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Decoding strong-field ionization of H2 via photoelectron momentum torus
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Strong-field ionization of H2 in circularly polarized laser fields (1035 nm, 35 fs, ∼1 × 1014 W/cm2) has
been studied by three-dimensional electron-ion coincidence momentum imaging. Both the effective ionization
potential and the applied laser electric field amplitude are simultaneously determined from the parameters
characterizing the tunnel-electron torus in momentum space, using the adiabatic theory of strong-field ionization
extended to include higher-order nonadiabatic effects as a reference. The effective ionization potential of H2,
obtained with an accuracy and precision of 10−2 a.u., reveals a clear shift from the field-free value. Dependence
on both the field amplitude and the ionization pathways to H2

+ and H+ + H is also resolved. These findings
demonstrate that the target-specific properties can be quantitatively decoded from the structure of the photoelec-
tron momentum torus, thus establishing a basis for quantitative ultrafast tunnel-electron spectroscopy.

DOI: 10.1103/g7g6-mm4z

Quantum barrier tunneling, a key manifestation of the wave
nature of matter, plays a central role in modern science and
technology. The scanning tunneling microscope (STM), for
example, utilizes electron tunneling to provide a powerful
method to study the properties of a single molecule on a
surface, such as the energies of the molecular orbitals and their
symmetries [1–3]. The electron tunneling also plays a pivotal
role in atomic and molecular dynamics in strong laser fields
(∼1014 W/cm2), such as higher-order harmonics generation,
laser-induced electron diffraction, and Coulomb explosion,
which serve as indispensable tools in modern ultrafast spec-
troscopy in atto- and femtosecond regimes [4–9].

In circularly polarized laser fields, the tunnel electron
forms a torus (or donut)-like structure in the momentum space
[Fig. 1(a)] [10–15]. The angular distribution along the ma-
jor circle reflects the variation in the ionization yield by the
direction of the electric fields applied to the molecule. This
facilitates the assessment of the symmetries of the ionizing
molecular orbitals as demonstrated in previous studies on H2

[16], HCl [17], CO [18], OCS [19], CH3I [20], and CF4 [21].
The cross section of the torus, on the other hand, repre-

sents the photoelectron momentum distribution perpendicular
to the instantaneous laser electric field at the tunneling. This
transverse momentum distribution (TMD) also reflects target
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properties, including ionization potential, dipole, and polar-
izability, as well as the shape of molecular orbitals [22–30].
This suggests that the rich information on the target can
be extracted from the photoelectron momentum distributions
(PEMDs). However, this inherent feature of the tunneling ion-
ization has not yet been fully explored. This is partly due to the
difficulty in determining the applied electric field amplitude F
with the required precision, as it depends on various character-
istics of the laser pulse used to generate strong laser fields. The
electric field is thus often treated as an adjustable parameter to
interpret PEMDs, which hinders an accurate evaluation of the
target properties. Another difficulty is located in the nonstatic
nature of the laser fields. Contrary to the static field used in
STM, the direction of the electric field rotates at the optical
frequency ω in circularly polarized laser fields. The associated
nonadiabatic effect introduces shifts in the transversal [31–36]
and longitudinal [37–39] momenta.

Here, we demonstrate quantitative decoding of strong-
field ionization of H2 from photoelectron momentum torus
formed in circularly polarized laser fields (1035 nm, 35 fs,
∼1 × 1014 W/cm2). We employ electron-ion coincidence mo-
mentum imaging using an electric field for charged-particle
extraction [29], to precisely determine the PEMD parameters
associated with different ionization pathways leading to H2

+

or H+ + H. Theoretically, the adiabatic theory of strong-
field ionization [14,15] is extended to include higher-order
strong-field and nonadiabatic corrections, yielding analyti-
cal expressions for the PEMD parameters. This framework
enables the simultaneous determination of the ionization
potential Ip and the electric field F from the observed
momentum-space torus. We report the successful retrieval of
effective ionization potentials of H2 in strong laser fields with
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FIG. 1. (a) Schematic of photoelectron momentum distributions
for tunneling ionization in circularly polarized strong laser fields,
characterized by the major radius of the torus (pmax) and the width
(σy) of the cross section (or transverse momentum distribution).
(b) Typical laboratory-frame photoelectron momentum distributions
recorded in coincidence with H+ (left) and H2

+ (right) in the px–pz

plane (|py| � 0.1 a.u.) at a wavelength of 1035 nm. The momentum
of the maximum distribution (pmax) of the each torus is shown
with a solid circle. (c) Same as panel (b) but in the px–py plane
(|pz| � 0.1 a.u.). (d) Photoelectron distributions along the px axis
obtained from the momentum distribution in panel (c), integrated
over −0.5 � py � 0.5 a.u for H2

+ (red) and H+ (orange). The dashed
lines are the results of the least-squares fittings to the Gaussian
function. (e) Same as panel (d) but along the py axis obtained by
integration over 0.5 � |px| � 2.0 a.u.

an accuracy and precision of 10−2 a.u. The results reveal a
clear shift in the effective Ip from the field-free value, as pre-
dicted by the previous theoretical studies [40,41], and further
show that the ionization potential depends on the ionization
pathways. Atomic units are used throughout the paper if not
otherwise specified.

The experimental setup has been described elsewhere
[21,29]. Briefly, circularly polarized femtosecond laser pulses
(1035 nm, 35 fs, 10–50 kHz) with high ellipticity (ε � 0.99)
are focused onto a molecular beam of H2 by a concave mir-
ror ( f = 75 mm) inside a vacuum chamber. A static electric
field is applied to extract and guide the ions and photo-
electrons toward position-sensitive detectors (PSD, RoentDek
HEX80). The flight tube is shielded by a µ-metal tube to
suppress possible distortions by ambient magnetic fields. The
three-dimensional momenta p = (px, py, pz ) of electrons are
determined in the laboratory frame (defined as shown in
Fig. 1) from their time of flight (t) and positions (x, y) at the
detector. The electron arrival position at the PSD is calibrated
by a metal mask attached in front of the detector. The setup
enables a precise PEMD measurement in the px − py plane

[29]. A Ti:sapphire femtosecond laser system (800 nm, 40 fs,
1 kHz) is also employed to evaluate the nonadiabatic effects
on the tunneling ionization.

In the adiabatic limit, where the field rotation is much
slower than the electron motion, the photoelectron torus in
Fig. 1(a) may be expressed as

P(p) ∝ exp

[
− (pρ − pmax)2

σ 2
ρ

− p2
y

σ 2
y

]
, (1)

where the plane of the circularly polarized field is placed on
the x − z plane with the propagation direction along the y axis
and pρ = √

p2
x + p2

z . Figures 1(b) and 1(c) show the exper-
imental PEMDs plotted on the px − pz and px − py planes,
respectively. The electrons recorded in coincidence with H2

+

form a toruslike structure, as expected.
For a quantitative discussion, we focus on the distribution

on the px − py plane, which is free from degrading by the time
resolution of PSD [29]. The px and py distributions in this
plane are shown in Figs. 1(d) and 1(e), which are evaluated
by the least-squares fitting to Gaussian functions to determine
the torus parameters, pmax and σy in Eq. (1). The results
obtained at different pulse energies are plotted in Fig. 2(a).
Both parameters increase with increasing pulse energy.

In the adiabatic limit, these parameters are known to be
given by [10,11]

pmax = F

ω
, (2)

σy = σρ =
√

F

κ

( ≡ σ
(0)
0

)
, (3)

with κ = √
2Ip and the angular frequency ω = 0.0440 a.u.

at 1035 nm. Equation (3) is valid in the weak-field limit,
F � κ

3. The weak-field asymptotic theory (WFAT) [22] was
developed to incorporate the first-order corrections in F to
TMD [23]. The TMD width for a hydrogenlike atom is ap-
proximately given as

σy = σρ = σ
(0)
0

√
1 − 5F

4κ
3
, (4)

which describes well the TMD width of H2 having a quasi-s
orbital character (1sσg) (see Appendix).

The theoretical prediction in the adiabatic limit [Eqs. (2)
and (4)] is plotted in Fig. 2(a). The subscripts in the label
“σ0 p0” denote the order of the nonadiabatic corrections on σy

and pmax. The vertical ionization potential Ip = 0.60443 a.u.
at the equilibrium internuclear distance Re = 1.4011 a.u. (see
Fig. 3(a) and the Supplemental Material [42]) is adopted in
the calculation. As seen in Fig. 2(a), the theoretical curve
deviates systematically from the experimental results. A sim-
ilar trend is also found at a different wavelength (800 nm,
ω = 0.0569 a.u.) in Fig. 2(b).

The origin of the deviation becomes clear when σy is plot-
ted against ωpmax [Fig. 2(c)]. The theoretical curves σ0 p0 for
the two different wavelengths coincide with each other in this
plot, while the experimental results at the two wavelengths
show clear differences. This signifies the importance of the
nonadiabatic effect in tunneling ionization associated with the
finite frequency ω of field rotation. The nonadiabatic effect
appears as the shift of the TMD, which translates to the torus
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FIG. 2. (a) Width of transverse momentum distribution (σy) plotted against torus radius (pmax) for H2
+ and H+ at the wavelength of

1035 nm. The theoretical results obtained by adiabatic and nonadiabatic theories for tunneling ionization (Ip = 0.60433 a.u.) and TDSE
calculation (cross) are also shown for comparison. The subscripts, i and j, of the label “σi p j” represent the order of nonadiabatic corrections
on σy and pmax, respectively. (b) Same as panel (a), but for the wavelength of 800 nm. (c) TMD width σy of H2

+ plotted against ωpmax at the
wavelengths of 1035 and 800 nm.

radius pmax of PEMD [15,36,43]. Theoretically, pmax to the
first order in ω is given by [12,13,15]

pmax = F

ω
+ κ

2ω

6F
, (5)

which was later confirmed experimentally on Ne atoms using
elliptically polarized laser fields [36]. Note that pmax in Eq. (5)
has a minimum value of 2κ/

√
6, which occurs when the

electric field amplitude F is equal to κω/
√

6. The theoretical
curve (σ0 p1) incorporating the first-order nonadiabatic correc-
tion to pmax [Eq. (5)] shows a clear wavelength dependence,
where the curve at 800 nm appears lower than that at 1035 nm.
This is consistent with the experimental results, but substantial
deviations in the absolute values are visible.

The nonadiabatic effects also appear in the TMD width.
Here, we extend the adiabatic theory [14,15] to derive the
following expression to the second order in ω (see Appendix):

σy = σ
(1)
0

(
1 + κ

2ω2

18F 2

)
. (6)

When this second-order correction to σy [Eq. (6)] is in-
troduced, the resultant curve (σ2 p1) reproduces well the
experimental results at 800 and 1035 nm. Figure 2(a) also
compares the theoretical curves with different orders of cor-
rection in the σy − pmax plane. While the validity of the
nonadiabatic corrections is limited to qualitative assessment
under the present conditions (ω/F ∼ 1), the good agreement
with the experimental results suggests that the first few terms
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FIG. 3. (a) Potential energy curves of H2 and H2
+. (b) Ionization potential Īp plotted against the field amplitude F̄ for H2

+ (red) and H+

(orange), where each point is shifted vertically by −δIp and horizontally by −δF . The results of the TDSE calculations (cross) are also plotted,
showing that the simple parallel shift is sufficient to recover the Ip and F values used in the TDSE calculation (see the Supplemental Material
[42]). The solid line shows the theoretical Ip by WFAT incorporating the nuclear motion effect. Results from the wavepacket calculation for H+

are also shown (dashed line) (see text). (c) Ionization potential for fixed nuclei Ip(R) obtained by potential energy curves of H2 and H2
+ (1sσg)

plotted in panel (a). (d) Effective ionization rate �eff (F, R) = �(F, Ip(R))|χ0(R)|2 at F = 0.05 a.u. (red) and the probability distribution |χ0(R)|2
in the vibrational ground state of H2 (gray). Also shown are the initial distribution subjected to the dissociation to H+ + H at the same field
amplitude (F = 0.05 a.u.) (orange). Each curve is normalized by the peak value.
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well describe the PEMD parameters of H2 in this plot, where
F acts as a parametric variable.

This proposes a unique method to determine both the
effective field amplitude F and the ionization potential Ip

simultaneously. In situ calibration of field amplitude was
discussed previously using the simplest adiabatic formula
[Eq. (2)] F = ωpmax [44]. However, the accuracy is limited
due to the nonadiabatic effect. To include the nonadiabatic
correction in Eq. (5) to evaluate pmax, a priori knowledge of κ

or Ip is needed. This poses a significant challenge because the
ionization potential should be evaluated in strong laser fields
with a known F value. The difficulty can be overcome by us-
ing Eq. (6) for the TMD width incorporating the nonadiabatic
effect. Since the TMD width σy is a function of κ and F ,
one can determine both of these parameters as a solution of
Eqs. (5) and (6) with an observed set of the PEMD parameters
(pmax, σy).

To evaluate the validity of this method, we first discuss the
PEMD parameters obtained by numerical calculations solv-
ing the time-dependent Schrödinger equation (TDSE) (see
Appendix). The PEMD parameters obtained for a single elec-
tron atom with the same Ip = 0.60433 a.u. are plotted in
Fig. 2(a). The results obtained at four different field intensities
show subtle differences from the corresponding analytical
curves (σ2 p1). This can be attributed to higher-order nona-
diabatic corrections neglected in Eqs. (5) and (6) and the
non-Coulombic potential components neglected in the deriva-
tion of Eq. (4). Indeed, the effective ionization potential Īp

and the effective field amplitude F̄ derived from the four sets
of the PEMD parameters (pmax, σy) show small deviations
from Ip and F employed in the TDSE calculation. The differ-
ences are δIp = Īp − Ip = 0.031(5) a.u. and δF = F̄ − F =
−0.0054(5) a.u., averaged over the four points, which should
be taken into account in the following analysis of the experi-
mental results.

Figure 3(b) shows Īp and F̄ obtained from the experimental
(pmax, σy) for H2

+ at 1035 nm, where each point is shifted
vertically by −δIp and horizontally by −δF . The resultant
Īp appears in the range between the adiabatic and dissoci-
ation limits [see Fig. 3(a)], as expected. Interestingly, the
determined Īp is smaller than the vertical ionization potential
in the weak-field limit (Ip = 0.60433 a.u.). The reduction
in the effective ionization potential can be interpreted in
terms of the effect of the nuclear motion [40]. The tunnel-
ing ionization rate of H2 can be expressed as �eff (F, R) =
�(F, Ip(R))|χ0(R)|2. Here, χ0(R) is the vibrational wavefunc-
tion of H2 at the internuclear distance R [Fig. 3(d)] and
�(F, Ip(R)) ∝ exp(−2κ

3(R)/3F ) is the field-dependent ion-
ization rate. Since Ip(R) is a decreasing function of R for
H2 as shown in Fig. 3(c), �(F, Ip(R)) increases rapidly as
R increases. Therefore, the �eff (F, R) distribution [40] peaks
at R larger than Re, as shown in Fig. 3(d). This explains
the decrease in the effective ionization potential Īp from the
vertical potential.

Recently, the nuclear motion effect has been incorporated
in WFAT together with the effects of the core polarization
and spectator nucleus [41]. The tunneling ionization rates
derived for H2 show excellent agreement with the full ab
initio calculations [45]. Figure 3(b) plots the theoretical Ip [41]
determined from the peak internuclear distance of �eff (F, R)

as a function of F , after being averaged over the parallel and
perpendicular molecular alignment to the field direction. The
experimental Īp determined with H2

+ tends to show a gradual
increase against F̄ as predicted theoretically, which supports
the importance of the effects of nuclear motion. The mean
difference from the theoretical value is 0.014(1) a.u. with a
standard deviation of 0.012(2) a.u., which estimates the accu-
racy and precision of the present tunnel-electron spectroscopy.

Figure 1 also shows the PEMD recorded in coincidence
with the fragment ion H+ formed by dissociative ionization
of H2 in the strong laser fields, H2 → H+ + H + e−. The
px distribution peaks at a higher value than that of H2

+,
indicating that the difference in the ionization pathways is
encoded in the PEMD parameters. Indeed, the (pmax, σy) plots
for H+ in Fig. 2(a) show small deviations from those of H2

+.
Similar shifts between H2

+ and H+ are also observed at the
other wavelength of 800 nm, though the difference is on the
order of the statistical uncertainty.

Figure 3(b) plots Īp obtained from the PEMD parameters
for H+, which show clear deviations from those obtained for
H2

+. The dissociative ionization of H2 proceeds by postion-
ization interaction with the laser fields. After ionization, the
nuclear wavepacket evolves on the 1sσg potential and then
fractionally dissociated via the photocoupling with the repul-
sive 2pσu state. It is established that the dissociation proceeds
by the single-photon transition between these states, i.e., the
“1hν” pathway or by the “net-2hν” pathway, associated with
three-photon absorption and one-photon emission [46]. This
suggests that H+ is likely formed from the high vibrational
levels of the 1sσg state, as shown in Fig. 3(a).

To understand how this dissociation process can contribute
to the observed difference in the effective ionization potentials
for H2

+ and H+, a nuclear wavepacket calculation in the
two H2

+ electronic states is performed. Figure 3(d) plots the
initial wavepacket (|χ (R)|2) that undergoes the dissociation
to H+ + H (see Appendix), exhibiting a peak shift from the
original distribution (|χ0(R)|2). This shows that H2

+ formed
at internuclear distances smaller than Re are more prone to
dissociation through the population to the high vibrational
levels of H2

+, which explains the large effective ionization
potential compared to that of H2

+.
Since multiphoton processes are involved, the relative con-

tribution between the 1hν and net-2hν pathways varies by
the field intensity. This is confirmed by the experimental ki-
netic energy release spectra of the dissociative ionization (see
the Supplemental Material [42]), showing that the net-2hν

component from the lower vibrational states becomes more
prominent than the 1hν component as F̄ increases. This would
result in a decrease in the effective potential. Indeed, the
experimental Īp for H+ tends to decrease as F̄ increases, which
is consistent with the results of the wave-packet simulation
plotted in Fig. 3(b) (see the Supplemental Material [42]). As
far as we know, this is the first experimental demonstration
to identify differences in the effective ionization potentials
between the dissociative and nondissociative pathways for H2

and other molecules in strong laser fields.
In summary, we have presented the first demonstration of

quantitative decoding of strong-field ionization via photoelec-
tron torus in momentum space. Both the effective ionization
potentials and the laser electric field amplitudes are simul-
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taneously extracted with the aid of the adiabatic theory of
strong-field ionization. The difference in the ionization path-
ways to H2

+ and H+ + H as well as their dependence on the
electric field amplitude is securely captured. This shows that
the target properties can be assessed from the tunnel-electron
momentum distributions, thus establishing a robust frame-
work for quantitative ultrafast tunnel-electron spectroscopy.
Further theoretical development would facilitate a deeper un-
derstanding of laser tunneling ionization. In particular, more
explicit treatment of the higher-order corrections and non-
Coulombic potentials as well as the orbital character in pmax

and σy would provide more accurate estimates of the effective
potentials and the electric field amplitudes. This will allow
for the application to quantitative visualization of ultrafast
dynamics of general molecules [47,48], for example, with the
angular streaking scheme in circularly polarized fields [49].
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Appendix: Strong-field correction to PEMD. Equation (1)
with the PEMD parameters (pmax, σy) given by Eqs. (2) and
(3) holds in the adiabatic limit ω → 0. It was derived from the
Keldysh theory [10,11] and hence holds only at sufficiently
weak fields satisfying F � κ

3. On the other hand, the adia-
batic theory [14] expresses the PEMD in terms of the exact
TMD in a static electric field [24], which eliminates the latter
limitation. Here, we incorporate the first-order strong-field
correction to Eq. (3) obtained on the basis of WFAT describ-
ing tunneling ionization in a static electric field [22]. Within
WFAT(1) [23], which extends the weak-field asymptotics to
the first-order terms in the field strength F , the TMD for
tunneling ionization from the ground state of a hydrogenlike
atom is given by

P(p⊥) = 4πκ

F
W00(F )|G00|2e−s

×
[

1 +
(

B00 + 1

4κ
3

[6 − 4s − s2]

)
F

]
. (A1)

This equation describes the shape of the PEMD in the px − py

plane shown in Fig. 1(c) in the adiabatic limit. Here, p⊥ =

(px − pmax, py), s = κp2
⊥/F , W00 and G00 are the field and

structure factors for the dominant ionization channel [22], and
B00 is a first-order correction coefficient accounting for the
second-order Stark shift of the bound-state energy and the
distortion of its unperturbed orbital [23]. The second term
in the square brackets represents the first-order strong-field
correction to the TMD. The terms including s contribute to the
correction of the TMD width in Eq. (3). The effective TMD
width is determined from the 1/e value of the distribution
peak in Eq. (A1). Note that the resulting expression (4) is
independent of B00 in the first-order approximation. The the-
oretical curve obtained with σy = σ

(0)
0 [Eq. (3)] significantly

deviates from the experimental results (see the Supplemental
Material [42]), which indicates the importance of the first-
order correction in F in Eq. (4).

Nonadiabatic corrections to PEMD. Nonadiabatic effects
in tunneling ionization are caused by finite nonzero values of
ω in real experiments. The first-order correction appears as
the shift of the transverse momentum distribution due to an
increase of the radius pmax of the PEMD torus. This effect
was predicted theoretically using the Keldysh theory [12,13]
and, in more general context, using the adiabatic theory [15],
and confirmed experimentally [36,43]. To the first order in ω,
it is described by Eq. (5).

In the second order in ω, the width of the PEMD torus
becomes affected. To take the higher-order nonadiabatic
corrections into account, we use the adiabatic theory [14]
equipped with a recently developed theory of Siegert states
in a rotating electric field [50]. It follows from these theories
that in a circularly polarized field of an arbitrary frequency,
Eq. (1) takes the form

P(p) ∝ J2
m(pρF/ω2), (A2)

where Jm(x) is a Bessel function and

m = p2 + (F/ω)2 + κ
2

2ω
. (A3)

By taking the asymptotics of Eq. (A2) in the region ω � F �
κ

3 corresponding to the tunneling regime of ionization, we
reproduce Eq. (5) and find

σy = σ
(0)
0

(
1 + 1

18
× κ

2ω2

F 2

)
, (A4)

σρ = σ
(0)
0

(
1 + 0 × κ

2ω2

F 2

)
. (A5)

The second-order nonadiabatic correction in Eq. (A4) in-
creases the width of the PEMD torus in the y direction.
Including the strong-field correction from Eq. (4) into
Eq. (A4) leads to Eq. (6). Note that the second-order nonadi-
abatic correction in Eq. (A5) appears with a zero coefficient.
This means that nonadiabatic effects introduce an anisotropy
in the cross section of the torus. In this paper, we do not
discuss σρ because it is affected by the pulse envelope.
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