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Pseudoratchet through one-dimensional quantum Brownian motion
for energy-efficient Brownian computing
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We propose a pseudoratchet mechanism based on one-dimensional (1D) quantum Brownian motion, offering
a route to energy-efficient Brownian computing without relying on conventional ratchet structures. Quantum
resonance effects in 1D system naturally partition the momentum space into dynamically independent subspaces,
each of which lacks inversion symmetry. This leads to spontaneous unidirectional particle transport near
thermal equilibrium, without external forces or asymmetric potential gradients. We analyze this pseudoratchet
mechanism from kinetic and entropic perspectives and show that the directional transport is sustained without
energy dissipation, remaining fully consistent with the second law of thermodynamics. Our analysis provides a
microscopic and physically grounded foundation for reversible information transport in Brownian computing.
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I. INTRODUCTION

In the quest for ultra-low-energy computing, there has
been growing interest in utilizing thermal fluctuations near
equilibrium as computational resources, leading to the con-
cept of “Brownian computing” [1]. Since Brownian motion
maintains a momentum distribution in Maxwell-Boltzmann
equilibrium, energy dissipation associated with momentum
relaxation can be avoided. Furthermore, because the computa-
tion can proceed spontaneously through thermal fluctuations,
when combined with logically reversible computation [2–5]
that does not involve information erasure, it is theoretically
possible to approach vanishingly small energy dissipation
[1,6,7].

As a concrete architecture for Brownian computing, Brow-
nian circuits that use Brownian particles as signal carriers
have been proposed [8–10]. This architecture consists of two
types of gate elements connected by wires, where signals—
realized as particles called tokens—undergo Brownian motion
along the circuits’ [one-dimensional (1D)] wires, enabling
universal computation in principle. Physical implementations
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have been explored in single-electron tunneling circuits
[10–12], skyrmion-based circuits [13,14], and single-flux-
quantum circuits [15].

Within this framework, information is physically encoded
in the position of a Brownian particle (token), meaning that
the final computational outcome is determined by the parti-
cle’s arrival at the corresponding designated target position.
However, because classical Brownian motion is inherently
directionless, it can take an extremely long time for the par-
ticle to reach this position [1,7]. More fundamentally, in the
absence of external intervention, a Brownian particle cannot
deterministically reach the target position as its motion is
inherently stochastic, making precise and reliable completion
of the computation physically unattainable [16,17]. This is
a well-known consequence of continuous-time Markov pro-
cesses, in which certain computational operations, such as
enforcing a deterministic state transition within a finite time,
are fundamentally unimplementable [18].

These challenges have been addressed in
Refs. [9,16,17,19] by introducing external manipulation
in Brownian computers. One approach [8–10] involves using
a device called ratchet that restricts particle motion to a single
direction. By transporting particles in a unidirectional manner,
the device not only shortens the computation time but also
reduces the uncertainty in arrival time at the target position
[20]. Consequently, this reduction in arrival time uncertainty
enhances the reliability of computation and can mitigate the
cost of measurement required for confirming computation
completion by reducing the measurement frequency.

However, inducing the directed motion of a Brownian par-
ticle requires work to be performed on the particle and thus
entails energy dissipation [21]. Therefore, both improving
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computation speed and enhancing reliability of computation
involve fundamental trade-offs with minimizing energy con-
sumption [22,23].

Directional Brownian motion is typically described by an
advection-diffusion equation (i.e., the Fokker-Planck equa-
tion in the overdamped regime) [24]. The advection term
describes the unidirectional motion induced by an external
force or a potential, and necessarily involves energy input and
dissipation.

The classical Brownian ratchet [25–28] is also described
by an advection-diffusion equation, where the advection term
arises from an asymmetric periodic potential combined with a
time-periodic external field. In this framework, the external
field does not perform net work on the particle. However,
the time-periodic driving maintains the system in a nonequi-
librium state, which inherently leads to entropy production
and heat dissipation. As a result, the ratchet effect cannot be
sustained unless energy is continuously supplied.

In this paper, we propose an approach to overcome these
limitations by employing Brownian motion in a 1D quantum
system. The key advantage lies in the one-dimensionality and
quantum nature of the system. The particle in our model,
remarkably, obeys an advection-diffusion equation even in the
absence of any external forces or potential gradients [29]:

∂

∂t
f W (X, P, t )

= −σ (P)
∂

∂X
f W (X, P, t ) + D(P)

∂2

∂X 2
f W (X, P, t ), (1)

where f W (X, P, t ) is the Wigner distribution function of the
particle. The first term on the right-hand side represents the
advection, describing unidirectional transport with the hydro-
dynamic sound velocity σ (P). The second term corresponds
to the diffusion process, spreading the distribution with the
diffusion coefficient D(P). Both transport coefficients, σ (P)
and D(P), depend on momentum.

As a result, this system realizes ratchetlike behavior
without conventional energy dissipation mechanisms. Con-
sequently, our 1D quantum system opens up the possibility
of mitigating the trade-off between computation efficiency
(speed and reliability) and energy dissipation that has long
been considered inevitable in classical Brownian computing.

However, when Brownian particles can be transported in
one direction without external manipulation, a question of
consistency with the second law of thermodynamics arises,
which has been discussed in the context of the Feynman
ratchet [30] and Maxwell’s demon [31,32]. In fact, in our
previous paper [33], we showed that in this one-dimensional
quantum system, depending on the initial conditions, the
phenomenologically defined diffusion coefficient can take
negative values, leading to a spontaneous contraction of the
spatial distribution. Nevertheless, we also proved that the H
theorem holds in this system, ensuring no violation of the
second law of thermodynamics.

The main purpose of this paper is not to present a practical
implementation of Brownian computers, but rather to estab-
lish their theoretical physical foundations by clarifying the
microscopic thermodynamic consistency in this system. To
this end, we identify specific initial conditions under which

the spatial distribution contracts and analyze the underlying
mechanism in terms of the relative entropy (also known as the
Kullback-Leibler divergence [37]) associated with the corre-
lation between coordinate and momentum. Our key finding is
that, in this 1D quantum system, a nonzero relative entropy
provides the microscopic basis for both the emergence of
unidirectional transport via the advection term—without vio-
lating the second law of thermodynamics or requiring external
control—and, in some cases, the contraction of the spatial
distribution.

Our model considers a quantum particle weakly coupled
to 1D lattice vibrations, which form a quantized phonon
field acting as a thermal reservoir. Under the stringent spa-
tial confinement of a 1D system, phonon scattering restricts
the set of accessible momentum states, partitioning the parti-
cle’s momentum space into disjoint subspaces [34,35]. Since
these subspaces lack momentum inversion symmetry, the
equilibrium momentum distribution established within each
subspace becomes asymmetric, resulting in a nonzero average
velocity and thus unidirectional transport [29].

As we will discuss in detail in this paper, our primary
finding is that, due to the partitioning of the particle’s mo-
mentum space into disjoint subspaces, an initial correlation
between coordinates and momenta—quantified by the relative
entropy—remains even after the momentum distribution has
relaxed to a local equilibrium state. This persistence indicates
that the transport direction of Brownian particles at a given
coordinate can be controlled by appropriately choosing the
initial conditions.

Crucially, in this 1D setting, dissipation is purely a quan-
tum effect. If the phonon field is treated in the classical limit,
the collision terms vanish, and no dissipation occurs in the
one-dimensional classical regime [34]. This is because, under
the extreme confinement of one dimension, the resonance con-
ditions required for momentum exchange via particle-phonon
interactions are severely restricted and cannot be fulfilled
classically. In contrast, in a quantum system, the particle
can undergo momentum transitions by absorbing or emitting
quantized phonons, thereby leading to dissipation.

It should be emphasized that the partitioning of the mo-
mentum space, which is a manifestation of the 1D quantum
dissipation effect, is independent of temperature. This is be-
cause the partitioning stems from the resonance condition in
the collision operator and this condition itself is temperature
independent. This implies that the ratchetlike behavior ana-
lyzed in this paper can remain effective over a wide range of
temperatures.

Our approach is grounded in microscopic kinetic theory
[36], enabling us to derive the particle’s advection-diffusion
equation in the hydrodynamic regime and to analyze its dy-
namics in detail. This approach is crucial because it allows
us to relate transport coefficients, which are often introduced
phenomenologically, to underlying microscopic principles.

Since the main purpose of this paper is to focus on the role
of relative entropy, we will only list the detailed properties
and formulas of the above advection-diffusion equation (1)
necessary for this discussion without proof. The detailed mi-
croscopic derivations can be found in Refs. [29,34].

This paper is organized as follows. In Sec. II, we explain
the mechanism underlying the emergence of unidirectional
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transport from the perspective of kinetic theory. In Sec. III,
we introduce an initial state that leads to the contraction of
the spatial distribution and analyze the contraction by exam-
ining the time evolution of the mean-square displacement.
In Sec. IV, we discuss the central issue of this paper. Here,
we explain this spatial contraction scenario from an entropic
perspective using relative entropy. Finally, Sec. V summarizes
our results and their potential implications for the practical
realization of Brownian computers. In addition, Appendix B
illustrates where the pseudoratchet effect could be exploited
within Brownian circuits.

II. MECHANISM OF UNIDIRECTIONAL TRANSPORT
WITHOUT EXTERNAL FORCES

In this section, we explain the microscopic mechanism
behind the unidirectional transport of 1D quantum Brownian
particle from kinetic perspective and summarize its transport
properties. The key origin of all the peculiar phenomena dis-
cussed in this paper is the partitioning of momentum space
into subspaces, which arises from the resonance condition
of collision operator in the 1D quantum system. Detailed
analyses and derivations are available in Refs. [29,34].

A. Model and kinetic equation

The model under consideration describes a quantum parti-
cle coupled to phonons in a 1D lattice. This model is known
as the Davydov Hamiltonian [34,39,40] in the context of
biological systems, where it describes a vibrational exciton
weakly coupled to acoustic phonons of underlying lattice
along a 1D α-helical protein molecular chain. The same
model and its interaction mechanism [Eq. (6)], referred to as
the deformation-potential interaction, are also widely used in
semiconductor physics to describe the coupling between a free
electron and acoustic phonons [41].

The Hamiltonian of this model is given by

H = H0 + gV, (2)

H0 =
∑

p

εp|p〉〈p| +
∑

q

h̄ωqa†
qaq, (3)

gV =
√

2π

L

∑
p,q

gVq|p + h̄q〉〈p|(aq + a†
−q ), (4)

where the dispersion relations and interaction potential take
the following forms:

εp = p2

2m
, ωq = c|q|, (5)

gVq = g�0|q|
√

h̄

4πρMωq
. (6)

Here, |p〉 denotes the momentum state of the particle, or-
thonormalized by the Kronecker delta, a†

q and aq are phonon
creation and annihilation operators with wave number q, re-
spectively, and L is the length of the system. We consider
the case L � d , where d is the lattice constant of the 1D
molecular chain. Thus, we will consider the case L/d → ∞,
and we will shift from the Kronecker delta normalization to
the delta function normalization in an appropriate stage of the

calculations. The parameter m denotes the effective mass of
the particle, c is the propagation speed of acoustic phonons in
the 1D system, ρM is the mass density of the system, and g�0

is the coupling constant, where g is a dimensionless coupling
constant used to indicate the order of the perturbation expan-
sion and is set to 1 after the weak-coupling approximation.

We consider the time evolution of the reduced density oper-
ator for the particle, f (t ) := Trph[ρ(t )], where Trph represents
the trace over all phonon modes. We assume that the phonons
are in thermal equilibrium at temperature T .

Using Dirac’s bra-ket notations (p| and |p′) for the mo-
mentum states, we introduce the Wigner basis [38,42] as
the representation basis for the reduced density operator
f (t ): fk (P, t ) := (P + h̄k/2| f (t )|P − h̄k/2). Here, the round
bracket is normalized by the Dirac delta function (p|p′) =
δ(p − p′).

The Fourier transform of fk (P, t ) with respect to k defines
the Wigner distribution function in “phase space”:

f W (X, P, t ) := 1

2π

∫ ∞

−∞
dk eikX fk (P, t ). (7)

Note that the k = 0 component, f0(P, t ), corresponds to the
momentum distribution, while the k �= 0 components repre-
sent spatial inhomogeneities.

In the weak coupling approximation, fk (P, t ) obeys the
Markovian kinetic equation [38,42,43],

∂

∂t
fk (P, t ) = K(k)

P fk (P, t ), (8)

with the collision operator given by

K(k)
P = −ik

P

m
+ K(0)

P , (9)

where the first term represents the time-reversible flow term
and the second term represents the irreversible collision term,
which governs the momentum relaxation. The explicit form of
the collision term in the second-order approximation is given
by [34]

K(0)
P = g2 2π

h̄2

∫
dq|Vq|2δ

(
εP−h̄q − εP

h̄
+ ωq

)
n(q)e−h̄q ∂

∂P

+ g2 2π

h̄2

∫
dq|Vq|2δ

(
εP − εP+h̄q

h̄
+ωq

)
(n(q)+1)eh̄q ∂

∂P

− g2 2π

h̄2

∫
dq|Vq|2δ

(
εP − εP+h̄q

h̄
+ ωq

)
n(q)

− g2 2π

h̄2

∫
dq|Vq|2δ

(
εP−h̄q − εP

h̄
+ ωq

)
(n(q) + 1),

(10)

where n(q) is the average number of phonons with wave
number q, which follows the Bose-Einstein distribution:

n(q) := 1

exp[h̄ωq/kBT ] − 1
. (11)

Reflecting the quantum nature of the system, the colli-
sion term (10) acts as a momentum-shift operator: exp(±h̄q ·
∂/∂P) f (P) = f (P ± h̄q). An important point to note is that
in the classical limit of the phonon field, where Planck’s
constant h̄ is negligible compared to the action variable Jq of
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the phonon modes (i.e., h̄ 	 Jq), the collision term reduces
to

∫
dq qδ(q) and vanishes [34]. This indicates that the dis-

sipation in this one-dimensional weak coupling system is a
purely quantum effect, arising from the quantized nature of
the phonon field.

Let us define the momentum after a phonon absorption or
emission as P′ = P ± h̄q. The resonance condition is then

0 = εP′ − εP ± h̄ω|P′−P|/h̄

= 1

2m
(P′ − P)(P′ + P ± 2mc · sgn(P′ − P)), (12)

where sgn(·) is a sign function, defined as sgn(x) = +1 if
x > 0, −1 if x < 0, and 0 if x = 0. This indicates that the only
allowed momentum transitions from state P are two states
P′ = −P ± 2mc. Starting from an initial momentum P0, all
the momenta successively connected by the collision term are
enumerated in the form of a recurrence relation for integer ν:

Pν±1 = −Pν ± (−1)ν2mc (13)

[see Fig. 9(a)]. Note that, since Eq. (12) is temperature
independent, the subspace structure in 1D persists at all tem-
peratures.

B. Partitioning of momentum space and asymmetric
Maxwellian distribution

A key feature of this system is that the resonance condition
constrains the particle’s momentum transitions via phonon
absorption or emission. As a result, starting from an initial
momentum P0, all the momenta that are successively con-
nected through the collision process form a discrete set:

Pν = (−1)ν (P0 − 2νmc), (ν = 0,±1,±2, . . .). (14)

To label each of these sets uniquely and avoid overlaps, we
restrict P0 to the range

−mc � P0 � mc (15)

and denote the corresponding momentum subspace by SP0 .
Each subspace SP0 is closed under the resonance condition.

Because the momentum relaxation occurs within each SP0 ,
the equilibrium distribution corresponding to a zero eigen-
function of the collision operator (i.e., a collisional invariant
associated with particle number) is given by

ϕ
eq
P0

(Pν ) = exp
[ − εPν (P0 )/kBT

]∑∞
μ=−∞ exp

[ − εPμ (P0 )/kBT
] , (16)

where the notation Pν (P0) emphasizes its dependence on P0.
The Maxwellian distribution (16) is asymmetric when P0 �=

0. This is because, for P0 �= 0, the subspace SP0 itself lacks
inversion symmetry. Specifically, applying the inversion op-
eration P 
→ −P to a discrete momentum in SP0 yields a
momentum that does not belong to the same subspace:

Pν (P0)
P 
→−P−−−→ −Pν (P0) /∈ SP0 , (∀P0 �= 0). (17)

Instead, the inverted momentum corresponds to the −νth dis-
crete momentum in the subspace S−P0 :

−Pν (P0) = P−ν (−P0) ∈ S−P0 , (∀P0 �= 0). (18)

Thus, each subspace SP0 has a mirror counterpart S−P0 , so that
momentum inversion symmetry is preserved when the entire
momentum space is considered.

In systems with two or more dimensions, the resonance
condition allows infinitely many momentum transitions due to
angular degrees of freedom, and no partitioning of momentum
space occurs. Consequently, the equilibrium distribution in
higher dimensions has momentum inversion symmetry.

C. Transport properties in the hydrodynamic regime

We summarize the transport properties of the 1D quantum
Brownian particle in the hydrodynamic regime, where the
spatial variation of the particle distribution is characterized by
long wavelengths, i.e., small wave number k.

Since relaxation dynamics occur within each subspace, dif-
ferent transport modes emerge for each subspace. Specifically,
in the hydrodynamic regime, after the momentum relaxation
time τrel, the Wigner distribution function (7) for the reduced
density matrix of the particle with a momentum Pν belonging
to a subspace SP0 behaves [29] as follows:

f W (X, Pν, t � τrel ) 
 χP0 (X, t )ϕeq
P0

(Pν ), (19)

where

χP0 (X, t ) := 1

2π

∫ ∞

−∞
dk eik{X−σ (P0 )t}e−k2D(P0 )t

×
∞∑

μ=−∞
fk (Pμ(P0), 0). (20)

Here, σ (P0) and D(P0) represent the hydrodynamic sound
velocity and diffusion coefficient, respectively, within the sub-
space SP0 .

Equation (19) is valid under local equilibrium, where the
momentum distribution within each subspace has already re-
laxed to the Maxwellian (16). At this stage, spatial relaxation
is still in progress, governed by the small perturbation (ap-
proximated up to the second order in k) to the zero eigenvalue
of the collision term. Note that because χP0 (X, t ) depends on
P0, the Wigner distribution function cannot be separated into
functions of X and of P, even after momentum relaxation.

The hydrodynamic sound velocity σ (P0) takes the form of
the average velocity of the particle in the momentum equilib-
rium state within the subspace SP0 :

σ (P0) =
∞∑

ν=−∞

Pν

m
ϕ

eq
P0

(Pν ) =
∑∞

ν=−∞
Pν

m exp
( − P2

ν

2mkBT

)
∑∞

μ=−∞ exp
( − P2

μ

2mkBT

) .

(21)

The lack of momentum inversion symmetry in SP0 prevents
the cancellation of ν and −ν components in the summation.
Consequently, σ (P0) takes nonzero positive or negative val-
ues, except for the symmetric case P0 = 0, where σ (P0) = 0.

On the other hand, the diffusion coefficient D(P0) always
takes positive values,

D(P0) > 0. (22)

Since these coefficients depend only on the subspace itself and
not on the specific choice of the initial momentum within the
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subspace, the following relations hold:

σ (P0) = σ (Pν ), D(P0) = D(Pν ); (ν = 0,±1,±2, . . .).
(23)

For detailed analyses of the transport coefficients, see
Ref. [29], where the analytical expression of σ (P0) is given
in terms of elliptic theta functions.

Since Pν spans the entire continuous momentum space as
P0 varies over the range (15), we treat the Wigner distribution
function as defined on the continuous momentum P, with
integration performed via∫ ∞

−∞
dP f W (X, P, t ) =

∫ mc

−mc
dP0

∞∑
ν=−∞

f W (X, Pν (P0), t ).

(24)

By differentiating Eq. (19) with respect to t and comparing
the result with its spatial derivatives, we obtain the advection-
diffusion equation (1).

Equation (1) is formally equivalent to the Fokker-Planck
equation for overdamped systems [24], which commonly de-
scribes directional Brownian motion driven by an external
force or potential gradient [24], or classical Brownian ratchet
systems where the advection term arises from an asymmet-
ric periodic potential combined with a time-periodic external
field [25–28]. In such systems, directed transport requires
external driving and involves energy dissipation, rendering the
advection irreversible.

In contrast, our 1D quantum system naturally exhibits an
advection term in Eq. (1) without external forces or potential
gradients. This implies that directed transport in this system is
sustained at local equilibrium without energy dissipation, and
remarkably, the advection is a time-reversible effect.

Time reversibility of the advection can be shown as fol-
lows. Under time reversal t 
→ −t , the momentum is reversed
P 
→ −P, which in turn flips the sign of the sound velocity:

σ (P)
P 
→−P−−−→ σ (−P) = −σ (P). (25)

This can be proven using Eqs. (18), (21), and (23).
This time reversibility indicates that the initial condi-

tions play a crucial role in the emergence of unidirectional
transport. Specifically, if the initial state fk (Pμ(P0), 0) in
Eq. (20) has an asymmetric momentum distribution, the
paired subspaces SP0 and S−P0 carry different weights, leading
to an asymmetric equilibrium momentum distribution across
the entire momentum space. As a result, the total advec-
tion, integrated over all momentum space, becomes nonzero.
Conversely, if the initial state has a symmetric momentum dis-
tribution, the paired subspaces have equal weights, resulting
in a symmetric momentum equilibrium distribution and, thus,
zero total advection.

Since the reversible advection effect (proportional to k)
allows the particle to be transported in one direction with
small spreading of the distribution due to the diffusion effect
(proportional to k2), it enables nearly reversible information
transport. This resembles free-particle propagation, but is re-
alized within a dissipative environment.

Importantly, our system exhibits this advection without
requiring external driving mechanisms or incurring energy
costs, thereby avoiding the inevitable cost associated with

conventional Brownian computing approaches. This suggests
the possibility of constructing more energy-efficient Brownian
computers. The explicit illustration of unidirectional transport
and its potential role as a pseudoratchet in Brownian com-
puting are provided in the Appendixes (see Appendixes A
and B).

III. ADVECTION-INDUCED SPATIAL CONTRACTION
IN 1D QUANTUM BROWNIAN MOTION

In the previous section, we have shown a mechanism by
which a Brownian particle in the 1D quantum system follows
the advection-diffusion equation without external force, and
unidirectional transport is induced by the advection term. This
results in a ratchetlike behavior without energy dissipation.

However, if a ratchet without energy dissipation exists, it
could locally counteract diffusion. In particular, by installing
two such ratchets in opposite directions, the system could lead
to the contraction of the spatial distribution of the particle
without paying any thermodynamic cost, which would appear
to contradict the second law of thermodynamics.

In this section, we illustrate how, by setting specific initial
conditions, the unidirectional transport in this 1D quantum
system spontaneously leads to the contraction of the spa-
tial distribution. Furthermore, by discussing this, we will see
that for such a contraction to occur, it is essential that the
correlation between particle coordinate and momentum does
not disappear, and therefore the role of the relative entropy
associated with that correlation becomes important, which is
the central issue of this paper as mentioned in the introduction.

This phenomenon can be characterized by the phenomeno-
logically defined diffusion coefficient, which is given by the
time derivative of the mean-square displacement:

D(x)(t ) := 1

2

d

dt
〈(X − 〈X 〉t )

2〉t , (26)

where the average 〈·〉t is taken over the Wigner distribution
function f W (X, P, t ).

In our model, the phenomenological diffusion coefficient
D(x)(t ) can take a negative value, meaning that the spa-
tial distribution narrows over time, manifesting “negative
diffusion.” At first glance, this spatial contraction might ap-
pear to contradict the second law of thermodynamics, as it
suggests a spontaneous decrease in entropy associated with
the uncertainty in the position of the particle. [Specifically,
the uncertainty corresponds to the width of the probability
distribution. For example, consider a Gaussian distribution
N (x; μX , s2

X ) with mean μX and standard deviation sX . Its en-
tropy is given by SX = − ∫

dx N (x; μX , s2
X ) ln N (x; μX , s2

X ) =
ln(2πes2

X )/2, which explicitly decreases as sX decreases.]
However, as proven in our previous paper [33], the

advection-diffusion equation (1) always satisfies the H theo-
rem, ensuring that the second law of thermodynamics remains
valid in this process. This proof can be refined by exploiting
the fact that the Wigner distribution function is bounded above
and below [45],

| f W (X, P, t )| � 1

π h̄
, (27)
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so that the additional assumption of boundedness from below
imposed in our previous work [33] is no longer required.

In the next section, we will analyze the entropy balance
of this situation to show the entropy decrease concerning the
uncertainty in the position of the particle does not contradict
the second law of thermodynamics.

In the latter part of this section, we analyze the spatial
distribution contraction in terms of D(x)(t ) to provide a de-
tailed explanation for the mechanism. The analytical solution
of D(x)(t ) for a general initial state was derived in our previous
work [33] and is given by

D(x)(t � τrel ) = D̄ + 〈(X − 〈X 〉t=0)(σ (P) − 〈σ (P)〉t=0)〉t=0

+ t〈(σ (P) − σ̄ )2〉eq, (28)

where 〈·〉eq := 〈·〉t�τrel is the average over the local equilib-
rium Wigner distribution f W (X, P, t � τrel ), and

D̄ := 〈D(P)〉eq and σ̄ := 〈σ (P)〉eq (29)

are the averaged transport coefficients. An alternative deriva-
tion of Eq. (28) has also been developed and is currently in
preparation for publication.

A notable feature of this system is that, in addition to the
first term of Eq. (28) representing diffusion, a second term
that depends on the initial conditions and a third term that is
linear in time also appear. These additional terms arise from
the momentum dependence of the sound velocity σ (P), and,
therefore, represent the reversible phase-mixing effects [29].

Among these, the second term is the only term that can take
negative values, as the first term is an average of the diffusion
coefficient D(P), which is always positive, and the third term
is an average of a squared quantity.

The negativity of the second term depends on the ini-
tial conditions. This dependence arises because momentum
relaxation occurs independently within each subspace SP0 ,
meaning that the equilibrium average retains a memory of the
initial distribution.

A. Initial conditions for spatial contraction:
Nonfactorizable Gaussian state

In our previous work [33], we considered a superposition
of two Gaussian wave packets, which leads to Wigner distri-
bution functions that exhibit negative regions due to quantum
interference. In such cases, the functional − ∫

f W ln f W

cannot be interpreted as entropy, making it unsuitable for
analyzing entropy balance.

To overcome this limitation, here we employ a single Gaus-
sian wave packet as the initial pure state. Gaussian pure states
belong to a class of quantum states whose Wigner distribu-
tion functions are strictly nonnegative [44]. Moreover, in our
system, the Wigner distribution function remains nonnegative
at local equilibrium for such an initial state, and no negative
regions appear thereafter.

Thus, starting from a Gaussian pure state eliminates the
possibility that the spatial contraction could stem from “neg-
ative probability” regions in the Wigner distribution. Hence,
we can rule out quantum interference artifacts as the origin of
the spatial contraction.

Under this condition, the Wigner distribution function can
be regarded as a joint probability distribution over coordinate
and momentum variables [44]. Consequently, the functional
− ∫

dXdP f W ln f W coincides with the standard nonequilib-
rium entropy, allowing us to analyze the entropy balance in a
classical probabilistic sense, as discussed in Sec. IV.

Note that although we choose a pure initial state for the
particle, the phonon bath is assumed to be in thermal equi-
librium, and hence the total system is in a mixed state from
the outset. Importantly, the mechanism of spatial contraction
does not require the initial state for the particle to be pure.
In practical implementations, mixed states could also lead to
spatial contraction.

To induce spatial contraction, the initial state must be ar-
ranged so that different spatial regions exhibit opposite signs
of the sound velocity σ (P). Satisfying this requirement ne-
cessitates that different spatial regions must carry different
momenta, meaning that there is a nonzero correlation between
coordinates and momenta. Once such a correlation emerges,
the distribution can no longer be factorized into independent
functions of X and P.

For this purpose, we use a nonfactorizable Gaussian pure
state whose Wigner distribution function is given as follows:

f W (X, P, t = 0)

= 1

π h̄
exp

[
− (P − P′)2

2(�P)2
− (X − X ′ − αP)2

2(�̃X )2

]
, (30)

where the parameter �P represents the standard deviation of
P and �̃X is defined by the relation

�̃X · �P = h̄

2
. (31)

The standard deviation �X of X is given by

�X =
√

(�̃X )2 + α2(�P)2, (32)

and therefore the state is not a minimum uncertainty state
unless α = 0. The parameters X ′ and P′ represent the peak
positions of the wave packet. The parameter α has the dimen-
sion X/P and introduces a momentum-dependent shift in the
spatial distribution.

We can verify that the state (30) is a pure state under
the condition (31). By applying a Fourier transformation to
Eq. (30), we obtain the corresponding reduced density matrix:

fk (P, t = 0) = 1√
2π (�P)2

exp

[
− (P − P′)2

2(�P)2

− (�̃X )2

2
k2 − i(X ′ + αP)k

]
, (33)

which can be factorized with the condition (31) into the fol-
lowing form:

fk (P, t = 0) = ψ0

(
P + h̄k

2

)
ψ∗

0

(
P − h̄k

2

)
, (34)
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where the wavefunction ψ0 is written as

ψ0(P) : = (P|ψ0)

=
[

1

2π (�P)2

] 1
4

exp

[
− (P − P′)2

4(�P)2
− i

P

h̄
X ′ − i

h̄

α

2
P2

]
.

(35)

Here, the round bracket in the expression is normalized by the
delta function as noted in Sec. II.

In the following, we describe the correlation between X
and P in the initial distribution (30), which plays the essential
role for spatial contraction. The presence of the −αP term in
the exponent in Eq. (30) prevents the distribution from being
factored into separate functions of X and P, which establishes
the nonzero correlation between X and P. This correlation can
be quantified by the correlation coefficient

r(t ) := Cov(X, P; t )√
Var(X ; t )Var(P; t )

, (36)

where Var(X ; t ) and Var(P; t ) are the variance of X and P,
respectively, and Cov(X, P; t ) is the covariance between X
and P:

Var(X ; t ) := 〈X 2〉t − 〈X 〉2
t , (37)

Var(P; t ) := 〈P2〉t − 〈P〉2
t , (38)

Cov(X, P; t ) := 〈(X − 〈X 〉t )(P − 〈P〉t )〉t . (39)

Here, 〈·〉t denotes averages over the Wigner distribution at
time t . For the initial state (30), the correlation coefficient
is r(0) = α�P/�X , with Var(X ; 0) = (�X )2, Var(P; 0) =
(�P)2, and Cov(X, P; 0) = α(�P)2. Hence, the sign of the
initial correlation coefficient r(0) is determined by the param-
eter α.

Next, we demonstrate that spatial contraction arises when
this nonfactorizable Gaussian pure state is given as an initial
state. However, the following argument does not necessarily
have to satisfy Eq. (31), so it is valid even in mixed states.
The Wigner distribution function under local equilibrium for
the given initial state can be obtained by substituting Eq. (33)
into Eqs. (19) and (20), yielding

f W (X, Pν, t � τrel )

= ϕ
eq
P0

(Pν )
∞∑

μ=−∞

1√
2π (�P)2

1√
2π{(�̃X )2 + 2D(P0)t}

× exp

[
− (Pμ − P′)2

2(�P)2
− (X − X ′ − αPμ − σ (P0)t )2

2{(�̃X )2 + 2D(P0)t}

]
.

(40)

Here, the summation over μ runs over all discrete momenta Pμ

within the subspace SP0 to which the discrete momentum Pν

belongs. Note that this function remains strictly nonnegative
and that no negative regions appear at any t � τrel.

By substituting t = 0 into Eq. (40), we can see the form
of the initial distribution given in Eq. (30), indicating that the
correlation between coordinate and momentum present in the
initial state remains after the system reaches local equilibrium.
In systems with two or more dimensions, relaxation occurs

across the entire momentum space, and this summation over μ

is replaced by an integral over the entire momentum space. As
a result, the correlation between coordinate and momentum in
the initial state vanishes at local equilibrium, and the distribu-
tion takes a form that is completely separable in the variables
of coordinate X and momentum P. Hence, the persistence of
correlation is a distinctive feature of the 1D system.

The time evolution of the Wigner distribution function (40)
is depicted in Fig. 1. Here, we set the initial shift parameter α

to be negative, and set the peak of the Gaussian at the origin
(X ′, P′) = (0, 0). At the initial state t = 0, the distribution
exhibits a negative correlation between coordinate X and mo-
mentum P, as shown by the tilt of the elliptical contour in the
X -P plane.

After reaching local equilibrium at t = τrel, the distribution
splits into a central peak at P0 = P′ and side peaks at P±1 along
the momentum axis. This splitting occurs because momentum
transitions are restricted to the subspaces associated with the
initial momentum distribution.

As shown in Fig. 1(b), while the main peak at P0 exhibits
a negative correlation, the side peaks at P±1 (which also be-
long to the same subspace) show a positive correlation. This
inversion of correlation occurs because the sign of the P0

dependence of Pμ flips with μ:

dPμ

dP0
= (−1)μ. (41)

Importantly, despite the flip in X -Pμ correlation, all peaks at
Pμ share the same X -P0 correlation (negative in the present
case) originating from the initial state. Note that a necessary
condition for spatial contraction is that the distribution ex-
hibits a negative X -P0 correlation.

As is evident from the contour plots, the wave packet
is contracting in the spatial direction from t = τrel to t =
τrel + 15. This occurs because the sound velocity σ (P) has
opposite signs at opposite sign momenta P and −P, as shown
in Eq. (25). Consequently, the distortion in the distribution,
which reflects the negative correlation, gradually disappears.

At a later time, t = τrel + 30, the distortion reflecting the
negative correlation almost disappears, and by t = τrel + 40,
the distribution is instead distorted to exhibit positive correla-
tion. In other words, the advection acts to contract the wave
packet only until the negative correlation created in the ini-
tial state disappears. Beyond this time domain, the advection
begins to work in the opposite direction, spreading the wave
packet. It should also be noted that at all times, the diffusion
effect works to spread the wave packet, gradually lowering its
amplitude.

B. Analysis of the phenomenological diffusion coefficient

Next, we analyze the phenomenological diffusion coeffi-
cient D(x)(t ) in the situation where apparent negative diffusion
is occurring.

First, let us consider the diffusion term represented by the
first term in the analytical solution (28):

D̄ : = 〈D(P)〉t=τrel

=
∫ ∞

−∞
dX

∫ ∞

−∞
dP D(P) f W (X, P, t = τrel ) > 0. (42)
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FIG. 1. Apparent negative diffusion with a single nonfactorizable
Gaussian wave packet under the parameters chosen as D∗/Du = 1.
All values are depicted in the units as defined in Eq. (A1). The
left side shows bird’s-eye views of the Wigner distribution func-
tion, and the right side presents contour plots. The arrows in the
contour plots indicate the direction of momentum-dependent advec-
tion. The temperature is set to T = 1 in the aforementioned units.
(a) Initial distribution at t = 0 with the negative shift parameter
α = −40 (in units of xu/pu). The peak of the Gaussian is set at
the origin (X ′, P′) = (0, 0) with its width �̃X = 3. (b) Wigner dis-
tribution immediately after reaching local equilibrium at t = τrel.
Since the initial momentum peak is set at P0 = P′ = 0, side peaks
appear at P1(P0) = 2 and P−1(P0) = −2. (c) Wigner distribution at

The reason this inequality holds is that the microscopic diffu-
sion coefficient is always positive, D(P) > 0, and the Wigner
distribution function integrated over X represents the true
probability distribution for momentum:

ϕ(P, t ) :=
∫ ∞

−∞
dX f W (X, P, t ) � 0. (43)

Therefore, for any initial condition, the diffusion always con-
tributes to the spreading of the wave packet.

Next, we focus on the second term, which depends on the
initial distribution:

〈(X − 〈X 〉t=0)(σ (P) − 〈σ (P)〉t=0)〉t=0

= 〈Xσ (P)〉t=0 − 〈X 〉t=0〈σ (P)〉t=0. (44)

This term arises due to the momentum dependence of the
sound velocity σ (P). Therefore, it represents a reversible
phase-mixing effect. This term vanishes if the initial Wigner
distribution function is factorizable into independent func-
tions of X and P as

f W (X, P, t = 0) = χ (X )ϕ(P). (45)

The term (44) can also take either positive or negative
values since the sound velocity σ (P) can take both positive
and negative values. When this term becomes negative, the re-
versible phase-mixing effect contributes to the contraction of
spatial distribution, competing with the irreversible diffusion
effect that spreads the distribution. Especially, if the condition

D̄ + 〈(X − 〈X 〉t=0)(σ (P) − 〈σ (P)〉t=0)〉t=0 < 0 (46)

holds, then apparent negative diffusion occurs. However, since
this negative contribution of the phase mixing is a reversible
effect, it does not contribute to the decrease of entropy.

Finally, let us focus on the third term in Eq. (28), which
depends linearly on time t . This term also arises because the
sound velocity σ (P) depends on momentum, reflecting the
effect of phase mixing. However, unlike the second term, this
term always contributes to the spreading of the wave packet,
because the condition

t〈(σ (P) − σ̄ )2〉eq > 0 (47)

holds. Furthermore, the third term increases linearly with
time, leading to anomalous diffusion. The anomalous diffu-
sion caused by this phase-mixing effect is discussed in detail
in Ref. [29].

Figure 2 shows the time evolution of the phenomenological
diffusion coefficient D(x)(t ) as the solid line, corresponding to
the situation depicted in Fig. 1. Initially, D(x)(t ) takes negative
values. This indicates that the reversible phase-mixing effect,
which provides the negative contribution, overwhelms the
positive contribution from diffusion, leading to the contrac-
tion of the wave packet in the spatial direction at that time.

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
t = τrel + 15. Although diffusion spreads the wave packet, advection
dominates, leading to the contraction of the wave packet in the spatial
direction. (d) Wigner distribution at t = τrel + 30. The tilt in the
contour of the distribution has almost vanished due to advection. (e)
Wigner distribution at t = τrel + 40. At this stage, both the diffusion
and the advection contribute to the spreading of the wave packet.
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FIG. 2. Time evolution of the phenomenological diffusion coef-
ficient D(x)(t ) and the effect excluding the diffusion effect A(x)(t ) =
D(x)(t ) − D̄ in the situation depicted in Fig. 1. The relaxation time
(in units of tu) is τrel ≈ 1 under the parameters chosen as D∗ = Du.
The cross marks represent D(x)(0), the solid line shows D(x)(t � τrel ),
the triangle marks indicate A(x)(0), and the dash-dotted line depicts
A(x)(t � τrel ). The time td satisfies D(x)(td ) = 0, which corresponds to
the threshold time, at which contraction turns into expansion, result-
ing in the minimum width of the spatial distribution. Additionally, the
time ta satisfies A(x)(ta) = 0, at which the negative tilt in the contour
of the distribution turns into a positive one.

However, due to the positive phase-mixing effect (47), which
provides the positive time-linear contribution, D(x)(t ) turns to
be positive and the wave packet begins to expand.

The threshold time td , at which D(x)(td ) = 0 satisfies and
contraction turns into expansion, is given by

td = −〈(X − 〈X 〉t=0)(σ (P) − 〈σ (P)〉t=0)〉t=0 − D̄

〈(σ (P) − σ̄ )2〉eq
. (48)

In Fig. 2, td ∼ 15.72 with the time unit tu = h̄/mc2, which
approximately corresponds to the situation at t = τrel + 15 in
Fig. 1. One can see that at t = τrel + 15 in Fig. 2, the tilt in
the contour of the distribution has not yet disappeared. Nev-
ertheless, the phenomenological diffusion coefficient D(x)(t )
turns to positive, indicating the beginning of wave packet
expansion.

To understand this behavior, we decompose D(x)(t ) into
its reversible and irreversible contributions by subtracting the
irreversible diffusion term D̄, leading to the definition

A(x)(t ) := D(x)(t ) − D̄. (49)

This represents the diffusion-free component that arises solely
from reversible phase-mixing effects.

The time evolution of A(x)(t ) is plotted as the dash-dotted
line in Fig. 2. The threshold time ta, at which A(x)(ta) = 0, is
greater than td and is given by

ta = −〈(X − 〈X 〉t=0)(σ (P) − 〈σ (P)〉t=0)〉t=0

〈(σ (P) − σ̄ )2〉eq
. (50)

In Fig. 2, ta ∼ 29.04, which approximately corresponds to
the situation at t = τrel + 30 in Fig. 1. At this point, the tilt
in the contour of the distribution has nearly disappeared due
to advection. For t > ta, the tilt gradually reappears in the
opposite direction as advection continues.

In summary, the initial conditions create a competition be-
tween reversible advection, which contracts the distribution,
and irreversible diffusion, which always expands the distri-
bution. When advection is sufficiently strong compared to
diffusion, the spatial distribution contracts. The contribution
of advection changes over time. Initially, advection counter-
acts diffusion, leading to the spatial contraction. However,
beyond a finite time ta (which depends on the initial shift
parameter α), the advection effect starts to contribute to the
expansion of the distribution. The minimum width of the
spatial distribution is reached at a time td < ta, due to the
interplay between advection and diffusion.

Since the diffusion effect depends on temperature, it is
natural to examine how increasing temperature modifies this
balance. As the diffusion effect represented by D̄ strengthens
with increasing temperature, it gradually reduces the time td
and the time interval

τrel � t � td , (51)

where the spatial contraction can be observed, diminishes.
Above a threshold temperature, the difusion dominates and
the system does not exhibit the spatial contraction. In Fig. 11
in Appendix D, we show this threshold temperature, using
parameter values relevant to the protein molecular chain.

IV. ENTROPY BALANCE DURING THE SPATIAL
DISTRIBUTION CONTRACTION

The previous section illustrates a situation where the spa-
tial distribution of a Brownian particle in one-dimensional
quantum system contracts without releasing heat to the en-
vironment, and the H theorem still holds. However, what
compensates for the decrease in entropy associated with this
contraction of the spatial distribution? In this section, we
answer this question by analyzing the entropy balance in the
situation.

First, we discuss the method of defining entropy using the
Wigner distribution function. In general, the Wigner distri-
bution function is a quasijoint probability distribution over
coordinate and momentum, which, due to the uncertainty
principle, can take negative values. Therefore, if one defines
nonequilibrium entropy in the form of − ∫

dXdP f W ln f W ,
the entropy value may have an imaginary part, and it is prob-
lematic.

However, in the situation of Sec. III, where the initial
state is given as a single Gaussian wave packet, the Wigner
distribution function remains non-negative throughout its time
evolution, and it becomes a joint probability distribution over
coordinate and momentum variables [44]. Therefore, in this
specific case, we can define entropy using the Wigner distri-
bution function as follows:

S(t ) := −
∫

dX
∫

dP f W (X, P, t ) ln

{
f W (X, P, t )

/ 1

π h̄

}
.

(52)

Here, the factor 1/π h̄ inside the logarithm is to make the
expression dimensionless. Since the Wigner distribution func-
tion has upper and lower bounds [see Eq. (27)], the factor
1/π h̄ guarantees that the entropy S(t ) takes positive values.
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Since f W (X, P, t ) � 0 in this case, the entropy S(t ) in-
creases monotonically, in agreement with the proof of the H
theorem [33].

This entropy can be identically decomposed as follows:

S(t ) = SX (t ) + SP(t ) − SX :P
I (t ), (53)

where

SX (t ) := −
∫

dX χ (X, t ) ln

{
χ (X, t )

/ 1

�χ

}
, (54)

SP(t ) := −
∫

dP ϕ(P, t ) ln

{
ϕ(P, t )

/ 1

�ϕ

}
, (55)

SX :P
I (t ) :=

∫
dX

∫
dP f W (X, P, t ) ln

{
f W (X, P, t )

χ (X, t )ϕ(P, t )

}
,

(56)

and χ (X, t ) and ϕ(P, t ) are the marginal probability distribu-
tions for coordinate and momentum, respectively:

χ (X, t ) =
∫

dP f W (X, P, t ), (57)

ϕ(P, t ) =
∫

dX f W (X, P, t ). (58)

The factors �χ and �ϕ inside the logarithms in Eqs. (54) and
(55) are used to make the expressions dimensionless, and they
satisfy

�χ · �ϕ = π h̄. (59)

Here, we choose

�χ =
√

2π (�̃X )2, �ϕ =
√

2π (�P)2. (60)

Since these factors, �χ and �ϕ , do not contribute to the time
evolution of each entropy term, they are not essential for the
subsequent discussion.

The entropy of the spatial distribution, SX (t ), represents
the uncertainty in the coordinate of the particle, while the
entropy of the momentum distribution, SP(t ), represents the
uncertainty in the particle’s momentum. Additionally, SX :P

I (t )
represents the mutual information between coordinate and
momentum [46]. This quantity is defined as the relative en-
tropy (Kullback-Leibler divergence) [37] between the joint
probability distribution f W (X, P, t ) and the product of the
marginal distributions χ (X, t )ϕ(P, t ). The mutual information
SX :P

I (t ) quantifies the degree of correlation between X and P.
It can be proven that SX :P

I (t ) is always non-negative [46], and
a decrease in SX :P

I (t ) contributes to an increase in the overall
entropy S(t ).

The identity (53) suggests that the spatial distribution en-
tropy SX (t ) may decrease, yet the total entropy S(t ) continues
to increase, because this decrease is exactly compensated by a
reduction in the mutual information SX :P

I (t ).
However, in classical Brownian motion, it is assumed that

the momentum distribution relaxes to the Maxwellian distri-
bution, independent of the spatial distribution. As a result, the
mutual information decreases to SX :P

I (t ) = 0, leaving no room
for a decrease at local equilibrium, and thus the above entropy
balance is not possible.

On the other hand, in the one-dimensional quantum Brow-
nian motion, the mutual information remains greater than zero

even after reaching local equilibrium since the joint probabil-
ity distribution at local equilibrium is nonseparable between
X and P, as given in Eqs. (19) and (20):

SX :P
I (t � τrel ) =

∫
dX

∫ mc

−mc
dP0

∞∑
ν=−∞

χP0 (X, t )ϕeq
P0

(Pν )

× ln

{
χP0 (X, t )ϕeq

P0
(Pν )

χ (X, t )ϕ(Pν, t )

}
> 0. (61)

Here, the relations between χ (X, t ) and χP0 (X, t ), and be-
tween ϕ(Pν, t ) and ϕ

eq
P0

(Pν ) are as follows [with use of relation
(24)]:

χ (X, t � τrel ) =
∫ mc

−mc
dP0

∞∑
ν=−∞

χP0 (X, t )ϕeq
P0

(Pν )

=
∫ mc

−mc
dP0 χP0 (X, t ), (62)

ϕ(Pν, t � τrel ) =
∫

dX χP0 (X, t )ϕeq
P0

(Pν )

= ϕinit (P0)ϕeq
P0

(Pν ). (63)

Here, we define the conserved weight in each subspace by

ϕinit (P0) :=
∫

dX χP0 (X, t )

=
∫

dX
1

2π

∫
dk eikX e−{ikσ (P0 )+k2D(P0 )}t ∑

μ

fk (Pμ(P0), 0)

(a)=
∫

dk δ(k) e−{ikσ (P0 )+k2D(P0 )}t ∑
μ

fk (Pμ(P0), 0)

=
∑

μ

f0(Pμ(P0), 0) =
∑

μ

ϕ(Pμ(P0), 0), (64)

where (a) uses
∫

dX eikX = 2πδ(k) under the Fourier conven-
tion in Eq. (7). Hence, ϕinit (P0) is a conserved quantity within
each SP0 , determined by initial momentum distribution.

The time derivatives of the entropies (54), (55), and (56)
are written as follows:

d

dt
SX (t ) = − d

dt

∫
dX χ (X, t ) ln χ (X, t ), (65)

d

dt
SP(t ) = 0, (66)

d

dt
SX :P

I (t ) = − d

dt

∫
dX χ (X, t ) ln χ (X, t )

+ d

dt

∫ mc

−mc
dP0

∫ ∞

−∞
dX χP0 (X, t ) ln χP0 (X, t ).

(67)

043316-10



PSEUDORATCHET THROUGH ONE-DIMENSIONAL … PHYSICAL REVIEW RESEARCH 7, 043316 (2025)

FIG. 3. The time evolution of entropies in the situation discussed
in Fig. 1 is shown at the initial time t = 0 and in the region t � τrel.
The black circle represents S(0), the solid line represents S(t � τrel ),
the red cross represents SX (0), the dashed line represents SX (t �
τrel ), the blue square represents SP(0), the dotted line represents
SP(t � τrel ), and the green triangle represents SX :P

I (0), with the dot-
dashed line representing SX :P

I (t � τrel ). Note that although the black
solid line and blue dotted line appear to show a discontinuous jump
between t = 0 and t = τrel, these values are actually continuous.
This apparent discontinuity arises because the momentum relaxation
process occurs on a much shorter timescale than that of spatial
relaxation. We do not plot the entropy evolution during this rapid
relaxation period, as no analytical expression is available in this
interval. The time at which the entropy of the spatial distribution
SX (t ) reaches its minimum is tX ∼ 15.72 (in units of tu), and the
time at which the mutual information SX :P

I (t ) reaches its minimum
is tI ∼ 29.04. These times coincide with td and ta in Fig. 2.

Thus, the time derivative of the total entropy S(t ) is as follows:

d

dt
S(t ) = d

dt
SX (t ) − d

dt
SX :P

I (t )

= − d

dt

∫ mc

−mc
dP0

∫ ∞

−∞
dX χP0 (X, t ) ln χP0 (X, t )

= −
∫ mc

−mc
dP0 D(P0)

∫ ∞

−∞
dX

[
{ ∂

∂X χP0 (X, t )}2

χP0 (X, t )

]
� 0.

(68)

In going from the second to the third line, we use that
χP0 (X, t ) directly follows an advection-diffusion equation ob-
tained from Eq. (1), and performs integration by parts over
X . The final inequality holds because χP0 (X, t ) � 0 in the
situation considered in Sec. III.

Whether the spatial distribution entropy SX (t ) increases or
decreases, it is completely compensated by the first term of the
time derivative of SX :P

I (t ) in Eq. (67), so it does not contribute
to the change in the total entropy S(t ).

The entropy balance in the case discussed in Sec. III is
shown in Fig. 3. Note that the figure depicts the values of each
entropy term at the initial time t = 0, as well as their changes
over time in the region t � τrel. The spatial distribution en-
tropy SX (t ) decreases for a while and then begins to increase.
This behavior is consistent with the behavior of the wave
packet in Fig. 1, where the wave packet initially contracts and

then starts expanding. At the same time, the mutual informa-
tion SX :P

I (t ) also decreases for a short time, before it begins
to increase. As a result, the decrease in SX (t ) is compensated,
and the total entropy S(t ) continues to increase monotonically.
Additionally, since the momentum distribution has relaxed
to equilibrium at t = τrel, the momentum entropy SP(t ) re-
mains at its maximum value for t � τrel without further
change.

In this entropy balance of the Brownian motion in the
one-dimensional quantum system, the mutual information
between the spatial distribution and momentum distribution
formed in the initial state is maintained even in the local
equilibrium state, and the mutual information reduces the
entropy of the spatial distribution. This means the uncertainty
regarding the particle’s coordinate can be reduced by utilizing
the correlation between coordinate and momentum. Once the
initial correlation is established, this reduction in entropy of
spatial distribution occurs naturally as the system evolves with
a fixed Hamiltonian, requiring no external energy input, mak-
ing the process highly efficient. This indicates that Brownian
particles can be controlled in an energy-efficient manner with
minimal heat generation, offering advantages in realizing a
forward bias and the completion of the computation in Brow-
nian computers.

This aligns with the framework of an information ratchet
[47,48], where state changes are driven by information with
minimal external energy supply. In an information ratchet,
the entropy of a spatial distribution can be reduced through
feedback control based on the system’s internal information,
without directly performing work on the system. This ap-
proach is rooted in the concept of Maxwell’s demon, which
uses information to perform thermodynamic operations. In
classical Brownian motion systems and other typical thermo-
dynamic systems, an overdamped regime is assumed, where
the momentum distribution quickly relaxes to a Maxwell dis-
tribution and becomes statistically independent of the spatial
distribution. As a result, it is impossible to create and utilize
a correlation between coordinate and momentum. Therefore,
Maxwell’s demon requires an external degree of freedom,
namely, the demon’s memory, to create a correlation with the
particle’s coordinate X . The demon uses this correlation to
control the particle’s position. In this case, the reduction in
system entropy is explained consistently with the second law
of thermodynamics through a decrease in the mutual informa-
tion between the system and the external memory [32].

On the other hand, in 1D quantum Brownian motion, the
relaxation occurs within each subspace independently, so even
after local equilibrium is established, the momentum distri-
bution and spatial distribution remain nonseparable. In other
words, X and P remain correlated. Therefore, the momentum
P, which is the dynamical variable conjugate to coordinate
X , can be used in place of an external memory. The ad-
vantage of using momentum is that it eliminates the need
to introduce the abstract concept of feedback control by an
external entity, such as Maxwell’s demon. If an appropriate
correlation between X and P is established in the initial state,
the system dynamics will naturally reduce the entropy of the
spatial distribution through a reversible phase-mixing effect
caused by the momentum dependence of the sound velocity
σ (P).
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V. CONCLUDING REMARKS

In this paper, we investigated Brownian motion in a 1D
quantum system to examine whether it can serve as a physical
foundation for Brownian computing. Our primary goal was
to clarify the thermodynamic consistency of unidirectional
transport that occurs without any external force and associated
energy dissipation. We demonstrated that, in such a system,
spatial distribution contraction arises naturally and remains
fully consistent with the second law of thermodynamics.
These results provide a thermodynamically consistent mech-
anism for directional Brownian motion and offer a theoretical
basis for energy-efficient computation using 1D quantum
Brownian motion.

The underlying mechanism of unidirectional transport and
spatial distribution contraction lies in the partitioning of the
particle’s momentum space into subspaces that lack mo-
mentum inversion symmetry. Such partitioning leads to the
preservation of an initial correlation between coordinate and
momentum even after momentum relaxation. This remaining
correlation, in turn, plays a crucial role in enabling entropy
reduction in the spatial distribution. Notably, the reduction is
driven by a reversible phase-mixing effect that arises from
the momentum dependence of the transport velocity in each
momentum subspace.

To induce spatial distribution contraction, we employed
a single nonfactorizable Gaussian wave packet as the initial
state. In this case, the corresponding Wigner distribution func-
tion contains no negative regions, allowing it to be regarded
as a joint probability distribution in coordinate-momentum
space. This makes it possible to define a conventional
nonequilibrium entropy using the Wigner distribution func-
tion. Consequently, the relative entropy, which quantifies
coordinate-momentum correlations as mutual information,
naturally emerges in the analysis. This provides a consistent
explanation for the decrease in spatial distribution entropy,
without violating the second law of thermodynamics.

These phenomena arise as a consequence of quantum dissi-
pation in the spatially constrained 1D system. In the classical
limit h̄ → 0, the collision operator vanishes, and dissipa-
tion no longer exists [see the explanation below Eq. (11)].
Hence, the dissipation in the 1D system is purely a quantum
effect, and these phenomena inherently require both one-
dimensionality and quantum nature.

Nevertheless, discussions of Brownian computing often
rely on the hypothesized existence of classical 1D Brown-
ian motion, based on phenomenological arguments. However,
as our analysis shows, such motion is not microscopically
justified in our model. Therefore, the comparisons made be-
low between existing models of Brownian computers and
our quantum model are conducted under the hypothesis that
classical 1D Brownian motion exists.

Brownian computers, which harness thermal fluctuations
near equilibrium, have been expected to achieve ultra-low-
energy computation. However, directing classical Brown-
ian motion incurs certain costs. Specifically, because the
Maxwellian momentum distribution is inversion-symmetric,
the particle does not possess a statistical “direction,” making
it necessary to induce drift not only to drive the computation
forward but also to increase the reliability of completing com-
putations.

In contrast, the Brownian motion in a 1D quantum system
offers advantages in terms of manageability compared to its
classical counterpart. The asymmetric Maxwellian distribu-
tions formed in each momentum subspace result in a nonzero
transport velocity [i.e., sound velocity σ (P)]. The transport
coefficients depend on the momentum. Moreover, because
relaxation occurs separately in each subspace, coordinate-
momentum correlations present in the initial state persist even
after momentum relaxation. Through appropriate preparation
of the initial state, it is thus possible to control the Brownian
particle near thermal equilibrium without requiring extensive
external intervention.

Let us consider a comparison with scenarios resem-
bling Maxwell’s demon—so-called “information ratchets”
[47,48]—where classical Brownian particles are guided via
external observation and feedback control. In such settings,
an external memory is introduced to correlate the particle’s
coordinate with that memory, thereby controlling the Brown-
ian particle. On the other hand, in our 1D quantum system,
there exists an intrinsic correlation between the coordinate
and its conjugate dynamical variable, momentum. As a result,
the system’s internal dynamics alone can effectively steer the
Brownian particle without the need for an external feedback
mechanism.

Importantly, the presence of partitioning in momentum
space, which is a manifestation of the 1D quantum effect, is
temperature independent. It is therefore possible that quantum
effects remain even at relatively high temperatures, and the
resulting one-way transport remains valid.

At the same time, we note that in the asymptotic high-
temperature limit, the sound velocity σ (P0) gradually van-
ishes, and the particle’s motion approaches classical behavior
because positive and negative contributions from thermally
excited momentum states cancel out. We further analyze the
high-temperature condition in Appendix C, where it is related
to the crossover in phonon statistics from quantum to classical
[see Eq. (C12)]:

T � Tu, Tu = mc2/kB. (69)

The characteristic scale Tu can, however, be rather high
depending on the system parameters. For example, using the
parameters of an α-helical protein molecular chain [34,40,49],
the temperature can be estimated as Tu ∼ 200 K, where the
effective mass is m 
 2 × 10−28 kg and the propagation speed
of acoustic phonons is c 
 4000 m/s. In this unit, the room
temperature T = 300 K corresponds to T/Tu = 1.5, indicat-
ing that the unidirectional transport remains effective even
at such temperatures (see Fig. 10). When estimated using
semiconductor parameters [41], for example those of GaAs,
the unit temperature becomes Tu ∼ 0.09 K, with m 
 6 ×
10−32 kg and c 
 5000 m/s. This value is considerably lower
than that of the protein system. The difference in temperature
scale is primarily due to the difference in the effective mass
m of the particle: In the α-helical protein, the particle is a
vibrational exciton of a C=O molecule, whereas in semi-
conductors, the particle is an electron with a much smaller
effective mass. However, our results also suggest that the
temperature can be increased by using ions instead of elec-
trons, even in the case of semiconductors.
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As a related study, a technique called “momentum com-
puting” has been proposed [17,50]. This approach aims to
realize computation by switching between Brownian motion
and dynamically reversible (harmonic) motion, addressing the
difficulties of Brownian computing arising from the lack of
a statistical “direction” in the Brownian motion. Doing so
requires temporarily decoupling the system from the thermal
bath to create conditions under which the particle can move
reversibly by its momentum. In contrast, in the 1D quan-
tum Brownian motion described here, the system remains
continuously coupled to the thermal bath, and unidirectional
transport is achieved simply by setting the initial momentum
state. Without needing to disconnect from the thermal bath,
the interplay of quantum dissipative effects and the choice of
initial conditions allows one to steer the Brownian particle’s
motion.

Finally, while the present study has focused on the fun-
damental physics of 1D quantum Brownian motion, we also
outline in Appendix B how the pseudoratchet effect may be
applied in Brownian computing. This provides a conceptual
link between the microscopic mechanism studied here and
possible circuit-level implementations.

In this study, we have not discussed the cost associated with
preparing the initial states necessary to achieve unidirectional
transport or spatial distribution contraction. Evaluating such
costs and considering the applicability of these conditions in
experimental settings remain important challenges for future
research. Nonetheless, as shown in this paper, the finding
that quantum dissipation in the 1D system can spontaneously
give rise to unidirectional transport without contradicting the
second law of thermodynamics provides an avenue for ultra-
low-energy computation and will strongly motivate further
developments in this field.
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APPENDIX A: UNIDIRECTIONAL TRANSPORT
AS PSEUDORATCHET

In this Appendix, we illustrate the unidirectional transport
of a 1D quantum Brownian particle, initially prepared as a
minimum-uncertainty wave packet.

A similar situation was already presented in our previous
work [29], but here we highlight a key feature that was not
emphasized before: The direction of transport in local equi-
librium is not determined by the sign of the initial momentum
itself, but rather by the momentum subspace to which the
initial momentum belongs. As a result, the transport can even

occur in the direction opposite to the initial momentum, as
shown in Fig. 4.

This confirms that the directed motion is not simply a
persistence of the initial inertia (as in underdamped motion),
but instead a structure emerging in local equilibrium, which is
therefore robust against noise.

The figure is presented in dimensionless units. The units
for coordinate, momentum, time, and temperature are, respec-
tively, given by

xu = h̄

mc
, pu = mc, tu = h̄

mc2
, Tu = mc2

kB
, (A1)

where kB is the Boltzmann constant. This choice of units
corresponds to setting m = 1, c = 1, h̄ = 1, and kB = 1.
Throughout this paper, all figures are presented using these
units.

We define the characteristic scale of the diffusion coeffi-
cient as

D∗ = h̄2ρMc3

m�2
0

, (A2)

which is determined from the microscopic kinetic analysis
of this model [29]. To simplify the numerical analysis and
highlight the intrinsic dynamics of the system, we choose the
parameters ρM and �0 such that D∗ becomes equal to the unit
of diffusion Du = x2

u/tu = h̄/m, i.e., D∗/Du = 1.
This pseudoratchet behavior provides the physical basis

for energy-efficient directional control of Brownian particles,
which can be directly exploited in Brownian circuits, as dis-
cussed in Appendix B.

APPENDIX B: ROLE OF THE PSEUDORATCHET
IN BROWNIAN COMPUTING

This Appendix shows how the pseudoratchet effect of 1D
quantum Brownian motion can be exploited in Brownian com-
puting. To this end, we describe Brownian circuits [8–10],
a computational architecture that uses Brownian particles as
signal carriers (tokens).

In a Brownian circuit, each token moves randomly along
wires and interacts locally at gate elements. This architecture
leverages the stochastic exploration of the signal path for
robust and clock-free computation with simple gate elements.

The architecture is built from two types of gate elements,
shown in Fig. 5:

(1) Hub: This element functions as a symmetric three-way
junction, allowing tokens to freely roam among the three
connected wires with equal probability.

(2) Conservative join (CJoin): This element has two input
wires and two output wires. When one token is present on
each input wire simultaneously, both are absorbed and two
tokens are emitted on the output wires. If only one arrives, it
remains pending until the other arrives, or until the pending
token backtracks out of its pending position via Brownian
motion.

This set of elements has been proven to be primitives for
Brownian circuits [8], forming a computationally universal
set.

As an example, Fig. 6 shows a Brownian circuit with
the functionality of a Half-Adder (see Table I) that is solely
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FIG. 4. Unidirectional transport of a one-dimensional quantum Brownian particle under the parameters chosen as D∗/Du = 1. All values
are depicted in the units defined in Eq. (A1). The temperature is set to T = 1. The time evolution of the wave packet in this setup was previously
derived (see Eq. (88) in Ref. [29]). This is the case α = 0 in Eq. (40). Unlike free particle propagation, even when a particle is initially given
negative momentum, the particle propagation at local equilibrium t � τrel occurs in the positive spatial direction. Note that during the relaxation
period (t = 0 to t = τrel), the momentum distribution of the particle relaxes to the thermal equilibrium in each subspace with the temperature of
the phonons. (a) Initial Wigner distribution at t = 0 with a momentum peak at P′ = −3.1 with width �X = 3. This peak momentum belongs
to the subspace P0 = 0.9, which means P′ = P2(0.9) = −3.1. (b) Wigner distribution immediately after reaching local equilibrium at t = τrel.
Since momentum transfer occurs only within the subspace to which the initial momentum belongs, the equilibrium momentum distribution has
a peak at P0 = 0.9 with a small side peak at P2(0.9) = −3.1. As the temperature increases, additional side peaks emerge at discrete momenta
Pν (0.9). (c), (d) The Wigner distributions at t = τrel + 50 and t = τrel + 100, respectively. The distribution moves in the positive X direction
with the sound velocity σ (0.9) > 0.

FIG. 5. Brownian circuit primitives that form a complete set
from which any Brownian circuit can be constructed [8]. (a) Hub and
its possible transitions. A token is denoted by a black blob. Fluctua-
tions cause a token to move between any of the Hub’s three wires W1,
W2, and W3 in any order. (b) CJoin and its possible transitions. If there
is a token on only one input wire (I1 or I2), this token remains pending
until a signal arrives on the other input wire. These two tokens will
then result in one token on each of the two output wires O1 and O2. If
there is only one pending token, it may backtrack through Brownian
motion to another part of the circuit.

built from Hubs and CJoins. In this circuit, the inputs and
outputs are dual-rail encoded, which means that each signal
path consists of two wires—one wire labeled 0 and one wire
labeled 1—that carry a binary signal through the presence of

FIG. 6. Brownian circuit for a Half-Adder. Signal paths are
dual-rail encoded. Binary signals on the two inputs result in the
corresponding Sum and Carry outputs. The red (dot-dashed) wires,
corresponding to input A, and the blue (dashed) wires, corresponding
to input B, indicate the locations where random search is required for
the circuit to work properly.
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TABLE I. Truth table of the Half-Adder, with A and B represent-
ing binary inputs, and C and S denoting the corresponding outputs
(Carry and Sum, respectively).

A B C S

0 0 0 0
0 1 0 1
1 0 0 1
1 1 1 0

a token on one of the wires, and the absence of a token on
the other wire, while the absence of tokens on both wires
signifies a pause between subsequent signals. Under this defi-
nition, tokens occurring simultaneously on both wires are not
allowed. The Half-Adder has two input signal paths, which
represent the signals to be added, as well as two output paths,
representing the sum and the carry.

The Half-Adder contains four CJoins, one for each com-
bination of binary inputs, i.e., 00, 01, 10, and 11. Through
a network of Hubs just after the input, the two input signals
search their way to the CJoin corresponding to the binary
input combination, going back and forth through Brownian
motion, in the process visiting CJoins that have no matching
second signals, but eventually settling for the CJoin that can
accept both signals.

This random search is an essential part of Brownian cir-
cuits: Without it, they cannot operate deadlock-free, as shown
in Ref. [9]. However, it comes at a cost in terms of computa-
tion time. After the input signals have been absorbed by the
correct CJoin, the corresponding two output signals find their
way through a network of Hubs to the corresponding sum and
carry outputs, but on this path, no random search is necessary,
because there is only one choice for the final destination.
Brownian motion of the output signals, however, may make
their journey to their destination quite time-consuming. In
order to limit the time that signals engage in unnecessary
random search, a third circuit primitive is introduced in Ref.
[8], the Ratchet (Fig. 7).

Though not strictly necessary for a complete set of primi-
tives from which any Brownian circuit can be constructed, the
Ratchet is an important element of Brownian circuits, since it
speeds up searching in circuits by restricting the movement of
signals to one direction. Since searching is unable to backtrack
over a ratchet, it will consume less time as a result. Use of the
ratchet, however, should be carefully considered [8], as they
cannot be placed in locations where they would interfere with
the search process in the circuit.

Figure 8 shows the Half-Adder to which Ratchets are
added. In the part of the circuit where signals need to search
to find the CJoin matching the input to the circuit, no Ratchets

FIG. 7. Ratchet and its possible transition [8]. The token on the
wire W may fluctuate before the ratchet as well as after the ratchet,
but once it moves across the ratchet it cannot return. The ratchet thus
imposes a direction on a (originally) bidirectional wire.

FIG. 8. Brownian circuit for a Half-Adder with Ratchets added.
Ratchets are only placed at positions where they do not interfere with
the random search.

are present to ensure that the circuit operates correctly. In
other parts of the circuit, Ratchets can be employed freely,
since restrictions to the random search process do not affect
the circuit’s operation. The energy consumption by Ratchets,
however, may restrict their use. This motivates the use of
the pseudoratchet effect emerging in 1D quantum Brown-
ian motion as an energy-efficient alternative to conventional
Ratchets.

APPENDIX C: TEMPERATURE DEPENDENCE OF
NONZERO SOUND VELOCITY VIA PHONON

QUANTUM STATISTICS

In this Appendix, we focus on the high-temperature con-
dition under which the quantum-statistical distribution of
phonons is approximated by a classical distribution, and qual-
itatively show that the sound velocity approaches zero under
this condition.

Importantly, we emphasize that the high-temperature limit
is conceptually distinct from the classical limit h̄ → 0. In the
classical limit, the collision operator itself vanishes, eliminat-
ing dissipation altogether, as noted below Eq. (11). In contrast,
in the high-temperature regime, dissipation remains, but the
asymmetry in transport diminishes as more discrete momenta
in subspace become thermally populated and averaged out.

The Bose-Einstein distribution (11) indicates that lower-
energy phonon modes are predominantly occupied at low tem-
peratures, whereas higher-energy modes become increasingly
populated as the temperature increases. In high-temperature
regime,

h̄ωq 	 kBT, (C1)

the distribution can be approximated by the classical
Rayleigh-Jeans form,

n(q) 
 kBT

h̄ωq
, (C2)

where virtually all phonon modes are thermally excited, and
each mode carries an average energy of kBT .
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The high-temperature condition (C1) can be rewritten by
substituting the phonon dispersion relation (5) as

ch̄|q| 	 kBT . (C3)

As explained in Sec. II A, the emission or absorption of
a single phonon (carrying momentum h̄q) leads to discrete
momentum transitions of the particle in the 1D system. Due
to momentum conservation and the resonance condition, the
accessible discrete momenta Pν form a subset (14).

In this framework, a single phonon-induced momentum
transition is given by

h̄|q| = |Pν±1 − Pν |. (C4)

Substituting this into the high-temperature condition (C3) and
rearranging in terms of the momentum unit pu = mc and
temperature unit Tu = mc2/kB, we obtain

|Pν±1 − Pν |
pu

	 T

Tu
. (C5)

Under this condition, the phonon distribution approaches the
classical form (C2), and phonons with larger momentum h̄|q|
are thermally excited. As a result, the particle can undergo
larger momentum transitions via phonon absorption and emis-
sion.

This behavior can be understood by examining the equi-
librium momentum distribution of the particle, as shown in
Fig. 9. We note that this figure is a revised version of the
one presented in our previous work [34]. In addition to the
original panels, we here added panel (c), which shows the
equilibrium momentum distribution at a higher temperature
T = 5. The comparison with T = 1 clearly highlights that
the width of the Maxwellian momentum distribution expands,
increasing the probability of transitions between states with
larger momentum difference:

�Pν±1,ν := |Pν±1 − Pν |. (C6)

Consequently, a greater number of discrete momentum states
are thermally excited. Note that the momentum difference
�Pν±1,ν corresponds to the transition between the dots con-
nected by gray lines in Fig. 9(a), and does not represent the
transition between adjacent discrete momentum states.

At a given temperature, the typical upper bound of momen-
tum difference, �Pupper, can be roughly estimated by the width
of the Maxwellian distribution:

�Pupper ∼ 2
√

mkBT . (C7)

Furthermore, the interval between two adjacent discrete mo-
menta within a subspace can be expressed as

δPν,−(ν±1) := |Pν − P−(ν±1)| = 2|P0 − mc|, (C8)

where P0 is the momentum satisfying −mc � P0 � mc, lead-
ing to the following range:

0 � 2|P0 − mc| � 4mc. (C9)

Thus, the average interval is typically on the order of δP ∼
2mc.

The number of discrete momentum states that are ther-
mally excited at a given temperature can be estimated as

FIG. 9. Discrete momentum transitions in the 1D quantum sys-
tem and the resulting asymmetric Maxwell distribution. All units are
described as in the model introduction. (a) Discrete momentum sub-
set accessible from P0 = 0.7. (b) Momentum equilibrium distribution
in the subspace SP0=0.7 at T = 1 in the temperature unit Tu. Only a
few momentum states near the origin are thermally excited. (c) Mo-
mentum equilibrium distribution in the same subspace at T = 5. A
broader range of momentum states is excited.

follows:

�Pupper

δP
∼ 2

√
mkBT

2mc
=

√
T

Tu
. (C10)

Accordingly, the system can be regarded as “low temperature”
if this number is of order unity,√

T

Tu
∼ 1, (C11)

and “high temperature” if this number is much greater than
unity, √

T

Tu
� 1. (C12)

This high-temperature condition, derived from the
particle’s momentum distribution, corresponds to the
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FIG. 10. Temperature dependence of the hydrodynamic sound
velocity σ (P0). The units of temperature Tu and momentum pu are
those defined in Eq. (A1). The sound velocity is defined within each
momentum subspace SP0 . The solid line corresponds to P0 = 1, the
dashed line to P0 = 0.7, the dash-dotted line to P0 = 0.4, and the
dotted line to P0 = 0.1. The sound velocity becomes large around
T ∼ 1 and asymptotically vanishes in the high-temperature regime
T � 1.

phonon-based high-temperature condition (C5) when the
representative momentum transition is set to

|Pν±1 − Pν | ∼ mc. (C13)

Here, mc corresponds to half of the average interval δP ∼
2mc between adjacent discrete momentum states. When the
temperature is on the order of mc, only one or two discrete
momentum states that are very close together (i.e., with the
same sign) are thermally excited, as shown in Fig. 9(b).
Consequently, the contributions from positive and negative
momenta do not cancel out, and the sound velocity remains
nonzero. Therefore, both conditions are qualitatively consis-
tent: Increasing the temperature leads to the thermal excitation
of more phonon modes with larger momentum, thereby allow-
ing the particle to access a broader range of momentum states.

Now, let us focus on the temperature dependence of the
sound velocity (21). The sound velocity is defined as the
average momentum in units in which m = 1, weighted by the
Maxwellian momentum distribution over the discrete momen-
tum states within the subspace SP0 .

Figure 10 reproduces the temperature dependence of the
sound velocity σ (P0) that we previously reported in Ref. [29].
We include it here again as a convenient reference for com-
parison between the high-temperature condition (C12) and
the temperature range where unidirectional transport becomes
prominent.

At low temperatures, only a few discrete momentum states
near the origin are significantly populated. Due to the inver-
sion asymmetry of the subspace SP0 , their contributions to
the sound velocity do not cancel out, resulting in a nonzero
value. As the temperature increases, however, a broader range
of momentum states becomes thermally excited. As a result,
the positive and negative momentum contributions become
more balanced, leading to cancellation in the average, and the

FIG. 11. Contour plot of D(x)(τrel ) for an initial nonfactorizable
Gaussian wave packet (30), centered at (X ′, P′) = (0, 0) with width
�̃X = 3. The dashed line shows the threshold at which the value
becomes zero. This plot shows the α-T parameter region where
the spatial contraction occurs. The values are computed using a
parameter set representative of a protein molecular chain. In this
setting, D∗/Du ∼ 2. All quantities are expressed in units introduced
in Sec. II A: The unit of the diffusion coefficient is Du = x2

u/tu ∼
6 × 10−3 cm2/s, the unit of temperature is Tu ∼ 200 K, and the unit
of the initial shift parameter α is xu/pu = h̄/m2c2 ∼ 2 × 1014 s/kg,
with the effective mass m 
 2 × 10−28 kg, and the acoustic phonon
propagation speed c 
 4000 m/s. The large unit value of α is due to
the small effective mass of the molecular system.

sound velocity gradually decreases toward zero. This behavior
is illustrated in Fig. 10.

In the high-temperature regime (C12), i.e., T/Tu � 1, the
sound velocity asymptotically approaches zero, as shown in
Fig. 10. Thus, in this regime, the particle behaves similarly to
the phenomenologically hypothesized 1D classical Brownian
motion, in which no unidirectional transport occurs.

In summary, the characteristic temperature Tu defined
as a unit temperature characterizes the quantum-to-classical
crossover in this system. This crossover is distinct from the
behavior in the classical limit h̄ → 0, as discussed at the
beginning of this Appendix.

APPENDIX D: THRESHOLD TEMPERATURE
FOR THE SPATIAL CONTRACTION

In this Appendix, we identify the threshold temperature
below which the system, with the initial distribution (30),
exhibits spatial contraction.

For this analysis, we adopt parameter values relevant to
the α-helical protein molecular chain [40,49]. This choice is
motivated by the fact that, in the protein molecular chain, the
ratchet effect remains observable at temperatures on the order
of 102 K, while for semiconductor parameters, it becomes
significant only at much lower temperatures on the order of
10−1 K.
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In α-helical protein molecular chain system, the charac-
teristic scale of the diffusion coefficient (A2) is estimated
as D∗ ∼ 0.01 cm2/s, with the deformation potential �0 

0.3 eV and the 1D mass density ρM 
 1 × 10−15 kg/m. Note
that under these parameters, the ratio between the character-
istic diffusion scale and the diffusion unit is approximately
D∗/Du ∼ 2.

As discussed in Sec. III, the spatial contraction can be ob-
served during the time interval (51). For such a time interval to
exist, the inequality τrel < td must be satisfied. Using Eq. (48),
this inequality can be rewritten as

D(x)(τrel ) < 0. (D1)

By varying the temperature T and initial shift parameter α

and plotting D(x)(τrel ), we obtain a contour plot as shown in
Fig. 11. The bottom-left (blue) region represents the param-
eter space where D(x)(τrel ) < 0, indicating that the advection
effect dominates over diffusion and the system exhibits spa-
tial contraction. The dashed contour line corresponds to the
threshold where D(x)(τrel ) = 0. In the top-right (red) region
above this line, the diffusion dominates and the system does
not exhibit spatial contraction.

As estimated in the concluding remarks, room temperature,
300 K, corresponds to T/Tu = 1.5 under the protein parame-
ters. Even at such relatively high temperatures, the advection
effect can still dominate over the diffusion effect, and spatial
contraction can occur.
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