤ fðjHvjÞ.

To begin, we consider homological product codes
formed from classical seed codes over F2k for some
k > 1. Let j · j denote the Hamming weight: For v∈ Fn

2k
,

jvj ¼ jfi∶vi ≠ 0gj. A similar Hamming weight applies
over R. For a classical code over F2k-vector spaces, we
define its distance in the usual way with respect to the
Hamming weight.
Lemma B1 (extension to the first soundness lemma [56]).

Let C ¼ C0!δ
0

C1 be a cochain complex over F2k-vector
spaces for some k > 1 corresponding to a code over l dits.
Denote the Hamming distance of C by dHðδ0Þ ¼ d0 and the
transpose code by dT0 . Let C̃ ¼ C ⊗F

2k
C, yielding the three-

term complex C̃ ¼ C̃−1!δ̃
−1

C̃0!δ̃
0

C̃1, where

δ̃0T ¼
 
δ0T ⊗F

2k
I

I ⊗F
2k
δ0

!
; δ̃−1 ¼

 
I ⊗F

2k
δ0T

δ0 ⊗F
2k
I

!
: ðB1Þ

Then, δ̃0T; δ̃−1 are ðt; fÞ sound, where t ¼ minfd0; dT0g
and fðxÞ ¼ x2=4.
We provide a self-contained proof of this lemma, which

mostly mirrors Appendix D in Ref. [56], for illustration. In
later adaptations, we discuss only necessary modifications
to results from Ref. [56].
Proof. We focus on δ̃0T ; the proof sketch for δ̃−1 is

similar. Let s∈ imδ̃0T with jsj < t. v∈ Fn
2k

and s ¼ δ̃0Tv.
Letting s ¼ ðsLsRÞ and reshaping F l

2k
⊗F

2k
F l
2k
→ F l×l

2k

yields the equations SL ¼ δ0TV and SR ¼ Vδ0T . For any
A∈ F l×l

2k
, let rspðAÞ ⊆ f1;…; ng denote the set of indices

corresponding to nonzero rows of A, and likewise with
cspðAÞ for columns.
Lemma B2. There exists some w∈ F l

2k
such that

s ¼ δ̃0Tw, jcspðSLÞj¼ jcspðWÞj, and jrspðSRÞj ¼ jcspðWÞj.
Proof. At least one w satisfying the syndrome equation

must exist. For any suchw, cspðSLÞ⊆ cspðWÞ and rspðSRÞ ⊆
rspðWÞ, jcspðSLÞj ≤ jcspðWÞj and jrspðSRÞj ≤ jrspðWÞj.
The ≥ direction is more difficult to prove. For concreteness,
assume jcspðSLÞj< jcspðVÞj and jrspðSRÞj< jrspðVÞj. Then,
there exist column and row vectors a and bT in V such that
a∈ ker δ0T and b∈ ker δ0. bT is the ith row of V, which
we denote by Vi;·¼bT, and a is the jth column: V ·;j¼a.
If Vij≠0, then V 0 ¼ V þ V−1

ij ab
T has strictly smaller

support size: V0
·;j¼V ·;jþV−1

ij ðabTÞ·;j¼0 since ðabTÞ·;j ¼
bTj a ¼ Vija. Identically, V 0

i;· ¼ 0, and no new rows or
columns can pick up support. Thus, we update V ← V 0
and repeat until the algorithm stalls, which is when there are
no rows and columns bT and a such that Vij ≠ 0. Up to row
and column permutations, this leaves V in the form

V ¼

0
B@

D B 0

A C 0

0 0 0

1
CA; ðB2Þ
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where columns in the left column block contain a∈ ker δ0T

and those in the middle column block satisfy δ0Ta ≠ 0.
Similarly, rows bT in the top row block satisfy b∈ ker δ0,
whereas for those in the middle block, δ0b ≠ 0. Since
no row-column pairs intersect, D ¼ 0. If A is non-
zero, any nonzero column a∈ ker δ0T satisfies jaj ≥ dT0 ,
jrspðSRÞj ≥ jcj ≥ dT0 , which is a contradiction. Thus, A ¼ 0,
and similarly, B ¼ 0. ▪
Since jsj ¼ jSLj þ jSRj ≥ jcspðSLÞj þ jrspðSRÞj, the gen-

eral identity ðaþ bÞ2=4 ≥ ab for integers a, b yields

jsj2=4≥ jcspðSLÞjjrspðSRÞj¼ jcspðVÞjjrspðVÞj≥ jVj: ðB3Þ

▪
Similarly, we have the following result.
Lemma B3 (extension to the second soundness lemma

[56]). Let C̃−1!δ̃
−1

C̃0!δ̃
0

C̃1 be a cochain complex over
F2ki -vector spaces where δ̃

0T and δ̃−1 are ðt; fÞ sound with
fðxÞ ¼ x2=4. Then, C̆ ¼ C̃ ⊗F

2k
C̃ is the 4-complex

C̆ ¼ C̆−2 ⟶
δ̆−2

C̆−1 ⟶
δ̆−1

C̆0 ⟶
δ̆0

C̆1⟶
δ̆1

C̆2; ðB4Þ

where

δ̌−2 ¼
 

I ⊗F
2k

δ̃T0

δ̃−1 ⊗F
2k

I

!
;

δ̌−1 ¼

0
BBB@

I ⊗F
2k
δ̃T−1 0

δ̃−1 ⊗F
2k
I I ⊗F

2k
δ̃T0

0 δ̃0 ⊗F
2k
I

1
CCCA; ðB5Þ

δ̌0T ¼

0
BB@

δ̃T−1 ⊗F
2k
I 0

I ⊗F
2k
δ̃−1 δ̃T0 ⊗F

2k
I

0 I ⊗F
2k
δ̃0

1
CCA;

δ̌1T ¼
 
δ̃T0 ⊗F

2k
I

I ⊗F
2k

δ̃−1

!
: ðB6Þ

The maps δ̆0 and ðδ̆−1ÞT are ðt; gÞ sound, with gðxÞ ¼ x3=4.
Proof. For k ¼ 1, the proof of this result is Lemma 6 in

Ref. [56], which, in turn, relies on “partial soundness”
and “inheritance of soundness” results, which are Lemma 7
and Claim 3 there, respectively. For k > 2, the proofs of
all three statements can be adapted with a small modifi-
cation, just like Lemma B2: During the reduction steps,
V ← V þ abT is modified into V ← V þ V−1

ij ab
T . The F2

case is simply the special case where V−1
ij ¼ 1 given a and

bT intersect. Still working within the Hamming norm, the
remainder of the analysis extends. ▪

We can invoke these to demonstrate soundness proper-
ties for some connected 4D balanced-product codes.
Theorem B1. Let C̆ denote a four-term cochain complex

Eq. (B4) over Rmodules, built from the classical seed code

C ¼ C0!δ
0

C1 by repeated applications of the R-valued
homological product, where R ¼ F2½N�. Assume jNj is
odd. Let d0 denote the distance of the binarized classical

code bNðC0Þ !BNðδ0ÞbNðC1Þ. Then, C̆ has ðt; fÞ soundness,
where t ¼ d0=jNj, and gðxÞ ¼ ½ðjNj þ 1Þ=8�x3.
Proof. Since jNj is odd, jNj ∤ charðF2Þ ¼ 2, so by

Maschke’s theorem, R is semisimple. From the
Wedderburn-Artin theorem, it can be shown that R ≅
F2k1 × � � � × F2km [101]. The explicit form of the isomor-
phism is ψ∶r↦ ðr ·e1;r ·e2;…;r ·emÞ where fe1;…; emg
is the set of primitive orthogonal idempotents, which
also satisfy a completeness relation

P
i ei ¼ 1R ¼ 1G.

The isomorphism can be extended to matrix rings
Rm×n ≅ ⨁iF

m×n
2ki

. Let A∈Rn×m and B∈Rm×p. Then,
AB ¼ ⨁i;jAeiBej ¼ ⨁iAðkiÞBðkiÞ, and, identically,
A ⊗R B ¼ ⨁i½AðkiÞ ⊗F

2ki
BðkiÞ�. Therefore, C ≃⨁iCðkiÞ,

where Cki is a F2ki code, with the parity-check matrix
decomposed as δ0 ≃⨁iδ

0
ðkiÞ.

Note that, for any v∈Rm, jvjR ≤ jNjjvj. Thus,
dHðδ0ðkiÞÞ ≥ dHðδ0Þ ≥ dRðδ0Þ=jNj ¼ dH½BNðδ0Þ�=jNj pro-

vides a lower bound on the Hamming distance of each
δ0ðkiÞ. Since the tensor product over R splits componentwise,

one can see the R-homological product codes also decom-
pose componentwise, e.g., C̆ ¼ ⨁i½C̃ðkiÞ ⊗F

2ki
C̃ðkiÞ�. We

apply Lemmas B1 and B3 to each classical code compo-
nent CðkiÞ, obtaining that every δ̆

0
ðkiÞ [and ðδ̆−1ðkiÞÞT] are at least

½dHðδ0ðkiÞÞ;g� sound. Let s∈imδ̃0 decompose as s¼⨁isðkiÞ.
Since ψ is any isomorphism, so ker ψ−1 ¼ f0g,
jsðkiÞjH ≤ jsjH. If jsjR ≤ dH½BNðδ0Þ�=jNj, then it follows

by soundness that, for each i, there exists vðkiÞ ∈ F6l4

2ki
such

that sðkiÞ ¼ δ̆0ðkiÞvðkiÞ, and jvðkiÞj ≤ jsðkiÞj3=4. This gives

jvjR ≤ mjvðkiÞjH ≤ mjsj3H=4 ≤ mjsj3R=4 ¼ mjbNðsÞj3=4.
Finally, since m is the number of equivalence classes
of integer pairs ðx; yÞ such that y ¼ 2kx mod jNj for
some integer k (formally known as the number of
2-cyclotomic cosets modulo jNj), it has the upper bound
m ≤ ðjNj þ 1Þ=2. ▪
Corollary B1 (soundness of tricycle codes). Consider

any connected, odd jNj tricycle code with parameters
½½n; k; ðdZ; dXÞ��, which can be expressed as the balanced
product of binary classical codes C1, C2, and C3. There
exists a decoder such that, for any pattern of measurement
errors u∈ Fn

2 satisfying juj ≤ ½1=ð2jNjÞ�minidi and data
errors v∈ Fn

2 satisfying ðjNj þ 1Þjuj þ jvj < dZ=2, the
decoder takes in the syndrome HZvþ u and outputs v̂
such that, modulo stabilizers, jðv̂þ vÞ mod 2j leaves a
residual error of size at most ðjNj þ 1Þjuj.
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Proof. First, note that it is easy to extend Theorem B1 to
when the classical seed codes are different, though this
generally results in the bases having different soundness
parameters. Then, recognizing that a tricycle code is just a
4D R-homological product code in which one of the seed
codes is a degree-0 chain complex [57], one can check
that the unaffected basis remains sound with the claimed
t ¼ mini di and the claimed g. As mentioned in Sec. II C,
one can modify a minimum-weight decoder to decode the
metacheck matrix Hmeta in such a way that dss ¼ ∞. Then,
combining Theorem 1 in Ref. [56], Theorem A2, and
Theorem B1, we obtain the corollary. ▪
As with Corollary A1, this result can be readily extended

to disconnected codes. Even though Corollary B1 applies
only to codes where jNj is odd, we expect, based on our
numerics in Secs. II C and II D that codes with even jNj are
sound. In fact, many of our codes in Table III are connected
with even-order intersection subgroups.

APPENDIX C: DETERMINING CODE
DISTANCES

We use three distinct methods to either find the exact
distances or determine high statistical confidence estimates
of the distances of tricycle codes.
The first method is a mixed-integer program (MIP). This

involves first using Gaussian row reduction over F2 to find
a basis of logical X and Z operators LX and LZ independ-
ently for a given code. One then formulates the low-weight
logical operator search as a mixed-integer program by
iterating over the basis of logical operators. For example, to
find dX, for the ith logical operator li ∈LZ, we minimize
the hamming weight of candidate bit-string solutions b
under the constraints HZb ¼ 0 mod ð2Þ and bTli ¼
1 mod ð2Þ where the latter constraint enforces that b
corresponds to an X-type logical operator that anticom-
mutes with the ith logical Z operator. The minimum weight
logical operator is then found after iterating over all li if the
solver converges within time constraints. We used the
Gurobi [103] package in PYTHON for this task.
We also sometimes use the shortest-error search method

provided in the STIM package [28] combined with the
PYSAT package [104] to directly formulate the problem of
finding code distances as a Boolean constraint satisfaction
(SAT) problem. For certain codes, we found that this
method converged while the previous MIP method times
out within time constraints, or vice versa.
The MIP and SAT methods are not readily useful for the

larger codes we consider in this work and sometimes do not
converge in one basis even for smaller codes, as, in general,
finding the exact distance of a linear code is known to be
NP-hard. In these cases, we estimate the minimum distance
of a CSS quantum code using a Monte Carlo algorithm that
performs structured sampling over the space of low-weight
logical operators. The algorithm is based on the informa-
tion-set algorithm in Ref. [105] for classical linear codes,

with the additional step that one has to remove low-weight
code words belonging to the row-space of the opposite
parity-check matrix. We note that the algorithm we use is
essentially identical to that of the QDISTRND package [106]
that is provided in the GAP computational algebra pro-
gramming language. We developed an independent imple-
mentation in the PYTHON programming language. We
briefly summarize the algorithm as well as the empirical
probability of success estimates derived for the QDISTRND

algorithm.
We discuss how to estimate dZ, with the analysis for dX

being identical with the parity-check matrices swapped.
The objective is to find a nonzero vector c∈ kerðHXÞ such
that c ∉ row spaceðHZÞ, with minimal Hamming weight.
The algorithm proceeds by first computing a basisG for the
null space kerðHXÞ using row reduction over F2. In each
Monte Carlo trial, a random column permutation π is
applied to the columns of G, followed by row reduction
(forward elimination) to produce a low-weight generating
set for kerðHXÞ. The inverse permutation π−1 is then
applied to return to the original coordinate system. Rows
of the resulting matrix that are linearly independent of the
rows of HZ are retained as candidate logical operators—
this is once again determined using efficient row reduction
over F2. The smallest observed weight among all valid
logical operators encountered over many trials is reported
as the estimated distance.
To assess the reliability of the distance estimate, we track

the number of rediscoveries of each distinct minimum-
weight logical operator over N trials. Let m denote the
number of distinct minimum-weight vectors found, and let
ni be the number of times the ith one is observed. We define
the average rediscovery count as

hni ¼ 1

m

Xm
i¼1

ni:

Assuming that each trial samples a minimum-weight code
word independently and with equal probability λ > 0, the
number of times each such code word is found follows a
Poisson distribution with mean Nλ. Under this model, the
probability that no minimum-weight code word is discov-
ered in N trials is at most

Pfail ≤ expð−hniÞ;

where hni ≈ Nλ. This gives a conservative upper bound on
the probability of missing the true minimum distance. In
particular, when hni ≫ 1, the failure probability becomes
exponentially small.
To further evaluate sampling quality, we test whether the

distribution of rediscovery counts fnig is consistent with
a uniform multinomial distribution. If each minimum-
weight code word is equally likely to be sampled, the
frequencies fnig should follow a multinomial distribution
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with equal probabilities. Deviations from this uniformity
are detected using a Pearson chi-squared test. A small
associated p value indicates uneven sampling, suggesting
either bias in the heuristic or incomplete exploration of the
code word space. In the main text, we report the distance
found from this method as exact only if the returned
confidence 1 − Pfail > 0.99 and if the p value associated
with the chi-squared test is > 0.1. To ensure reliability of
the hypothesis test, we also infer a p value from the chi-
squared test only if at least two distinct minimum weight
code words are found and if at least five occurrences of
each code word are found. In all other cases, we report the
estimated distances as an upper bound, although the noise
simulations in Sec. II D show that noise suppression is
compatible with code distances that are equal or near these
estimates.

APPENDIX D: SYMMETRIC TRIPLE CUP
PRODUCT AND TRANSVERSAL CCZ ACTION

Now, we discuss how we derive the transversal CCZ
circuits discussed in Sec. II B from the cup-product logical
gate formalism in Ref. [27].
First, we introduce the necessary formalism at a high

level. A cup product is an algebraic structure that can be
defined on some cochain complexes, such as the one in
Eq. (A22). Let us label the cochain spaces of the complex in
Eq. (A22) as 0, 1, 2, 3-cochains from left to right, indicated
with the notation C0, C1, C2, and C3, respectively.
Furthermore, we are interested in the case where the Ci

are finite-dimensional vector spaces over F2 with bases Xi.
We define the weight jcj of a cochain c∈Ci as the number
of nonzero terms in its basis expansion over Xi. For
example, for the tricycle code complex in Eq. (A22), the
bases Xi are defined byG, and the cochain weight coincides
with the weight of group-algebra elements. We always
associate qubits with the 1-cochains of a complex, with
0- and 2-cochains corresponding to spaces of X and Z
checks, respectively. Thus, we label the elements of the
basis of 1-cochains X1 by qubit labels q1…qN for the N
qubits of a CSS quantum code.
A cup product is then a bilinear map:

∪ ∶ Ci × Cj → Ciþj ðD1Þ

with the convention that Ciþj ¼ 0 if iþ j > 3 in the case of
the tricycle complex. Not every such bilinear map defines a
cup product; the map ∪ must satisfy an additional technical
condition known as a Leibniz rule—see Refs. [27,32,107].
However, given such a cup product, we can construct a
circuit of diagonal physical gates that preserves the code
space of the CSS code associated with the cochain
complex. In general, a cup product on an m-term cochain
complex will yield a physical circuit of diagonal Cm−2Z
gates from the m − 1th level of the Clifford hierarchy [27].

In the situation of interest, we have the four-term cochain
complex in Eq. (A22), leading to a circuit of CCZ gates. As
discussed in Sec. II B, such a circuit can be specified by a
trilinear function f acting on the space of physical qubits—
the 1-cochains C1 in our convention. The circuit associated
with the cup product is then defined by the function

f∪ðqi; qj; qkÞ ¼ jðqi ∪ qjÞ ∪ qkjmod 2∈ F2; ðD2Þ

where nonzero values indicate a physical CCZ gate acting
between the qubits of three distinct code blocks labeled by
those arguments of f∪. The j · j here is the size of the
support of the argument when considered as a binary vector
with respect to the Xi bases. Circuits defined by such
functions constructed from cup products of finitely many
1-cochains (three, in this case) lead to sparse, finite-depth
circuits [27,46]. Moreover, such functions f∪ naturally
have the property that they vanish on 1 coboundaries: f∪
vanishes if any of its three arguments is of the form d0ðcÞ
for c∈C0, where d0 is the coboundary map from C0 to
C1—equivalent to the matrix HT

X. This condition is, thus,
equivalent to f∪ vanishing when any one of its arguments
corresponds to an X-type stabilizer while the other two
arguments correspond to nontrivial X-type logical oper-
ators (see Sec. II B) and is called coboundary invariance.
The coboundary invariance property is essential to ensure
that the circuit defined by f∪ descends to a well-defined
logical operation [27,46]—intuitively, this is so that the
action of fCCZ on logical operators does not change upon
adding stabilizers to the logical operators.
The formalism of Ref. [27] constructs cup products

on classical two-term cochain complexes which satisfy
certain sufficient conditions such that homological and
balanced-product complexes constructed from them (see
Supplemental Material [37]) are also equipped with an
appropriate cup product. This yields a trilinear function of
the form in Eq. (D2) on the product complexes associated
with quantum CSS codes. Since tricycle codes are balanced
products of classical Abelian group-algebra codes, these
methods readily apply, which we review here. We now
review the key elements of this formalism.

To equip a two-term cochain complex C•∶C0!δ C1

corresponding to a classical linear code with a cup product,
one must construct partitions of the 1 coboundaries B1 (see
Supplemental Material [37]), known as preorientations.
For any a∈C0, we consider partitions

δðaÞ ¼ δinðaÞ⊔δoutðaÞ⊔δfreeðaÞ; ðD3Þ

where ⊔ denotes a disjoint union and we identify an
element x∈C• with its support as binary vector. The
corresponding partitions are called “in,” “out,” and “free”
preorientations of the element a∈C0, respectively.
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A choice of preorientation induces a cup product on the
classical code by the following definition.
Definition 5 (classical complex cup product). The cup

product on a two-term cochain complex induced by the
preorientations of Eq. (D3) is defined as

a ∪ a ¼ a ∀ a∈C0; ðD4Þ

a∪x¼x for a∈C0; x∈C1 if x∈δoutðaÞ; ðD5Þ

x ∪ a ¼ x for a∈C0; x∈C1 if x∈ δinðaÞ; ðD6Þ

0 otherwise: ðD7Þ

Note that this cup product is not associative, in gen-
eral: ða ∪ bÞ ∪ c ≠ a ∪ ðb ∪ cÞ.
Different choices of partitions induce different cup

products on the classical code according to the rules in
Definition 5. Given three such classical group-algebra
codes defined by elements a; b; c∈ F2½G�, each with their
respective in, out, and free partitions, the threefold bal-
anced-product tricycle code can be equipped with a natural
cup product that is inherited from the cup products on the
classical codes—see Ref. [27] for details on the inherited
cup product on quantum codes. Additional conditions on
the classical preorientations are required for the inherited
cup product on quantum codes—and, hence, the function
f∪ðqi; qj; qkÞ as defined in Eq. (D2)—to induce a code-
space-preserving circuit. Reference [27] shows that a
sufficient condition on the preorientations is the so-called
integrated Leibniz rule.
Proposition D1 (integrated Leibniz rule). The cup

product on classical codes from Definition 5 is said to
satisfy an integrated Leibniz rule if, for all a1; a2; a3 ∈C•,

j½δða1Þ ∪ a2� ∪ a3j þ j½a1 ∪ δða2Þ� ∪ a3j
þ jða1 ∪ a2Þ ∪ δða3Þj ¼ 0 mod 2: ðD8Þ

The integrated Leibniz rule on three classical codes is a
sufficient condition for the CCZ circuit defined by the
inherited cup product on the product quantum code,
f∪ðq1; q2; q3Þ ¼ jðq1 ∪ q2Þ ∪ q3j mod 2, to be a coboun-
dary invariant operation—i.e., a code-space-preserving
unitary operator.
Proof. See Sec. V in Ref. [27]. ▪
From Eq. (D14), further equivalent subconditions can be

derived for the in, out, and free partitions. These conditions
are listed in Proposition 5.2 in Ref. [27]. However, we note
that Proposition 5.2 as stated in Ref. [27] is technically
incorrect unless the cup product is associative, which is not
generically the case. While the cup product is indeed
associative when the “nonoverlapping bits” condition—
δinða1Þ ∩ δinða2Þ ¼ ∅ for a1 ≠ a2 (and similarly for δout)—
holds, this is no longer true when bits of the in and out
partitions are allowed to overlap, which is the case for

tricycle codes when one or more of the group-algebra
elements have weight > 2. The correct set of conditions
can be derived by applying the cup products in sequence
as ða ∪ bÞ ∪ c in the derivation of Proposition 5.2 in
Ref. [27]. However, we find that the resulting conditions
are too restrictive on the parameters of the code—for
instance, these conditions can be found in Refs. [40,51],
in which they were used to study 2 − 2 − 2 codes with
K ¼ 3 and 4-2-2 and 4-4-4 codes with D ¼ 2 with non-
trivial CCZ action.
We instead derive a new set of conditions on the

preorientations that follow from mixing the order of cup-
product applications for different orders of arguments
to define a different trilinear operation—we call this
operation a symmetric triple cup product, as illustrated
by the following definition.
Definition 6 (symmetric triple cup product). The sym-

metric triple cup product is a trilinear function on a two-
term cochain complex

∪ ∪ ∶ Ci × Cj × Ck → Cl; i; j; k; l∈ f0; 1g;

that is nonzero only if iþ jþ k ¼ l and is defined as

a1 ∪a2 ∪a3≡ða1 ∪a2Þ∪a3 if a1∈C1; a2∈C0; a3∈C0;

ðD9Þ

ða1 ∪a2Þ∪a3 if a1∈C0; a2∈C1; a3∈C0; ðD10Þ

a1 ∪ ða2 ∪a3Þ if a1∈C0; a2∈C0; a3∈C1; ðD11Þ

ða1 ∪a2Þ∪a3 if a1∈C0; a2∈C0; a3∈C0; ðD12Þ

0 otherwise; ðD13Þ

where the cup products in parentheses are the standard ones
defined in Definition 5.
Henceforth, whenever a triple cup product is written with

no parentheses, it is to be understood as the symmetric
version defined above. Note that the order of parentheses
for the specific cases in Eqs. (D10) and (D12) does not
matter, as for such arguments the standard cup product is
associative. The product quantum code (homological or
balanced products) of three classical codes equipped with
symmetric triple cup products naturally inherits a sym-
metric triple cup-product operation defined on the four-
term cochain complex corresponding to the quantum code.
The symmetric triple cup product on product quantum
codes is defined essentially identically as in the original
cup-product construction of Ref. [27], except with the order
of operations taken as in Definition 6. Similarly, one can
show that the appropriate version of the integrated Leibniz
rule is sufficient for the trilinear function defined by the
symmetric triple cup product on quantum codes to produce
a code-space-preserving CCZ circuit.
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Proposition D2 (symmetric integrated Leibniz rule). The
symmetric triple cup product on classical codes is said to
satisfy an integrated Leibniz rule if, for all a1; a2; a3 ∈C•,

jδða1Þ ∪ a2 ∪ a3j þ ja1 ∪ δða2Þ ∪ a3j
þ ja1 ∪ a2 ∪ δða3Þj ¼ 0mod 2: ðD14Þ

The integrated Leibniz rule on the symmetric triple cup
product is a sufficient condition for the CCZ circuit defined
by the inherited symmetric triple cup product on the
quantum code, fsym∪ ðq1; q2; q3Þ ¼ jq1 ∪ q2 ∪ q3jmod 2,

to be a coboundary invariant operation—i.e., a code-
space-preserving unitary operator.
Proof. The proof is analogous to that of Lemma 5.1

in Ref. [27]. ▪
The symmetric integrated Leibniz rule can then be

expressed in terms of a number of subconditions on the
coboundary partitions.
Proposition D3. A preorientation on a classical code

induces a symmetric triple cup product that satisfies the
integrated Leibniz rule if the in, out, and free partitions
satisfy the following conditions:

jδinða1Þj þ jδoutða1Þj ¼ 0modð2Þ ∀ a1 ∈X0; ðD15Þ

jδinða1Þ ∩ δfreeða2Þj ¼ 0modð2Þ ∀ a1; a2 ∈X0∶ a1 ≠ a2; ðD16Þ

jδoutða1Þ ∩ δfreeða2Þj ¼ 0modð2Þ ∀ a1; a2 ∈X0∶ a1 ≠ a2; ðD17Þ

jδinða1Þ ∩ δinða2Þj þ jδoutða1Þ ∩ δoutða2Þj ¼ 0modð2Þ ∀ a1; a2 ∈X0∶ a1 ≠ a2; ðD18Þ

jδinða1Þ∩δinða2Þ∩δinða3Þjþjδoutða1Þ∩δoutða2Þ∩δoutða3Þjþjδfreeða1Þ∩δinða2Þ∩δinða3Þj
þjδoutða1Þ∩δoutða2Þ∩δfreeða3Þjþjδoutða1Þ∩ δfreeða2Þ∩δinða3Þj¼0modð2Þ∀a1;a2;a3∈X0∶ a1≠a2≠a3; ðD19Þ

where X0 is the basis set for C0.

Proof. By direct case-by-case computation using
Definitions 5 and 6 and the Leibniz rule. ▪
Note that these conditions apply to the classical codes

from which any three-dimensional homological product
and balanced-product quantum codes are constructed.
Compared to the original conditions of Ref. [18], these
conditions are less restrictive and may yield product codes
with CCZ gates with better parameters for other code
families besides tricycle codes.
We now apply these conditions to the classical Abelian

group-algebra codes which are used to construct tricycle
codes. Below, we use jaj to denote the weight of the group-
algebra element a—i.e., the number of group elements
that appear in its expansion. We also write a1 ∩ a2 for
a1; a2 ∈ F2½G� to denote the set of group elements that are
common to both group-algebra elements. For a classical
Abelian group-algebra code associated with the two-term
cochain complex of Eq. (A20) defined by an element
a∈ F2½G�, defining a preorientation amounts to choosing a

partition of the group-algebra element into smaller disjoint
group-algebra elements:

a ¼ ain þ aout þ afree; ðD20Þ

where ain; aout; afree ∈ F2½G�. The preorientations are
then defined as δinðαÞ ¼ ain · α, δoutðαÞ ¼ aout · α, and
δfreeðαÞ ¼ afree · α for α∈ F2½G� where the multiplications
are within the group algebra. Note that, for balanced-
product codes, the formalism of Ref. [18] requires an
additional condition that preorientations are preserved
by group actions. The preorientations in Eq. (D20) natu-
rally satisfy this condition—for example, g · δinðαÞ ¼
g · ain · α ¼ δinðg · αÞ and similarly for the other partitions.
The conditions in Eqs. (D15)–(D19) take a particularly

simple form when the free partition is empty. In this case,
the conditions on the classical preorientation of the code
defined by a∈ F2½G� are then (with the conditions on the b
and c classical code preorientations defined identically)

jainj þ jaoutj ¼ 0modð2Þ; ðD21Þ

jain · g ∩ ain · hj þ jaout · g ∩ aout · hj ¼ 0modð2Þ ∀ g; h∈G∶g ≠ h; ðD22Þ

jain · f ∩ ain · g ∩ ain · hj þ jaout · f ∩ aout · g ∩ aout · hj ¼ 0modð2Þ ∀ f; g; h∈G∶ f ≠ g ≠ h: ðD23Þ
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To construct high-rate and -distance tricycle codes from
weight-4 group-algebra elements which satisfy the above
conditions, it turns out to be necessary to set the free
partition to be empty (see the discussion after Theorem
D1), and, thus, we work with this version of the Leibniz
rule conditions. For three classical group-algebra codes
with preorientations that satisfy the above conditions, the
balanced product yields a symmetric triple cup product on
the quantum code’s cochain complex and, consequently,
produces a constant-depth CCZ circuit defined by the
induced symmetric triple cup product on the quantum code
fCCZðq1; q2; q3Þ ¼ jq1 ∪ q2 ∪ q3jmod 2 (the precise def-
inition of fCCZ is discussed in Proposition D4 below).
Note that, for weight 2 group-algebra elements, these

conditions are trivially satisfied automatically by choosing
ain and aout to be singletons. All codes in Table I are
constructed by finding classical group-algebra elements
which satisfy these conditions with a numerical search.

A simple rule to generate weight-4 group-algebra elements
that satisfy these conditions is to choose a ¼ a1 þ a1 · sþ
a2 þ a2 · s for a fixed element s∈G such that none of
the four terms are equal. As long as s2 ≠ e, we are able to
find tricycle codes constructed from such weight-4
elements with nontrivial CCZ circuits and k > 3, d > 2,
circumventing the limitations of the original con-
ditions in Ref. [27]. We formalize this with the following
theorem.
Theorem D1. There exist weight-4 elements a ¼ a1 þ

a2 þ a3 þ a4 ∈ F2½G� that satisfy conditions Eqs. (D21)–
(D23) for any G with jGj ≥ 4.
Proof. We specify one prescription for constructing

preorientations which satisfy Eqs. (D21)–(D23). First note
that jα · g ∩ β · hj ¼ jα ∩ β · hg−1j for any α; β∈ F2½G�
and g; h∈G.
Thus, we can simplify the conditions to (where e denotes

the group identity element below)

jainj þ jaoutj ¼ 0modð2Þ; ðD24Þ

jain ∩ ain · wj þ jaout ∩ aout · wj ¼ 0modð2Þ ∀ w∈G∶w ≠ e; ðD25Þ

jain ∩ ain · v ∩ ain · wj þ jaout ∩ aout · v ∩ aout · wj ¼ 0modð2Þ ∀ v; w∈G∶ v ≠ w ≠ e: ðD26Þ

Now we choose any a1; a3 ∈G with a1 ≠ a3 and choose
another fixed element s∈Gwith s ≠ e such that a1s ≠ a3s,
a1s ≠ a3, and a1 ≠ a3s. Then, we define a2 ≡ a1s and
a4≡a3s and set the partitions ain¼a1þa2, aout¼a3þa4,
and afree ¼ ∅. Equation (D24) is clearly satisfied, since
both partitions have weight 2. Next, notice that jain ∩
ainwj ¼ 1w¼s and similarly jaout ∩ aoutwj ¼ 1w¼s. Thus,
jain ∩ ainwj þ jaout ∩ aoutwj ¼ 2 · 1w¼s ¼ 0mod 2, so
Eq. (D25) is also satisfied. Finally, since ain and aout both
are weight 2, it is easy to see that ain ∩ ain · v ∩ ain · w ¼ ∅
and similarly for aout (this is true for any weight-2 group-
algebra elements and nonidentity v ≠ w). Thus, Eq. (D26)
is also satisfied. ▪
The prescription in the proof of Theorem D1 is not

strictly the only way to satisfy conditions Eqs. (D15)–
(D19) for weight-4 elements. Another possibility involves
working with groups G that have an involution t∈G such
that t2 ¼ e. One can then construct preorientations with
nonempty free partitions and one of the in and out partitions
being empty—for example, by choosing ain ¼ a1 þ a1t
and afree ¼ a3 þ a3t. However, we empirically find that
tricycle codes which use such group-algebra elements
always have distance D ¼ 2. More generally, we find that

when the offset s used to construct the partitions of
Theorem D1 is an involution, D ¼ 2 always, although
we are unable to prove it. This appears to be the same
structure that causes all the 4-2-2 and 4-4-4 codes studied
in Ref. [51] using the original cup-product conditions to
have D ¼ 2, as their construction can also be interpreted in
terms of using an involutive group element to satisfy the
associated conditions. The symmetric triple cup-product
conditions we introduce instead allow us to choose offsets s
that are not involutions, leading to tricycle codes with better
parameters.
Next, we define the fCCZ function for the quantum tricycle

codes that arises from the cup product specified by a choice of
preorientations on the constituent classical group-algebra
codes. The structure of the cochain complex in Eq. (A22)
implies that we can partition the qubits of the code into three
sectors of jGj qubits each—see Appendix A. Within each
sector, a qubit can be labeled by a group element. Given some
order of the group elements, the notation gi will, thus, be used
to denote qubit g of the ith sector (i ¼ I; II; III). For the
following, denote αI ≡ a, αII ≡ b, and αIII ≡ c as the three
group-algebra elements that specify the classical codes (this
notation makes the expression below compact).
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Proposition D4. Consider a tricycle code defined by group-algebra elements αI; αII; αIII ∈ F2½G� with respective in and
out preorientations. The function fCCZ specifying the transversal CCZ circuits in Sec. II B is defined as

fCCZðpi; qj; rkÞ ¼ jrαini αinj ∩ qαini α
out
k ∩ pαoutj αoutk j · δi≠j≠k modð2Þ; ðD27Þ

where i; j; k∈ fI; II; IIIg label the sectors of the qubits p, q,
r in the three code blocks, respectively, and δi≠j≠k indicates
that fCCZ ¼ 0 if any two or more qubits from its arguments
are in the same sector. If any partition in the above
expression is empty, fCCZ ¼ 0 on these arguments.
Proof (informal). This definition follows from a straight-

forward but tedious computation of the cup product on the
balanced-product quantum code induced by the classical
code cup products, with the new mixed orders we define to
attain the conditions in Eqs. (D15)–(D18). ▪
Note that the expression in Proposition D4 holds for any

tricycle code equipped with preorientations that satisfy the
conditions of Eqs. (D15)–(D19), not just those constructed
from weight-4 group-algebra elements. To be clear, the
resulting CCZ circuit has a CCZ gate acting on qubits pi,
qj, and rk if and only if fCCZðpi; qj; rkÞ ¼ 1. The δi≠j≠k
structure is manifest in the illustrations of the circuits
in Fig. 1, where no CCZ acts between qubits in the same
sector across code blocks. One must check (numerically)
whether the resulting circuits have a nontrivial logical
action or not, as has been done for all the codes listed
in Table I.
From the fCCZ function of Proposition D4, it is not

difficult to ascertain the maximum degrees (the maximum
number of CCZ gates a particular qubit is involved in) of
the resulting CCZ circuits which use the construction
in Theorem D1 to construct weight-4 group-algebra ele-
ments with valid preorientations for the 4-2-2-, 4-4-2-, and
4-4-4-type tricycle codes. Below, we let si denote the offset
element in the proof of Theorem D1 chosen for αi,
i∈ fI; II; IIIg, and we list weight-4 elements before
weight-2 elements—for example, for 4-4-2 codes, we let
αI and αII be weight 4 and αIII be weight 2.
A straightforward analysis shows that the possible

maximum circuit degrees are
(1) 4-2-2 codes: degree 8;
(2) 4-4-2 codes:

(i) s1 ¼ s2: degree 16;
(ii) if s1 ≠ s2: degree 32;

(3) 4-4-4 codes:
(i) s1 ¼ s2 ¼ s3: degree 12;
(ii) si ≠ sj ¼ sk for i; j; k∈ fI; II; IIIg and

i ≠ j ≠ k: degree 64;
(iii) s1 ≠ s2 ≠ s3: degree 128.

We found empirically that the 4-4-4 codes with degree
64 and degree 12 circuits from the above constructions had
relatively poor rate and distance parameters, which is why
they are not included Table I.

In the main text, we abuse terminology and refer to the
maximum degree of a circuit and the minimal depth of the
circuit interchangeably. For the CCZ circuits considered in
this work, the true minimal circuit depth is related to the
chromatic index of the corresponding tripartite 3-uniform
hypergraph. A standard bound [52] relates the minimal
depth and maximum degree Δ as

depth ≤ 3ðΔ − 1Þ: ðD28Þ
Another widely believed conjecture [108] states that

depth ≤
3Δ
2

ðD29Þ

for 3-uniform hypergraphs where any two hyperedges
share at most two vertices, as is the case for the CCZ
circuits we consider in our work. For example, using an
integer programming method, we found that the minimal
depth of the CCZ circuit for the main example [[48, 6, (8,
4)]] 4-2-2 code considered in the main text (Sec. II D) is 10,
while the maximum degree of the circuit is 8. In practice, it
is the degree of the circuit that controls the spread of errors
between qubits, while extra circuit layers from scheduling
conflicts simply add a relatively small idling error.

APPENDIX E: NUMERICAL LEIBNIZ
RULE FOR CCZ GATES ON 3D
BALANCED-PRODUCT CODES

We now present a numerical method that generalizes the
cup-product-based gate approach to construct code-space-
preserving CCZ circuits on three-dimensional balanced-
product codes. We applied this method to two 4-4-4 tricycle
code in Table I to find circuits with depth shorter than
that from the symmetric triple cup-product (STCP) con-
ditions in Eqs. (D15)–(D19) (which typically have depth
128 for 4-4-4 codes). We refer to the method described in
the remainder of this section as the “numerical Leibniz
rule” (NLR). This method yields code-space-preserving
circuits for any three-dimensional balanced-product code.
However, unlike the cup-product-based construction, there
is no guarantee on the depths of the resulting circuits. We
describe a procedure that nevertheless allows some empiri-
cal control of the resulting circuit depths for certain codes,
which are typically shorter than or comparable to the depths
of the cup-product-based CCZ circuits with appropriate
choices of method hyperparameters. We present the key
ideas in this section, while we intend to provide a more
detailed exposition of this method in future work.
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The approach involves defining an ansatz for a code-
space-preserving trilinear function fCCZ on 3D balanced-
product codes in terms of trilinear functions on the
component classical codes. We then impose a generaliza-
tion of the integrated Leibniz rule in Appendix D on each of
the classical trilinear functions, which we show is a
sufficient condition for the trilinear function on the quan-
tum code to be a coboundary invariant operation corre-
sponding to a code-space-preserving CCZ circuit. We
assume familiarity with the homological formulation of
balanced-product codes—see Supplemental Material [37]
for a brief introduction. For simplicity of terminology, we
describe the method as it applies to tricycle codes, but it can
be readily extended to other 3D balanced-product codes as
well as to code-space-preserving CkZ circuits on k-dimen-
sional balanced-product codes.
We consider the cochain complex of Eq. (A22) with the

1-cochains C̃1 denoting the space of qubits. A basis for C̃1

is given by elements

p1 ≔ ½p; 1; 1�G; q2 ≔ ½1; q; 1�G;
r3 ≔ ½1; 1; r�G ∀ p; q; r∈G; ðE1Þ

where α1; α2; ∈G are 1-cochains of the classical group-
algebra code complex in Eq. (A20), which we denote as C1

i
(i ¼ 1, 2, 3 for each classical code), and 1∈G denotes the
group identity element which is to be understood as an
element of the 0-cochains of the classical complex denoted
by C0

i (see Sec. V. 3 in Ref. [27] for more details). The
subscripts 1, 2, and 3 indicate which index of the vector is
an element of C1

i , while the others are elements of C0
i .

The notation ½·; ·; ·�G is to be understood as a vector in
ðF2½G�Þ⊕3 subject to the equivalence relation

½g−1 ·α;gh−1 ·β;h ·γ�G∼ ½α;β;γ�G ∀ g;h∈G; α;β;γ∈F2½G�:
ðE2Þ

This relation reflects the group-action quotient
space structure of the balanced-product code [18] (see
Supplemental Material [37]). We now construct a trilinear
operation on the quantum code that shares some structural
properties with the cup-product-based trilinear function in
Eq. (D2). We start by defining appropriate functions on the
classical code complexes.
Definition 7 (group-equivariant functions on classical

group-algebra codes). Let Ci denote the cochain complex
of the ith classical group-algebra code (i ¼ 1, 2, 3) as in
Eq. (A20), with C0

i ≡ F2½G� and C1
i ≡ F2½G� denoting the

0- and 1-cochain spaces, respectively. Define a set of
functions

fji∶ C × C × C → F2 ðE3Þ

for i; j∈ f1; 2; 3g with the properties
(1) fjiðx1; x2; x3Þ is nonzero only if xj ∈C1

i and xk ∈C0
i

for k ≠ j;
(2) group equivariance: fjiðx1; x2; x3Þ ¼ fjiðg · x1; g · x2;

g · x3Þ ∀ g∈G.
The fji functions can be viewed as a generalization of the

cup-product operation on the classical codes. Now we

construct a function fCCZ∶ C̃1 × C̃1 × C̃1 → F2 on the
quantum code that is defined in terms of these functions,
such that fCCZ respects the group-action balancing relation
in Eq. (E2). To this end, we consider the following structure
for fCCZ.
Definition 8 (product ansatz for trilinear function on

tricycle codes). Let fji with i; j∈ f1; 2; 3g be group-
equivariant trilinear functions as defined in Definition 7.
Let pi, qj, and rk for i; j; k∈ f1; 2; 3g be basis elements of
C̃1 as in Eq. (E1). Then, fCCZ is a trilinear function on C̃1

defined on the basis elements as

fCCZðpi;qj; rkÞ ¼

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

P
g1 ;g2 ;g3
h1 ;h2 ;h3

∈G f
1
1ðg1 ·p;g2; g3Þ ·f22ðg−11 h−11 ; g−12 h−12 ·q;g−13 h−13 Þ ·f33ðh1;h2;h3 · rÞmod2 i¼ 1; j¼ 2;k¼ 3;P

g1 ;g2 ;g3
h1 ;h2 ;h3

∈G f
1
1ðg1 ·p;g2; g3Þ ·f32ðg−11 h−11 ; g−12 h−12 ; g−13 h−13 · rÞ ·f23ðh1;h2 ·q;h3Þmod2 i¼ 1; j¼ 3;k¼ 2;P

g1 ;g2 ;g3
h1 ;h2 ;h3

∈G f
2
1ðg1; g2 ·q;g3Þ ·f12ðg−11 h−11 ·p;g−12 h−12 ; g−13 h−13 Þ ·f33ðh1;h2;h3 · rÞmod2 i¼ 2; j¼ 1;k¼ 3;P

g1 ;g2 ;g3
h1 ;h2 ;h3

∈G f
3
1ðg1; g2; g3 · rÞ ·f12ðg−11 h−11 ·p;g−12 h−12 ; g−13 h−13 Þ ·f23ðh1;h2 ·q;h3Þmod2 i¼ 2; j¼ 3;k¼ 1;P

g1 ;g2 ;g3
h1 ;h2 ;h3

∈G f
2
1ðg1; g2 ·q;g3Þ ·f32ðg−11 h−11 ; g−12 h−12 ; g−13 h−13 · rÞ ·f13ðh1 ·p;h2;h3Þmod2 i¼ 3; j¼ 1;k¼ 2;P

g1 ;g2 ;g3
h1 ;h2 ;h3

∈G f
3
1ðg1; g2 ·q;g3Þ ·f22ðg−11 h−11 ; g−12 h−12 ·q;g−13 h−13 Þ ·f13ðh1 ·p;h2;h3Þmod2 i¼ 3; j¼ 2;k¼ 1;

0 otherwise:

ðE4Þ
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The above definition may appear involved, but each
of the six nonzero cases simply defines the trilinear
function on a triple of sectors of the three-blocks of the
tricycle codes, producing a CCZ circuit structure as in
Fig. 1, analogous to the cup-product-based circuits from
Appendix D. The sixfold sum over group elements com-
bined with group equivariance of the component functions
ensures that fCCZ is well defined on the equivalence classes
of the balanced product in Eq. (E2).
To ensure that the fCCZ function in Eq. (E4) is a

coboundary invariant operation that produces a code-
space-preserving CCZ circuit, we impose a version of
the Leibniz rule similar to that in Appendix D on the fji
functions on classical codes.
Proposition E1 (generalized Leibniz rule). Suppose

the ith classical group-algebra code is defined by an
element αi ∈ F2½G�, as in Eq. (A20) (i∈ f1; 2; 3g). The
functions fji in Definition 7 are said to satisfy a generalized
Leibniz rule if

f1i ðαi · g1; g2; g3Þ þ f2i ðg1;αi · g2; g3Þ
þ f3i ðg1; g2;αi · g3Þ ¼ 0mod 2 ∀g1; g2; g3∈G: ðE5Þ

A sufficient condition for fCCZ from Definition 8 to
correspond to a code-space-preserving circuit is for all
fji to satisfy the generalized Leibniz rule.
Proof. The proof is structurally identical to that of

Lemma 5.1 in Ref. [27]. In particular, one can show that
the fCCZ function inherits a similarly defined generalized
Leibniz rule from the component fji functions due to the
product structure of Eq. (E4). The generalized Leibniz
rule is then, in turn, a sufficient condition for fCCZ to
be well defined on the first cohomology space of the
complex Eq. (A22). ▪
The NLR method can then be summarized as follows.
(1) Construct a basis set of possible group-equivariant

trilinear functions fji that satisfy Eq. (E5) on fixed
classical codes defined by αi ∈ F2½G� for i ¼ 1, 2, 3.

(2) Search randomly over candidates fji : For each set of
candidates, construct fCCZ as in Eq. (E4) and iterate
until the maximum degree of fCCZ is low.

Step 1 can be formulated efficiently. In particular, for
each i ¼ 1, 2, 3, the set of functions f1i ; f

2
i ; f

3
i are code

words of a classical binary parity-check code with parity-
check matrix Hleibniz of shape jGj2 × 3jGj2. Each row
of Hleibniz corresponds to one constraint of the form
Eq. (E5)—there are jGj2 such constraints instead of jGj3
due to the group equivariance property of the fji functions.
The columns ofHleibniz have weight 3jαij, corresponding to
the nonzero constraint Eq. (E5). Consequently, a basis of
possible functions fji that satisfy the generalized Leibniz
rule can be found efficiently by finding a basis for the null
space of Hleibniz.

Step 2 can be optimized with various heuristics. In
practice, we found that the shortest depth circuits were
found by generating a large set of low-weight code words
of Hleibniz using a variant of the algorithm described in
Appendix C and randomly searching over such a set. This
is the method used to find the circuits for the 4-4-4-type
NLR codes in Table I. We numerically verified that the
resulting circuits indeed preserve the code space, by
explicitly checking the coboundary invariance condition.
In general, we find that sparsity of the functions (low
weight of the code words) leads to lower-degree fCCZ
functions. Other strategies using simulated annealing or
structured searches over a basis of code words for Hleibniz
could potentially lead to finding lower degree circuits for a
particular code. In particular, it is currently unclear if
this method can efficiently yield circuits for certain codes
with depths ≤ 20 to be feasible for practical magic-state
generation.
One caveat with this method is that it aims to con-

struct a code-space-preserving circuit for a fixed code.
Consequently, for certain codes, there may be no such
circuits with low degree. Therefore, a code search must be
performed in conjunction with this method to find good
codes with short-depth CCZ circuits. We will study this
method and its application to other codes in more detail and
generality in future work.

APPENDIX F: LOGICAL CIRCUIT
OPTIMIZATION

In this section, we discuss how the logical CCZ circuits
that produce the hypergraph magic states described in
Sec. II B can be optimized to maximize the yield of disjoint
CCZ magic gates.
The logical connectivity is determined by the cohomol-

ogy invariant fCCZ function restricted to a basis of logical
X-type operators for the three code blocks. In cohomo-
logical terms, this is a basis for the first cohomology group
H1ðCÞ of the associated cochain complex. Denote a choice
of these bases as f½l1i �gi¼1…K; f½l2j �gj¼1…K; f½l3k�gk¼1…K ,
where the li are representative elements of kerðHZÞ and
½·� denotes an equivalence class modulo elements of
imðHT

ZÞ. We then construct a K × K × K binary 3-tensor
corresponding to the restriction of fCCZ to the logical
operators:

T log
ijk ¼ fCCZðl1i ; l2j ; l3kÞ∈ F2: ðF1Þ

The tensor T log encodes all the structure of the resulting
logical circuit: T log

ijk ¼ 1 implies a CCZ gate between the ith
logical qubit of the first code block, jth logical qubit of the
second block, and kth logical qubit of the third block.
Naturally, changing the logical basis of each block will
change the connectivity of the resulting circuit and the
associated hypergraph magic state, corresponding to a
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change of basis on each leg of the T log tensor. We would
like to be able to extract some number of disjoint CCZ
gates from the circuit defined by fCCZ by choosing an
appropriate basis of logical X operators for each code
block. The maximum such number of disjoint CCZ, KCCZ,
that are extractable from the circuit is equal to the subrank
of T log. Intuitively, the subrank of a binary tensor measures
the size of the largest identity-like diagonal subtensor
that can be embedded within the tensor [53,54]. More
formally, the subrank of the tensor T log is the largest integer
r ≥ 0 such that there exist matricesM1;M2;M3 ∈ F r×K

2 that
satisfy

ðM1 ⊗ M2 ⊗ M3Þ · T log ¼ Ir×r×rmod 2; ðF2Þ

where Ir×r×r is the r × r × r tensor with 1’s on the diagonal
and 0 everywhere else. Equivalently, we can express this in
components as

X
i;j;k

T log
ijkM

1
a;iM

2
b;jM

3
c;k¼1a¼b¼cmodð2Þ; a;b;c∈ ½1…r�:

ðF3Þ

The M matrices can be viewed as change of basis
matrices such that rows of M define new logical operators
in a different basis that produces r disjoint CCZ gates.
In particular, the optimal choice of r logical operators for
the Ith code block is given by fPj M

I
a;jðlIaÞjga¼1…r. The

remaining K − r logicals are found by choosing any set
of logical operators that are linearly independent from the
first r. These K − r logicals are treated as gauge logical
qubits, to be initialized in the j0̄i state—see the discussion
at the end of Sec. II B.
Unfortunately, finding the subrank r and the associated

bases M1, M2, and M3 is a problem that is widely believed
to be NP-hard, even over the real numbers [54]. In this
work, we find suboptimal solutions using a MIP method—
we use the Gurobi PYTHON package for this task [103].
We first find a set of initial logical operators numerically
using row reduction over F2. For fixed r, we then treat the
3rK entries of M1, M2, and M3 as binary variables for the
integer program and enforce the condition in Eq. (F3) as a
set of integer constraints which involve another 2r3 many
slack variables. The complexity of the integer program,
therefore, grows dramatically with r. We iterate from r ¼ 0
to increasing values of r until the MIP solver converges or
is unable to find a feasible solution within time constraints.
This leads to the reported values of KCCZ in Sec. II B. An
important direction for future work is to find tailored
optimization heuristics for the binary tensor subrank
problem to extract larger values of KCCZ, significantly
improving the throughput of CCZ-type magic states from
the hypergraph magic states produced by our circuits.

APPENDIX G: NUMERICAL DETAILS
OF NOISE SIMULATIONS

1. Memory performance simulations

Here, we provide further details on the numerical
simulations of the tricycle codes in Sec. II D to demonstrate
robust single-shot error correction in the Z basis and assess
fault-tolerant behavior in the X basis using repeated rounds
of syndrome extraction [15].
For both types of simulation, we simulate syndrome

extraction circuits for both X and Z checks of the tricycle
codes. Each simulation begins by initializing the data
qubits in the appropriate basis, followed by multiple
cycles of syndrome extraction. At each cycle, fresh
ancilla qubits are initialized, entangled with the data
via two-qubit gates, and subsequently measured to extract
the stabilizer values.
For both single-shot Z-basis and d-round X-basis sim-

ulations, we employ a coloration circuit for syndrome
extraction together with the standard two-qubit depolariz-
ing circuit-noise error model also used in the main text
simulations.
For the single-shot scenario, we utilize a windowed

decoding protocol, wherein each window comprises a fixed
number of syndrome extraction rounds followed by decod-
ing and correction. This window is then repeated multiple
times, providing a concrete probe of the code’s sustainable
logical error suppression [109]. Specifically, our simula-
tions employ windows of three rounds, each repeated 14
times for a total of 42 rounds—a protocol previously
demonstrated to saturate sustainable performance in
high-rate codes [16]. With fixed window size, only codes
possessing genuine single-shot capability exhibit logical
error suppression that scales with code distance; in contrast,
codes lacking such features see their performance limited
by the window size. Although a window size of one is
theoretically sufficient, empirical studies indicate that size
three yields enhanced robustness to measurement errors
and generally improved logical error rates [16,62]. For
conventional d-round simulations in the X basis, the
syndrome extraction is repeated for d cycles, and decoding
is performed using the entire record of accumulated
syndrome information.
Here, we perform decoding using a belief propagation

with ordered statistics decoding (BPþ OSD) scheme as
presented in Ref. [22]. To enable circuit-level decoding,
we map each syndrome extraction circuit to a space-time
code [16,62]: Checks of the space-time code correspond to
parities of stabilizer measurements across consecutive
rounds, and the code qubits represent distinct fault
locations (e.g., a two-qubit gate error at a specific
location in space and time). Formally, for each round,
the value of a stabilizer at time t is mt ∈ 0, 1; the detector
value is defined as dt ≔ mt þmt−1 (mod 2). In single-
shot simulations, belief propagation is applied to each
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window, except for the final readout which uses
BPþ OSD; for d-round simulations, BPþ OSD is used
for decoding the full syndrome record.
All circuits were constructed using STIM [28], and

BPþ OSD decoding was implemented using the tools
from Refs. [110,111]. For the X-basis d-round simula-
tions, we apply a BPþ OSD decoder to the full space-
time code with 10 000 maximum iterations of min-sum
BP and min-sum scaling factor of 0. We used OSD-CS of
the order of 10. For the Z-basis single-shot simulations,
we decode each window of three cycles using a BP
decoder with maximum iterations set to number of
qubits=5 and min-sum scaling factor of 0.9. To decode
the final transversal measurement, we use BPþ OSD
with maximum iterations set to number of qubits=5, min-
sum scaling factor of 0.9, and OSD-E of the order of 10.
Although we did not attempt extensive hyperparameter
optimization, preliminary trials suggest that targeted
tuning of BPþ OSD parameters could produce signifi-
cant gains in logical error rate.
We also simulate various 4-4-4 tricycle codes for

completeness—the simulation results are summarized in
Fig. 6. Logical error rate is defined as the probability that
any logical qubit within the code block fails under the

simulated noise model. We observe a gate-noise threshold
greater than 0.4% for each of the X and Z basis results (see
the discussion after Appendix A for further details). By
fitting the measured logical error rates to an exponential
decay model, pL ¼ αðp=pthÞβnγ , we estimate the achiev-
able error rates for both X and Z bases. Table IV presents
logical error rates for two key physical error benchmarks:
p2q ¼ 10−3, representative of near-term hardware, and
10−4, representative of projected advances, together with
relevant code parameters.
We observe robust single-shot performance across

several tricycle code instances. d-round performance is
weaker, reflecting the higher check weight and reduced
distance in the X basis.
For completeness, we also simulate the single-shot

performance of the 4-2-2 tricycle codes explored in the
main text. We used the same BPþ OSD decoding setup
described above. The results can be found in Fig. 7, which
demonstrate impressive single-shot error correction sup-
pression for this class of codes. In practice, however, we
anticipate that the overall magic-state factory performance
will be limited by the d-round X basis simulated in the main
text, owing to its higher check weight and lower distance
compared to the Z basis.

(a) (b)

FIG. 6. Circuit-level noise simulation results for 4-4-4 tricycle codes. (a) Logical error rate (as measured by block failure probability)
versus two-qubit physical gate error rate (p2q) for single-shot error correction in the Z basis. Single-shot performance is evaluated using
a windowed decoding protocol: three rounds of syndrome extraction followed by decoding and correction, with the window repeated
14 times (for 42 total rounds) to probe sustainable suppression of logical errors. (b) Logical error rate versus p2q for fault-tolerant,
d-round error correction in the X basis. In both panels, errors are sampled under a standard two-qubit depolarizing circuit-level
noise model, and results are shown for various tricycle codes. Logical error rates are determined via Monte Carlo simulations using
a BPþ OSD decoder, with each data point corresponding to M samples; error bars indicate standard errors, computed asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pLð1 − pLÞ=M
p

.

TABLE IV. Example 4-4-4 tricycle codes and their logical error rates under circuit-level noise. Logical error rates

pðXÞ
L and pðZÞ

L are shown for both p2q ¼ 10−3 and p2q ¼ 10−4, for different ½½N;K;D�� code parameters.

½½N;K; ðDX;DZÞ�� pðXÞ
L ð0.1%Þ pðZÞ

L ð0.1%Þ pðXÞ
L ð0.01%Þ pðZÞ

L ð0.01%Þ
[[72, 9, (9, 6)]] 2 × 10−3 3 × 10−2 1 × 10−6 9 × 10−4

[[192, 27, (16, 8)]] 2 × 10−4 2 × 10−5 4 × 10−9 6 × 10−11

½½375; 15; ð≤ 25;≤ 15Þ�� 5 × 10−6 4 × 10−10 4 × 10−13 1 × 10−21

½½648; 18; ð≤ 48;≤ 18Þ�� 1 × 10−7 1 × 10−14 3 × 10−17 2 × 10−30
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2. Logical non-Clifford gate fidelities
and space-time costs

In this section, we analyze the logical error rates of
the non-Clifford transversal CCZ circuit to determine the
fidelity of the produced magic states. We then describe how
to compute space-time resource estimates for the overall
magic-state production protocol. These figures of merit are
calculated for specific tricycle codes and compared to state-
of-the-art color-code magic-state cultivation resource esti-
mates [36] in Table II.
We simulate the logical-Z error rates of the first three

4-2-2 codes from Table I under the effective stochastic
Pauli noise model of the depth-8 CCZ circuit. Concretely,
we first prepare a code block in the jþiK logical state in
one round in accordance with the discussion in Sec. II C,
assuming a physical two-qubit gate error rate of
p2q ¼ 0.001. For each gate in the CCZ circuit, we model
the gate error as three-qubit-biased depolarizing noise
with an overall error rate of p3Q ¼ 0.002—we expect
the assumption of implementing physical CCZ gates
with an error rate twice as large as the two-qubit error
rate to be experimentally reasonable. On each shot of the
Monte Carlo simulation, the residual stochastic X errors
before each CCZ gate layer are propagated through the
CCZ circuit symmetrically on each of the three input code
blocks to the circuit, to form a pattern of X and CZ Clifford
errors acting on three code blocks. The CZ Clifford errors
are then approximated stochastically by sampling II, IZ,
ZI, or ZZ errors on each shot with equal probability. Biased
noise is inherent to native phase-type gates across all
quantum computing platforms—in particular, controlled-
Z-type gates exhibit noise profiles that are strongly biased

toward Z-type errors [65]. Thus, to accurately model the
error channel of a CCZ gate, we conservatively estimate
that the physical CCZ gates in our circuits exhibit noise-
bias toward Z errors similar to that of CZ gates of
approximately 10× (for example, see the experimental
CZ gate error model of the Rydberg atom array architecture
in Refs. [14,63]). Explicitly, on the support of each CCZ
gate, with probability 10p3q=11, we apply one of the
Z-type three-qubit Paulis IIZ, IIZ, IZI, ZII, IZZ, ZIZ,
ZZI, or ZZZ, and with probability p3q=11 × 56 we apply
one of the other 56 nonidentity three-qubit Pauli operators,
such that Z-type errors are 10 times as likely. In practice,
CCZ gates may exhibit an even greater degree of bias
toward Z errors, which leads to more favorable error rates
as fewer correlated CZ error will be created by X errors
propagating through the CCZ circuit. Consequently, exper-
imental techniques to strongly bias CCZ gate noise will
lead to further improvements in the logical fidelity of our
protocols.
On each shot, the effective error model for the CCZ

circuit described in the preceding paragraph is projected to
a single code block (which is symmetric across all three
blocks on average). Finally, the code block is measured in
the X basis to determine logical-Z outcomes, and we
postselect on the syndromes from the whole circuit. The
overall postselection success rate for the protocol is
calculated by cubing the success rate for a single code
block (as there are three code blocks). The resulting logical
error rates and success rates are presented in Table II.
We do not explicitly simulate the logical-X error rate, as it
will be significantly lower due to the biased distance of
tricycle codes.
Next, we estimate the space-time cost per logical qubit of

producing magic states at the postselected error rates we
quote above using the single-shot protocol for specific
tricycle codes. We measure space-time cost in qubit rounds
per logical qubit, including data and ancilla qubits and
repeated rounds from postselection. For a fair comparison
with other magic-state generation schemes, we do not
include the depth of the syndrome extraction circuits in the
space-time cost calculation—accounting for this will likely
make the relative space-time cost of the tricycle-code-based
protocols even lower compared to the color-code-based
cultivation schemes in Table II. For instance, the standard
syndrome extraction circuits for the d ¼ 3 and d ¼ 5 color
codes have depths 8 and 12 (although more optimal circuits
may exist), while we have shown that all 4-2-2 tricycle
codes have depth-8 syndrome extraction circuits. Thus,
we measure

space-time cost per logical

¼ ðN þ no X checksþ no Z checksÞ · no rounds
K · success rate

:

ðG1Þ

FIG. 7. Single-shot simulation results for 4-2-2 tricycle
codes. Logical error rate normalized by number of QEC
rounds and number of logical qubits versus two-qubit physical
gate error rate (p2q) for single-shot error correction in the Z
basis. Logical error rates are determined via Monte Carlo
simulations using a BPþ OSD decoder, with each data point
corresponding to M samples; error bars indicate standard
errors, computed as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pLð1 − pLÞ=M

p
.

MAGIC TRICYCLES: EFFICIENT MAGIC STATE GENERATION … PHYS. REV. X 16, 021014 (2026)

021014-29



For the tricycle code magic-state factory, the number
of rounds is 1 due to the single-shot jþi state preparation.
We apply Eq. (G1) to the [[48, 6, 4]], [[84, 6, 5]], and
[[108, 6, 6]] 4-2-2-type tricycle codes and compare the
space-time cost and logical error rates after the CCZ
circuit to state-of-the art jT̄i magic-state cultivation
methods from Ref. [36]. Table II summarizes the relevant
figures of merit, demonstrating competitive performance
of the 4-2-2 tricycle code magic-state factories. Note that
these figures of merit do not account for the fact that the
hypergraph magic states produced by the tricycle code
protocol are computationally higher magic states than
the jT̄i states produced by the color-code-based schemes
depending on how many disjoint jCCZi states can be
extracted, leading to potentially lower algorithmic re-
source costs—a single jCCZi can efficiently be converted
to two jT̄i states [112], while typically four T̄ gates are
required to emulate a CCZ.
For the larger 4-4-2 and 4-4-4 tricycle codes, we

anticipate that the deeper physical CCZ circuits will lead
to greater deviations of the logical fidelity from the
pure memory setting. The depth of the CCZ circuit can
always be reduced by concatenating with a constant-sized

repetition code at the cost of a decrease in the rate of the
code [42], so this issue is not fundamental. We leave a more
thorough analysis of the larger tricycle code families to
future work.

APPENDIX H: OPTIMAL-DEPTH SYNDROME
EXTRACTION CIRCUITS

We provide a constructive proof of the following
theorem.
Theorem H1. For tricycle codes defined by

A ¼Pwa
i¼1 Ai, B ¼Pwb

i¼1Bi, and C ¼Pwc
i¼1Ci, where

wa, wb, and wc are even, there exist syndrome extraction
circuits with CNOT depth wa þ wb þ wc.
Proof. Let X → AT

i ðD1Þ denote CNOTs from check sector
X to data sector D1 according to permutation AT

i . The
arrow indicates the CNOT direction: from each qubit j in X
to qubit k in D1 whenever the ðj; kÞ entry of AT

i is 1. Since
AT

i are permutation matrices, the CNOTs are disjoint and can
be executed in parallel.
We schedule all CNOTs in five stages, with wa þ wb þ wc

layers in total (square brackets indicate groups of CNOTs in
the same layer):

ðiÞ for 1 ≤ i ≤ wc=2; apply ½Ciþwc=2ðD1Þ → Z1;Ciþwc=2ðD2Þ → Z2; X → CT
i ðD3Þ�;

ðiiÞ for 1 ≤ i ≤ wb=2; apply ½Biþwb=2ðD1Þ → Z3; X → BT
i ðD2Þ;Biþwb=2ðD3Þ → Z2�;

ðiiiÞ for 1 ≤ i ≤ wa; apply ½X → AT
i ðD1Þ;AiðD2Þ → Z3;AiðD3Þ → Z1�;

ðivÞ for 1 ≤ i ≤ wb=2; apply ½BiðD1Þ → Z3; X → BT
iþwb=2

ðD2Þ;BiðD3Þ → Z2�;
ðvÞ for 1 ≤ i ≤ wc=2; apply ½CiðD1Þ → Z1;CiðD2Þ → Z2; X → CT

iþwc=2
ðD3Þ�: ðH1Þ

It remains to verify that this schedule measures the stabilizers while preserving logical operators. The CNOTs’ effects can
be tracked using a stabilizer table; since CNOTs do not mix X and Z parts, the action on each part can be analyzed separately.
We focus on the X part; the Z part is similar.
Consider the stabilizer table extended with an arbitrary logical Pauli X, supported on 1-entries of row vectors u, v, and w.

The circuit is correct if the CNOTs yield the expected outcome:

X D1 D2 D3 Z1 Z2 Z32
664
I 0 0 0 0 0 0

0 AT BT CT 0 0 0

0 u v w 0 0 0

3
775 →

X D1 D2 D3 Z1 Z2 Z32
664
I AT BT CT 0 0 0

0 AT BT CT 0 0 0

0 u v w 0 0 0

3
775: ðH2Þ

At stage (i), the CNOTs from X to D3 add rows from column X to those in column D3, permuted by each CT
i . Let

CT
< ≔

Pwc=2
i¼1 CT

i and CT
> ≔

Pwc
i¼1þwc=2

CT
i ; these CNOTs correspond to right-multiplying column X by CT

< and
accumulating into D3. The other two CNOT groups propagate from data sectors to Z checks. As each Ci is a permutation
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matrix, CiðD1Þ → Z1 is equivalent to D1 → CT
i ðZ1Þ; we use this equivalence below. Thus, the CNOT action right-multiplies

D1 and D2 by CT
> and accumulates the results to Z1 and Z2, respectively. After stage (i), the table becomes2

664
I 0 0 CT

< 0 0 0

0 AT BT CT ATCT
> BTCT

> 0

0 u v w uCT
> vCT

> 0

3
775:

After stage (ii), the table becomes2
664
I 0 BT

< CT
< 0 CT

<BT
> ¼ BT

>CT
< 0

0 AT BT CT ATCT
> BTCT

> þCTBT
> ¼ BTCT

> þ BT
>CT ATBT

>

0 u v w uCT
> vCT

> þ wBT
> uBT

>

3
775;

where the equalities hold since all polynomial terms in A, B, and C commute. We use this property throughout and
consistently write products of terms in dictionary order.
After stage (iii), the table becomes2

664
I AT BT

< CT
< ATCT

< BT
>CT

< ATBT
<

0 AT BT CT ATCT
> þATCT BTCT

> þBT
>CT ATBT

> þATBT

0 u v w uCT
> þ wAT vCT

> þ wBT
> uBT

> þ vAT

3
775:

After stage (iv), the table becomes2
664
I AT BT CT

< ATCT
< BTCT

< ATBT
< þATBT

< ¼ 0

0 AT BT CT ATCT
> þATCT BTCT

> þ BTCT ATBT þATBT ¼ 0

0 u v w uCT
> þ wAT vCT

> þ wBT uBT þ vAT

3
775;

where the equalities hold since the addition is modulo 2.
Finally, after stage (v), the table becomes2

664
I AT BT CT 0 0 0

0 AT BT CT 0 0 0

0 u v w uCT þ wAT ¼ 0 vCT þ wBT ¼ 0 uBT þ vAT ¼ 0

3
775;

where the equalities hold since any logical Pauli X commutes with Z checks, i.e., ½u vw�HT
z ¼ 0. ▪

The construction allows certain degrees of freedom.
First, the assignment of the matrices A, B, and C to stages
(i)+(v), (ii)+(iv), and (iii) can be chosen arbitrarily. Second,
the ordering of layers within each stage is flexible, provided
that stages (i) and (v) contain complementary terms, as do
stages (ii) and (iv). Let w1, w2, and w3 denote the weights of
polynomials assigned to stages (i)+(v), (ii)+(iv), and (iii),
respectively. (In the proof above, w1 ¼ wc, w2 ¼ wb, and
w3 ¼ wa.) Then, the layers within stage (iii) can be ordered
w3! ways. The order of terms in stages (i) and (v) for the X
checks can be arbitrary, resulting in w1! possibilities. Since
stages (i) and (v) must be complementary for the Z checks,

the assignment of terms to stages (i) and (v) is fixed, but
permutations within each stage remain possible, contrib-
uting an additional ððw1=2Þ!Þ2 arrangements. Similarly,
for stages (ii) and (iv), the same counting applies with
weight w2. Thus, the total number of distinct circuit
configurations is

w1! × ððw1=2Þ!Þ2 × w2! × ððw2=2Þ!Þ2 × w3!: ðH3Þ

For example, when w1 ¼ w2 ¼ 2 and w3 ¼ 4, there are
96 circuits, while for w1 ¼ w3 ¼ 2 and w2 ¼ 4, there are
384 circuits. In addition, the assignments ofA, B, and C to
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the stages (i)+(v), (ii)+(iv), and (iii) themselves can be
permuted. For the 4-2-2 codes, this yields two assignments
with w1¼w2¼2;w3¼4, two assignments with w1¼w3¼2;
w2¼4, and two assignments with w2 ¼ w3 ¼ 2; w1 ¼ 4.
Altogether, this gives 96 × 2þ 384 × 4 ¼ 1728 different
circuits for the 4-2-2 codes. A similar calculation for the
4-4-2 and 4-4-4 codes results in 55 296 and 1 327 104
distinct circuits, respectively.
In the counting above, same polynomial terms are

scheduled together if possible, to enable more efficient
atom rearrangement (more details in Appendix I). For
example, in stage (iii),A1 from X toD1, fromD2 to Z3, and
from D3 to Z1 are always in the same layer, but they do not
have to be. If we consider such possibilities, the number of
different choices for stage (iii) is no longer w3! but ðw3!Þ3.
For a specific choice of the weights, the number of different
circuits becomes

w1! × ððw1=2Þ!Þ4 × w2! × ððw2=2Þ!Þ4 × ðw3!Þ3: ðH4Þ

For 4-2-2 codes, this amounts to 135 168 circuits.
Theorem H1 applies to all codes presented in the

main text. For other cases, let W ¼ wa þ wb þ wc and
V ¼ jfw∈ fwa; wb; wcgjw is evengj. Our scheduling
method produces the following result, which is at most
two CNOT layers from optimal.
Corollary H1. For tricycle codes with V ¼ 0, 1, 2, and 3,

there exist syndrome extraction circuits with CNOT depth
W, W, W þ 1, and W þ 2, respectively.
Proof. Theorem H1 covers V ¼ 0. For V ¼ 1, assign the

odd-weight polynomial as A, and the previous proof still
applies. For V ¼ 2, assign the odd-weight polynomials as
A and C. Modifying stages (i) and (v) in Eq. (H1) as
follows suffices:

ðiÞ apply X → CT
1 ðD3Þ;

for 1 ≤ i ≤ bwc=2c; apply ½C1þiþbwc=2cðD1Þ → Z1;C1þiþbwc=2cðD2Þ → Z2; X → CT
1þiðD3Þ�;

ðvÞ for 1 ≤ i ≤ bwc=2c; apply ½C1þiðD1Þ → Z1;C1þiðD2Þ → Z2; X → CT
1þiþbwc=2cðD3Þ�;

apply ½C1ðD1Þ → Z1;C1ðD2Þ → Z2�: ðH5Þ

Thus, stages (i) and (v) now take wc þ 1 layers. For V ¼ 3,
modify stages (ii) and (iv) in a similar way. ▪
Following Ref. [15], counting both initialization and

measurement of check qubits as unit depth, our construc-
tion gives the following results.
Corollary H2. For tricycle codes with V ¼ 0, 1, 2,

and 3, there exist M-cycle syndrome extraction circuits
with depth ðW þ 2ÞM, ðW þ 2ÞM, ðW þ 2ÞM þ 1, and
ðW þ 3ÞM þ 1, respectively.
Proof. For V ¼ 0 and V ¼ 1, initialization precedes

and measurement follows the CNOT layers each cycle,

adding two units per cycle. For V ¼ 2 and V ¼ 3, as
illustrated in Fig. 8(a), X-check measurement can be
parallelized with the final CNOT layer and Z-check initial-
ization with the first layer in Eq. (H5), resulting in the stated
depths. ▪
With two sets of check qubits, we use one set for odd

cycles and the other set for even cycles.
Theorem H2. Given two sets of check qubits, for tricycle

codes with V ¼ 0, 1, 2, and 3, there exist M-cycle
syndrome extraction circuits with CNOT depth WM þ wc,
WM þ wc, WM þ wc, and ðW þ 1ÞM þ wc, respectively.

(a) (b)

FIG. 8. Syndrome extraction circuit for multiple cycles. (a) When wc is odd, X-check measurements can overlap with the last CNOT
layer, and Z-check initialization can overlap with the first CNOT layer. (b) Staggered scheduling with separate check qubits for even and
odd cycles. Solid and hatched patterns indicate CNOTs for even and odd cycles, respectively. Measurement and initialization for one
cycle can overlap with the CNOTs of the other cycle.
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Proof. Adapt stages (i) and (v) in Eq. (H1) as follows:

ðiÞ for 1 ≤ i ≤ wc;

apply ½CiðD1Þ → Z0
1;CiðD2Þ → Z0

2; X → CT
i ðD3Þ�;

ðvÞ for 1 ≤ i ≤ wc;

apply ½CiðD1Þ → Z1;CiðD2Þ → Z2; X0 → CT
i ðD3Þ�;

ðH6Þ

where the prime indicates check qubits for the other
cycle. This yields a staggered circuit [Fig. 8(b)] similar
to the construction for hypergraph product codes in
Ref. [16]. If at least one polynomial has even weight,
assign it asB; if V ¼ 3, revise stages (ii) and (iv) similarly
to Eq. (H5). ▪
The above results naturally adapt to bicycle codes. For

example, when wa ¼ wb ¼ 3, the circuits for bivariate
bicycle codes in Ref. [15] are reproduced.

APPENDIX I: NEUTRAL-ATOM ARRAY
ARCHITECTURE AND REARRANGEMENT

PROCEDURE

To concretely specify the atom rearrangement procedure,
we consider the reference architecture shown in Fig. 9,
primarily based on settings from recent experiments
[14,68,70]. The neutral-atom array features multiple zones
for different functions: an entangling zone for CNOT

operations, a storage zone for densely packed atoms, a
measurement zone for imaging, and a reservoir for fresh
atoms. For our purposes, we focus on the entangling and
storage zones.
SLM traps are present throughout these zones, and atoms

can be rearranged by AOD between SLM grids, subject to
AOD order constraints. Parts of the storage zone adjacent to
the entangling zone serve as work spaces, where sector
permutations occur before each CNOT layer. We further
divide the work space into regions Si, each supporting
permutation of a sector and each containing two SLM trap
arrays: Si− (dots) and Siþ (circles), each shaped like a
sector [e.g., ny rows by nxnz columns as in Fig. 5(b)]. These
arrays are just labels; physically, all SLM traps are
generated together.

For example, a y-cycling permutation of 1 ≤ m < ny
units for a sector in Si− requires two AOD movements:
shifting rows 1;…; ny −m in Si− down to rows
mþ 1;…; ny in Siþ; and the wraparound, shifting rows
ny −mþ 1;…; ny up to rows 1;…; m in Siþ. After
cycling, the sector is entirely in Siþ. Minimizing the
SLM trap spacing in Si enables faster permutation, which
is limited by the optical resolving distance, dmin. The
vertical spacing of Siþ is set to 2dmin, allowing qubits to
traverse the region along the dashes; and the horizontal
spacing is 3dmin to additionally ensure sufficient separation
between Si− and Siþ.
Each entangling region Ei contains two arrays, Ei− and

Eiþ. To perform parallel CNOTs, one sector is positioned in
Ei− and the other in Eiþ, and a global Rydberg laser pulse is
applied. We refer to the AOD movement from work space
to the entangling zone as fetching and the movement back
as put-back. To ensure that only intended pairs interact,
the trap spacing in Ei is set to at least diso, a distance to
sufficiently isolate Rydberg interactions. For example, with
dmin ¼ 2 μm and diso ¼ 10 μm [68], each Ei is about twice
as wide as each Sj.
We now explicitly describe the atom rearrangement

procedure outlined in Sec. II E, based on the reference
architecture. For initialization, placeD1 in E1,D2 in E2,D3

in E3, Z3 in S2, Z1 in S3, Z2 in S4, and X in S5. To
implement the first layer, perform

(i) permute X (relabeling): C11ðS5Þ;
(ii) permute Z (relabeling): CT

31½S2; S3; S4�;
(iii) fetch X, Z1, and Z2: ½S5 → E3; S3 → E1; S4 → E2�;
(iv) CNOTs: ½C3ðD1Þ→Z1;C3ðD2Þ→Z2;X→CT

1 ðD3Þ�;
(v) put back X, Z1 and Z2: ½E3 → S5;E1 → S3;

E2 → S4�.
Here, “permute Z” refers to simultaneous permutation of

all three Z sectors. Permutations are denoted as σ0σTðSiÞ,
where σ is the current permutation and σ0 the target, within
region Si. Specifically, for this first layer, since the X and Z
sectors are still fresh, we can relabel their qubits instead of
performing physical permutations. Fetching and put-back
notation indicate initial and final regions for AOD move-
ments, potentially involving sequential moves and grid
changes. We do not specify which array within a region is
used, as either suffices. CNOT notation follows previous

FIG. 9. Reference neutral-atom array architecture. Rydberg interactions are enabled only within the entangling zone. We slice the
zones to regions Ei and Si; each one can store a sector. Each region contains two trap arrays (dots=− and circles=þ) to facilitate sector
permutation or parallel CNOTs. In the work space, traps are spaced by twice the minimal distance permitted by optical resolution, dmin,
allowing qubits to move between traps along dashed paths. In the entangling zone, traps are spaced so that qubit pairs involved in parallel
CNOTs are separated by a distance to sufficiently isolate the Rydberg interaction, diso.
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sections, and parallelized movements are listed in square brackets. Notably, fetching and put-back for X and Z sectors can
be combined for this layer.
The full implementation of the syndrome extraction circuit in Eq. (H1) proceeds similarly. For convenience, the

permutation notation is slightly abused: When i ¼ 1, in expressions like CT
iþwc=2

Ci−1þwc=2½S2;S3; S4�, the second matrix
refers to the prior permutation on those sectors [e.g., identity for stage (i)], not literally Cwc=2. The Supplemental video
demonstrates an instance with nx ¼ ny ¼ nz ¼ 3 and A ¼ yz2 þ x2zþ x2yþ x2y2z, B ¼ yz2 þ xyþ x2yþ x2y2z,
and C ¼ 1þ xz2 þ x2y2 þ x2y2z.
(1) For 1 ≤ i ≤ wc=2, permute X: CiCT

i−1ðS5Þ; permute Z: CT
iþwc=2

Ci−1þwc=2½S2; S3;S4�; fetch Z1, Z2, and X:
½S3 → E1; S4 → E2; S5 → E3�; CNOTs: ½Ciþwc=2ðD1Þ → Z1;Ciþwc=2ðD2Þ → Z2; X → CT

i ðD3Þ�; put back Z1, Z2, and
X: ½E1 → S3;E2 → S4;E3 → S5�.

(2) For 1 ≤ i ≤ wb=2, permute X: BiBT
i−1ðS5Þ; permute Z: BT

iþwb=2
Bi−1þwb=2½S2; S3; S4�; fetch X: S5 → E2; fetch Z3 and

Z2: ½S2 → E1; S4 → E3�; CNOTs: ½Biþwb=2ðD1Þ → Z3; X → BT
i ðD2Þ;Biþwb=2ðD3Þ → Z2�; put back X: E2 → S5; put

back Z1 and Z2: ½E1 → S2;E3 → S4�.
(3) For 1 ≤ i ≤ wa, permute X: AiAT

i−1ðS5Þ; permute Z: AT
i Ai−1½S2; S3; S4�; fetch X: S5 → E1; fetch Z3 and Z1:

½S2 → E2; S3 → E3�; CNOTs: ½X → AT
i ðD1Þ;AiðD2Þ → Z3;AiðD3Þ → Z1�; put back X: E1 → S5; put back Z3 and

Z1: ½E2 → S2;E3 → S3�.
(4) For 1 ≤ i ≤ wb=2, permute X: Biþwb=2B

T
i−1þwb=2

ðS5Þ; permute Z: BT
i Bi−1½S2; S3; S4�; fetching and put-back are the

same as (2).
(5) For 1 ≤ i ≤ wc=2, permute X: Ciþwc=2C

T
i−1þwc=2

ðS5Þ; permute Z: CT
i Ci−1½S2;S3; S4�; fetching and put-back are the

same as (1).

For wa ¼ wb ¼ wc ¼ 4, the above procedure results in
24 sector permutations and 40 fetch or put-back oper-
ations. While the scheme is general and structured,
inefficiencies may arise from always restoring sectors
to their original locations and exclusively permuting
check sectors instead of data sectors. For example, in
(3), since AiðXÞ → D1 is equivalent to X → AT

i ðD1Þ,
permuting D1 instead of X may allow both Z sectors
and D1 to be permuted in parallel by AT

i Ai−1. However, it
is the change in permutation, σ0σT , and not the polynomial
term σ itself, that enables such parallelization. If two
sectors share σ0 but have different σ, their permutations
still cannot be merged, so a more careful analysis is
needed to assess the potential benefits.
There is also flexibility to reorder CNOT layers or

combine different CNOT groups into parallel layers, which
changes σ0σT between layers. This sometimes results in
cancellations, reducing the need for certain x-, y-, or
z-cycling steps, and can be formulated as a variant of
the traveling salesman problem and be solved optimally for
small instances.
It is also valuable to investigate “toruslike layout”

strategies, where sectors are interspersed not only during
entangling gates, but also during permutations, provided
that there are polynomial terms corresponding to nearest-
neighbor interactions [15,113]. Further optimization of
sector layout and movement may be possible by mapping
the problem to mathematical programming [114–117] or
graph theory formulations [118–120].
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